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Abstract  We study a geometric decay property for two-node queueing networks, not restricted to ones
having acyclic configuration. We take a matrix-analytic approach, and prove the geometric decay property
of the marginal queue-length distributions by giving an upper bound of the exact decay rate for each node.
The upper bound coincides with the exact decay rate for Jackson networks and MAP/M/1—/M/1 tandem
queues.
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1. Introduction

This paper studies geometric decay of marginal queue-length distributions in a two-node
Markovian queueing system.

For single queues in a broad class, it is well known that the stationary queue-length
distribution {p(n)} has a tail decaying geometrically, that is, there exist positive constants
n* <1 and C < oo such that

i P
n=o0 (1*)"
Many authors proved this property for various queueing models. For example, Kendall [7]
proved it for GI/M/1 queues, Takahashi [16] for PH/PH/c queues, Neuts and Takahashi [13]
for GI/PH/c queues with heterogeneous servers, and Falkenberg [3] for M/G/1-type queues.
Further, Glynn and Whitt [6] and others proved a weaker property lim, .., n~!logp(n) =
log n* using the large deviation principle for a wide class of queues.
In a single queue, the decay rate n* is related to the Laplace-Stieltjes transforms f(x)
and g(x) of the interarrival and service time distributions. For a PH/PH/1 queue, it was
shown in [16] that n* is given by f(z*), where z* is a unique positive root of the equation

f(a¥)g(=a") = 1. (1.2)

~C. (1.1)

For the marginal queue-length distributions in queueing networks, several authors proved
the geometric decay property in some special models. Chang [2], Ganesh and Anantharam [4]
and Bertsimas et al. [1] among others proved the geometric decay property in a weak sense in
some tandem queues or in some tree-type queueing networks. These studies mostly based
on the acyclic or feedforward configurations of the networks and their proofs exploited
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Figure 2.1: Two-node Markovian queueing system

the fact that, for example, the behavior of the first node is not affected by the second
one. Miyazawa [11] discussed the decay rate of the marginal queue length distribution in
generalized Jackson networks. His conjecture was derived in part from our prework result,
an extension of it is reported here.

This paper studies the geometric decay property in two-node networks, not restricted to
those having acyclic configuration. Our model, which will be called a two-node Markovian
queueing system, is a two-node open queueing network having single servers, buffers with
infinite capacity, MAP inputs, PH service distributions and random routings with arbitrary
configuration. We take a matrix-analytic approach and by using a lemma for a quasi-birth-
and-death process with infinite number of states in each level we prove the geometric decay
property of the marginal queue-length distributions by giving an upper bound of the exact
decay rate for each node. Our upper bound coincides with the exact decay rate in Jackson
networks and MAP/M/1—/M/1 tandem queues studied in [4].

The rest of the paper is organized as follows. We introduce our model and some notation
in Section 2. The stochastic behavior of the model is represented by a two-dimensional
Markov chain. In Section 3, we discuss a doubly geometric form solution to the balance
equations of the Markov chain. Its solution plays an important role for obtaining our upper
bound. In Section 4, we state our main theorem. In section 5, we introduce a lemma given
in Makimoto et al. [9] for geometric decay of level probabilities in a quasi-birth-and-death
process having infinite number of states in each level. The lemma is our main tool to derive
our upper bound. The main theorem is proved in Sections 6 and 7, and the propositions in
Section 4 are proved in Section 8.

2. Model Description and Notations
In this section we introduce our model and some notation.

Model: We consider an open queueing network with two nodes, node 1 and node 2 (Figure
2.1). Atnode k (k=1,2), customers arrive from outside of the system via a Markovian arrival
process MAP; with representation (T',Uy) [8]. There is a single server and a buffer of
infinite capacity. Customers are served in a usual FCFS (First Come First Served) manner.
Service times are subject to a common phase-type distribution PH; with representation
(bk, Sk) [12]. After being served, customers proceed to node j (j =1,2) with probability
15, and leave the system with probability ryy = 1 — 751 — 2. Exogenous arrival processes,
service times and routing are all stochastically independent. We will refer this model as a
two-node Markovian queueing system.

To include the tandem queue case, we allow node 2 to have no exogenous arrivals.
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Assume that node 1 does have exogenous arrivals (later this will be represented as A\; > 0)
and r1o > 0. The latter assumption causes that nodes are dependent on each other.

Node representation: For brevity of exposition, in this paper, we use the following con-
vention for representing node numbers. Symbol “k” is used to refer the node number of
node k. It stands for 1 or 2. If a “k” appears in equations, inequalities, definitions, the-
orems, etc., then these should be understood for k =1 and 2 unless stated otherwise. If

symbol “k’” is used with a “k”, then it refers the other node number, namely &' = 2 if
k=1 and ¥ =1if k = 2.

Vector and matrix notation: Row vectors are represented by bold lower case letters
(except for the Markov chain X (¢) representing the system behavior). To represent a column
vector we attach a superscript T to the corresponding row vector. We denote by 0 a row
zero vector and by e a row vector with all elements equal to 1. Matrices are represented
with bold upper case letters. We denote by O a zero matrix and by I an identity matrix.
Dimensions of vectors and matrices should be understood from the context. Vectors and
matrices 0, e, O and I are used for both cases with finite dimension and infinite dimension.
Inequalities between vectors or matrices are considered elementwise. Limits of sequences of
matrices or vectors are also considered elementwise. For a vector , we denote by diag[x] a
diagonal matrix having i-th element of @ in its i-th diagonal element.

We extend our use of terminology “Perron-Frobenius eigenvalue” to an eigenvalue of
a finite-dimensional square matrix having nonnegative off-diagonal elements and possibly
negative diagonal elements. Let A be such a matrix. We will say that a real number x is
the Perron-Frobenius eigenvalue (PFE) of A and denote it by pf[A]| if x4 s is the Perron-
Frobenius eigenvalue in the usual sense (i.e. the maximal eigenvalue) of the nonnegative
matrix A + sI for a sufficiently large s. Obviously, x does not depend on the choice of s.
We note that, if A is irreducible, pf [A] is a simple root of the equation |xI — A| = 0 and
the eigenvector associated with it is positive and unique up to a multiplicative constant.

Markov chain representation: The exogenous arrival process MAP; has an underlying
finite Markov chain with transition rate matrix T, + U. Elements of Uj govern state
transitions accompanied by arrivals, and off-diagonal elements of T’y govern those without
arrivals. Diagonal elements of T’ are negative so that (T + Uy)e' = 0'. We denote the
state space of the Markov chain by Z, and refer to the state of the Markov chain as the
phase of MAP,. We assume that Z;, is finite and T, + U}, is irreducible. We write a; the
stationary probability vector of the matrix T’y + U}. The exogenous arrival rate is given by

AL = (—akTgleT)il. From the model assumption, A\; > 0. When there exist no exogenous
arrivals to node 2, both T and U, as a scalar and equal to 0, and set Ay = 0.

