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Abstract In this paper, we propose a method to obtain upper and lower bounds of call completion prob-
abilities in a mobile communication network having a large number of base stations. Each base station
has its own zone where its radio wave reaches. These zones are overlapping with neighboring zones, and
handovers become possible. However, the existence of overlapping zones makes the analysis of a network
difficult. To overcome this difficulty, we introduce two smaller size models and show that the upper and
lower bounds can be represented in terms of certain performance measures obtained from the smaller size
models. Using our method, we can get the values of the bounds by standard methods such as simulation
with less computational burden, where the tightness of the bounds can be controlled by choosing a set of
focused base stations with appropriate size.

Keywords: Telecommunication, queue, Markov process, sample path argument,
stochastic comparison

1. Introduction

In this paper, we deal with a mobile communication network having a large number of base
stations. Each base station has its own zone where its radio wave reaches. Users can make
calls within zones and moreover may try to move from a zone to another with keeping their
talks on the calls. From the viewpoint of the system, this mechanism is referred as handover
between base stations. The handovers become possible because the zones of base stations
are overlapping. However, the existence of the overlapping zones makes the analysis of the
network much difficult, because the behavior of calls in a base station affects the others in
the network.

In Ref. [11], we have proposed a method to evaluate performance measures in such a
mobile communication network. There, first we modeled the whole system as a large-scale
Markov chain. Then we applied the aggregation method to derive an aggregated process that
described the stochastic behavior of a smaller model in which only a certain number of base
stations were focused and others were unfocused or ignored. Tight upper and lower bounds
of various performance measures were derived from the smaller model. One remarkable
result of that paper (Theorem 2 of Ref. [11]) is that upper and lower bounds of some
performance measures can be obtained by using two particular models; one is the model
corresponding to the original one under the situation that all the unfocused base stations are
always full (this model is referred as Model 1), and the other is the model corresponding to
the original one under the situation that all the unfocused base stations are idle at all times
(this model is referred as Model 2). This result enables us to obtain the bounds numerically
or by simulation with less computational burden. However, performance measures that we
can evaluate in that manner are restricted to a certain class of performance measures. For
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example, call loss probabilities are included in the class but call completion probabilities,
which we want to evaluate in this paper, are not.

The aim of this paper is to show that upper and lower bounds of call completion prob-
abilities are given in terms of certain performance measures obtained from Models 1 and
2 mentioned above. The call completion probability is one of the most important mea-
sures since, in mobile communication networks, calls having started their talks may forcibly
be terminated because of unsuccessful handovers and such call terminations are very un-
pleasant for users. For the purpose, we take an approach different from that taken in the
previous paper; while in the previous paper we used the aggregation method, the weak
D-Markov chain (Markov set-chain) theory [2,12] and the Markov decision theory [4,9] as
mathematical tools, in this paper we use sample path arguments and comparison methods
for stochastic models [7].

Steps of our analysis are as follows. First we construct Markov chains representing the
behaviors of the original model, Model 1 and Model 2 on a common probability space, where
the state of each model is represented as a random vector whose kth element is the number of
calls served at base station k. We show that the states of the Markov chains satisfy certain
monotone properties. From the monotone properties and the Markov chain convergence
theorem, it is derived that the ordinary stochastic order holds between the states of the
chains in steady state. This result corresponds to Theorem 2 of Ref. [11]. Furthermore,
studying the Markov chains, we derive certain monotone properties for the conditional call-
completion probabilities when the initial states of the chains are given. Upper and lower
bounds of call completion probabilities are obtained by using these monotone properties,
and they can easily be estimated by simulation.

Here we would shortly mention related works. Hong and Rappaport [3] proposed models
for a single base station capturing handover mechanisms, and derived algorithms to evaluate
performance measures. Ohmikawa and Takagi [8] and Takagi, Sakamaki and Miyashiro [10]
dealt with models similar to [3], but they further considered a local network to make the
evaluations more accurate. Mcmillan [6] proposed models capturing handover mechanisms
and assignment mechanisms. Lagrange and Jabbari [5] gave a model with call generations
in a zone with some overlapping areas to neighboring zones, and described assignment
mechanisms for them. However, all of these papers cited above considered only a single
base station or a local network. Hence their results are somewhat approximations and
accuracy of them is not known. There are some other papers that considered the whole
network as Everitt [1], but their models are too simple for practical applications.

The rest of the paper is constructed as follows. In Section 2 a mobile communication
network that we concern is described. Section 3 is the central part of the paper. In Sub-
section 3.1, we define two models (Model 1 and Model 2) and state the main theorem that
gives upper and lower bounds of call completion probabilities. Lemmas needed to prove the
theorem are prepared in Subsections 3.2 and 3.3, and the proof of the theorem is presented
in Subsection 3.4. In Section 4 we show some numerical results and in Section 5 we conclude
the paper with a brief summary.

2. Model Description
2.1. Zones and areas

Here we present our model of a mobile communication network [11]. There are N base
stations in the network and they are labeled from 1 to N. Each base station has its own
zone. The zone of base station k is referred as zone k. The area that is covered with zone k
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Bounds for Call Completion Probabilities 341

only is called area k, and the area where zone k and zone [ overlap is called area (k,[) (see
Figure 1). Area (I, k) is the same area as area (k,[). For simplicity, we assume that there
are no areas where three or more zones overlap. Let A = {k : 1 <k < N} be the index set
of base stations and B = {(k,l) : k,l € A, k # [, zone k overlaps with zone [} the index
set of overlapping areas. For k € A, let C*) = {I : (k,l) € B} be the index set of zones
overlapping with zone k.

Figure 1: Area k and area (k,1)

Remark 1 We have assumed that there exist no areas where three or more zones overlap.
We make this assumption from the following two reasons. First, in many mobile commu-
nication systems, users (mobile stations) receive at most two strongest radio waves among
various waves from various base stations. Qur model imagines such a situation. The second
reason s a technical one. If we allow areas where three or more zones overlap, the model and
analysis become very complicated. We have to introduce a new assignment scheme for han-
dover calls and newly generated calls in such an area, and the proof of monotone properties
we use in this paper would become tremendously difficult, even if it is not impossible.

On the other hand, we have not put restrictions on the configuration of the network. A
typical configuration is a hexagon model shown in Figure 2 in Section 4. But our model is
not restricted to it. The number of neighboring base stations may be different among base
stations, and parameters (except for call holding times) may be different among areas and
base stations.

