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Abstract  In this paper, we propose a primal-dual interior point method for nonlinear semidefinite pro-
gramming problems and show its superlinear convergence. This method is based on generalized shifted
barrier Karush-Kuhn-Tucker (KKT) conditions, which include barrier KKT conditions and shifted barrier
KKT conditions as a special case. This method solves two Newton equations in a single iteration to guaran-
tee superlinear convergence. We replace the coefficient matrix of the second Newton equation with that of
the first to reduce the computational time of the single iteration. We show that the superlinear convergence
of the proposed method with the replacement under the usual assumptions.
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1. Introduction
In this paper, we consider the following nonlinear semidefinite programming (SDP) problem:

migg}}ze f(z),

subject to  g(x) =0, X(z) >0,

(1.1)

where f : R — R,g : R* — R™, X : R" — SP are twice continuously differentiable
functions, and S? denotes a set of p x p real symmetric matrices. Moreover, X (x) = 0 means
that X (z) is positive semidefinite. Nonlinear SDP includes a wide class of mathematical
programming problems, such as linear programming, second-order cone programming, linear
semidefinite programming and nonlinear programming.

Various methods have been proposed for nonlinear SDP. This paper focuses on the inte-
rior point method. Yamashita, Yabe and Harada [10] proposed a primal-dual interior point
method based on the barrier Karush-Kuhn-Tucker (KKT) conditions and the L, penalty
function. They showed its global convergence. Moreover, Yamashita and Yabe [9] also pro-
posed a two-step primal-dual interior point method based on the barrier KKT conditions
and showed its superlinear convergence. Note that "two-step” indicates that two Newton
equations are solved in a single iteration. On the other hand, Yamakawa and Yamashita [8]
proposed a primal-dual interior point method based on the shifted barrier KKT conditions.
They guaranteed its global convergence using a differentiable merit function for the shifted
barrier KKT conditions. However, they have not shown the superlinear convergence of their
method.

In this paper, we propose a new two-step primal-dual interior point method and show
its superlinear convergence. First, we define the generalized shifted barrier KKT conditions,
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which include the barrier KKT conditions and the shifted barrier KKT conditions as a spe-
cial case. The proposed method is based on the generalized shifted barrier KKT conditions.
It solves two Newton equations derived from the generalized shifted barrier KKT conditions
in each iteration. However, in order to reduce calculations, we replace the coefficient ma-
trix in the second equation with that in the first. Thus, we can solve the second equation
more rapidly using some computational results in solving the first equation. Despite this
change, we show the superlinear convergence under the same assumptions of the two-step
primal-dual interior point method [9].

The present paper is organized as follows. In Section 2, we introduce some operators
and their properties. We also present some optimality conditions for (1.1) and a general
framework of primal-dual interior point methods. In Section 3, we propose a two-step primal-
dual interior point method that uses the same coefficient matrix. In Section 4, we prove
the superlinear convergence of the proposed method. Finally, we provide some concluding
remarks.

Next, we define some mathematical notations throughout this paper. For two matrices
A, B € R"*™ we define an inner product as (A, B) := tr(AB"), where tr(M) represents
the trace of a square matrix M € R™*™  and the superscript T denotes the transposition
of a vector or a matrix. In addition, for a vector w, w; denotes the i-th element of the vector
w, and ||w|| = /(w,w). Similarly, for a matrix W, W;; denotes the (7, j)-th element of
the matrix W, and ||W||r and ||W||s denote the Frobenius norm and the operator norm,
respectively. Note that [|W||p := /(W, W) and ||[W |5 := sup,.4, ”ﬁ‘;ﬁ”. Let S, (S%) denote
a set of p X p real symmetric positive (semi)definite matrices. For a matrix M € S, M = 0
and M > 0 imply that M € S and M € S% ., respectively. Note that for two matrices
A, BeSP, A> B and A > B indicate that A — B > 0 and A — B > 0, respectively. For
a matrix U € S, \{(U), ..., \,(U) denote the eigenvalues of U. In particular, Ay, (U) and

Amax(U) denote the minimum and maximum eigenvalues of U. For a matrix V € S¥, V3

denotes the symmetric positive semidefinite matrix such that V = VzV3i. We denote the
m X m unit matrix as I,,, and the j-th column vector of I,, as e;. Let ¥ : P, x P, — R,
where P; and P, are open sets. We denote a Fréchet derivative of ¥ as VW. We also denote

a Fréchet derivative of U with respect to a variable Z € P; as VzW¥. For a given vector
1
reR" yeR" z € R™ ), we denote the vector w = [xTy"2"]" as w = [z,y, 2] for

simplicity.

2. Preliminaries

In this section, we first introduce some operators. We also present the KK'T conditions for
nonlinear SDP (1.1), and propose the generalized shifted barrier KKT conditions related to
a primal-dual interior point method.

2.1. Some operators
In this subsection, let P, @) € RP*P. We define the following notations.

(1) We define a partial derivative of X : R™ — SP with respect to z; as A;(z) := %X(x).

(ii) We define an operator A(z) : R" — SP as A(x)w = w1 Ai(z) + ... + w,A,(z) for all
w e R"

(iii) We define the adjoint operator of A(z) : R* — SP as A*(z) : S* — R", that is,
A*(2)U = [(A1(2),U), ..., {A(2),U)]" for all U € SP.
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(iv) We define an operator P ® @ : S? — SP as (P © Q)U =
UeSr. -
(v) We define an operator svec : S» — Rz as

svec(U) == [Uy1, V2Ua1, ..., V2Up1, Usg, V2Usy, ..., N 2U s, Uss, . .., U,y| " for all U € SP.

(PUQ™ + QUPT) for all

1
2

p+1) p(p+1)

(vi) We denote the symmetrized Kronecker product as P ®g @ : R™ %Y & R™™ which
satisfies that (P ®g Q)svec(U) := svec((P ©® Q)U) for all U € SP.

(vii) We define A(z) € R™G 7 ag A(x) := [svec(Aq(x)), ..., svec(A,(x))].

(viii) We define U oV := 22V for all U, V € SP.

Note that (U, V) = tr(UV) = svec(U) "svec(V) and ||U||r = ||svec(U)]|. For further details,
see [7,10].

2.2. Optimality conditions for nonlinear SDP

We introduce the first-order optimality conditions (KKT conditions) for nonlinear SDP
(1.1). We define the Lagrangian function L : R! — R as

L(w) := f(z) = g(2) "y — (X(2), 2),

where [ :=n+m + @ and w := [z,y,svec(Z)] € R'. Note that y € R™ and Z € SP are
Lagrange multipliers for g(z) = 0 and X (z) = 0, respectively. Then, the gradient of L with

respect to x is written as
V.L(w) =V [(z) - Jg(x)Ty — A (2)Z,
where J,(z) denotes the Jacobian matrix of g at #. The KKT conditions of (1.1) are given
by
V.L(w) =0, g(z) =0, svec(X(z)o Z) =0, X(z) =0, Z = 0. (2.1)
For further details, see [10].

In this paper, we consider the following generalized shifted barrier KK'T conditions with
parameters 4 > 0 and k € [0, 00):

V.L(w) 0
re(w, p) = g(x) + kuy =10, X&) =0, Z*=0. (2.2)
svec(X (x) o Z — pul) 0

In what follows, we call (2.2) the generalized shifted barrier KKT conditions. If y = 0,
the generalized shifted barrier KKT conditions (2.2) are reduced to the KKT conditions
(2.1). Note that when p > 0, the conditions X (z) > 0 and Z > 0 in (2.2) are equivalent to
X(x) = 0 and Z > 0. Moreover, if kK = 0 or K = 1, then (2.2) are reduced to the barrier
KKT conditions [9, 10] or the shifted barrier KKT conditions [2, 8], respectively. Until now,
several primal-dual interior point methods based on the condition (2.2) have been proposed
[2,8-10].
We define a set W as

W:={w=zysvec(Z) eR'| X(2) =0, Z=0}.

