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1 Introduction   

Wbconsiderthel々んicleRoutin9PrDblem（VRP），introducedbyDantZigandRarnser［10］，  

inwhidlaCentral＿depot（0）useskindependentwhicle＄OfidenticalcapacityC，tOSerVice  

integraldemandsdiforasinglecommodityfromcustomersi∈N＝（1，・・・，n）．Delivery  
istobeaccomplishedatminimumtotalcost，withci5≧OdenotingtheitojtranSitcost，  

0≦i，j≦n・Thecoststructureisassumらdsymmetric，i・e・，qj＝qiandcii＝0・   

Combinatorially；aSOlutionforthisproblemconsistsofapartitionofNintok rY）uteS  
（Rl，‥・，＞Rkl，eaChsatisbring∑jeRi4i≦C，狐dacorrespondingpermutation，OrtO叫Ot  

Ofea血routespeci矩ngtheserviceordering・Thisproblemisnaturallyassociatedwiththe  
completeundirectedgraphconsistingofnodesNU（0），edgesE，andedge－traVerSalcosts  
qi，（i，j）∈E．Inthisgraph，aSOlutionistheunionofkcycleswhoseonlyintersectionis  
thedepotnode．Eachcyclecorrespondstotherouteservicedbyoneofthekvehicles．An  
integerprogrammlngform山ationcanbeglVenaSfollows：  
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 Fbreaseofcomputation，Wedefineb（S）．＝「（∑ieSdi）／Cl，anObvi0uslowerboundonthe  

mmberoftrudksneededtoservicethecus七OmerSinsetS・A（possibly）strongerinequality  
maybeobtainedbycomputingthesolutiontoaBinPackin岳Problem（BPP）withthe  
customerdemandsinsetSbeingpackedintobinsofsizeC．Constraints（1．1）and（1．2）are  
thedqgreeconslmints．Thec呼aCityconsirYlints（1・3）canbeviewedasageneralizatiQnOf  
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thesubtoureliminationcons七raimifromthe取aNe馳gSalesmanProblem（TSP）；theyserve  
toenforceconnect五vityof地eso温血ion，andtha七地e七Otaldemぬdofnoro血eexceedsC・  
Ⅰ七iscleartha七仙eVRP五sc皿ose皿yTelaCed七0もwodifBcultco血bina匝rialproblems．Whem  
C＝∞，WehaveaninstanceoftheMultipこeTraNelingSalesmanProbiem（MTSP），Whichcan  
betranSformedintoaneqTnivalentTSPims七anCebyadioiningtothegrap恥た」1addition弧  
C？PiesofnodeOan4itsincidentedges（therear寧nOedgesamOngthekdepotnodes）。On  
theotherhand，theqpestionofw払etherthereexistsafbasiblesohltionforaglVenins七anCe  
of七heVRPisaninstanceoftheBPP．Thedecis五omversionof地五sproblem瓦sconceptually  
equivalemttoaVRPmode鳳凰mwhichcij＝OVi，d（any鮎asib且esolution亙soptimal）・Afbasi扇e  
solutiontothefunproblemisaⅧ、SPtouT（intheexpandedgraph）forwhichtotaldemaJld  
alongeachoftheksegmentsjoiningsucces＄ivedepotcopie＄doesnotexceedC・   
BecQuSeOftheinterplaybetweenthe七wounderlyingmodels，instanCeSOftheVbhicle  
Routingmoblemcanbeex七remelydi践cu址七oso皿veimprac七ice・Thisdi凪cu址ystems蝕om  
thefactthatthecosts七mcもⅦ∬eis此ta七edpurelyl卸町Outi皿gCOmSidera七ionsamddoesnoも鋸ト  

COuntforthepatkingstruCture・Hence，theroutingandpadkingrequirementsaresometime＄  
inconflict．Thisobservationsuggeststheexplorationofdecomposition－basedoptimization  

techniquesinvolvingrelaxationofoneorもheotherof七heunderlyingstruChue＄・Herewein－  
Ⅴ鴎tigateanovelwaytoisola七e地eTSPs七rⅧCtWe旺omthatof地eBPP，permit七hgexploitar  

tionofknowntechmiques良好Op七imizimgovertheTSPpolytope；七hisleadsもOaSeparaAiom  
routinefor七hecapacityconstraintsandotherclassesofvaiidinequalities・Thisapproa血fbr  
Sep甲ationcanbeappliedmoregenerally七OCOmbinatorialoptimizationproblemsthatare  
theintersectionof七wounderlyingmodels．   
Hereweoutlinethedeta鮎0貯七hisapp『Oa血amd加esem七computaもiona且陀Sultsob七ained  
usingtheSYMPHONY丘ameWOrk鉦）rpaTallelbran血，Cut，andprice（seetheSy脚ONY  
仇er’β仇豆det191and【13】）・   