2.2. Channels and calls

Base station k € A has ¢, channels among which g; channels are reserved for handover calls
as guard channels (0 < g < ¢). Calls behave in the following manner.

(1) Call generation. New calls are generated in area k € A according to a Poisson process
with parameter A\, and in area (k,[) € B according to a Poisson process with parameter
Aky)- (Of course we assume that Ay = A r)-)

(2) Channel assignment for new calls. When a new call is generated in area k € A, it is
served at base station k if more than g channels are idle. If not, it is rejected. When a
new call is generated in area (k,l) € B, base station k or base station [ is selected with
equal probability. Suppose that base station k is selected. Then the call is served at base
station k if more than ¢, channels are idle. If not, base station [ is reselected. The call
is served at base station [ if more than g; channels are idle. If not, it is rejected. If a call
is rejected from the first selected base station, it is referred as an overflow call.
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(3) Call holding times. Call holding times (lengths of talks) are exponentially distributed
random variables with parameter p irrespective of areas in which they are generated and
base stations at which they are served.

(4) Call residence times. Call residence times in base station k are exponentially distributed
random variables with parameter 7,. If the holding time of a call served at base station
k ends before the residence time is over, then the call leaves the system. We refer to such
a call as a completed call. If the residence time is over before the holding time ends, then
the call tries to move to a neighboring base station in C*). At that time the call selects
base station [ in C%®) with probability Pk, We denote by Vi = pi Ve, the rate at which
a call in base station k is handed over to base station /.

(5) Channel assignment for handover calls. When a call in base station k is handed over to
base station [, it is served in base station [ if there exists an idle channel in base station
[. In this case the handover is said to be successful. If not, the call is forcibly terminated.
In this case the handover is said to be unsuccessful.

Call generation processes, call holding times, call residence times, selections of first assigned
base stations, and selections of handover destinations are assumed to be mutually indepen-
dent.

2.3. Markov chain model

We denote by Xj(¢) the number of calls (active channels) in base station k at time ¢. Since
our model is Markovian, Xy () represents the state of base station k. The state of the whole
network is represented as a vector X (t) = (Xi(t), Xo(t), -+, Xn(t)). It is easily seen that
{X(t)} forms a Markov chain on the state space S = {(x1, 22, -+ ,2n) : 0 < zp < ¢, 1 <
k < N}. We denote by @ the transition rate matrix of the chain but here we do not give
its precise description [11] because it is very complicate and we do not use it in this paper.

3. Upper and Lower Bounds for a Call Completion Probability
3.1. Main theorem

Let 6 denote the call completion probability of an arbitrary call whose talk starts at base
station k. Remind that such a call is generated in zone k. Since the model is Markovian,
we may calculate the value of 8, by using some standard method. However, the number of
states in S is equal to M = [[_,(ck + 1). If N is large, then M becomes tremendously
large, and it is practically impossible to get 6, numerically. Even it is not easy to estimate
0 by simulation.

To overcome this difficulty, we will introduce two smaller size models called Model 1 and
Model 2. Upper and lower bounds for ; will be given in terms of measures that can be
obtained from Model 1 and Model 2. Let us focus on Ny base stations here, and without loss
of generality we assume that they are labeled from 1 to Ny. Other unfocused base stations
are labeled from Ny + 1 to N. Let Ay = {k : 1 <k < Ny} be the index set of focused base
stations and A, = {k : No+1 <k < N} the index set of unfocused base stations. We
denote by Sy = {(s1, 82, - ,5n,) : 0 < s, < ¢k, 1 <k < Ny} the set of possible states for
base stations in .4y. Model 1 corresponds to the original model under the situation that all
the unfocused base stations are always full, and Model 2 corresponds to the original model
under the situation that all the unfocused base stations are always idle. Since the states of
the unfocused base stations are fixed in both Model 1 and Model 2, the state space of each
model becomes S;. The number of states in Sy is equal to My = [[n°,(cx + 1), and usually
it is far smaller than M.
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Let By = {(k,l) : k,l € Ay, k # [, zone k overlaps with zone [} be the index set of
overlapping areas between the zones of the focused base stations. For k € Ay, let C’ék) =
Ay N C™* be the index set of focused base stations whose zones overlap with that of base
station £ and g(()k) = Ay N C™ the index set of unfocused base stations whose zones overlap
with that of base station k. Precise descriptions of Model 1 and Model 2 are as follows.

e The set of base stations in each model is Ay and that of overlapping areas is By. Calls
in areas indexed in Ay and By behave as in the original model. In Model 1, new calls
generated in area (k,[), k € Ay, | € Ay, are all regarded as new calls generated in area
k. On the other hand, in Model 2, a half of such new calls are regarded as new calls
generated in area k since the other half will be immediately served in base station [ € A,.
This requires a change in the call generation rate in area k € Ay. Handover calls from
base stations in 4, to those in Ay are regarded as forcibly terminated calls in Model 1,
and as completed calls in Model 2. For k € Ay, we denote by 7,’6700 the rate at which
calls served at base station & move to other base stations in Ay. In Model 1, there are
handover calls from base stations in 4, to those in Ay. For k € A, the total rate at
which such handovers to base station k occur is denoted by I",_ ;.

e Parameters of Model 1 and Model 2 are set as follows. They are represented with primes
(’) to distinguish from the parameters of the original model. For k € Ay,

N { Ax + Zje?ék) )\(j,k) for Model 1,

' ‘ K 171,k
Ak g 2 e Ay for Model 2, 72 l§>
0

k k
Ny = Meay 1€CT, ph=p =70 LECE, Yoo = D M-

1ec

For Model m (m € {1,2}), we denote by X,[Cm] (t) the number of calls in base station k at
time ¢. Since our model is Markovian, X,Em] (t) represents the state of base station k. The
state of the whole network is represented as a vector X™(t) = (X{m] (t),--- ,X][\T,z] (t)). Tt

is easily seen that {X[™(t)} forms a Markov chain on the state space Sy. In the following
sections, we refer to the original model as Model 0 and X (t) as X(¢).