The service time distribution PHy also has an underlying finite absorbing Markov chain
S k 0';
0 0
—Sre’. The state space of the Markov chain is represented as J, U {0}, where J; is a
finite set of transient states and 0 is a single absorbing state. When a new service starts at
node k, the Markov chain starts from a transient state chosen according to the distribution
by, and the service lasts until the chain is absorbed in the absorbing state. The service time
distribution has a density function by, exp{tSy}o} for t > 0. We will refer the state of the
chain as the phase of PHy. We assume the representation (b, Si) is irreducible in the sense

with transition rate matrix < ) and an initial probability vector (b; 0). Here o] =

—1
that by(—S))~* > 0. The service rate is given by puy = (—kagleT) . Of course, py > 0.
Using these underlying Markov chains, we construct a time-continuous Markov chain
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that represents the stochastic behavior of the whole system. Let Ni(t) be the number of
customers in node k at time ¢, [(t) the phase of MAPy, and Ji(¢) the phase of PH;. We
put Ji(t) = 0 when N (t) = 0. Then, the vector

X (1) = (Nu(t), Na(t), (), I5(t), Ji(t), Ja(1)) (2.1)

constitutes a Markov chain. A typical state can be represented as a sextuple (n1, no, i1, 2, j1, j2),
and the state space is given by

S = {{0} x {0} x I; x Ty, x {0} x {0}} U{{0} x N x T} x Ty x {0} x T}
U{N X {0} X Z1 X Ty x T Xx {0} JU{N XN X Ty x Lo x Ty x o}, (2.2)
where NV = {1,2,---}. From the irreducibility assumptions of the MAP; and PH, repre-

sentations and from the model assumption that Ay > 0 and r;5 > 0, the chain {X(¢)} is
irreducible.

Stability condition: The chain {X (¢)} is stable if and only if

o — (1 — rpp ) Ae + Thrk A
{(1 — Tkk)(]_ — Tk’k’) — Tk:k’rk:’k},uk;

<1  fork=1,2. (2.3)

This can be proved as in Sigman [15] where a similar stability condition was proved for a
general K-node queueing network with a single MMPP (Markov modulated Poisson process)
as an input. The proof is not difficult and we omit it here. Hereafter we assume that the
condition (2.3) is satisfied. Note that (2.3) implies 7 < 1.

3. Balance Equations and Doubly Geometric Form Solution

In order to describe our main result, we shall prepare some notation related to the
stationary distribution of the Markov chain {X (¢)}.

Stationary probabilities: Assuming the chain {X(¢)} is in the steady state, we denote
its state probabilities as

(1,120 0051 g = PLUNL(E), No(t), I (1), I2(t), Ji(t), Jo(t)) = (n1,n2, 11,92, j1, J2) },
(n1, na, i1, 92, j1,J2) € S. (3.1)

The joint queue-length probabilities and the marginal queue-length probabilities of node &
are written as

p(nl,n2) :P{Nl(t) :nl,NQ(t) :TLQ}, 1, N9 :0,1,2,... s and

The decay rate n; of the marginal queue-length distribution {px(nx)} is defined by

log n; = hnlilj&p nik log pr(ng ). (3.3)
Obviously, n; < 1.
Balance equations: For ni,ny > 1, we let
C(ny,ne) = {n1} x {ne} X Iy x Iy x Jr X Ja
= {(n1,n2,71, 42, J1, J2) | (i1, 82, 51, J2) € Ty X Ty x Jh X o} (3.4)
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and call it Cell (ny,n9). This is a set of states at which there are n; customers in node 1 and
ny customers in node 2. When n; = 0 and/or ny = 0, we define C(n1,ns) in a similar manner
by replacing J; and/or J, above with {0}. Clearly p(ni,ns) = P{X(t) € C(n1,n2)}. The
vector of state probabilities corresponding to states in C(ny,ny) is denoted by

p(n1,n2) = (P(1n1,M2) 1054150 5 (N1, M2, 01,92, J1, J2) € C(n1,m2)) . (3.5)
For ny,ny > 2, the set of balance equations around C(n;,ns) is written in vector form as
0 = p(nl, ng)(Tl D T2 D (Sl —+ 711 O'Ibl) D (52 + 799 U;bg))
+p(n —Ln) (U @I Q@I RI)+p(ny,ne —1) I U, I 1I)

+{rop(ni +1,n9) +rppni+ 1,0, — 1)} IRI®o] b, 1)
+{roop(ni,na+ 1) +ro1p(ny — 1,ne + 1)}(I®I®I®‘72Tb2)>

(3.6)

where ® indicates a Kronecker product operation and & a Kronecker sum operation. If
ny < 1 or ny < 1, the equation has to be changed slightly.

Laplace-Stieltjes transforms: The Laplace-Stieltjes transform (LST) of the service time
distribution PHy, is given by

gr(y) = be(yI — Sp) 'oy. (3.7)

Its domain can be extended to the interval D[gi] = (7, 00), where §f(< 0) is its abscissa
of convergence. It is easily seen that g, is strictly decreasing, infinitely differentiable and
strictly log-convex on D|g,]. Further lim, .. gx(y) = 0 and lim, 169 gr(y) = 0o. The service
rate is given by ur = —1/¢,.(0), where the prime (/) indicates a derivative.

For MAPy, if Ay > 0, we let T/1(n) be the n-th exogenous arrival epoch at node k, and
define the asymptotic LST of the exogenous interarrival times by

1
log fi(z) = lim = log E[e*T¢ (). (3.8)
n—oo n

If the exogenous arrival process to node k is a renewal process, fi. reduces to the ordinary
LST of the interarrival time distribution. This function fj is defined on the interval D[ f;] =
(81, 00), where &/ (< 0) is its abscissa of convergence. It is easily seen that fi(z) is the
PFE of the matrix Uy(xzI — T})~! for x € D[f;]. Similar to g, the function fj, is strictly
decreasing, infinitely differentiable and strictly log-convex on D|[fy], and lim, . fr(z) =0
and lim_| 5! fr(x) = co. The exogenous arrival rate is given by A\, = —1/f/(0). If there exist

no exogenous arrivals to node 2, the function f5 is not defined and we set Ay = 0.

Doubly geometric form solution: Our main result relates in a deep manner to a doubly
geometric form solution to the balance equations around a cell. We will say that a solution
{p'(my,ms); my =ny,ny £ 1 and my = ny,ny + 1} to the balance equations (3.6) around
C(ni,ng) is of a doubly geometric form if there exist positive numbers n; and 7, and a
positive vector v such that

p'(my, ma) = ni"ny"v. (3.9)
Substituting (3.9) into (3.6), we have
0 =n"n’v [(Tl + 771_1U1) ® (T2 + UEIUQ)
S (Sl + (7“10 M+ 711+ T2 771772_1) 0'1Tb1) (3.10)
S (Sz + (7”207}2 +T2177f1772+rz2) 0'2Tb2)] :
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This equation indicates that v is a left eigenvector of the matrix in the brackets associated
with eigenvalue 0. The matrix is represented as a Kronecker sum of four smaller matrices.
So, the eigenvalue 0 is given by a sum of eigenvalues of these four smaller matrices and the
eigenvector v is a Kronecker product of eigenvectors associated with those eigenvalues. Let
us denote these eigenvalues as x1, x5, —y; and —y», and corresponding eigenvectors as vy,
Uy, v1 and v,. Then

T+ T —y1 —y2 =0, (3.11)
V=T QU QV QUy, (3.12)
vy (Sk + (Tko Nk + Tk + Trrr 77k77k71) U;bk> = =Yg Vg . (3.14)

The matrices in (3.13) and (3.14) have nonnegative off-diagonal elements, and we can speak
of Perron-Frobenius eigenvalues for them. For fixed 7, and 79, from the irreducibility as-
sumptions of the representations for MAP, and PH,, these matrices are irreducible and
have simple PFE’s and unique positive eigenvectors associated with them. Here we are
interested in positive v. So, x; and —y, have to be PFE’s and 7, and v, are associated
positive eigenvectors. If eigenvalues x and —yj, satisfy (3.11) then (3.10) holds.