2 SeparationoftheCapacityConstraints  

Manyclassesofvalidimeqpalities肋theV駅アpo桝opehaNebeen町epdrtedimtheliteraC鱒e  
（see【14，15，l，7，9，16，5，4，6】），but七heseparationproblemTemainsdi侃culttosolⅦfbr  
mostknownClasses．ClaBSeSthaもCanbee鮎ctive皿yseparatedtendtobeine鮎ctiveinthe  
contextofbran血andcut。Wbfbcusprimarilyontheproblemofseparatinganarbitrary  
fractionalpointfromtheVRPpolytopeusingthecapacityconstraints（1・3）・Theseparation  
problem払rtheseconsもrai血SWaSShcwnもObe仰－00mple七ebyHa池eandRinaldi［51，eVem  
forb（S）＝「（∑ieSdi）／Cl；i．e．，theLPre軋axatiomofourformhlatiomisNP－COmplete・   
Beca偲eOftheappare血intracもabilityofsolvingtheseparationproblem†agOOddealof  
e鮎rthasbeemdevo七edinthehteraturetodevelopinge鮎ctiveseparationheuristicsfbrth岱e  
constraints．However，untilthepaperbyÅugera七，e七al。阿，mOStkn0wnalgorithmswerenot  
verye鮎ctiveaもloca伍mgv五0且a七edcap鱒Citycons七raints・Im軋旺五sshcwnthamhe鉦acもiona狙  
versionofthesecomstraints（瓦．e．，withb（S）＝（∑i∈Sdi）／C）ispolynomiallyseparable・This  
methodcambeusedasaheuristicfor丘ndingvi01atedconstraintsoftheform（l・3）・  
Retumingtothemode鳳discussedea正ierinwbidhtheTSPisviewedasarelaxationof   
もheVRPonaslightlyexpandedgTaph，aTSP七ourprovidesafbasibleVRPsolutionwhen   

汰alsoyieklsa鮎asiblesolutionも0焼把BPP。勒denotebyTもheTSPpolytope，i・e・，もhe   
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conv耽lmllofincidencevectorsofallTSPtours，andby71thepolytopegeneratedbythe  
incidencev∝tOrSOftourscorrespondingtofeasibleVRPsolutions．Tlms，7a⊆Tandthe  
extremalelementsof兄areamOngthoseofT．   
SupposethatatsomenodeinthebranChandcut畠earchtree，theLPsoIverhasreturned  
anoptimalsolution盆tothecurrentLPrelaxation・Wbde丘nethes呼pOrt9rq）hor如cliona1  
9rqPhcorrespon中ngto会ase＝（NU（0），丘）where盈＝（e‥ieO）・Supposetha七会isintegral・  
If金¢T，thenGmustbedisconnectedsincethedegreeconstraintsareincludedex坤Citly  
ineachLPrelaxation．hthiscase，thesetofnodesinanyconnectedcomponentofGt  
doesnotincludethedepotinducesaviolatedcapacityconstraint，SOWe CUTthatis，We  
addthisinequalitytotheLPandre－Optimi21e・Ontheotherhand，When盆∈T，WeCOnSider  
whether会∈R．Ifnot，then会rmstagalnViolateacapacityconstraintinducedbythenodes  
ofsomedepot－tO－depotsegmentofthetourcorrespondingto・金，SOWeCUT・Finally，When  

会∈7a，then会providesaftasiblesolutiontotheVRPandinv飴tigationofthecurrentsear血  
nodeterminates．Tlmsweassumehenceforththa七会isnotinteger－Valued．  