In steady state, for Model m (m € {0,1,2}), let X,Em} denote the number of calls in
base station k and X™ denote a vector (X,[Cm], k€ AM) where A® = A and AY =
A2 = Ay, We define P™(z), P"(z;) and P,ET](a:k,a:l) as PM(z) = Pr(XM = g),
P,Em](a:k) = Pr(X,Em} > x3) and P,ET} (zg, ) = Pr(X,Em] > 2y, Xl[m} > 1), respectively. We
also define the following measures for k € Ay.

° Q,Em}, m € {0,1,2}: the probability in Model m that an arbitrary call generated in area

k starts its talk (holding time) at base station k& and successfully completes the talk at
some base station.

° g([jjl), m € {0,1,2}: the probability in Model m that an arbitrary call generated in area
(k,1) finds less than ¢; — g; calls in base station [, first selects base station k, starts its
talk (holding time) at the base station, and successfully completed the talk at some base

station. Note that, for m € {1,2}, 5([;”1) is undefined when [ € Eék).

Upper and lower bounds for 6, are given in the next theorem.
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Theorem 1 For k € Ay, let 01°°°" and 6" be defined as

1 2 2
Al = (Zieeo Meakitn + 3 Lo MGl
<)\k + % Zlec(()k) Alkyty + Zleg(()k) A(k,l)) (1 — ¢Ef}) + % Zlec(()k) Ak, ((151[1] - ¢E2/E,l))

glower _

2] _ ‘ 1]
e — Aee” = 2neep M , 2)

1 2 1
()\k + % D tec® )‘(k,l)) (1 B ¢E€]> + % Zlecék) Atk (¢l[ - ¢Ek]’l))

where A = A+ D 1cot) Ai) ¢E€m] = Pk[m}(ck — gr) and qSET,Z]l) = 7,6[7}(% — gk, — q1). Then,
0, satisfies the following inequality.

O < 0, < O (3)

Remark 2 To apply formulas (1) and (2), we need to know the values of ¢E€m], ¢ETIZ]Z)’ C,Em]

and f([;n,]l), m = 1,2. Call loss probabilities gzﬁgcm} and qSETIZ]Z), m = 1,2, are calculated from the
steady state probabilities of Model m, and their values are easily obtained from numerical
analysis or simulation. For call completion probabilities C,[Cm] and fgzg), m = 1,2, it seems
difficult to get their values from numerical analysis, and hence we have to use simulation.
Fortunately, the size of Model m s not so large, we can easily accomplish a simulation to
estimate them. In the numerical examples shown in Section 4, we use simulation.

In order to prove Theorem 1, we prepare some lemmas in the next two subsections. The
proof of Theorem 1 will be given in Subsection 3.4.

3.2. Monotone properties for the models

Here we will present some monotone properties for the Markov chains {X™(¢)}, m =
0,1,2, defined in the previous subsection. For the purpose, first we introduce sequences

of independent random variables, and using them we construct Markov chains {X ! (t) =
()A(lgm] (t), k € A™)}, m = 0,1,2, on a common probability space (€2, F, P) such that, for

m € {0, 1,2}, the state transitions of the Markov chain {X[m] (t)} and those of {X (1)}
obey the same probability law, i.e., they are governed by the same transition rate matrix.
We introduce sequences of interarrival times, call holding times, call residence times,
selections of base stations at generations of calls in overlapping areas and selections of des-
tination base stations at handovers in the original model. Since these random variables
are mutually independent and random variables representing times are exponentially dis-
tributed, we may consider from the strong Markov property that the processes restart at
every epoch of state transition in stochastic sense. This allows us to regenerate these random
variables at every transition epoch without changing the probability law of the processes.
A precise construction of the sequences of random variables is as follows. Indices k,
I, i, and n used below are for k € A, [ € C® 4, € [1,¢;] and n > 1. Let 7,(n) be
an exponentially distributed random variable with parameter \;. 7¢(n) is used for deter-
mining a call generation epoch in area k. Let 7, (n) denote an exponentially distributed
random variable with parameter Ay and ju (n) denote a randomly selected base sta-
tion from {k,} with equal probability. The pair (7(x,(n), j)(n)) is used for determining
a call generation epoch in area (k,l) and the first selected base station by the call. Let
Sk.i,(n) denote an exponentially distributed random variable with parameter p. si;, (n) is
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used for determining the remaining service time of a call at channel 75 of base station k.
We use a vector representation sy(n) = (si;, (n)) for them. Let 7, (n) denote an expo-
nentially distributed random variable with parameter v, and dj,, (n) denote a randomly
selected base station from C¥) with probabilities (py;,[ € C®)). The pair (n;;, (n), dy., (n))
is used for determining the remaining residence time of a call at channel i of base station
k and the base station to which the call is handed over. We use a vector representation
N:(n) = ((Mk4, (1), dii, (n))) for them. We assume that all these random variables and ran-
dom selections of base stations are mutually independent. To the basic probability space
(Q, F, P), we define ) as the set of possible realizations of the sequences of random variables
{m(n), (taey(n), ey (n)), 8k (n), My (n), k € Al € CW}X, and assume that F and P are
properly defined such that the sequences of random variables have the properties described
above.

We define a sequence of inter-transition times {7'(n)} as
T(n) = min{7g(n), 760y (1), Sk, (1), My () : & € A, 1€ CH iy €1, ¢4}, (4)

and a sequence of transition times as ty = 0 and

for n > 1. We consider ¢, is the nth transition epoch of the chains and, in each chain, the
random variable attaining the minimum in (4) indicates the kind of transition at that time.
Namely, if T'(n) = 71,(n), a call is generated in area k at time ¢,,; if T'(n) = 74y (n), a call is
generated in area (k,[) at time ¢,, and base station j ) (n) is selected first; if T'(n) = s;.3, (n),
a call served by channel i, in base station & ends its talk at time ¢,; if T'(n) = n;, (n), a
call served by channel i; in base station k& moves to base station dj;, (n) at time ¢,. Note
that, in each chain, if it is impossible for such a transition to occur at time ¢,,, no real state
transitions occur at that time and we regard such ¢, as a shadow epoch of state transition.