Using the functions f; and gx, we can rewrite relations among values nx, xx and y.
From (3.13), a simple calculation shows that

This equation implies that 7, is the PFE of the matrix Uy (z,I — T%)™', and hence, if
Ap > 0,
e = fr(zr). (3.16)

If A\ = 0, we have assumed T, = Uy = 0 (scalar). Hence (3.13) implies that z; = 0 and
Uy, is arbitrary (so we let T, = 1 (scalar)). The equation (3.14) can be rewritten as

v = (vroy) (Tko Mk + Thie + Thr 77k77k_/1) b (—yed — Si) ™" (3.17)
Postmultiplied by o , we have from (3.7)

(Tko M + Tk + Tk Ukﬁ/f_/l) gi(—yx) = 1. (3.18)

Thus, under the doubly geometric form assumption (3.9), if Ay > 0, the six variables 7,
M2, T1, T2, Y1 and yo satisfy five equations (3.16), (3.18) (two equations each) and (3.11). If
Ay = 0, the six variables satisfy xo = 0, (3.16) for £ =1, (3.18) for k = 1,2, and (3.11).

4. Main Theorem

To make our discussions simpler, hereafter we assume there exists no direct feedback to
the same node, that is rg, = 0 for £ = 1,2. This does not reduce any generality as long as
we are concerned about the numbers of customers in nodes 1 and 2, because, if r. > 0, we
may change the routing probabilities to

fk[):?“ko/(l—rkk), fkk:() and ?kk’ :Tkk’/<1_rkk) (41)
and the service time distribution so that

(i)k,gk) = (bk,Sk—i-TkkO'gbk) and &k = (1 _Tkk)o'k‘ (42)

(© Operations Research Society of Japan JORSJ (2004) 47-4
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The new model with these modified routing probabilities and service time distribution has
the same { X (t)} process as the original one. Thus, the decay rate of the new model coincides
with the original one.

Two-variable representations and inverse functions: To represent our main result
in a simpler form, we write the six variables 7y, 12, x1, T2, y; and y, as functions of two
variables a; = logn; and as = logny. Clearly,

n = €. (4.3)

To represent xp and y; as functions of a; and as, we need to introduce inverse functions.
For an arbitrary monotone function h, we denote its inverse function by inv[h]. For the
moment, we assume that Ay > 0. Let ¢, be the inverse function of log fi, and ¢, be that
of log g, i.e.

¢r(a) = invllog fy](a) and ¢y(a) = inv[log gi)(a). (4.4)

These functions are defined on the whole real line (—oo,4+00). From Theorem 1 of Glynn
and Whitt [5], the functions ¢y and 1 can be interpreted probabilistically in the following
manner. Let N/ (t) be the number of exogenous arrivals at node k& during time interval
(0,t], and N$(t) the number of (fictitious) customers served at node k during (0, t| provided
that the server continues processing. Then we have

1 1
dr(a) = Jim  log E[e™M'®]  and  4y(a) = lim S log E[e"®i®]. (4.5)

t—o0

Since f; and g, are decreasing, infinitely differentiable and log-convex, ¢ and v are also
decreasing, infinitely differentiable and convex. They satisfy the following properties:

o(0) = ¥r(0) = 0, 94(0) = =M, ¥4(0) = —pux,  lim ¢u(a) = 6f <0,

4.6

lirf Yr(a) =067 <0 and  lim ¢p(a) = lim ¢p(a) = +ooc. (4.6)
From (3.16) and (3.18), the variables x; and y; can be represented as

T = gbk(ak) and — Y = ¢k<—ak + hk/ (ak/)), (47)

where hy(a) = —log (rk/k e v+ rkfo) )

If i > 0, the function hy is strictly increasing and concave, and satisfies the following
properties:

he(0) =0, h}(0) = ry, alim hi(a) = —log rpo and  lim hy(a) = —oco.  (4.9)

—+o00 a——00

If 7 = 0 (this may occur only for &k = 1 from the assumption 12 > 0), then hy(a;) = 0.
From (4.7), the equation (3.11) is rewritten as

n(al, CLQ) = ¢1(a1) + ¢2(CL2) + ¢1(—a1 + hQ(CLg)) + ¢2(—6L2 + h1<a1)) =0. (410)

This function & plays a very important role in our discussion.
So far we have assumed that Ay > 0. If Ay = 0, we cannot define f; in (3.8) since the
random variable T5'(n) does not exist. So in this case we set

¢2(a) =0, a€ (—o0,+00) (when Ay = 0). (4.11)

(© Operations Research Society of Japan JORSJ (2004) 47-4
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By this rule, we need not distinguish the cases Ay > 0 and Ay = 0 in most of the subsequent
discussions.

To summarize, for any pair (ai, a2) satisfying k(ai,az) = 0, the corresponding values
of variables 7y, m2, 1, T2, y; and ys are given by (4.3) and (4.7), and the corresponding
positive vectors Uy, Us, V1, Vo and v are derived from (3.13), (3.14) and (3.12). Then a
doubly geometric form solution (3.9) formed with 7, 7, and v given above satisfies the set
of balance equations around C(ny,n2) as in (3.10).

In order to describe our main theorem we introduce sets on the (aq, az)-plane and num-
bers related to them. First we note that, as will be shown in Lemma 7.1, the set

Kioop = {(a1,a2) : k(a1,a2) =0} (4.12)
is a loop passing through the origin, i.e. £(0,0) = 0 (see Figure 4.1 for an example). We let

E = {(a1,a2) € Kipop : ar <0 and hy(ag) < ap <0} and (4.13)
bek = inf {a), : Jap such that (ay,a) € &} . (4.14)

Further we define

Fi = &n{(ar,a) : ap > b}

= {(a1,a2) € Kipop @ ar, < 0 and max{hy(ay), bif'} < ap < 0}. (4.15)

and let
7, = exp{bi*}, where 0. =inf{a, : Jaw such that (a1,as) € Fi}. (4.16)
As will be shown in Lemma 7.2, & and F}, are nonempty and the numbers b%*, b7 and 7,

are all well defined. Our main theorem is stated as follows.

Theorem 4.1 7, = exp{bkf’“} is less than 1 and is greater than or equal to the decay rate
Ny of the marginal queue-length distribution {pyx(n)} defined in (3.3), namely

My <7 < 1. (4.17)

The proof of this theorem needs a long discussion using a series of lemmas. So we
postpone it to Section 6.