2．1 Heuristic岳  

BecauseofthedifRcultyofthisseparationproblem，Wefirstapplyseveralsimpleheuristics  
inanattempttodetermineacapacityconstraintviolatedby盆・Theseheuristicsworkwithin  
′ヽノヽ thesupportgraphG；WeaSSumeGisconnectedIandassociatewithita・VeCtOrW∈REof  
edgeweightswhosecomponentsaredefinedbyue＝盆e・Wbusethenotation  

u（ダ）＝∑u。，F⊆風弧d  
e∈ダ  

∂（β）＝（（宜，カ∈盈：豆∈β，ブ≠卵，ぶ⊆Ⅳ∪（0）・   

Theconnectedcorvonentsheu7isticconsidersone－by－Onethecomponentsofthesupport  
graphafterremovingthedepot・SupposeSisthenodesetofsu血acomponent・If盆violates  
thecapacityrestrictiondeterminedbyS，WeCUT・Ifnot，WereplaceS←S＼（vl，withv∈S  
chosensothatviolationbecomesmorelikelyafteritsremcrval（speci丘cally，anOdev∈Ch  
suchthatb（q＼（vl）＝b（G）andu（6（G＼（v）））－2b（G＼（v））＜w（6（q））－2b（G））・The  

procedureiteratesinthisfbshionuntilnosuchnodecanbefound・Ifnoviolatedinequality  
isdiscovered，WemOVeOntOCOnSiderthenextcomponentofthesupportgTaph・Avariant，  
the2－COnneCtedcomponentsheurisfic，Whichbeginswiththe2－edgeconnectedcomponents  
（thoseforwhi血theremovalofatleasttwoedgesisrequiredtodisconnectthecomponent）  
ofthesupportgraphafterthedepot，sremoval〉WaSdlsoimplemented・   
Intheshrinkin9heuristic，ifthetwoendnodesofanyedgeofthesupportgraphnot  
adjacenttothedepotdetermineacapacityconstraintviolatedby盆（i・e・，thesetS＝（i，j）  
inducesaviolatedcapacityconstraint），WeCUT・Ifnot，SuPpOSeedgee＝（i，j）notadjacent  
tothedepotsatisfiesLJe≧1．Inthiscase，WeShrink，OrCOntraCt，edgee，identifyingitsend  
nodesandsummingcomponentsofuforedgeswhidlareidentiRedinconseqpence・hthe  
resultingcontmcted9rq）h，thetwoendpointsthatareidentifiedformaSuPemOdeassociated  
withasubsetofN．ThedemandassociatedwiththisnewsupernOdeisthesumofthe  
demandsofthenodesitcontains．ItisnotdifBculttoseetha七thisshrinkingproc飴Sdoes  
notinterferewithviolatedcapacityconstraints－ifSinducesaviolatedcapacityconstraint，   
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thentherem鹿texistase屯S’，wi仙eitheri，d∈SPo町i，d¢S’，Wh姐also五nducesa．vioAated  
CapaCityconstrain七．Thus地eheur瓦sticproceedsi七erative眈誠ternatelyshrinkinganedgee  

forwhichwe≧1and血eckingwhe地eranypairo好end皿Ode＄deもermine＄aViolatedcapacity  
COnStraint．Ifavi0王atedconsもFainもispどOduced，WeCUT；ifnot，theprocedureiteratesu血i  

everyedgeeiseitheradjacenttothedepotorgatis丘eswe＜1．Notethatinacontracted  

graph，it五spossiblethatwe＞乱foTSOmeedgeep   

Thee戯endedshrinkin9heurisiicisbasedonthemimimcutalgorithmofNagEmO血i  
andIbaraki［1qandissimilarinspiritto七heshrinkingheuristic・Inthisextension，Shrinking  

co血imeswithedgeso官weig地温ess仙弧Omeinも払eorぬpTeSC鵡edbythe軸Orithmo  
Asintheshrinkingheuristic，eaChedgeis checkedbeforecontractiontodetermine五fit  

inducesaviolatedcapaciもycons七Taint．Because馳esequenceo君edge＄isdlOSenimsu血a  

waythattheweightofeachc血examinedis“sma軋”七hisalgorithmmaylead七othediscoⅦry  
ofviolatedcapacityconstrain七SnO屯discoveredbyotherheuristics・  