For each m € {0,1,2}, we give the initial state of {X[m](t)} by M e SM e,
X[m](O) = z[™ where S = S and Sl = SPI = S, and construct sample paths of
{X[m} (t)} from realizations of the sequences of random variables {75 (1), (T(x(n), Jkp) (1)),
sp(n),ny(n),k € A1 € C®} . That is, for each w € €, a sample path {X[m](t;w)} is
given as a function of the sequence {7%(n;w), (T(ky (75 W), Jekpy (15 w)), 8k (nyw), My (nyw), k €
A, 1 € C®}2  in the following manner. Below we assume that, when there exist X,[Cm] (t; w)

calls in base station k& in Model m, channels labeled from 1 to X,Em} (t;w) are occupied and

channels labeled from )A(,Em} (t;w) + 1 to ¢ are idle.
(i) In the case of T'(n;w) = m(n;w):
(a) When k € A, for each m € {0, 1,2}, if X,Em](tn,l;w) < ¢k — gk, then X,[cm](tn;w) =
X’,Em} (tn—1;w) + 1; if not, )A(lgm](tn; w) = X’,Em} (tn_1;w). Other elements of x (t;w)
remain unchanged at time ¢, (w).
(b) When k € Ay, X"
x" (t;w) changes in the same manner as (i)-(a) at that time.
(i) In the case of T'(n;w) = Ty (n;w) and gy (n;w) = k:

(t;w) and X[Z](t;w) remain unchanged at time ¢,(w) and
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(a) When k, [ € Ay, for each m € {0,1,2}, if X["(t,_1;w) < cx—gp, then X[ (t,;w) =
X',[cm](tn,l;w) + 1 and Xl[m](tn;w) = Xl[m](tn,l;w); if X,[cm](tn,l;w) > ¢ — g and
)A(l[m} (th—1;w) < ¢;—gi, then we obtain X,Em] (tn;w) = X,[Cm (tp—1;w) and Xl[m] (tn;w) =

(£, 13 w)+1; otherwise, we obtain X[™ (t,;w) = XM (t,_1;w) and X[™ (t,;w) =

X"
X™(tn_1;w). Other elements of x (t;w) remain unchanged at time t,(w).

t

R

(b) When k € Ay and | € Ay, for each m € {1,2}, if X,[Cm](tn,l;w) < ¢p — Gk, then
X s w) = X[ (15 w)+1; if not, XI (b w) = X7 (b1 w); otgler elements of
x™ (t;w) remain unchanged at time ¢,(w). On the other hand, X! }(t; w) changes
in the same manner as (ii)-(a) at time ¢, (w).

(c) When k € Ay and | € Ay, X

2
replacing k& with [ at time ¢, (w) and X " (¢; w) remains unchanged at that time. On

(t;w) changes in the same manner as (ii)-(b) but

the other hand, x" (t;w) changes in the same manner as (ii)-(a) at time ¢, (w).

(d) When k,I € A, X[I](t;w) and X[Z}(t;w) remain unchanged at time ¢,(w) and
x" (t;w) changes in the same manner as (ii)-(a) at that time.

(iii) In the case of T'(n;w) = sk, (n;w):
(a) When k € Ay, for each m € {0,1,2}, if i < X (tn_1;w), then X™(t,;w) =
XM t_y;w) — 15 if not, X™ (ty;w) = X™(ty_1;w). Other elements of x™ (t; w)
remain unchanged at time ¢, (w).
(b) When k € A,, X[I](t;w) and X[Z](t;w) remain unchanged at time ¢,(w) and
x" (t;w) changes in the same manner as (iii)-(a) at that time.
(iv) In the case of T'(n;w) = Ny, (n;w) and dy;, (n;w) = I:
(a) When k,I € Ay, for each m € {0,1,2}, if iy < X/ (ty_1;w) and X (t,_1;w) <
¢, then XM (tiw) = XMty 1;0) — 1 and X[ (t;w) = XMty 1;0) + 1; if
i < X,Em] (tp—1;w) and Xl[m] (th_1;w) = ¢, then X,Em](tn;w) = X,Em](tn_l;w) — 1 and
Xl[m} (tn;w) = )A(l[m} (tn—1; w); otherwise, )A(,Em} (tn;w) = )A(,Em} (tn—1;w) and Xl[m] (tp;w) =
Xl[m} (tn_1;w). Other elements of x™ (t;w) remain unchanged at time ¢, (w).
(b) When k € Ag and [ € Ay, for model m € {1,2}, if i, < X™(t,_1;w), then
XM (tn;w) = XM (tn_1;w) — 1; other elements of x™ (t;w) remain unchanged at
time t,(w). On the other hand, x" (t;w) changes in the same manner as (iv)-(a)
at time ¢, (w).
(c) When k € Ay and [ € Ay, if le (th—1;w) < ¢, then le (th;w) = Xl[l] (tp—1;w) + 1;
if not, le (th;w) = le (tp—1;w). Other elements of x" (t;w) remain unchanged
at time t,(w). On the other hand, x (t;w) remains unchanged at time ¢,(w) and

x" (t;w) changes in the same manner as (iv)-(a) at that time.

(d) When k,l € A,, X[I](t;w) and X[Z}(t;w) remain unchanged at time ¢,(w) and

x" (t;w) changes in the same manner as (iv)-(a) at that time.
For t € (t, 1(w),t,(w)), x™ (t;w) is given as x™" (t;w) = x™" (tn—1;w). Note that, since

area (k, () is the same area as area ([, k), case (ii) includes the case where T'(n;w) = 74y (n; w)
and jg,(n;w) = L.
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Now we compare sample paths of {X[O] (1)}, {Xm (t)} and {X[Z] (1)}

Lemma 2 Let XETO (t) be the restriction of X[O}( t) to the set of focused base stations, Ay,

i.e., XETO(t) = (X',EO](t), ke Ap). Let x E S and ! E So (resp. z2 € Sy and % € S)

be the initial states of {X[O]( t)} and {X (t)} (resp. {X ( )} and {X[O} (t)}), and assume
that mgg} < a: I (resp. P < 33[0]) where a:Ei} is the restriction of 0 to A;. Then,

Xﬁ]o(t)_ ()(resp.XH()<XA())forallt>0wp1

Proof. For the purpose, it is sufficient to show that, for each w € €, for any n > 1, the
inequality Xﬁ]o(tn_l;w) < Xm(tn_l;w) (resp. X[Q}(tn_l;w) < XEE)
XEZ]O(tn;w) < Xm(tn;w) (resp. X[Q}(tn;w) < XEZ]O(tn;w)). We assume Xﬂ(tn,l;w) <
X[l](tn,l;w).