We call a point w € W an interior point. For a given £ > 0, a point w such that ||r,(w, 0)| <
&, X(z) = 0and Z = 0 is called an approximate KKT point. Similarly, if w satisfies that
|7 (w, p)|| < € with > 0, X(z) = 0 and Z > 0, we call w an approximate generalized
shifted barrier KK'T point.
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2.3. Primal-dual interior point method

We present a primal-dual interior point method based on the generalized shifted barrier
KKT conditions.

Algorithm 2.1.

Step 0. (Initialize) Choose parameters k > 0 and € € (0,1), and give a sequence {ux} such
that limy,_, o i = 0 and pug > 0. Set k := 0.

Step 1. (Termination) If ||r.(w,0)|| < €, then stop.

Step 2. (Newton step) Find an approzimate generalized shifted barrier KKT point wyiq
such that ||re(wret, ) || < pr, X(zk1) = 0 and Zgiq > 0.

Step 3. (Update) Set k :=k + 1, and go to Step 1.

The global convergence in the case where k = 0 or k = 1 has already shown in [2,8, 10].
Since the global convergence for any x € [0,00) can be also shown similarly, we omit its
proof.

In this paper, we investigate the rate of local convergence. In Section 3, we propose a
two-step primal-dual interior point method that can find wy; in Step 2. We also show that
the proposed method can find wy.; in a single iteration if wy, is sufficiently close to the KKT
point.

3. Two-Step Primal-Dual Interior Point Method

In this section, we propose a two-step primal-dual interior point method, which is a special
case of Algorithm 2.1 when wy, is close to a solution. To this end, we first develop a Newton
equation with a scaling in Subsection 3.1. We then provide an actual algorithm in Subsection
3.2.

3.1. Newton equation with a scaling

We adopt a Newton method to find an approximate generalized shifted barrier KK'T point
w1 in Step 2 of Algorithm 2.1. As seen in existing methods [9, 10], we exploit a nonsingular
scaling matrix T such that X (2)Z = ZX (z) where X (z) := TX (2)T" = (TOT)X(z), Z :=
T-TZT~' =(T~T ® T~ ")Z, respectively. In the following, X () and X (z) are denoted by
X and X , respectively, for simplicity.

We consider the following generalized shifted barrier KKT conditions with the scaling,
which are obtained by replacing X and Z with X and Z, respectively, in the generalized
shifted barrier KKT conditions (2.2):

V. L(w) 0 ~ N
Te(w, p) := 9(x) + Kpy =|0], X=0, Z=0.
svec(X o Z — ul) 0

It is known that these conditions are equivalent to (2.2). For details, see [8-10]
Next, we apply the Newton method to the nonlinear equations 7, (w, ) = 0. Then, the
Newton equations are given by

V2, L(w)Az — J,(z) " Ay — A(z) "svec(AZ) = —V,L(w), (3.1)
Jo(2) Az + kuAy = —g(x) — Ky, (3.2)
(Z @5 I)(T @5 T)A(x)Az + (X @5 1) (T~ @5 T~ Nsvec(AZ) = svec(ul — X o Z). (3.3)
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Yamashita and Yabe [9] proposed the following two-step primal-dual interior point
method based on the Newton equations (3.1)—(3.3) in the case where k = 0.

Algorithm 3.1. /9, scaled SDPIP]

Step 0. (Initialize) Choose parameters € > 0 and 7 € (0,1), and give an initial interior
point wy = [xo, Yo, svec(Zy)] € W. Set k := 0.
Step 1. (Termination) If ||ro(wg, 0)|| < €, then stop.
Step 2. (Newton steps)
Step 2.1 Set uy = ||ro(wy, 0)[|**7.
Step 2.2 Calculate the Newton direction Awy by solving the Newton equations (5.1)-
(3.3) at wy, and set Wy := wy + Awy,.
Step 2.3 Calculate the Newton direction Awy by solving the Newton equations (5.1)-
(3.3) at Wy, and set wyyq := Wy + Ady,.
Step 3. (Update) Set k :=k + 1, and go to Step 1.

Yamashita and Yabe [9] showed the superlinear convergence of Algorithm 3.1 under some
appropriate assumptions (see Assumption 2 of Section 4). Note that Step 2 in this method
has to solve two linear equations with different coefficient matrices.

Yamashita and Yabe [9] also showed that if 7" is a special matrix such as T'= X ~2 and
T=W-2 (W =X:2(X2ZX3)"2X2), the Newton equation (3.3) is written as

(Z ®s )A(x) + P(w))Azx + (X ®g I)svec(AZ) = svec(ul — X o Z), (3.4)

where the matrix P(w) € R"G depends on T'. For further details, see [9] or Appendix
C. Note that for the general matrix 7', there is no matrix P(w) that satisfies (3.4). Thus,

we make the following assumption on 7" in the rest of the paper.

Assumption 1. The scaling matriz T' satisfies the following (S1):

p(p+1

(S1) There exists a matriz P(w) € R™ 2 X such that the equation (3.3) is equivalent to
the equation (3.4).

See Appendix C for the scaling matrix 7" that satisfies assumption (S1).

3.2. Two-step primal-dual interior point method with the same coefficient ma-
trix
We now propose a new algorithm. The proposed algorithm has a similar procedure to
Algorithm 3.1, i.e., there exist two Newton steps in a single iteration.
First, we calculate wy := wy + Awy by solving the Newton equations (3.1)—(3.3) at wy
as Step 2.2 of Algorithm 3.1. From Assumption 1, the Newton equations are written as

Vi L(wy) —Jg(x)T —A(w) " Ay,
Jy () KL 0 Ay
(Zk Rg ])A(C(]k) + P(wk) 0 (Xk Rg I) SVGC(AZk)
—V.L(wy)
= —9(2k) — KUYk , (3.5)

svec(upl — Xy 0 Zy)

where we define Xy, := X (zy) for simplicity.
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Recall that the next step of Algorithm 3.1, i.e., Step 2.3, solves the Newton equations
(3.1)—(3.3) at wy, in order to find Awy. The coefficient matrix of these equations differs from
the coefficient matrix of (3.5). Thus, the computational costs for Step 2.3 are almost the
same as those for Step 2.2.

To reduce the computational costs of the second step, we generate a direction Awy by
solving the following equation, which has the same coefficient matrix as that in (3.5).

V2 L(wy) —Jy(zp)T —A(zy) " Ay,
Jy(z) kgl 0 Ay,
(Zk Xs ])A(C(Zk) + P(wk) 0 (Xk Rg I) SVGC(AZk)
=V, L(1y)
= —g(&x) — Krbe . (3.6)

svec(upl — X, 0 Zk)

Note that wy appears only in the right-hand side of (3.6). Summing up the above ideas,
we give a new two-step primal-dual interior point method.

Algorithm 3.2.
1

Step 0. (Initialize) Choose parameters k > 0, € > 0 and 7 € (0,3), and give an initial
interior point wy = [xg, yo, svec(Zy)] € W. Set k := 0.
Step 1. (Termination) If ||r.(wg,0)|| < €, then stop.
Step 2. (Newton steps)
Step 2.1 Set uy = ||7.(wg, 0)||*7.
Step 2.2 Calculate the Newton direction Awy, by solving the Newton equation (3.5), and
set Wy 1= wy + Awg.
Step 2.3 Calculate the Newton direction Ay, by solving the Newton equation (3.6), and
set Wy = Wy + AWy
Step 3. (Update) Set k :=k+ 1, and go to Step 1.