Ifthe坤脚e払euris七icsfai凰七0眈a七eavio旦a七edcapaci七ycoms七rai叫Weapplythe9rYe‘抄  

shrinkin9heu7istic［5】．HerewebegimwithasmallsetofnodesS，Selectedeitheratrandomor  

byoneofseveFalheurist五cmles．IneachiteTatiom，WetrytOgrOWthesetSbyaddingamode  

j¢Ssuch他at∑e∈（（ij）∈E：ieS‡Xeism猥imized（andhence∑e∈6（S）∬eismimimized）・Notice  

thecontras七betweenthisstrategyandtha七takenbytheconnectedco叩OnentSheuristic，  

whereaiargeinitialseもisshrunkじSingasimiiarTuie・   

2．2 TheDecompos温tiomAlgor五七hm  

Iftheheuristicsdescribedabcrvehavefai1edtoproduceaviolatedcapacityconstraint，then  
間reSOrtb払ぬ抑岬0適わ陶瓜如棚m，ぬ撼0噛n咄叩甲earedim【181・G毎晩a鮎cも加弧  
solution念七OSOmeLP relaxatiom，Weattempt七O dete町mlneWhether金1ieswithinTby  
expr鴎Sing∬aSaCOnVeにCOmbinaも五onofincidencevectorsoftours・Moreprecisely，WhereT ■ヽ  

denotesthematriⅩWhoseco鳳qAmnSare仙eextremepointsofT，WeareaSk豆mgwhether  

max（OT入：ア入＝盆，1TÅ＝1，入≧0‡，  （2．9）  

haBafimiteoptimum・Ifsuchadecomposit瓦OnOf念intoaconⅦⅩCOmbinatiomoftourvec七OrS  
ispossible，Carath60dory，sT払eoremassuresonlya．modestmmbemfcoluⅢmSOfTwi11be  

reqpired・Genera七ingthema屯雨ⅩT五s，need皿ess七OSay？di侃cultabbes七，andthereadershouAd  
forthemomentputasideconsiderationofexactlyhowthisistobeaccomplished・   
Notethatwhen会violatesacapaci七yconstE・aimもand盆isacoENeXCOmbimatiomomouT  
vectors，thensomememberofthedecompositiommstalsovi01a七ethatsamereStriction・  

Tlms，glVemSuChaconv巳Krepr鴎em七ationfbr会，WeeXam五nethedepot－tO－depotsegmentsof  

itstoursaも屯emp七ingto瓜mdavio臨edcapaci七yresもrictiom・Ifsuccessfu1IWeuSetheviola七ed  

ineqTlalitytoCUT．Ifnot，五．e．，Whenthereisaconv旺decompositionof会（hence金∈1），  

ye七noevidentcapaci七yviola七iom，他emseparat五om臨ilsahdwems七BRANCH・  
WhennocoTrVeKdecompositiomof盆exists，もhen念¢TandもheFarkasTheoremprovides  
ahyperplaneSeparating念鉦omT。Speci丘cally，七heremustexistavectoraandscalarαfbr   
wh姐a£＞α払rea血columm£0脛T，ye七a怠＜α・Ⅷ貼si皿equali七ycorrespomds七oarowof  
七hecurre孟basisimⅦrSWhensolvingtheLPde丘nedin（2・9）andcanbereadilyobtained・   
Theinequa批yax≧αlSre七umedtoCU町，andtheprocessiterates．   
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Wbsuggesttwomeansfordealing・WiththeintractabilityofmatrixT．Oneapproach  

istore＄trict thecolumnSetOfthematrixT．Notethatanytourtpresentinacorrvex  

decompositionof盆m旧tCO7dbrmto会；i．e．，trrmStSatisfyte＝1whenever金e＝1andte＝O  

When盆e＝0．TlmswemayrequirethatthesestipulationsholdforallcolumnSOfT．When  
the如ctionalstworiof盆，thesetofedgeseforwhi血0＜会e＜1，isofsmallcardinali玩we  
CanSimplyenumerateallsu血toursusln亘depthTfirstsear血andtheretwcreateTeqlic地．  

ThedisadvantageofthisisthatanyresultingFbrkasineqJlalitiesrnwtbe“1ifted”inorder  
tobemadevalid，anOthercomputationallyi血ensivetask．   

AsecondapproachistousecolumngenerationtohandleTirq）licitly．HereTisinitially  

COmprisedofonlyapartialcollectionoftours．Thealgoritlmproceedsasbefore，aSking  

Whether盆isaconvexcombinationofthecolumnsofT二Whenaconvexrepresentationis  
foundamongthecohmnsofT，WeagalndleCkwhetheranyofitstoursdeterminesaviolated  