Remark 4.1 (On the sets & and Fj) The set
& ={(a1,a2) € Kipop : ar, <0 and hy(ay) < ap < 0} (4.18)

consists of points (a1, as) satisfying the condition of Lemma 6.1 given in Section 6 together
with constraints a; < 0 and ap < 0. & is almost the same as this set. However &, becomes
empty if hg(ax) = 0 and hence if ri, = 0. To avoid this inconvenience and to make the
exposition of the theorem general, & is slightly changed from & so that it is nonempty in
any case. Jy, is defined so that it provides the coordinate of the limit point of the converging
sequence of points given by (6.31) in Section 6. &

(© Operations Research Society of Japan JORSJ (2004) 47-4
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Remark 4.2 (An LST version) Theorem 4.1 can be restated in terms of f; and g directly.
For brevity of exposition, here we state the result only for the case Ao > 0. If Ay = 0, we
have to change equations (4.19) and definitions (4.20) below slightly. From (3.16), (3.18)

and (3.11), we have three equations for four variables xy, s, y; and ys as

(Tk() fr(xg) + rrg + Trpe Ji (@) ) ge(—yr) =1 for k=1,2, and

Jw (zr) (4.19)

T1+ 22—y — Y2 = 0.
We define positive numbers 2, and 7jj, as

Ty = sup{xy : (a1, 2,91, y2) satisfying (4.19),zp > 0,2, > 0 and ypr <0},  (4.20)
M, = inf { fe(xr) : I(z1, 22, y1, y2) satisfying (4.19), x;, > 0,2 € [0, 2] and yp < 0}.

Then from relations in (4.7) we see 7j;, = 7j,,. &

Remark 4.3 (Corollaries on procedure) To calculate b7 ' and b32 in individual models, we
shall write them more explicitly. We consider the curves and straight lines

k(ar,a2) =0 (the set Kipop), aw = hi(ag), ar=0 and a = bi’“ (4.21)

on the (ay, az)-plane (see Figure 4.1 for an example). Properties of these curves and lines will
be examined in Section 7. We start with introducing notations for some sets and coordinates
of intersections of the curves and lines. We let

K ={(ay,as2) : k(ai,a2) <0} and Ky ={(a1,a2) € K : ap <0}. (4.22)

The set K is convex (Lemma 7.1) and its periphery is Kj,p. For a given number b, the
straight line a; = b either intersects with Xj,,, twice, is tangent to K., at a single point,
or never meets Ky,op. In the following discussions, for brevity of exposition, sometimes we
say the line intersects with Ky, at two points even when the line is tangent to the loop.
The straight line a; = 0 intersects with K, at two points, one of which is the origin
(Lemma 7.1). Let b be the smaller k-th coordinate of the two intersections, namely

V) = min{a; : k(a;,0) =0} and b =min{ay : k(0,a) = 0}. (4.23)

The curve ay = hy(ay) intersects Kjo0p at two points, at the origin and at a point having
negative coordinates (Lemma 7.1). Let (b}* bi*) be the coordinates of the latter point,
namely, for example, if £ =1,

Vi = {unique negative root of equation (ay,hi(a;)) =0 for a;} and b5 = hy(b0).
(4.24)
The straight line a, = b* intersects Ko, at two points, one of which is (b7*, b5*). Let b
be the k’-th coordinate of the other intersection. Namely, for example, if k = 1,

o = {root other than b}' of equation x(b!",ay) = 0 for 02} : (4.25)

We let
be™ = inf{a; : Jap such that (a1,a) € K}, and

bt = inf{a; : 3 h that 20
= k- Jag suc at (a1, as) € Ky}

(© Operations Research Society of Japan JORSJ (2004) 47-4
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(69,0)
(b7,0) a2
& =F { 0 “
(b1',05") = (b5", b3")
line: as = hi(a1) — Koo
< line: (k(ar,az) = 0)
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Figure 4.1: Curves and lines on the (aj, as)-plane for the model in Example 4.1

Since these numbers are less than or equal to b;”“ (< 0), they are negative. Each of infimums
in (4.26) is attained by a single point on /Iy, (Lemma 7.2). We denote by (b’f(k), b’;(k)) the
coordinates of the point attaining the first infimum and by (b’f’“, b’f’“) those attaining the
second infimum. If b5 <0, (B, 051) = (8@ b5 ™M), and if b5 > 0, (B, 051) = (89, 0).

The set & defined in (4.13) is the upper left arc (segment) of Kj,,, between points (b7, 0)
and (b}, b5") in the third quadrant (Lemma 7.2, see Figure 4.1 for an example). The latter
end point belongs to the set, but the former does only when 9 < 0. We let (57", b5') be the
coordinates of the point that attains the infimum of a; in & as in (4.14). Similarly the set
&, is the lower right arc of Ky, between (0,03) and (572, b52), and we denote by (572, b5?)
the coordinates of the point at which the infimum of ay in &, is attained. Then, by tracing
the arc & from the end point near the origin, we see that coordinates (bf"’, b‘;’“) are given as
follows (see Lemma 7.2 and its proof).

AN T e

4.27
(B bheY i b < bl (4.27)

5 1) — {

Since Fy, is a subset of & restricted by ap > b‘,ii“', by comparing b5 and bii“' (see Lemma
7.2), we see that the infimum b,* in (4.16) is given by

£ -0 1E Epr
Ve { bt b > by,
T =

4.28
Rt A B < B (4:28)

Using these relations, we can calculate 7, concretely as stated in the following corollary.

Corollary 4.1 The upper bound 7j,, given in Theorem 4.1 can be calculated through (4.27)
and (4.28) as 7, = exp{b.*}.

The procedure presented in Corollary 4.1 can be written without using b‘;’“ and b‘,ii“. Note
that from Lemma 7.1 the case where b)* < b42 and b* < b* cannot occur.
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Corollary 4.2 The pair (blfl,bQB) which derives the upper bounds M, and 1, in Theorem

4.1 1s given by

(O 05%) D5 < By O < B 05 2 6 and b} 2 0

(B1,057) i byt <0G B < B 05t > 050 and B® < b
or if B3¢ < bEL B > bl and b2 < B

(OY,052) i D5 < By Y < b 05 < B and B} > 04

) = or if by"C > by by < b2 and b5t < b2, (429)
(O 65%) i byt < by Y > by and by > 0,
(07, b5%) f By > bt M <0 and by > by,
(B, 052) if bR > b and B¢ > b2 o

Ezxample 4.1 Figure 4.1 shows curves and coordinates of intersections on the (ay, as)-plane
for the model with two-phase Erlang renewal arrival processes and two-phase Erlang service
distributions, where A\; = 1.0, Ao = 0.5, p1 = 3.0, po = 5.0, r19 = r1p = 0.5, r91 = 0.8 and
ro0 = 0.2. The procedure presented in Corollary 4.1 is applied in the following manner.
(b3, 1) = (—0.4073, —0.3381)
(bF, b51) = (—1.1407, —1.6380)
(b2, bh2) = (—1.1403, —1.6592)
(b2, b5?) = (—0.8390, —1.9508)
V1> 052 = b =00 = bt = —0.4073, 7, = exp{b]'} = 0.6654
b2 < b = bJ2 = bt = —1.8301, 7, = exp{b32} = 0.1604. &

(b1, 05) = (B, blt) = (—0.4073, —0.3381)

(b2, b52) = (b, b52) = (—0.8390, —1.9508)

Remark 4.4 (Special models) In some special cases where exact decay rates are known,
we can check whether our upper bound coincides with the exact decay rate or not. The
followings are propositions for such special cases. Proofs will be given in Section 8.

Proposition 4.1 In a Jackson type two-node queueing system, the upper bound 7, coin-
cides with the exact decay rate i = py given in (2.3).

Proposition 4.2 [fry =0, we have 77, = 1y (< 1).