In the following, we discuss the computational costs of Step 2, i.e., the calculations of
Awy, and Awy. First, note that the equation (3.5) can be reduced to

Vi Lwy) + Hy —Jg(an) " | [ Az | _ [ =V far) + Jg(ar) Typ + pr A (a) X
Jo(@r) kel Ayy, —g(x) — KKy
AZy = X = 2y — (T 0 T)H)(Xy, © )7 (Ze @ I)(T;, © Ti)) A(wg) Ay,
where the (7, j)-th element of Hj € R"*" is given by
(Hi)ij = (i), (T © T)(Xk © 1) 7 (Ze © I)(Ty © Ti) Ay (1)),
and T}, is the scaling matrix at the k-th iteration. Similarly, we can rewrite (3.6) as
Jy () KL Ay,
- [ A @) (e Xy = (X © D7 Xk Z0)) = Vo) | (5
—9(Zk) — KpRGk ’

AZpy =Xt = (T 0T (Xe © 1) "N Zy © I) (T © Ty) Alp) Ady — (X3, © 1) "N Xy 0 Zy).
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From these equations, we see that the main calculations of Awy, and Awy are a construction
of the matrix H in (3.7) and (3.8). In Algorithm 3.1, it is necessary to calculate the matrix
H twice during Steps 2.2 and 2.3. By contrast, in Algorithm 3.2, we use the same matrix
H in Steps 2.2 and 2.3. Thus, we can expect that Algorithm 3.2 can find the next point
w41 faster than Algorithm 3.1.

4. Local and Superlinear Convergence of Algorithm 3.2

In this section, we show the local and superlinear convergence of Algorithm 3.2. First,
we give some assumptions for the convergence and we define some neighborhoods of the
generalized shifted barrier KKT point. Next, under these assumptions, we show that the
sequence generated by Algorithm 3.2 is included in the neighborhoods of the generalized
shifted barrier KKT point. Finally, we show the superlinear convergence of Algorithm 3.2.

4.1. Assumptions and some resulting properties

In this subsection, we first give assumptions required for the proof of the superlinear conver-
gence. To this end, let M (w, 1) be the Jacobian matrix of the linear equations (3.1)—(3.3)
with T'=1, i.e.,

M(w, ) == My(w) + kuMj, (4.1)
where
V2. L(w) —Jy(x)" —A(x)" 0 0 O
My(w) := Jy(z) 0 0 , M;yp:=10 I, 0O
(ZosDA() 0 (X®s]) 0 0 0

We will show the superlinear convergence of Algorithm 3.2 under the following assumptions,
which are the same as [9]. Details of the following assumptions are given in Appendix A.

Assumption 2. Let w* = [2*, y*,svec(Z*)] be a KKT point of nonlinear SDP (1.1).

(A1) There exists a positive constant vy, such that My is Lipschitz continuous on Vi, :=
fweR! | w—w| <}

(A2) The second-order sufficient condition holds at z*.

(A3) The strict complementarity condition holds at x*.

(A4) The nondegeneracy condition holds at x*.

Note that if (A3) holds, then (A4) holds if and only if the Lagrange multipliers y* € R™
and Z* € SP corresponding to z* € R" are unique. For details, see Yamashita and Yabe [9].
Assumption 2 (A1) implies that there exists a positive constant Ly, such that

||M0(w1) — MQ(MQ)HF S LM||w1 — w2|| for all w1, W2 < VL. (42)
It follows from the definition of M, that

1(Z1 @s )A(z1) — (Zo @ D) A(x2)||F < [[Mo(wy) — Mo(ws)||rp  for all wy,we € Vy, (4.3)
||X(ZL‘1) Kg I— X(ZEQ) XRg I”F S ||M0(w1) — M()(UJQ)HF for all w1, Wy € VL. (44)

Moreover, we have from (4.2) and [4, 3.2.12] that

|7 (w1, 0) — 7 (wa, 0) — Mo(ws) (w1 — ws)|| < Larl|wy — ws||*  for all wy,wy € V.
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Since 7 (w1, 0) — re(ws, 0) — Mo(wz)(wy — wa) = re(wy, p) — r(wa, p) — M (wz, @) (wi — ws)
for all wy,ws € Vi, u > 0, it then follows that

17 (w1, 1) = 7(wa, ) — M (wa, ) (w1 — ws)|| < Lag|Jwy — wolf? (4.5)
for all wy,wy € Vp, u > 0. Furthermore, by the definition of M, we obtain

|lsvec(X (z1) 0 Z1 — X (x9) 0 Zy) — (Zs ®s 1) A(x2)(x1 — x2) — (X (22) ®g I)svec(Z; — Zs)||
< Lyr|lwy — we]* (4.6)

for all wy, wy € Vy.
Yamashita and Yabe [9] showed that My(w*) is nonsingular under Assumption 2 (A2)—
(A4).

Theorem 4.1. [9, Theorem 1] Suppose that Assumption 2 (A2)-(A4) hold. Then, the
matriz Mo(w*) is invertible. O

Then, this theorem and the implicit function theorem guarantee that there exist a pos-
itive constant ¢ and a continuously differentiable function @ : (—(,¢) — R! such that
re(w(p), p) = 0. Furthermore, the following lemma holds.

Lemma 4.1. /9, Lemma 1] Suppose that Assumption 2 (A1)-(A4) hold. Then, there exist
a positive constant v and a continuously differentiable function w : [0,7] — R! such that

w(0) = w*, w(p) = [Z(n), y(p),svec(Z(w))], re(w(p),p) =0 for any p € [0,7].
Furthermore, X (z(p)) = 0 and Z (i) = 0 for any pu € (0,7]. O

We call {w(p)|pn € [0,7]} the central path of (1.1).
Since My(w*) is invertible, there exists ¢ € (0,1) such that any matrix G € R>! that
satisfies

|G — Mo(w*)||r < & (4.7)

is nonsingular. From the continuity of My at w*, there exists positive constant v,; such that
1
| Mo(w) — Mo(w*)||r < i for any w such that ||w — w*|| < vy. (4.8)

Thus, it follows from (4.7) that My(w) is nonsingular if ||w — w*|| < vy,
Let v := min{vys, vy }. Then, we define a subset of Vy.

={weR'||lw-w|<v}CV.

Note that My is Lipschitz continuous on V.

Next, we give a condition on p under which M (w, u) is invertible for any w € V. Now, let
w € V. By the definition of M and the triangle inequality, we have | M (w, u) — Mo(w*)||p =
| Mo(w) + kuM; — Mo(w*)||r < ||Mo(w) — Mo(w*)||r + ||kpM;||F. It then follows from
(4.8) and [|Mi||p = |Ln|r = vm that [ Mo(w) — Mo(w*)||r + [lsuMr]|p < je + rkpy/m. 1f

W< s:=—=—, then we have

(rFD)v/m’

1 1 1 1
| M (w, 1) — Mo(w*) || < i Ky/m = <é_l + Zl) e=5¢ for all w € V. (4.9)
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Thus, it follows from (4.7) that the matrix M (w, p) is invertible for all w € V and p € [0, s].
Moreover, we may define

Uw = sup [|M(w,p)7|lp, U, = supy|*
weV,uel0,s] wey

Note that Uy < oo from (4.7) and (4.9). Note also that U, < oo from the boundedness of
V. Since

0 0
7 (w, O) | = |, 1) = Ky v rew, )l = ra(w, 0) + | Ry :
svec(—1) svec(—1)

we have

P = [Ire(w, )| < lre(w, 0)|] < [lrs
/P = 7w, O) | <l (w, )| < flrs(

where U; := /kU, + p.

The differentiability of r, and X, and the boundedness of V;, and [0, s] imply that there
exist positive constants L, and L, such that

(w,pw)|| +pUy forallw e V,ue|0,s], (4.10)
w,0)|| +pU; forallweV,pel0,s], (4.11)

|7 (wy, ) — re(we, )| < Lyljwy —we| for all wy,ws € Vi, €[0,s], (4.12)
||X(ZE1)Z1 — X($2>22||F S LXZ||w1 — UJQH for all w1, Wy € VL,,M c [O, S]. (413)

Next, we define a neighborhood of the central path. Let

3 1
= mi . 4.14
Un mln{V, 8LMUM7 |:5L;+TUM(].+U1):| } ( )
Then, we define a subset of V.
Vv i={weR'||w—-w|<wvy}CV. (4.15)

Note that 7 € (0, ) is the constant given in Algorithm 3.2. Secondly, we define two subsets
of VN.