(tn—1;w)) implies that

(i) In the case of T'(n;w) = Tk(n;w):
(a) When k € Ay, if X}El} (tn_1;w) < ¢x — gk, then

X,EO](tn;w) )A(IE}( b 1;w)+1< )A(,E}(tn,l;w) +1= X,El](tn;w);

~

ifX,EO](tn_l;w)<ck— )A(,[C}(n 1;w), then

A~

Xtw) = Xt r;w) +1 < ep — e < X tno1;w) = X (b 0);
otherwise,

>0 > > -1

X tn;w) = X tn-130) < X (tnor;w0) = X (8 w).

Other elements of XE?&) (t;w) and x (t;w) remain unchanged at time ¢,(w), and
hence we obtain XETO (th;w) < x (tn; w).
(b) When k£ € Ay, both XEE) (t;w) and x" (t;w) remain unchanged at time ¢, (w).
(1]
)

Hence we obtain XE?&) (tn;w) < X ' (tn;w).
(ii) In the case of T'(n;w) = Tk, (n;w) and ji(n;w) = k:
(a) When k,l € Ay, if X,[cl](tn,l;w) < ¢ — gk, then
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if X,EU](tn_l;w) > ¢ — g and Xl[o] (tho;w) < —g < le (tp_1;w), then

Other elements of XE?&) (t;w) and x (t;w) remain unchanged at time ¢,(w), and
hence we obtain XE4] (th;w) < x! ](tn;w).
(b) When k € Ay and [ € A, if Xk}( th_1;w) < Cx — gk, then

X tn;w0) = X (tp_1;0) +1 < X (tgois0) + 1 = X (1 0);

A~ ~

if X,EO](tn_l;w) <cr— gk < X,EH (tp—1;w), then

A~

X;EO](tn;W) X;E ]( thw) +1< e —gr < X}EH(tnfl;w) = X;EI](tn;W);
otherwise,

[0 A A 1

Xt w) = X (b 0) < X (tnons0) = X3t ).

Other elements of XET (t;w) and x (t;w) remain unchanged at time ¢,(w), and
hence we obtain XE4] (tn; ) < x! ](tn;w)

(c) When k € Ag and [ € Ay, X (t w) Changes in the same manner as (ii)-(b) at time
tn(w) but Xz (t,w) increases only 1le ( no1;w) < ¢ —g; and Xk (tn1; W) > Ck— G-
Since other elements of )A(E?t] (t;w) and x! (t;w) remain unchanged at time ¢, (w),

we, therefore, obtain XE4] ( w) < x" ](tn;w).

(d) When k,I € Ay, both XA (t;w) and x" (t;w) remain unchanged at time t,(w).

Hence we obtain Xu)( t;w) < x" }(tn;w).

(iii) In the case of T'(n;w) = sk, (n;w):
(a) When k € Ay, if i), < X,EO](tn_l;w), then

~

X (tnsw) = XPtn130) =1 < X (ti50) = 1= X (15 0);
if X,EO](tn_l;w) < < X,EI](tn_l;w), then
X (tnsw) = Xt 1;0) < iy — 1< XMt 1;0) — 1 = X (1,5 0);
otherwise,

Xt s w) = XM (tnr;w) < X (113 0) = XM (s w).

Other elements of XET (t;w) and x (t;w) remain unchanged at time ¢,(w), and
hence we obtain XE4] (th;w) < x! ](tn;w).
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(b) When k € Ay, both XEE) (t;w) and x" (t;w) remain unchanged at time ¢, (w).
Hence we obtain XEE) (th;w) < x" (tn;w).
(iv) In the case of T'(n;w) = n, (n;w) and dy;, (n;w) = I:
(a) When k,[ € Ay, if i), < X,[CO} (tp_1;w), then

X,[CO}(tn;w) = X,[CO}(tn_l, w)—1< X[ ]( thoyw) — 1= X,El](tn;w) and
XZ[O} (tp;w) = min{¢, Xl[o](tn_l; w)+1} < min{cl,f(lm (tho1;w) + 1} = Xl[l] (tn; w);

if X,[CO](tn,l;w) < i < X,[cl](tn,l;w), then

XL“(%;@:X,E“(%_l;w)gk—lsXﬂ(n bW )_1:;2,&}(”, ) and
% ! =&

£ tnsw) = X (tamrsw) < X (tnoriw) = X,E”(n,m and

l (tn_lv )

Other elements of XE?J (t;w) and x" (t;w) remain unchanged at time ¢,(w), and

hence we obtain XE4]0( tn;w) < x" ](tn;w)

(b) When k € Ap and [ € A, XA} (t;w) and X! (t w) change in the same manner as
|

(iii)-(a) at time t,(w), and hence we obtain XE4 (tn;w) < x" ](tn;w).

(¢) When k € A and [ € Ay,
)A(l[o](tn; w) < min{¢, )A(l[o] (th_1;w) + 1} < min{¢, Xl[l](tn_l; w)+1} = le (tn; w).

Other elements of XE?&) (t;w) and x" (t;w) remain unchanged at time ¢,(w), and
hence we obtain XEZ]O (th;w) < x" (tn; w).

(d) When k,I € Ay, both Xﬁ] (t;w) and x (t;w) remain unchanged at time t,(w).

Hence we obtain X&J (th;w) < x" }(tn; w).

In the same manner, we can prove that if x (tho1;w) < XE?&) (tn—1;w), then x? (tn;w)

XEZ]O (tp;w) for all n > 0.

<
]
For each m € {0,1,2}, in the same manner as used for constructing {X[m] (t)}, we can

also construct Markov chains starting from different initial states, {1X i (t)} and {2X - (1)},
on the same probability space (€2, F, P) such that, for v € {1, 2}, the state transitions of the

Markov chain {*X m (t)} and those of { X™!(¢)} obey the same probability law. Comparing
sample paths of {IX[m] ()} and {ZX[m] (t)} for each m € {0, 1,2}, we obtain the next lemma,
which can be proved by using the same idea as used for deriving Lemma 2.

Lemma 3 For m € {0,1,2}, let ‘2™ € S™ and 22" ¢ SI™ be the initial states of

(X" )} and X" (1)}, and assume that 'z < 2™ Then, X () < X" (1) for
allt > 0 w.p. 1.
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For random vectors A and B with values in R", if E[f(A)] < E[f(B)] for all bounded
nondecreasing function f : R™ — R, then we denote A <,; B. This relation <; is called
the usual stochastic order[7]. From Lemma 2, we obtain the next lemma.