Proposition 4.3 In a tandem queueing system MAP/M/1 — /M/1, the upper bound T,
coincides with the exact decay rate nj. &

5. Matrix Geometric Form of a QBD Process Having Infinite Number of States
in Each Level

Our proof of the main theorem, Theorem 4.1, is based on a lemma concerning to the rate
matrix in a quasi-birth-and-death process having infinite number of states in each level [9].
The lemma has been presented only in a technical paper, we introduce it with a brief proof
here.

We consider a time-continuous ergodic Markov chain on a two-dimensional state space
S = {(n,i);n,i = 0,1,2,---}. Let L(n) be the set of states {(n,7);i = 0,1,2,---}
with common n and call it Level n. The whole state space S is partitioned into levels
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as S = U2, L(n). The Markov chain is called a quasi-birth-and-death process having infi-
nite number of states in each level if, after partitioned into levels, its transition rate matrix
becomes of a block tri-diagonal form

Q. Q
Q Q Q
Q= Q

2 Q1 Qo : (5.1)
Q, Q

Notice that Q, and Q, have infinite dimension.

Let 7 be the stationary state probability vector of Q and divide it into subvectors as
= (mw(0) w(1) m(2) ---) according to the partition of S into levels. It is known [10] that
7 takes a matrix geometric form as

w(n)=w(H)R", n=12-- (5.2)

where R, called the rate matriz, is the minimal nonnegative solution of the matrix quadratic
equation
Qo + RQ, + R2Q2 =0. (5-3)

If the dimension of R were finite, the level distribution {7 (n) e’} would decay geometrically
fast with rate equal to pf [R]. However, in our case, the dimension of R is infinite and we
cannot use the concept “eigenvalue”. A sufficient condition for geometric decay with a
given decay rate was obtained in Takahashi et al. [17].  Here we use another lemma,
Lemma 5.1 below, to evaluate powers of R. A similar result was obtained in Theorem 5.4 of
Ramaswami and Taylor [14] where (5.5) below was derived with equality but under slightly
stronger conditions.

Lemma 5.1 Assume that diagonal elements of Q, are bounded. If there exists a positive
number £ and a positive vector q satisfying

q (%Qo +Q, + §Q2> <0, (5.4)

then
qR < &q. (5.5)

Proof Choose a sufficiently large positive number v so that I + %Ql is nonnegative, and
put

1 1 1
Py=-Q, P =I+-Q, P;=-Q, (5.6)
v v v
Starting with R(0) = O, we recursively define matrices R(n) by the relation

R(n)=Py+R(n—1)P,+ R*(n—-1)Py;, n=1,2---. (5.7)

Then R(n) is nonnegative, nondecreasing and bounded from above by R. It is easily
checked that R(n) converges to R as n — oo. By mathematical induction, we can show
that gR(n) < &q for all n > 0. Since g and R(n) are nonnegative, by letting n to infinity
we have gR < £q from the monotone convergence theorem. &

From this lemma, we can derive an important inequality for the discussion of decay rates.
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Lemma 5.2 In addition to the conditions of Lemma 5.1, if q satisfies
(1) <cq (5.8)
for some positive constant ¢, then we have
w(n) < cf" g, n=1,2---. (5.9)

Moreover, if qe' < +oo, then & is an upper bound of the decay rate of the level distribution
in the sense .
limsup — logw(n)e’ <log &. (5.10)

n—oo 1N

Proof The lemma is clear from (5.2) and (5.5). O

6. Proof of the Main Theorem

Now we shall prove Theorem 4.1. We start with some preparatory discussion. Through
this section, if a pair (a1, az) € Ky is once chosen, we consider the values of the associated
variables ny, n2, x1, T2, y; and ys are given by (4.3) and (4.7), and the associated vectors
Uy, Uy, V1, V9 and v are given by (3.13), (3.14) and (3.12).

Our main tool here is Lemma 5.1 given in the preceding section. To apply the lemma, we
reformulate the Markov chain {X (t)} = {(N1(t), Nao(t), I1(t), Is(t), J1(t), J2(t))} defined in
(2.1) to make it a quasi-birth-and-death process on the partition {£2(ns3), ny =0,1,2,...}
of the state space § into levels according to the number of customers in node 2. Here
the ny-th level is the set of states with ny customers in node 2, Ly(n2) = Uy, —o C(n1,n2),
ny = 0,1,2,.... Thelevel £5(ny) is further partitioned into cells {C(ny,ng), ny =0,1,2,...}
according to the number of customers in node 1. If we rearrange states in a lexicographical
order of (ng,ny,i1,1s,j1,7J2) (here ny; and ny are interchanged from the original ordering),
then the transition rate matrix @ of {X (¢)} takes of the form (5.1) with submatrices Q,,

Q, and Q, given by

IU,®1 (0]
IRI®rpel @I ITU,IQI o
Qo = I®I®rpo/b,@l TQU,IQI ’
T, ®@T,® S, UieIob I
II®rye] @I T,eT,dS8, ¢S, U, II®I
Ql— I®I®T100’Ib1®1’ Tl@Tg@Sl@SQ ’
IQRT®ry05by ITRIRb; @190, by
O I®I®I®T2(]G';b2 I®I®I®T210';b2
Q2 - 0 I®I®I®T200’2Tb2

Since Q;, i = 0, 1,2, do not appear explicitly in our proof, we omit their exact description.
The state probability vector 7y corresponding to our ordering of states is also partitioned
into subvectors as
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The subvector 7(ng) is partitioned into state probability vectors p(ni,ns) defined in (3.5)
for cells C(ny,ns), ny =0,1,2,..., as

ma(ng) = (p(0,n2) p(l,n2) p(2,n2) -+ ), ny=0,1,2,.... (6.2)

We choose a pair (ai,as) € K arbitrarily and apply Lemma 5.1 to the partition
{L5(ny)} with & = ny. Then the key matrix £7'Q, + Q, + £Q, has the following block
tri-diagonal structure:

B, B,
1 EQ B, B,
D=—Qy+Q,+nQ,= B . | (6.3)
7’]2 2 . .
By=U,0I0b; @I +I®1I®b; ® ranao, bs,
. 1
B, =T & (TQ + 77_U2> &) (52 +7’207720'2Tb2> ,
2
— T
BQ:I®I®<T10+/’;2>0’I®I,
2
By=U,@IQIQI+I1®I®I®ryno, b, (6.4)

1
B, =T, (TQ + 77_U2> oS D (52 +7“207720';b2> ;
9

32 :I®I® <T10+7;712> O'Ib1®1—
2
We introduce some notation. Let Lo denote a replica of L£4(ng) for some ny > 0, and Ca(nq)
a replica of C(ny,n2). Then D can be regarded as a matrix whose elements are indexed in
Ly X L. For a row vector y with elements indexed in £y we partition it into subvectors
according to the partition {Cy(n1), n1 = 0,1,2,...} as y = (y(0) y(1) y(2) ---), and
define its decay rate dr[y| by

1
log dr[y] = limsup — logy(n;)e’. (6.5)

ni—oo T

For r = dr[y], if there exists a positive constant C' such that

-
lim 7y(n1)e

n—00 rni

~C, (6.6)

then we will say y decays geometrically in strong sense with rate r. We use this terminology
even if r > 1.