Ni(p) i={weVy | Ira(w, p)| < p*7, X(2) 20, 220},
No(p) = { w € Vy | |Ira(w, p)|| < p™**, X(2) =0, Z= 0},

where o and p are positive constants such that

T 1 p—T
—r<p<l < . 4.16
max{l—r’Q} p<l, o< — (4.16)

Since 0 < 0 < &=~ < 2= < p, we have Ny(p) C Ni(p) for pu € [0, 1].

Lemma 4.1 shows that the generalized shifted barrier KKT point w(u) is unique for
i € [0,7]. Then, we may regard N;(u) and No(p) as the neighborhoods of the generalized
shifted barrier KKT point w(u). Thus, we define the following neighborhoods of the central

path by using NV;(p) and Na ().

@1<9) = UuE[O,G]M (,u)v @2(0) = UuE[O,G]NQ(M) for any NS [Oa Hlin{’}/, 8}]
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Note that since 0 < s < 1, we have 0 < 6 < 1. Then,
©2(0) C ©1(0) C Vy for all § € [0, min{, s}]. (4.17)

We can consider ©(f) and ©,(f) as the neighborhoods of the central path. Moreover, we
define

Up(0) == sup  [lw—w(p)|| forany 0 € [0,min{y,s}]
weB1(0),ue(0,0]

which expresses the supremum of a distance between a point in ©4(#) and the central path.
Now, we briefly show that there exists #; > 0 such that 1— Ly, Uy U, (0) > }l for all 6 € [0, 64]
and w(p) € Vy for all p € [0,6;]. Since w is continuous on [0,~] by Lemma 4.1, there exists
6y > 0 such that

@ () = @(0)]| < wn for all p € [0, 6] (4.18)
Using w(0) = w*, (4.17) and (4.18),

Un(0) =  sup  Jw—w +w — o)
weB1(0),ue(0,0]

< sup fjw—w'[+ sup [[w(p) —@(0)]
weO1(0) 1el0,0]
< 2wy (4.19)

for all 0 € [0,min{y,s,6p}]. Then (4.14) and (4.19) imply that LyUpyU,(#) < 3 for all
6 € [0, min{~, s, 0}]. Thus,

1
1 — Ly UnU,(0) > 1 for all 6 € [0, min{~, s, 0}]. (4.20)
Moreover, from (4.18) and w(0) = w*,
w(p) € Yy for all p € [0, min{~, s, 6y }]. (4.21)

Hence, letting 6; := min{~, s, 6y}, we have the desired results. Then, we give a condition
under which 7, (w, 1) provides an error bound of the generalized shifted barrier KK'T point.

Lemma 4.2. Suppose that Assumption 2 holds, and that 6 € [0,60,]. Then,
lw —w(p)|| < Urllre(w, )|l |1 XZ = plllr < Ugllre(w, p)|
for all w € ©1(0) and p € [0,0], where U, := 4Up and Ug := 4LxzU);.

Proof. Let w € ©1(f) and p € [0,6]. From (4.21), @w(u) € Vy for all u € [0,6]. Note that
©1(0) C Vn CV C Vy. Substituting w; = w € V;, and we = w(p) € Vy, into (4.5),

Lag|lw = @(u)l|* = [|M (0 (), 1) (w — @ (1)) = 7w, )| = [|M (@), ) (w = ()| = [l (w, )|

from r,(w(w), u) = 0. Since || M (w(p), p)(w — w(pw))|| > %, it then follows from
Uu(0) = [Jw — @ ()| and Uy > [|M(@(p), p) || that
(

lw — @ ()]

0 = ()|
~ a2 S ()

M (w(p), )= r

LU (0)w — w(p)[| = ”
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As the result, we have

1—
LaUnUy(0) |w —w(w)|| < [|re(w, )]
Um

Then, since 1 — Ly UpU,(0) > % from 0 < 0§ < 0; = min{~, 5,6y} and (4.20), we obtain
Jw — ()| < 4Un||r(w, p)]]- (4.22)

By U, = 4U);, we have the first inequality.

Next, we show the second inequality. We have X (Z(u)) o
Since X( (1)) = 0and Z(u) = 0, it follows from [8] that X (
to X(z(n))Z(p) = pul. Then, (4.13) yields that

) = pul by re(w(p), p) = 0.

Z(p
zT(p)) o Z () = pl is equivalent

Lxz|lw = @(p)l| > [jsvec [XZ = X(2(u)) Z(w)]|| = 1XZ = pI|[#.

Combining this inequality and (4.22), we have || XZ — ul||p < 4LxzUp||r(w, p)||. Since
Ur = 4Lx;U,;, we obtain the desired inequality. O

From Lemma 4.2, we can show that w* is an isolated KKT point.
Theorem 4.2. Suppose that Assumption 2 holds. If w € N3(0), then w = w*.

Proof. Note that w € N3(0) = N1(0) = ©1(0). It then follows from the definition of N5(0)
that r.(w,0) = 0. Furthermore, we have from Lemma 4.2 that ||w — w*|| = ||w — w(0)]] <
Upl|re(w,0)]| = 0, that is, w = w*. O

4.2. Proof of superlinear convergence

We show the superlinear convergence of Algorithm 3.2 by using the properties given in
Subsection 4.1.
First, we give an assumption related to the matrix P(w), which is included in (3.5) and

(3.6). To this end, we define 65 := min{6,, (ﬁ)%} and

00) :={ (w,n) ER' xR | weNy(n) CO(0), weW, ne (0,0} forfe (0,0
Then, we make the following assumption on the matrix P(w).

Assumption 3. The scaling matriz T satisfies Assumption 1 (S1), that is, there ezists
P(w) such that (3.3) is equivalent to (3.4). The matriz P(w) satisfies the following (S2):

(S2) If 0 € (0,05, then there exists Up > 0 such that |P(w)||r < Upn® for (w,n) € I'(6).

1
When T}, = I, Assumption 3 (S2) holds since P(wy) := 0. Furthermore, when T}, = X *

or T, =W, : (W, =X k% (X k% Z X k% )2 X k% ), which are well-known scaling matrices of linear
SDP, there exists the matrix P(wy) such that Assumption 3 (S2) holds. These proofs are
given in Appendix C.

Assumption 1 (S1) means that the Newton equations of Steps 2.2 and 2.3 in Algorithm
3.2 are reduced to

MP(wlmﬂk)Awk = _rn(wka,uk)a Mp(wy, Mk)Awk = —Tn(wk,ﬂk)a (4-23)
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respectively, where

0 0
Mp(wy, i) = M (wg, ) + N(wy), N(wy) = 0O 0 0{. (4.24)
P(wy) 0 0

It also follows that

[ Mp (wy, ) = M(wg, pe) [l = [N (wi) [l = [P (wr) || - (4.25

)
To establish the superlinear convergence of Algorithm 3.2, we first show that Mp(wg, 1)
is nonsingular if w;, € ©5(0) and w, € W (Lemma 4.4). Then, we show that @y, € N;(6)
and Wy € W if wy, € O9() and wy € W (Lemmas 4.5 and 4.7). Finally, we prove that
wit1 € Na(0) and wy, 1 € W if wy, € O5(6) and wy, € W (Lemmas 4.8 and 4.9). From these
results, we can easily obtain the desired theorem (Theorem 4.3).
In the following two lemmas, we assume that

1 147
. 3 i 5(\/1_9_ 1P e
0<6<6#; 0O3:=min {92, {4(1 n U1)1+T] , [ i ] } (4.26)

Lemma 4.3. Suppose that Assumptions 1, 2 and 3 hold, and that 6 satisfies (4.26).
wg € @2(9) and wy, € W, then there exists n, € (0,0] such that (wg,m,) € I'(0) and

e < Uypt 1”, where Uy := (\/p — 1)~'. Moreover, 0 < p < 6.

Proof. Note that wy # w* because wy, € W. Then, Theorem 4.2 implies that wy & N3(0).
Since wy, € O9(0) and wy € N5(0), there exists n;, € (0, 6] such that w, € No(ne) C O4(60),
ie., (wg,mi) € I'(0). It follows from wy, € O2(0) C ©1(0) CVy CV, 0 < <0 <60, <
0, < s < 1and (4.11) that 77;“/_— |7 (Wi, 0) || < |7 (Wi, i) || < 77,1“ < ng. Thus, we have
(/P — 1) < |lre(wg, 0)]| = ul” and hence we obtain 7, < Uyu ”*.