CapaCityconstraint．Ifso，WeCUT．Asbefore，Whenthereisnoconvexdecompdsitionof盆  
usingtheknmtours，theFbrknsTheoremprovides（a，α）forwhichat≧αforea血column  

tofT，buta盆＜α．NowweminimizeoverTwithcostvectorausingTSPoptimization  
techmi叩1e＄．Supposet＊istheincidencevectoroftheoptimaltourwhichresults．Ifat■≧α，  

thentheminimizationguaranteeSthat ax≧αSeparateS金fromT，SO・thisineqJlalityis  

passedtoCUT．Ifat＊＜α，thent＋isnotamOngthecolumnsofT，SOt■isappendedtoT  

andweaskagalnWhetheraconvexdecompositionof金canbeobtainedfromthecolu皿1S  
OfT．TheprocessiteratesuntileitheradecompositionisfoundoritisprcNentha七会¢T・   

2．3 Extensions  

Wらindicate severalmeanS tOimprcNe the e伍ciency ofthe decomposition algoritlm，aS  

reportedin［11】・Considerthee鮎ctoffurtherrestrictingthecolu血nsofTtoonlyextreme  
pointsof7＞，．At丘rst，thismayseemto defbatourpwposesinceinthiscase，WeCannOt  

possiblysucceedinfindingadecomposition・HoⅥ代Ⅳer，the臨rkascutgeneratedwhenwe  

failto丘ndadecompositionseparates会fromア／andhQnCeCanStillbeusedtoCUT・This  
basicapproachhasalsobeenusedtogeneratevalidineqpalitiesfortheTSPin［21・   
Next，COnSiderthepolytope7＞／Jdefinedasthecorrvexlmllofincidencevectorsofsolutions  

whosecostislessthanOrequaltothecurrentupperbound・Itisimmediatethatア′′⊆P’  
andh∬thermOre，itiseasilyseenthatmin（cx：X∈7＞’†＝min（α：X∈ア′′‡．Ⅵ厄c  

thereforefurtherlimit enumeration to those columns whose costisless thanthe cu∬ent  
upperboundandstillgenerateavalidFarkasinequality・   
Thisobservationsuggestsconsideringwhathappenswhenwelimittheenumerationto  
thepointwhereTbecomesempty・Inthiscase，thealgorithmhasproventhatthereisno  
feasiblesolutionwithcostbelowthecurren七upperbo11ndand－Whi血conformstothecurrent  
fractionalsolution．Hence，WeCanimposethefo1loⅥnngno－COlumnscut  

∑∬e－∑∬e≦呵－1・  （2・10）一  

e：孟e＝1 e：孟e＝O   

Thesecutsareaspecialcaseofhypo－tOur3introducedin［5］・Ifwelimitcolumgeneration  
bybothfeaBibilityandcost，aSSuggeSted，WeCanalwaysgenerateoneoftheselnequalities・  
1bseethis，SuppOSeTiscomposedonlyofextremepoin七SOfP／／・Thenea血ofthesecolurnns  
generatesapossiblenewupperboundandcanhenceberemovedfromT，1eavlngTemptyl   
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3 Computa七iomalResul七＄  

TheseparationroutineswereembeddedinthegenerlC，parallelbran血andcutframeWOrk  

SYMPHONYdeveloped吋Ralphs［18】andLad孟nyi［12］．Theiふplementationofthisshell  
isreviewedin［13］．Ourtestse七consistedofmediuⅡトSizedVRPinstanC飴七aken＆omthe  

TSPLIBPOlrepositoryand餌）mthatmain七ainedbyAugera七鞘。Thefumtestse七and  

SOurCeCOdeusedin七hispaperaremilable．atht℃p：／／澗・br弧Chandcut。Org／Ⅵ猟   

恥noftheproblemsinthisse七aredeTivedfrom地atusedbyC伽isto丘desandEilon車皿臥  
WhichisinciudedamOngtheVRP事犯七ancesatTSP工JIB・ThreeoE七hose（Bn76－k7，臥n76－k8，  

and払mlOl－k8）weresolved払rthe鮎sもも五meduTimgthisworkusingthepaTal1elversiomof  
SmPHONYomamIBMSP2panal1elcomputerwithup七080proces＄OrS．R愈恍ntly，Blasum  

andHochstattlersolved臥m76－k7and臥n76－k80maSingleprocessoruslngadditionalcu七ting  
planes［6）・Wbbavealsoso鳳vedE－n76－k7sequentiall弟butrequiredalargertree・Itisworth  

notingthatthesmallestinstanCeWeareaWareOfthathasnotbeensoIved七00ptimahtyis  
B－n50－k8．WthaNe・SOIvedaversionofthismodelwithtruCkcapaci七yincreasedto150，but  

hzwebeemunableto’soIvetheoriginalinsもance・  
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