Lemma 4
0
xP <, x <, xt (6)

Proof. Consider vectors ™ in S m = 0,1, 2, such that z!! < wgg]o < 2P and for
m € {0, 1,2} let the initial states of the Markov chains {X[m] (t)} and {X™(#)} be zlm
The state transitions of {X[m] (t)} and those of {X[™(¢)} obey the same probability law

and hence we obtain that X (t) =4 X™(t) for all t > 0, where the relation =, represents

equality in distribution. Furthermore, Lemma 2 claims that Pr(XETO (t) < Xm (1) =1

and Pr(X[Z]( t) < Xﬁ]( t)) = 1 for all ¢ > 0. Hence we obtain that XE?&)(t) < XMW1

and XP(t) <, X ,(t) for all t > 0. For each m € {0, 1,2}, the Markov chain {Xm (1)}
is irreducible and ﬁnlte, and hence X [m](t) converges weakly to X™. Since the usual

stochastic order is closed with respect to weak convergence [7], we obtain the assertion of
the lemma. O

Let 14 denote an indicator function of condition A. For a fixed xy, 14 >4, is nondecreas-
ing and bounded with respect to z}, and, for fixed =}, and z;, Lt >ap, 20>} 18 nondecreasing
and bounded with respect to z}, and z;. Hence we immediately obtain the next corollary
from Lemma 4.

Corollary 5 For k,l € Ay, for xy € [0,cx], 7 € [0, ¢],
PP (xy) < P (ay) < PM(ay)  and  P(ww,an) < P (ag, @) < B (ag ). (7)

3.3. Monotone properties for the conditional call-completion probabilities

For Model m (m € {0,1,2}), let a ™ (z[™]) be the conditional call-completion probability of
a call served at base statlon k, given that the state of the system at that time is /™ € S
where S = S and SVl = S8 = §. If o} Iml — 0, then we assume aL ]( (m1) to be zero. To

get monotone properties for a,[c }(az[m]), we use the Markov chains {X[m} (t)}, m =0,1,2,
described in the previous subsection. From their definitions, it can be seen that, for each

m € {0,1,2}, the Markov chain {)A([m} (t)} is a stochastic process representing the behavior
of Model m. Hence we define a tagged call served at base station k in each model and study
the behaviors of the tagged calls.

For each m € {0, 1,2}, consider that x™ (t) represents the state of Model m at time

t, and assume X[m](O) = z!™. For a fixed k € Ay, assume me] > 0 and let U(Em] denote

a tagged call served at base statlon k in Model m at time 0. In order to synchromze the
behaviors of U0 : U(gl nd UO , we further assume that, for each m, if U is served in
some base station, then it always occupies channel 1 of the base station. That is, when
there exist X™(t) calls in base station [ in Model m and one of them is U™, U™ occupies
channel 1 and the other calls occupy channels 2 through X l[m] (t). To achieve this, we assume
that, when U[Em} is successfully handed over to base station [ at time ¢, calls in base station [
change their positions to channels 2 through Xl[m] (t—0)+1 and U(Em] is assigned to channel 1.
It is clear that these modifications do not change the probability law of the processes.
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For n > 0, let ¢, be the nth transition time defined by formula (5), and suppose that
each tagged call is served in base station [ (I € Ap) in the corresponding model at time t,.

For w € Q, we assume that x (th;w) < XETO (th;w) < x! (tn;w). Then, the states of the

tagged calls at the next transition time, ¢,,1(w), are given as follows.

(i) In the case of T(n + 1;w) = s;1(n + 1;w), all the tagged calls end their talks (holding
times) simultaneously at time ¢, 41 (w) and they become completed calls.

(ii) In the case of T(n+1;w) = 1(n+1;w) and d;1(n+ 1;w) = I', we further consider the
following two cases.

(a) If I € Ap, then all the tagged calls try to move from base station [ to base station [’

[0] (1] (

at time ¢,,1(w). From the assumption that XAO (ty;w) < X (ty;w), if U(EH is suc-

cessfully handed over at that time, U[EO] is also successfully handed over. Moreover,
2 (tniw) < X EZL (tn;w), if U(EO} is successfully handed

over at that time, U[EZ] is also successfully handed over.

from the assumption that X

(b) If I' € Ay, then U(EO} tries to move from base station [ to base station ' at time
tni1(W); U(gl] moves from base station [ to the outside of Ay and it becomes a

forcibly terminated call; U(EQ} moves from base station [ to the outside of Ay and it
becomes a completed call.

(iii) In the other cases, all the tagged calls remain in base station [ at time ¢, (w).

Note that, once case (ii)-(b) occurs, U(E” and U[EZ] disappear from their systems but U[EO] may

not. Hence we have to describe the behavior of U(EO} when it is served at base station [ in

Ay at time t,(w).

(i) In the case of T'(n + 1;w) = s;1(n + L;w), U(EO] ends its talk (holding time) at time
tni1(w) and it becomes a completed call.

(ii") In the case of T'(n+1;w) = ni(n+1;w) and d;1(n+1;w) =1/, U(EO} tries to move from
base station [ to base station ! at time t,1(w). This handover will be successful when
Xl[,o] (tn;w) < cp.

(iii’) In the other cases, U(EO] remains in base station [ at time ¢, (w).

Next we define, for each m € {0,1,2}, a process {W[™I(t)} representing the state of U[Em}
as follows.

w if U(Em] is served at base station w at time ¢,

Wi t)=4q 0 if U(Em] has successfully completed its talk at or before time ¢,
—1 otherwise.

We obtain the next lemma.

Lemma 6 Let  be a vector in S, and assume that X[O](O) =x and XD](O) = X[Z](O) =
T 4,, where x4, is the restriction of x to the set of focused base stations, Ay. Moreover we
assume that each tagged call is served at base station k (k € Ag) in the corresponding model

at time 0. (This means that x, > 1.) Then the following statements hold for all t > 0
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w.p. 1.
W) =w (w e Ay) = WO(t) =w (8)
Wity =0= W) =0 (9)
W) =w (we Ay) = WHE(E#) =w or0 (10)
WO(t) = w (w e Ay) = WE(t) = (11)
Wiy =0=wl#) =0 (12)

[m]

Proof. Let {t,} be the transition times defined by formula (5). Since the state of X (t)
does not change between the times, it is sufficient to show that the statements hold for
tn, n > 0. From the assumption for the tagged calls, we obtain W°(0) = W(0) =
WM(O) = k, and taking account of the assumptions of the initial states and Lemma 2, we
obtain, for each w € €2,

o2l [0]

Xty w) < XAO(tn;w) < X[l

](tn;w) for all n > 0.