Next, we prove that 0 < j, < 0. Since n;, € (0,6] and ny < Uy, we get 0 < (£ T <
px. Moreover, we have from the first part of this proof that ||r,(w, )| < 1,7 Tt then
follows from (4 10) that |7 (wk, 0)|| < ||re(wie, M) || +meUs < (1, + Ur)ne < (14 Uy)6. Since
6 < [W]? by (4.26), we obtain py = ||re(wy, 0)||"F" < (1 + Up)*7670 < 360 < 6.
Therefore, 0 < . < 6. O

We have from Lemma 4.3 that if 0 € (0, 5], wy € ©5(0) and wy,, € W, then

1

E|77k € (0,9] S.t. (wk,nk) - F(@), Nk < U77 1+T, (427)

and
0< g <0. (4.28)
Then, Assumption 3 (S2) and (4.27) imply that

[ P(we)||r < Upn < Z/{P,U/HT, (4.29)

where Up := U/ Up.
By using (4.28) and (4.29), we prove that the Jacobian matrix Mp(wyg, py) of (4.23) is
nonsingular.
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Lemma 4.4. Suppose that Assumptions 1, 2 and 3 hold, and that 6 satisfies (4.26).
wg € O9(0) and wy, € W, then Mp(wy, ) is nonsingular.

Proof. We have from (4.24) that ||Mp(wy, pux) — Mo(w*)||p < [|M (wg, px) — Mo(w*)||F +
| N(wg)||p- Then (4.25) yields that

[ Mp (wg, i) — Mo(w*) || < [|M (wr, pre) = Mo(w?)|[ 7 + | P(wi) || - (4.30)

We can easily see that w, € V and py, € [0,s] from wy € ©5(0), (4.26) and (4.28). Thus,
(4.9) yields that

1
1M (wr, i) = Mo(w™) | < Se. (4.31)

On the other hand, it follows from (

6), (4.28), U, = (/p — 1)™" and Up = ULUp that
e <0 <05 < (3= )IP that is, Z/{p,u T <

1¢. Then, we have from (4.29) that
1
| P(wi)|lF < 1 (4.32)
By (4.30), (4.31) and (4.32), ||[Mp(wk, ) — Mo(w*)||r < 3e. Therefore, Mp(wy, pu;) is
nonsingular from (4.7). O
We define

Up = sup{ | Mp(w, 1)~ » ‘ w € Oy(63), weW, pi=|r.(w,0)]|"t" } )
It then follows from Lemma 4.4 that if 6 € (0, 03], wy, € O2(0) and wy € W, then
[ Mp(wy, pux) | r < Un < o0 (4.33)

Now, we show that if wy € ©5(f) and wy € W for sufficiently small § > 0, then
{wr} C ©5(0) and {wy} C W. To this end, we first show that w, generated by Step 2.2 of
Algorithm 3.2 satisfies Wy, € Nj(ug) C ©1(0) and wy, € W if wy, € O9(0) and wp € W. In
what follows, we assume that

VN 1+7 1 ﬁ
0<6<8o 0, :=min< 0 — 4.34
< >~ U4, 4 mln{ 39 |:UT+U2:| 7(U3) }7 ( )

where

p—T

hy:=
! 1+7

—o0, Uy:=Um(1+U), Us:=U(LyUs+Up).

Note that h; > 0 from (4.16).

In order to prove 1wy, € Ni(py) and wy, € W, we have to show that wy, € Vi, |7 (W, pr)]| <
pit? X () > 0 and Zj, > 0. Thus, we first show that @, € Vy and ||r, (g, )| < pit.
Note that i, = ||re(wy, 0)||'*™ and @y, = [, ik, svec(Z;)] are generated by Steps 2.1 and
2.2 of Algorithm 3.2, respectively.
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Lemma 4.5. Suppose that Assumptions 1, 2 and 3 hold, and that 6 satisfies (4.34). If
wg € O9(0) and wy, € W, then

p—T
1+ 1+T

|Awl] < U™ i — w0l < v, [lrab, )l < Ui i )| < .

Proof. First, we show that ||Awg|| < U2M1+T and ||wy — w*|| < vy. It is clear that wy € V
and py € [0, s] by wy, € O2(0), (4.28) and (4.34). Thus, it follows from (4.11) that

1

_1
(i i) | < e, )] + e Un = p™™ + Uy < (L4 Un)pry, ™ (4.35)

Meanwhile, we have from (4.23) and Lemma 4.4 that Awy = —Mp(wg, px) " re(wy, pg)-
Furthermore, (4.33) and (4.35) yield that

1Awgll < [1Mp(wy, )~ ol (wrs ) | < UQM“T- (4.36)

By Lemma 4.2 and (4.36),

i — | < g = w* | + [ Awl] < Ul O] + Uaps™ = (Uy + Vo) "

Then (4.28) and (4.34) imply that |0y — w*|| < (U + Us) puy, - < (U, + Uz)e“% < vn.

T

Secondly, we show that ||r, (W, )| < Ug,,u/,c and |7, (Wp, )| < ppt7. We easily

see that wg, Wy € V. It then follows from (4.5) that

L[ Awe|* > 7 (g, pir) — 7w, ) — M (wi, par,) Awg|
> |7k (i, p)[] = 7w (we, pr) + M (wy, pr) Awy].

Moreover, (4.23), (4.25) and (4.29) yield that

L[ Awe]? > v, )] = I1(M (wie, pue) — Mp(wie, 1)) Awy |
> | (r, px) || — ||P(wk)||F||Awk||
> |7 (g, o) | —UPM”THAwkH- (4.37)

Thus, we get ||7, (W, pr) || < LMUQ;L,?“” +Z/{pU2u,1€+l+T < Ugﬂk+l+T by using (4.36), (4.37)

and y € (0,1). Using (4.28), we have ||r,. (g, pz)|| < Ug,uzlu,lfg < Usf™ 7. Note that

hy = &= — 0 > 0 by (4.16). Since Usf™ < 1 from (4.34), we get [|r. (i, uk)H <t O

Next, we show that w, € W if we choose 6 such that

1 147
. 3\~ 3\
0<6<05 0;:=min {6’4, <1> , <m) } . (4.38)

For this purpose, we present the following lemma. See Appendix B for its proof.

Lemma 4.6. The following three properties hold.
(a) Let u, a and K be positive numbers. Furthermore, let A be a matriz included in SP.
If e (0,(2-)a] and |A — pul||p < Kyt then A = 0.

4K
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(b) Let p, 5 and Ky be positive numbers. Furthermore, let @ : [0,1] — SP be a function.
If 1€ (0,(2)7). ®(0) = 0 and [t [@(t) — (1 — )@(0)] — pl|lp < Kop'*? for any
t € (0,1], then ®(t) > 0 for all t € (0,1].

(c) Let w e W, d, € R" and Dy € SP. Furthermore, let ® : [0,1] — SP be defined by
O(t) == X(x +td,) o (Z+tDy). If ®(t) > 0 for allt € (0,1], then X(x +d,) > 0 and
Z 4+ Dy - 0. [

Lemma 4.7. Suppose that Assumptions 1, 2 and 3 hold, and that 6 satisfies (4.38). If
wg € O9(0) and wy, € W, then wy, € W.