Now we shall construct a positive vector q that satisfies the inequality gD < 0 and has
a known decay rate 7. We shall use the doubly geometric form solution (3.9) to do this.
We choose a pair (ai, a) on the loop Ky, arbitrarily. The associated positive vector v
satisfies the balance equation (3.10), which is rewritten as

1
174 (nBO + Bl + 771B2) =0. (67)
1

As a candidate for q in (5.4), consider a row vector

Yy=(0 mv niv niv - ). (6.8)
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Clearly, v decays geometrically in strong sense with rate ;. A direct calculation shows that

1
7D:7<n—QO+Q1—|—n2Q2>:(TO 1 0 0 ---), where (6.9)
2

To =V Q Vs ® V3,

. . L (6.10)
T1=-TU @D, @V @ Vs —1011202(—¥2) U1 @ Uy @ V1 @ by.

Here we assume, without loss of generality, that v}, is normalized so that vior = gr(—yk).
Unfortunately, 79 > 0 and the vector v does not satisfy condition (5.4) for g. However the
vector v will turn out to be a component of a vector ¢ having a known decay rate.

We will derive another candidate vector £ for g satisfying £D < 0 as in (6.20) below. We
need some preparation. To use the Markov chain theory, we convert D to a defective tran-

sition rate matrix D’. Let Z,: be the positive right eigenvector of the matrix (T w U k)

associated with eigenvalue xj, and C; be that of (S,y€ + M (Tko + nk_,lrkk/> o{bk) associated
with —yy:

=T =T

(Tk + nLkUk> Cr = 2k Qs

T - (6.11)
(Sk + 7k (Tko + 7;7:') U;Ibk) Cr = —Yk G-
If we set ¢ = ZIT ®Z2T ® CIT ® C2T, then
1
<UBO + 31 + 77132) CT = OT. (612)
1
We let
=T =T
m 91(_91) C1 ® Cz ® CQT
CT
x| = n ¢t . (6.13)
n¢’
A direct calculation shows that .
mai(—y1) ¢ ®¢, ® CQT
1 0
DXT = <%Qo +Q + 772Q2> XT = 0 . (6~14)

Here we assume ClT is normalized so that blclT = g1(—y1). If y; <0, then the vector on
the right hand side of the above equation is nonpositive. Hereafter we assume that y; < 0
(for later convenience, we don’t include the case y; = 0 in our assumption). We introduce

diagonal matrices Z = diag[x '], Zo = diag[flT ® EQT ® ¢y and Z; = diag[¢ '], and set

1
D =2Z'DZ=27" <QO +Q, + n2Q2> Z. (6.15)
Up;
Then D’ takes of the form
-/ -/
B, By
B, B; B,
D' = where (6.16)

! .. .. 9
B, . -
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Eg = (mgi(—n)) "' Zy"'BoZ,, Ell = Z,' B, Z,, §/2 =mg1(—y1)Z7 By Zy,
B,=n'2Z'"ByZ,, B,=2Z,'BZ, and B,=mnZ'B,Z,.

We note that (Bj, + B} + Bj)e" = 0" from (6.12), and hence from (6.14)

eT

OT
D’eT =T 91(—y1) U1 OT S OT. (617)

This implies that we may consider D’ to be a defective transition rate matrix of a Markov
chain {Y (¢)} on the state space L,U{0} with {0} being an absorbing state. Here “defective”
means that D’ is a matrix formed from a complete transition rate matrix by deleting the
row and column corresponding to the absorbing state. Since we have assumed y; < 0,
the transition rate —n; g1(—y1)y1 from a state in Co(0) C Ly to the absorbing state is
strictly positive. Now we assume {Y (¢)} starts from a state in C(0) selected randomly, i.e.
P{Y (0) = (0,11,12,0,72)} = 1/v for (0,41, 12,0, j2) € C2(0), where v = |C5(0)] is the number
of states in Cy(0), and we let

él(n17i1>i27j1>j2) = /0 P{Y(t) = (n17i17i27j17j2)}dt' (6'18)

This quantity can be interpreted as the expected time spent in state (ny, i1, i2, J1, j2) until ab-
sorption or drift to oo occurs. From the irreducibility of { X (¢)} we see that ¢'(ny, i1, 42, j1, jo)
is positive, and it is finite for any state (nq, i1, ia, j1, j2) € Lo since the chain has an absorbing
state. From the Kolmogorov’s forward equation, the row vector £ = ('(ny, 11,12, j1,72))
satisfies the equation

D' =(-vle 0 0 - ). (6.19)
If we put £ =€ Z !, we have

¢D = (—(vmgi (=) 'eZ;8 0 0 - ), (6.20)

and this shows that £ can serve as a candidate vector for ¢ in Lemma 5.1 since it satisfies
inequality (5.4) with & = n,.

The next task is to examine the decay rate of £. We partition £ and £ into subvectors
corresponding to cells as £ = ( £'(0) £ (1) £(2) ---)and £ = ( £(0) £(1) £(2) ---).
Then from the block-tri-diagonal form (6.16) of D’ and from the definition (6.18), we see

that £ takes a matrix-geometric form. To see this, for m > 0 and 7 > 0, we denote by R/(m)

a matrix of order Co(1) x Cy(1) with

/ P{Y (7 +t) = (m+1,4},1, 71, 75), Y (s) does not visit level 1 during (7,7 + t)
0
after it leaves level 1|Y (1) = (1,141, 2, J1,J2) } dt (6.21)

in its ( (i1, 42, j1, J2), (4},1%5, j1, j5) )th element. Clearly the quantity does not depend on 7 and
is finite from the same reason as ¢'(ny, 11,12, j1,J2) in (6.18). Then following the standard

. . (1
probabilistic discussion on sample paths (see Neuts [12]), we see that, if we put R = R/( ),

Cm+1) =R =) (R)", (6.22)
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and that R coincides with the nonnegative minimal solution of the matrix quadratic equa-
tion ) /2

B,+RB,+ R B,=0. (6.23)
Since m > 0 is arbitrary, (6.22) shows that £ decays geometrically in strong sense with rate

~/

equal to the PFE of rate matrix R/, i.e. dr[€] = pf [R} From Lemmas 1.3.2 and 1.3.4 of
[12], we know that the equation pf BBB + B + zB'z} = 0 for z has at most two positive

~

roots and pf [R/] is the minimal one of the two. Since z = 1 is a root of the equation,
~ )

pf[R] < 1 and hence dr[¢] < 1. Since £=£Z"",
Lny) =l (m) Z7Y, mi=1,2,3,.. .. (6.24)

This shows that £ also decays geometrically in strong sense with rate less than or equal to
N, i.e., dr[€] < n;.

This £, however, is not a satisfactory candidate for g, because to check the condition
(5.8) in Lemma 5.2 we need to know the decay rate of q exactly. So, instead of £ alone,
we use v defined in (6.8) together. Recall that - is nonnegative, v D is nonpositive except
for the first subvector 7 in (6.9), and ~ decays geometrically in strong sense with rate ;.
On the other hand, £ is positive, £D is nonpositive with the first subvector being strictly
negative, and £ decays geometrically in strong sense with rate less than or equal to 7;. So
if we choose a sufficiently small positive number ¢, the vector

q=cy+¥, (6.25)

is positive, satisfies the inequality gD < 0, and decays geometrically in strong sense with
rate exactly equal to n; as we have requested.