Hence the tagged calls change their states according to (i)—(iii) and (i’)—(iii’) described
above. Each statement is obtained from the following reasons, where we assume that n > 1.

o Statement (8). WH(t,;w) = w € Ay means that either (ii)-(a) or (iii) occurred at time
tn(w). In both the cases, we obtain W% (t,;w) = w.

o Statement (9). W (t,;w) = 0 means that case (i) has occurred at or before time #,(w).
Hence we obtain W% (t,;w) = 0.

e Statement (10). When Wl(t,;w) = w € Ay, two cases can be considered: one is that
U(EO} has been in the outside of Ay at least once and the other that it has never. In
the former case, from (ii)-(b), we obtain W& (t,:w) = 0. In the latter case, we obtain
WEl(t,;w) = w from the same reason as used for statement (8).

o Statement (11). W% (t,;w) = w € Ay means that case (ii)-(b) has occurred at or before

~

time t,. Hence we obtain W2 (t,;w) = 0.

o Statement (12). When W% (t,;w) = 0, two cases can be considered: one is that U[EO] has
been in the outside of Aj at least once and then successfully completed its talk, and the
other that it has successfully completed its talk before leaving Ay. In the former case,
from (ii)-(b), we obtain W?(t,;w) = 0, and in the latter case, from (i), we also obtain
it.

(I
From Lemma 6, we obtain the next lemma.
Lemma 7 For k € A, for every vector  in S,
1 0 2
o (@) < o (@) < o (way). (13)

Proof. For each model, we assume that the tagged call is served at base station k in Ay
at time 0. From statements (9) and (12), we obtain 1 yu1_0y < Lgpmpy—o < Laiein=o)
for all £ > 0 w.p. 1. Since Leyirtmi(ty=oy 18 nondecreasing with respect to ¢, the monotone
convergence theorem implies that

o @l"™) = | Loy = Jim B|Lpranyy)
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where 2! = z and z!!! = 2! =z 4,. Hence we obtain

1 . . 0

t—00

and
0 : : 2
oy (x) = Jim E|:1{W[0](t):[]}:| < lim E|:1{W[2](t):0}:| = o (za,).
O

In the same idea as used for obtaining Lemma 7, we can derive another monotone
property for o™ (™) as follows.

Lemma 8 For each m € {0,1,2}, aLm](a:[m}) is a nonincreasing function of ™ € S,

Proof. Here we describe only an outline of the proof. Consider the Markov chains {IX[m] (1)}

and {QX[m} (1)} given in the previous subsection, and assume that 1)A([m}(O) = lgml ¢ Sml,
2X[m](()) = 2glml ¢ 8™ and '¢[™ < 2z[™]. Then, from Lemma 3, we obtain that ix (t) <
2! (t) for all ¢ > 0 w.p. 1. For the Markov chains, tagged calls 'U™ and 2U™ are defined
like U™ was defined, and processes {'W™(#)} and {2W™(£)} are constructed in the same

manner as used for constructing {W [ (¢)}. Studying the behaviors of U™ and 205™, we
obtain

~

2wiml(t) = 0 = 'Wwiml() = o, (15)

and this corresponds to Lemma 6. From statement (15), we obtain

This leads us to the assertion of the lemma. O
3.4. Proof of Theorem 1

Proof of Theorem 1. For m € {0, 1,2}, first we obtain some relations between C,Em] and
552%). Let ej be a vector with a suitable dimension whose kth element is one and whose
other elements are all zero (i.e., kth unit vector). From PASTA [13], calls generated in area
k € Aj see time averages and C,[Cm] is given by

dcm} - z; ]1{$k<0k9k}aE€m](m + ek)P[m](a:) =L I{Xl[cm]@kigk}akm](x[m] +ex)|,
resim

where Sl = S and S = S = S,. For k € Ay, ¢ € S, Lemma 7 claims that aLO](mﬂLek) >

a,[cl](a:AO + (ex) 4,), where (ey) 4, is the restriction of e, to 4, and Lemma 8 implies that

l{mk@k,gk}a,[j](auo + (ex) 4,) is nonincreasing and bounded with respect to @ 4,. Hence, we
obtain

0 [ 0
=t 60 )]

1/ [0
- E_l{Xl[cO]<Ck_9k}al[c ] (XE4]0 + (ek)AO)]

[ 1 1
> {1y (X (1)) = ¢ (16)
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To derive the second inequality in (16), we use Lemma 4. In the same way, we obtain, for
ke .A(),

< (17)

For Model 0, let (([Z}l) be the probability that an arbitrary call generated in area (k1)
starts its talk (holding time) at base station k and successfully completes the talk at some
base station. C([Z]l) is represented in terms of C,EO] and 5([2]” as follows.

o _ 1 0] 5[0
Sy = §E[1{X,[,°]<ck—gk}ak (X + e)
L o 50
+ EE[I{XIEO]<%*9;@} l{Xl[O]ZCFgl}ak (X + ek)]
Lo 1 0] 5[]
- §Ck + §E|:(1{X£O]<Ck_gk} N 1{X,E°]<ck—gk} 1{X}°]<c,_g,}) o (X + ex)
0 0
=G — &y (18)

where fgz] ) is given by

o _ 1 (0] 5[0
§ N §E|:1{Xl[c0]<0k_gk} 1{X,[0]<cl—gz}ak (X[ I+ ek)] .

For m € {1,2}, for k € Ay, | € Cék), féﬂ) is also given by

§E[1{X1£m]<ck—9k} 1{X,[m]<01—yz}ak (X + ek)] .

(m] _
Sk =
Since 1z, <cp—gi} 1{x,<c,—g,}a;[€m}($) is nonincreasing and bounded with respect to & € S,
in the same way as that used for C,[Cm], we obtain the following inequality of fgzlj) for k € Ay,
rec.
1 0 2
En < &y < € (19)

In the case of k € Ay and [ € Cy, the next inequality can be used.