Proof. Let ® : [0,1] — SP? be defined by ®(t) := X(zy + tAxy) o (Zy + tAZ). From
wr € W and Lemma 4.6 (c), it suffices to show that ®(¢) > 0 for all ¢ € (0,1]. Now, we
see that wy € V by wy € ©5(0). Moreover, since Lemma 4.5 yield that w, € Vy, we have
wyg, + tAwy, € Vy, for all ¢t € (0, 1]. Thus, substituting wy = wy, + tAwy, wy = wy into (4.6),

Ly l|Awg||? > |lsvec[X (zy + tAxy) o (Z), + tAZy) — X (1) 0 Z]
—t[(Zk ®s 1) A(zg) Azg + (X (zk) @ I)svec(AZy)]||
= ||svec[®(t) — (1 — t)®(0) — tpl] + tP(wy)Axy|
> [ @(t) = (1 = £)®(0) — tpud || — t]| P(wi) || o] Azl (4.39)
where the equality follows from (Z ®g I)A(xg)Azy + (X (xx) @5 I)svec(AZy) = svec(upl —

X(xg) o Zi) — P(wg)Axy, in the Newton equation (3.5). It follows from ||Axy|| < [|Awg],
(4.29) and (4.39) that

L[| Awg]|* > [|©(t) — (1 = 1)(0) — tyL || — tUppy, || A

1
Since ||Awg|| < Usp™™ by Lemma 4.5, we have from ¢, i, € (0, 1] that

1+p 14 L=T

[®(t) — (1 —)®(0) — tupl||p < tLyUspl™™ + tUpUsp™™ < tUsp, 7.
Dividing both sides by ¢ € (0, 1], we obtain

H(I)(t) - (1t— £)®(0)

< Uspy, 7. (4.40)

F

— pl

Meanwhile, we have from (4.27) and the definition of I'(f) that there exists 7 € (0, 6]
such that wy € Na(n). In addition, nx € (0, (%)%] by (4.38). Then, the definitions of
7 (Wi, ) and Na(ng) imply that || ®(0) — md || < |7 (wr, me)|| < 1,77 Thus, ®(0) = 0 by
Lemma 4.6 (a). Moreover, (4.28) and (4.38) yield that ux € (0, (%)%] It then follows
from (4.40) and Lemma 4.6 (b) that ®(¢) = 0 for all ¢ € (0,1]. O

We summarize the results of Lemmas 4.5 and 4.7. Suppose that 6 € (0,0;], wy € O2(6)
and wy € W. Lemmas 4.5 and 4.7 imply that

1

5 . 7 . I+
Wi € Ni(pw), o € W, [|Awil| < Uppay,™ s [|rs(don, pe) || < Uspay ™7 (4.41)

Note that wg, s € V. We have from (4.2) and (4.41) that

1

(| Mo (o) — Mo(wi)|| p = || Mo(wy + Awg) — Mo(wy)||p < Lagl|Awg]| < Ungpy™,  (4.42)
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where Uy := Ly Us.
Next, we show that the sequence {wy} generated by Algorithm 3.2 is included in ©y(0)
and W. In what follows, suppose that 6 satisfies

1
_ v 1\ 2
0< 9 S 667 66 = 1min {95, ?]\5[7 (@) } y (443)
where
20 —
hg = 1p+ 7_7- — P, U4 = UMUg, U5 = U,»(Ul + Ug) + U4, Uﬁ = U4(LMU4 —FZ/{M —I—Z/{p)

Note that hy > 0 from (4.16). First of all, we show w1 € Vy and ||7(wpr1, )] < g

Lemma 4.8. Suppose that Assumptions 1, 2 and 8 hold, and that 0 satisfies (4.43). If
wg € O9(0) and wy, € W, then

Wy, € Ni(pe) C O1(0),  Nao(ur) C ©2(0),

. 1+8=
1A < Usgy, 7 Nwes = w*ll < v, (i, )L < ™

Proof. Note that w1 = wy + Awy. First, we show that w, € Ni(ux) C ©1(0) and
No(ug) C ©2(0). Since 0 < py < 6 by (4.28), the definitions of ©1(0) and ©5(6) imply
that Ni(uk) C UuepaNi(p) = ©1(0) and Na(ux) C UpepaNa(p) = ©2(0), respectively.
Furthermore, using wy, € Ni(uy) in (4.41), we have the desired result.

Next, we prove that ||Awy| < U4/,L,1:§TT and ||wgyr — w*|| < vn. We have from (4.23)
and Lemma 4.4 that Awy = —Mp(wg, pu) 7. (Wx, ug). Moreover, (4.33) and (4.41) yield
that

R _ . ) 14T
[Awg || < [|Mp(wy, )M pllre (@, ) | < Unallr (o, pu) || < Uapy, 7 (4.44)

On the other hand, it is clear that w, € V and py € [0,s] from wy € ©5(0), (4.28) and
(4.43). Thus, substituting w = wy and u = g into (4.10), and using (4.41) and . € (0, 1),
we get

) ) 14222
175 (o, O)| < Unpare + | (ps ) || < Ui + Uspy, ™ < (Ur + Us) e (4.45)

It follows from Lemma 4.2 that ||wg 1 —w*|| < ||wp —w*||+||Awg|| < U, ||re(wg, 0)]|+ || Awg]|-
Using (4.44), (4.45) and py, € (0,1), we obtain ||wy1 —w*|| < [Up(Uy + Us) + Uy i, = Us iy,
Moreover, since Uspuy < Usf < vy by (4.28) and (4.43), we have ||wg41 — w*|| < vy.

Finally, we prove that ||r(wpy1, pe)|| < w7, Tt follows from (4.23) and (4.24) that
Te(Wy, ) = —Mp(wg, pg) Ay = —(M (wg, px) + N(wy))Atg. Then, since W, wiy1 € Vi
and gy, > 0, we substitute wy; = w41, wy = Wg and p = py into (4.5), that is,

Ls|| At |17 (Wi, pr) — 7 (Wi, prie) — M (W, fur) A |

|7 (Whg1, g ) || = || M (W, pir) — M (Wi, i) — N(wy) || £|| Aty ||

7 (Wrgr, ) | = || M (W, pir) — M (Wi, i) || 2| A || — (| N (w) || p|| Aty |
( )

17 (i ) || = ([ Mo (i) = Mo(wi) || o[l Ak || = [P (wie) || || Ak ],

AVARAVARLY,
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where the last equality follows from (4.1) and (4.25). Using (4.29) and (4.42), we get
17w (g, )| < LM||AWk||2+UMM”T||A@k||+UP#IiTTI|Awk|| and hence [|ry(wpi1, ) || <

+2(p T) +1+p T 2p—T1 2p T

LU0 5 Uy Use, 7+ UpUspty, 7 < Uy, 7 from (4.44) and 5 € (0, 1).

2p7‘

Since (4.43) implies Ugf" < 1, we have from (4.28) that Uﬁuk BT = U, <

o 1+P < /LHP- Note that hy = 2% —p > 0 by (4.16). Therefore, we obtain
Hm(wkﬂ,uk)H < =

Finally, we prove that the sequence {wy} generated by Algorithm 3.2 is included in W.

Let 6 be defined by
3\ [ 3\
0 := min {067 <Z__l> s (4_U7) } s (4.4.6)

where U7 = U4(LMU4 + 2?/{]\/[ +Z/{p)

Lemma 4.9. Suppose that Assumptions 1, 2 and 3 hold. If wy, € 92(5) and wy, € W, then
W1 € W.