The assumptions we have made for the above discussion are that (i) (a1, a2) € Kjppp (Or
equivalently k(ay,as) = 0) and (ii) y; < 0 (or equivalently a; > ho(as) from (4.6) and (4.7)).
Hence we have the following

Lemma 6.1 Suppose that (a1, as) € Kipop Satisfies the condition ay > ho(az). Then for the
partition {Ls(n2)}, there exists a positive vector q that satisfies condition (5.4) in Lemma 5.1
with & = ny = e* and decays geometrically in strong sense with rate n, = e*'.

Using Lemma 5.2 and this lemma, we can derive two key lemmas for the proof of our
main theorem. Before stating the lemmas, we introduce another partition of the state space
by the number of customers in node 1. Let {£;(n;), ny =0,1,2,... } be the partition of S,
where £1(n1) = Up—y C(n1,n2), and {C(n1,n2), ne = 0,1,2,... } is a partition of £;(n,)
into cells. We denote by £; a replica of £1(n1). We also denote the state probability vector
by 71 subjecting to the lexicographical order of (ny,ns, 1,2, j1, j2), and according to the
partition {£(ny)} we divide it into subvectors as 7y = ( w1(0) (1) 71(2) --- ), where
m(ny) = (p(n1,0) p(ny, 1) p(ny,2) ---),ny =0,1,2,.... The vector 7r; is essentially the
same as 7o in (6.1) except for ordering of elements. For row vectors with elements indexed
in £y, the decay rate is defined in a similar manner to (6.5).

The first lemma we shall prove is an application of Lemma 6.1 to the case a; = 0. Note
that we have defined 59 in (4.23). We let 1y = exp{09}.

Lemma 6.2 If 19 <0, then log dr[m(1)] <19, or equivalently, dr[m(1)] <n9.

Proof Since rj3 > 0 and b < 0, we have hy(09) < 0. Hence the pair (0,03) satisfies the
condition of Lemma 6.1, and there exists a positive vector q that satisfies (5.4) with & = 79

(© Operations Research Society of Japan JORSJ (2004) 47-4



Decay Rate in Two-node Markovian Queueing System 331

and decays geometrically in strong sense with rate ¢® = 1. So there exists a positive constant
c such that g > ¢ 'e, and since my(1) < e, the condition (5.8) in Lemma 5.2 is satisfied.
Then from (5.9) we have

ng—1
ma(ng) < c (ng) ‘g, ne=1,2,.... (6.26)

Considering the second subvector p(1,ny) of 7(ny), we see that p(1,ny) < ¢ (19)"™ ' q(1),
where g(1) is the second subvector of q in the representation ¢ = ( g(0) ¢g(1) ¢q(2) ---)
according to the partition {Co(n1)} of Ly. Since ny is arbitrary, we have dr[m(1)] < nd. &

The next lemma is to get a new upper bound for 5 when an upper bound of 1 is known.

Lemma 6.3 Suppose that (ai,as) € Kioop satisfies the condition of Lemma 6.1, namely
a; > ho(az). If a; < 0 and drma(1)] < my (= e < 1), then ny < n9 (= €2 < 1). If
ny <m (=e™ < 1), then the same inequality holds.

Proof The vector g in (6.25) has decay rate 7;. So, if dr [mwo(1)] < 7y, the condition (5.8)
of Lemma 5.2 is clearly satisfied with 75(1) in place of 7r(1). From the assumption a; < 0,
ge' is finite since n; < 1. Hence we have the desired result from Lemmas 5.1, 5.2 and 6.1.
If 7 < m < 1, the condition dr [my(1)] < ny is trivially satisfied. &

Interchanging roles of node 1 and node 2 in Lemmas 6.2 and 6.3, we obtain similar results
for dr[mo(1)] and 5. Notice that in Lemmas 6.2 and 6.3 the assumption r15 > 0 is crucial,
because, if r15 = 0, then hy(ag) = 0 and we cannot choose any as such that hy(as) < 0.

Lemma 6.4 Assume that o1 > 0. (1) If 1Y < 0, then dr[me(1)] < ) = exp{8{}. (ii)
For (ay,a2) € Kipop such that hy(ar) < ay < 0, the inequality ny < m (= e* < 1) holds if
drmi(1)] <me (=€ < 1) orifn; <mny (=e®2 <1).

Using these lemmas, we prove Theorem 4.1 first for the case r5; = 0 and then for the
case 191 > 0. In the proofs, we use some properties of sets &, Fi, F;. and Gi(by ), the latter
two are defined afterwards. These properties are proved in the next section.

Proof of Theorem 4.1 for the case ry; = 0 Proposition 4.2 says 77; = nj < 1. Hence
(4.17) trivially holds for £ = 1. We shall prove it for k£ = 2. From Lemma 7.3, log7, =
b5' =19 < 0. Hence, the set F, in (4.15) reduces to

Fy = {(a1,a2) € Kipop : az <0 and max{hy(az), b} < a; <0}. (6.27)
Now we consider a slightly different set
Fy={(a1,as) € Kipop : max{hy(as), b} < a; < 0}. (6.28)

We see that, for any point (ai,as) € Fj, the conditions of Lemma 6.3 are satisfied, and
hence
ny < e < 1. (6.29)

Taking infimum over such points, we get a bound for n;:
* F Fh . ,
Ny < exp {bQ } ,  where b2 =inf{ay : Ja; such that (a1, a2) € Fy}. (6.30)

As will be shown in Lemma 7.3, F, (and also F3) is an arc of Ky, and Fy and Fj only

differ in their one or two end points. Hence the infimum b;é in (6.30) is equal to the infimum
b3 in (4.16), and the inequality in (6.30) is equivalent to 1} < 7, = exp{b32}. &
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The case ro; > 0 can be proved using a similar idea. However in this case we know
neither nf nor n;. So, this time, we have to construct an alternating sequence of a; and ay
converging to blf ! and b?, respectively. To make our exposition clearer, we introduce a set
Gr(brr) and a function xy(by) for by < 0. The set Gi(by) plays a similar role to F, in the
proof of the case ry; = 0 above.

Assume that 797 > 0. For an arbitrary number by < 0 we let

Qk(bk/) = {(al,ag) - ICloop : max{hk(ak), bk/} < ap < 0}, and (631)
Xk(bp) = inf{ay : Jap such that (a1, as) € Gr(bp)}- (6.32)

Explanative descriptions of Gy (by) and xx(bx) will be given in Lemma 7.4. The set G (by)
is a subset of & and nonempty. Hence x(by) is well defined for any by < 0. We regard
this xx as a function of bys. It is negative and continuous. Further, it is strictly increasing
in the interval [65%,0) and constant equal to b* in the interval (—oo, b5¥] (see Figure 6.1 for
an example). Since &, differs from Gy (b5F) in only one or two end points and F;, differs from
Gr(b5¥) in one or two end points as stated in Lemma 7.4, it is easily seen that yx(b5F) = b5+
and Xk(bii“’) — b/*. Using this function y4(by), Lemma 6.3 and (ii) of Lemma 6.4 above are
restated as follows.

Lemma 6.5 Assume that rge > 0. For by < 0, if either logdr [my,(1)] < by orlogn < by,
then logn; < xk(be) (< 0) or equivalently n; < exp{xx(br)} (< 1).