1
0 <&y, < 5| LX) +er)| == <

2]
2 {X1£0]<Ck_gk}ak . (20)

DN | =

1

5
Assume that the system is in steady state, and let Uy denote an arbitrary call generated

in zone k in Model 0. Remind that zone k consists of area k and areas (k,1), [ € C*¥). In

order to obtain inequality (3), we define the following events for Model 0.

e A: U successfully completes its talk (holding time) at some base station.

e By: U, starts its talk (holding time) at base station k.

o (: Uy is generated in area k.

Cray: Up is generated in area (k,1).
Then, <][€0} and C([Z}l) are given by <][€0} = Pr(A, By | Cy) and C([z]l) = Pr(A, B, | Cwyy), and 0y, is
represented as

Pr(A, By, Cr) + > e Pr(A, By, Cryp)
Pr(By, Ci) + > icctm Pr(Be, Creyy)

0, = Pr(A| B,) = (21)
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From (18), the numerator of (21) is given by

A A
Pr(A, By, Ci)+ Y Pr(A, By, Cprpy) = —<k > TRy =603 SR (22)

lec®) ety ¥ lectty Ok

Applying (16), (17), (19) and (20) to this formula, we obtain

A 1 A
(1 _ § : (k) 2] 2 E : (k1) ~[2]
Ck Ak 6(lc,l) 9 Ak Ck

1ec® rec
A
2 k) (1
< Pr(4, By, C) + Y Pr(A, By, Cp) < G- >, /(\—k)f([k],l)' (23)
lec® lect®
The denominator of (21) is given by
Pr(Bg, C) + Z Pr(By, Cik )
lect®)
_ M 0]
= A_P r(X;" < — gr)
1 1
+ Z <§ H <Ck—gk)+ 2PI'(X]£0} <Ck—gk,Xl[0} ch_gl)>
lec(k)
W ) ( o) . 1§ Awo 0] 0]
— (22 ’1—)——’PX<—,X>—,24
<Ak+2l% W) (1) g 3 Pl <o 2 a0
€ €

where Pr(X,EO} < ¢k — Gk, XZ[O} > ¢; — g;) can be represented as

PY(XIEO} < cp— gk,Xz[O] >a—g) = Pz[O}(Cl —a) — P

k[,l (ck — gt —q) = ¢EO] = Pl
and it also satisfies
0 < Pr(X < ep — g1, X 2 ¢ — g1) S Pr(X) < e — ) =1 - o).
Corollary 5 implies that
o <o <@ and o) < O < B,
and applying these inequalities to (24), we get

Ap 1 Ak, 1 Awd) (121 0]
<A_i+§lz A ) (1-0) +5 2 A G

ct) tect?

< Pr(Bg, Cy) + Z Pr(Bg, Cr)

lec®)
Ap 1 Ak,1) 2\ | 1 Akd) (1] 2] 1 Alk,t) 2]
<(+3 2 %2) (1-ol) +53 3 2 (' -ofls) +3 3 R2 (1- ).
lec(k) lECék) lEét()k)
(25)
Applying (23) and (25) to (21), inequality (3) is derived. O
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4. Numerical Examples

In this section, we show some numerical results for a hexagon model, where zones are placed
on a plane and each zone except boundary zones neighbors six others like the one shown in
Figure 2. In this figure, we assume that the call generation rates in the shaded zones are
higher than those in unshaded zones. Hence we use new notations Aj, Ao, A} and A, in the
following meanings.

=AM, 1<EST, App =X, 1<k <7, 1eC®,
M=, kE>T7, gy =N, k>7,1€CW\{1,2,...,7}.

The number of base stations in the model is not specified but is assumed to be large so that
direct calculations of call completion probabilities are difficult. For analyzing the model,
we apply our method to the model and evaluate bounds of a call completion probability
by simulation. In the table below, ratio indicates the accuracy ratio that is defined as the
ratio of the upper bound to the corresponding lower bound. This accuracy ratio measures
tightness of the bounds.

Figure 2: Hexagon model

It is expected that the larger the number of focused base stations is the tighter the
bounds of a call completion probability is. To see this, we show some simulation results for
the hexagon model in Table 1, where size indicates the number of focused base stations.
The simulation results represent point estimates and 95% confidence intervals of the bounds.
The model parameters are set as

Aa=02X\, N =05, X,=02),
p=20, ¢=10,k>1, g=0k>1 y,;=2k>11eCW,

where the value of ); is set so that (A; + 3Xs)/(c12) becomes one. The table shows upper
and lower bounds of ;. In the simulation experiments, we have generated 20 x Ny thousands
calls for each run, where NNy is the number of focused base stations, and used 100 replicas
for computing one point estimate and its interval estimate. Hence, 2 x Ny million calls have
been generated for one simulation result. In the case of Ny = 61, it has taken about a couple
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of ten minutes to obtain a simulation result by our personal computer, which have a single
processor of 2.4 GHz and 512 MB memories. From the table, it can be seen that as the
number of the focused base stations becomes larger, the bounds become tighter.

Table 1: Upper and lower bounds of #; in a hexagon model with different numbers of focused
base stations

Size upper bound lower bound ratio
7 1.09872 +0.00277 0.69137 4+ 0.00228  1.59
19 0.94281 +0.00175 0.86754 +£0.00217  1.09
37 0.92450 £0.00174 0.91306 + 0.00149 1.01
61 0.91959 £0.00165 0.91921 + 0.00151  1.00

5. Conclusions

In this paper, we have proposed a method to obtain tight upper and lower bounds of
call completion probabilities taking account of the whole network. The call completion
probability is one of the most important measures since, in mobile communication networks,
calls having started their talks may forcibly be terminated because of unsuccessful handovers
and such call terminations are very unpleasant for users. Using our method, we can evaluate
the bounds by standard methods such as simulation with less computational burden, where
the tightness of the bounds can be controlled by choosing a set of focused base stations with
appropriate size.

From our method and that proposed in Ref. [11], it becomes possible to examine exact
relations between model parameters and various performance measures for some standard
models. Moreover, it becomes also possible to examine accuracy of typical approximation
techniques such as the decomposition method. Results of such an experiment will be pre-
sented elsewhere. It would be also possible to generalize our method. Mobile communication
networks with other control schemes such as dynamic channel assignment are candidates
for them. These remain as future works.
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