Proof. Let @ : [0,1] — S? be defined by ®(t) := X (& + tAdy,) o (Z), + tAZ,). We see that
Wy € W by (4.41). Then, from Lemma 4.6 (c), it suffices to prove that ®(¢) > 0 for all

€ (0,1]. We easily see that wy, wy + Awy € V;, by Lemmas 4.5 and 4.8. It then follows
that wy + tAwy, € Vy, for all ¢ € (0,1]. Thus, substituting w;, = Wy, + tAy, wy = Wy, into
(4.6), we have

CLy||Aw|? > ||svec|X (& + tAZ) o (Zs +tAZ) — (1 —t) + )X (&) 0 Zk
—t[(Z1, @5 I) A(2p) Ady + (X (1) @5 I)svec(AZ)]|
= ||svec|[®(t) — (1 — t)(I)EO)] — tsvec[X (&) o Z) )
—t[(Zr @5 I) (i) Ady, + (X (i) @5 I)svec(AZ)]||
> 12(t) = (1 = 1)2(0) = tpl||p — | P(we)]|| p|| A
—t|(Ze ®s 1) A(dx) — (Z, @5 T) Ay, || pl| Aty |
—t| X (&) ®s 1 — X(x1) ®s 1| p|| A
> 12(t) = (1 = 1)2(0) = tpl||p — | P(we)]|| p|| A
—2t|[ Mo(r) — Mo(wg)|| p || Atbg],

where the second inequality follows from svec|[ X (&)0Zx] = svec(pupl) — (Zr@g ) Aag) Ady,—
(X (zr) ®s I)svec(AZy) — P(wg)AZy in the Newton equation (3.6), and the last inequal-
ity follows from (4 3) and (4.4). Then, we exploit (4 29), (4.42) and Lemma 4.8, ie

HP(wk)HF < Z/[p/,LH_T ||M0(1Z)k) Mo(wk)HF < UM,LLH—T and HAwkH < U4,uk 1+T. As the
result, we get

10(t) — (1— O)B(0) — tpulr < ELar| Aoyl + 1 Pleg) | | A
2 Mo (i) — Mo(uwy) || Ade]

2(p—7) 1+p—71 +2p T

1
CLyU2pe 7 4 AUy Uy, 7+ tUpUsps,

IN

+2p T

< tU’?Mk e 5
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where the last inequality follows from ¢,y € (0,1]. Dividing both sides by t € (0, 1], we
obtain

+2p77'

= (4.47)

|po-0-00 _,,

1
/ < U?Nk

F

On the other hand, we have from (4.28) and (4.46) that 0 < p < min{(i)é, (%)2102}.
In addition, Lemma 4.8 yields that wy, € Nj(ug). Then, the definitions of 7, (g, py) and
Ni(px) imply that [|[®(0) — psl |l < ||re(tr, )| < ppt7. Thus, ®(0) = 0 by Lemma 4.6

(a). It then follows from (4.47) and Lemma 4.6 (b) that ®(¢) > 0 for all ¢ € (0, 1]. O

Using Lemmas 4.8 and 4.9, we prove that {wy} converges to w* superlinearly.

Theorem 4.3. Suppose that Assumptions 1, 2 and 3 hold. If wy € O2(0) and wy € W, the
sequence {wy} generated by Algorithm 3.2 converges to w* superlinearly.

Proof. Note that 0 <0, (1t =1,...,6) from the definitions of 6,,...,0 and 0. First, we
show the following relations by the mathematical induction.

wg € Na(pg—1) C @2(5), w, € W for all positive k. (4.48)

Since wy € O2(0) and wy € W, we have from Lemmas 4.8 and 4.9 that w; € Na(uo) C O4(0)
and w; € W. Next, let k > 2. Suppose that wy € No(ugp_1) C O2(0) and wy, € W. Then, it
follows from Lemmas 4.8 and 4.9 that w1 € Na(ur) C ©2(0) and wy,; € W. Therefore,
the proof of (4.48) is complete.

Secondly, we prove that {wy} converges to w* superlinearly. Let k be an arbitrary
positive integer. Note that 0 < py, < 6 < 0; = min{~, s, 0} < 1 from (4.28). Then, note also
that wry1 € Na(ux) C ©2(0) C ©1(0) C Vy C V by (4.15), (4.17) and (4.48). Lemma 4.2
and (4.10) yield that [|wp1 —w*|| < Upllrs(wisr, O)| < Un(llre (Wi, poe) 14U i) < Uy (pig+
U, < Up(1+Up)pg. Thus, we obtain |Jwyy; — w*|| < U (14 Uy)||re(wy, 0) — re(w*, 0)]|17
by pr = ||re(wg, 0)||'™™ and r,(w*,0) = 0. It then follows from wy, w* € V;, and (4.12) that
w1 — w*|| < U1+ Uy)||re(w, 0) — re(w*, 0)[|*" < LIFTU(1 + Uy ||wy, — w*||*17. (4.49)
Using (4.14), wy, € Vy and U, = 4U), that
U, 4
LU (14 Uh)|lwe — w*||” < LIFTU(1+ Uyvg < =—. (4.50)

Uy 5
It follows from (4.49) and (4.50) that ||wy1 — w*|| < F[jwe — w*|], and hence {|jwy — w*||}
converges to 0. Since limy,_,o LXT7U,(1 + Uy)||wy, — w*||” = 0, we have from (4.49) that

[wh s —wf|

lim = 0.
koo [wg — w¥||
Therefore, {wy} converges to w* superlinearly. O

5. Concluding Remarks

In this paper, we proposed a new two-step primal-dual interior point method (Algorithm
3.2) based on the generalized shifted barrier KKT conditions (2.2) for the nonlinear SDP
and proved the superlinear convergence of the proposed method. In particular, in order to
reduce calculations, we replaced the coefficient matrix in the second equation with that in
the first. Therefore, we can expect that the proposed method can find the next point faster
than existing methods [3,5,9].
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Appendix A.
In Appendix A, we describe the second-order sufficient condition, the strict complementarity
condition and the nondegeneracy condition.

Let z* be a stationary point of nonlinear SDP (1.1), and let A(z*) be a set of corre-
sponding Lagrange multipliers, that is,

A)={ (y,Z) e R" x S” | [, y,svec(Z)] satisfies (2.1) }.

First, we describe the second-order sufficient condition for nonlinear SDP (1.1). Let
C(z*) be the critical cone of (1.1) at z*, that is,

C(z") := { heR" | Jy(x*)h =0, zn:hiAi(x*) € Tsr (X (27)), Vi) h=0 } ,

where Tgr (X (27)) := { D € SP | dist (X (2*) +tD,S%) = o(t), t > 0 } and dist (P, S}) :=
inf{ |P — Q||r | @ € S% }. Then, we say that the second-order sufficient condition holds
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at x* if

sup  h' (VixL(x*, y,svec(Z)) + H(z*, Z)) h >0 forall h e C(x*)\{0},

(y,Z)eA(z™)

where the (i,7)-th element of H(z*, Z) is (H(z*, Z));; = 2tr(Ay(z*) X (z*)1A;(2*)Z), and
X (2*)T denotes the Moore-Penrose generalized inverse of X (z*).

Next, we describe the strict complementarity condition and the nondegeneracy condition.
We say that the strict complementarity condition holds at x* if there exists (y*, Z*) € A(x*)
such that rank(X (z*)) + rank(Z*) = p. Then, without loss of generality, we may assume
that X (z*) and Z* are written as

X(m*):[yo* 8} Z*z{g ZO]

where X' € S%, and Z* € S, and ¢ and r are positive integers such that ¢ +r = p.
Then, for each i € {1,...,n}, let A,(z) € S” be a submatrix of A;(x) such that

()
i)’

B(x) := [svec(A,(x)),...,svec(A4,(z))] € wan, K(z) = [ Jo(x) } e Rm+3)xn

Appendix B.
In Appendix B, we give the proof of Lemma 4.6.

Proof of Lemma 4.6. We first prove (a). Since p € (0, (%)é] and ||A — pl||p < Kyptt
we have [|A — pllly < [|A — pll|p < Kjp't® = Kyp®p < 2p, where the extreme left-hand
side inequality follows from [1, 2.3.2]. Thus, we have v' Av = v (A — ul)v + pllv|* >
(= |A = pI2)||v]|* > sullv]|* > 0 for all v(# 0) € RP, where the first inequality follows
from the Cauchy-Schwarz inequality and the definition of || - ||o. Therefore, this inequality
implies that A > 0.

Secondly, we show (b). It follows from (a) that ¢t~ [®(¢) —(1—¢)®(0)] = 0 for all ¢ € (0, 1].
If t =1, then ®(1) > 0. On the other hand, if ¢t € (0, 1), then ®(¢) > (1 —¢)®(0) > 0 for all

€ (0,1). Therefore, ®(t) > 0 for all ¢ € (0, 1].

Finally, we give the proof of (c), that is, we show that X (z + td,) > 0 for any ¢ € (0, 1].
To this end, suppose the opposite, i.e., there exists ¢ € (0,1] such that X (z + td,) is not
positive definite. Note that w € W implies that X (z) = 0. It follows from the continuity
of eigenvalues of X (x) that there exists ¢ € (0,#] such that Ay (X (x + td,)) = 0. Thus,
X (z+td,) is singular, that is, there exists vy # 0 such that X (z+td,)vo = 0. Then, we obtain
vy ®(t)vy = 5 vy X(z + td,)(Z +tDz)vy + v (Z +1D2) X (x + tNdx)vo} = 0. However, this
contradicts ®(t) > 0 for any t € (0, 1]. Similarly, Z +tDy > 0 for any ¢ € (0,1]. Therefore,
t = 1 implies that X(x +d,) > 0 and Z+ Dz > 0. O
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Appendix C.
In Appendix C, we show that there exists P(w) such that Assumption 1 holds for T'= X ~3
and T = W_%, and Assumption 3 also holds.

In what follows, we define E(n) := XZ—nI (n € R). First, we give two inequalities which
evaluate E(n) and X! over ©5(f). Secondly, we also give an inequality which evaluates
A®g B for any A, B € RP*P. These inequalities play important roles in evaluation of P(w).

Lemma C.1. Suppose that Assumption 2 holds, and that 0 € (0,05]. Then, we obtain
IEM)|lr < Ugn*™ and || X7 Y|r < Uxn™t for any (w,n) € T(0), where Ux := 4pUy and
UZ = sup{HZHF|w € @2(92),10 € W}

Proof. For any (w,n) € T'(d), we have from the definition of T'(f) that w € Na(n) C
©3(0), w € W and n € (0,0]. Thus, we also have from the definition of A5(n) that
|7 (w,n)|| < n**P. Moreover, w € O2(0) C ©1(0), n € (0,6] C [0,6,] and Lemma 4.2 yield
that ||[E(n)||r < Ugllre(w,n)|| < Urn*™. It then follows from n < 6 < 6, < (7= )% that
T =0 XZ)|p = n Y| Em)llr < Unn? < 2. Thus, nli e < pllz-1x -1 = I~ (1
n I XZ) Y r < T xz; < 4p, where the second inequality follows from [6, Theorem
4.18]. Since w € ©y(f) C O9(6y) and w € W, we obtain 0 < ||Z||r < Uz. Hence, we get
| X F < 4pUzn~t. Letting Ux = 4pUy, we obtain the desired inequality. O

Lemma C.2. Let Cy := /P& Then, |A®s B||r < C1||Allp||B||r for any A, B € RP*P.

Proof. 1t follows from [1, 2.3.2] that | A®¢B||r < C1||A®gsBl||2. Let U € SP. The properties
of the symmetrized Kronecker product and svec operator yield that ||(A ®g B)svec(U)| =
I(A® B)U|r = 3|AUB" + BUAT||p < || A]|p[|B||#||U]|r. Hence,

1A ®s B)svec(U)|| _  NAllrlBllrl|UllF

|A®g Blla = sup < = [[All£l|Blle-
svec(U)#0 HSVQC(U)“ U#0 HUHF
To sum up the above discussion, we obtain that ||A ®g Bl|r < C1||Allr||B||r- O

(i) HRVW/KSH/M (T = X2
First, we discuss the case where T'= X ~2. We define

LIE@m) 05 X — Tos (X EM))] A().

Flw,n) = ;

It then follows from Yamashita and Yabe [9, Lemma 4] that P(w) := F(w,n) satisfies
Assumption 1 (S1). Note that we can choose 7 arbitrarily.

Next, we show that (S2) holds. Suppose that Assumption 2 holds, and that 6 € (0, 6s].
For any (w,n) € I'(#), it follows from Lemma C.2 that

1F(w,n)l[r < %UA Em @s X Hp+ 1T ®s (XEM)lr] < CUAlEmFI| X F,(C.1)

where Uy := sup{||A(z)||rlw € ©2(02),w € W} and Cy := #ﬁ\/ o) We get || P(w)|r =
| E(w,n)||r < CoUaUrUxn? from Lemma C.1 and (C.1). Therefore, lettlng Up = CLU,URrUx,
we see that Assumption 3 (S2) holds.
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(i) NT (T =W2)
In this part, we discuss the case where we choose T' = W_%, where W = X3 (X%ZX%)_%X .
We define

VI

Glw,n) i= =5 (I @s (E) X)) A() +n(l @5 (X2 H(w,m) X)) A@) + 5 (En) €5 2)Al)
— - (Bl ©s (B X)) A() + 5(E(m) &5 (X (w.n)X ) AG)
HXCEH (w,m)X4) @5 2)A(@) — S (XEH(w,m)X4) @5 (B() X)) A()
+n((X2H (w,n)X %) @5 (X2 H(w,n)X 2))A(2),

where H(w,n) = <I+%X‘5E(n)X§>l — I — X 3E(5)X3. Then, letting P(w) :=

G(w,n), we see that Assumption 1 (S1) holds.
Next, we prove that (S2) holds. Suppose that Assumption 2 holds, and that 6 € (0, 6s].
For any (w,n) € I'(#), it follows from Lemma C.2 that there exists C3 > 0 such that

G (w, m)|
< CUA(FIE@M NI X e + nll LI X2 131 H (w, )| p + 07 B F1Z] F

+n EMIEIX e + IX 2 H w, ) || E) e + 1211 X 2 ) H (w, )] 6| X 2| p

X e | H w, )X 2 R B eI XY+l X2 |31 H (w,m |21 XE]F).  (C.2)

In what follows, we evaluate || X~ 2|z and |[H (w,n)||p. First, it follows from Lemma C.1
that

1X~ e = VX ) = VX LD < VITTAIX e < pdUsn s, (C3)

Next, we evaluate |[H(w,n)|s. For this purpose, we first evaluate n~'X "2 E(n)X?2
which constitutes H(w,n). Since E(n) = XZ — nl implies X 2E(n) X2 = X2ZX32 —

nl € SP, we obtain | X 2E(n)Xz|p = \/tr(X*%E(n)X%X*%E(n)X%) = Vu(E(n)?) =
V{(E()T, E(n)). Then, the Cauchy-Schwarz inequality yields that

I X2 EmX2|r <0 VIEMTIFIE®)F =07 E@)||r. (C.4)

Since n~!X —2FE (mX 2 is symmetric, all eigenvalues Ay, ... e real numbers. Moreover,

 Ap
there exists an orthogonal matrix V such that n=*X~2E(n )X > = VDV, where D =

nd (C.4),

diag[Aq, ..., Ap]. From Lemma C.1,0<n <60 <6, < (

=)

3 _ 1yl 1
1> 7> Untf > B > Il X2 Bm)X3 ] =

for i = 1,...,p. As the result, I + D is symmetric positive definite, i.e., the existence of
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(I + D)% is guaranteed. Considering the diagonalization of n_lX*%E(n)X%,

1 1
Al = [T VoV - vy - fvpvT
F
1
= HV(I + D)V —VVT - SVDV!
F

1
< VIF|(U+D)2—1-5D

2 F

p

= p Z(\/ﬂ—l—%&)% (C.5)

i=1

Let ¢ : (=1,1) — R be defined by ¢(u) := /14 u. Since ¢ is a twice continuously
differentiable function defined on the bounded convex set, it follows from [4, 3.3.6] that there
exists a positive constant L,, such that L,u? > |o(u) — ¢(0) — ¢ (0)u| = |[v/1+u —1 — Jul.
Then, Lemma C.1, (C.4) and (C.5) yield that

HH<w7n)HF < pLgo

IN

pL,

pL | En)|[7n~°
pLsoUJ%WQP-

IAIA

This inequality, Lemma C.1, (C.2), (C.3), the boundedness of ||Z||# and || X2 || imply that
there exists Cy; > 0 such that ||G(w, )|z < Ca(nP+n> 40P +n* =240~z 4n*~2) < 6C4P,
where the second inequality follows from p < 2p — % in (4.16) and 0 < <0y <0 <s<1.
Letting Up = 6Cy, Assumption 3 (S2) holds.

These results show that 7= X~z and T = W2 satisfy Assumptions 1 and 3.
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