Proof Any point (aj,as) € Gi(by) satisfies the condition of (ii) of Lemma 6.4. Hence
ne < e*. Taking the infimum in Gy (by) we obtain the inequality to be proved. (To apply
the lemmas here, we cannot include a point with max{hy(ax),br} = ap in the set Gy (by).
This is the reason why we have introduced slightly different sets from & and Fy.) &

Now we proceed to the proof of our main theorem for the case ro; > 0.

Proof of Theorem 4.1 for the case r2; > 0 Lemma 7.1 ensures that either 5} < 0 or
b9 < 0. Without loss of generality, we assume that b3 < 0. If ) = 0, we may exchange the
roles of node 1 and node 2 in the following argument. We introduce an alternating sequence
{bgo), bgl), bél), b?), bg), b§3), .-+ } of negative numbers by relations

by =1,
B = (05", m=1,2,-, (6.33)
bg’”) :XQ(bgm)), m=1,2---.

Since by < 0, this sequence is well-defined (see Figure 6.1 for an example). From Lemma
6.2 we have logdr [m(1)] < b3 = by Then applying Lemma 6.5 with k = 1 and by = by,
we have logn; < Xl(béo)) = bgl). Applying Lemma 6.5 again with & = 2 and by = bgl), we

have logns < Xz(bgl)) = b;l). Applying Lemma 6.5 iteratively in this manner, we have
logm: <™, m=1,2---. (6.34)
Now we show that the subsequence {b,(cm), m = 1,2,...} converges to bf’“. Consider
graphs a; = x1(az) and as = x2(ay) on the (a1, as)-plane (for an example, see Figure 6.1).

The graph a; = x1(az) consists of the upper left arc of the loop K, between (09,0) and
(b51,b51) and a semi-infinite segment of a straight line a; = b5 starting from (b5, b5").
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bfk _ b-17:k (bgO)’O) = (47,0) \/\

ICloop (H((Il, a2) = 0)
(B, b5 1) = (b7, 051) = (677,05 1)

0,6

2 2 Fr 1T '
01, 057) = 07, 07) ~ 0\ b 1
N ) = () = (0 )

ag = ill (al) ~
a] = hg(az)
(01", b5")

Figure 6.1: Convergence of subsequences {6{™} and {b{™}

The graph as = x2(ay) also consists of a lower right arc and a segment of a straight line.
Hence the graphs intersect once, and from (4.28) the coordinates of the intersection are
given by (b7*,b3*). Thus the subsequences {bgm)} and {bém)} converge to the corresponding
coordinates of the intersection. In this case, the convergence is taken in finite steps, because
at least one of graphs is a straight line in a neighborhood of the intersection. &

Remark 6.1 Our proof of Theorem 4.1 largely depends on the model structure. One may
think it would be possible to make a similar discussion using the matrix structure of the
Markov chain {X (t)} only. It should be, however, noted that our construction of the vector
q exploits transition structures of not only nonboundary cells C(ny,ng), ny,ne = 1,2,...,
but also boundary cells C(n,0) and C(0,n), n = 1,2,.... If, for example, the service time
distribution is different from PHy when the number of customers in node k is equal to
1 (requiring a special service, etc.), then our proof has to be changed, though it is expected
that the same upper bound 1, is obtained. In this sense, the study on the effects of transition
structures of boundary cells is remained for future work.

7. Properties of K-, £-, F- and G-sets

In the proofs and discussions of Theorem 4.1 we have postponed the proof of some
properties of sets &, Fi, Fs and Gy (byr). We shall prove them here. We start with examining
precise properties of the curves k(a1,a2) = 0 (Kjp0p) and hy(ay) = aj defined in (4.10) and
(4.8). The first lemma is related to the curves and straight lines in (4.21) on the (ay, as)-
plane. Note that the sets K and ICj, are defined in (4.22).

Lemma 7.1 The curves and straight lines in (4.21) intersect at the origin (ai,as) = (0,0)

and satisfy the following properties:

(1) The region K is convex. The curve k(ay,az) =0 (Kipop) is a loop passing through the
origin.

(ii) Any tangential line of Ky is tangent to it at a single point. Therefore, for a given
number b, the straight line a, = b either intersects Kiop twice, is tangent to Kiyop at a
single point, or does not meet Kiopp.

(iii) The straight line ap = 0 either intersects with KCjp0p at two points, one of which is
the origin, or is tangent to Kiuop at the origin. (The smaller k-th coordinate of the two
intersections is denoted as bY.)
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(iv) Either b} < 0 or b3 < 0.
(v) The curve hy(ay) = ay intersects with Koy, twice, at the origin and at a point (b*, by*).
If rir. > 0 then both bh’“ and bh’“ are negative.
(vi) ag < hg(ag) for any ar < 0, and hence bZ’“ < be“. The equality holds only when ryy, = 1.
(vii) hg(hp(ar)) < ag for any ap < 0. Either ay < hi(ay) for any a; < 0 or as < ha(az) for
any as < 0. Especially, " < b2 or bh2 < bl
Proof It is clear from definitions (4.8) and (4.10) that the curves and straight lines in
(4.21) intersect at the origin. The other properties are proved in the following manner.

(i) From the monotonicity and the convexity/concavity of functions ¢y, 1 and hy
o° 0° 0 0 ?
— >0 d — = — >0 (7.1
aazli(al, as) an {aa2ﬁ(a1, (12)} {8&2 k(aq, GQ)} {8&15a2 k(aq, GQ)} (7.1)

1 1 2

on the whole plane. Hence the function k is strictly convex, and the set I is convex. The
boundedness of K can be proved using (4.6) and (4.9). Since K is convex and bounded,
k(a1,as) = 0 forms a loop.

(ii) From the strict convexity of the function k, the statement follows.

(iii) This is a direct consequence of (ii) with the fact x(0,0) = 0.

(iv) Since difi(al,())‘ .= — A1+ p1 — rorpp, B < 0 if and only if g1 > Ay + ro1ps.
a1=

Similarly, b9 < 0 if and only if pg > Ao +71ap1. Suppose that b9 > 0. Then from the stability
condition py < 1in (2.3) we can easily see that py > Ao+ 71201, and this implies that b5 < 0.
(v) It is easily seen that the function (a1, hq(ay)) of a; is strictly convex, and that

%(0,h1(0)) = 0 and lim,, 1 k(a1, hi(ar)) = +oo. Since p; < 1, d%fl/f(al,hl(al))‘alzo -
—(A 791 A2) + (1 — 712791 ) 11 > 0. Thus the equation k(aq, hi(a1)) = 0 has a negative root
b}* other than 0. When 74, > 0, from the monotonicity of h, it is clear that b5* = h(b}") < 0.
(vi) The statements are trivial from the definition of hy in (4.8).
(vii) Since ri279; < 1 from the stability condition, the second statement is a direct

consequence of (vi). Then the first and the third statements are trivial. &
The next lemma is related to the sets IC, K, &, and Fy.

Lemma 7.2 & and & are disjoint. For the sets Ky, & and Fi, the following properties

hold. Similar properties hold for sets Ko, E and F.

(i) The infimum b’f(l) of a1 in K is attained at a single point (bl M b’c(1 ). The infimum
e of a1 m K1 is attaz’ned at a single point (by*, b5*). If bQK(l <0, then (bY',b5") =
@YV 5O 1 eV >0, then (65,65 = (19, 0).

(i) & is the arc of Kiop between points (09,0) and (B, 05%) in the region {(a,as) : a; <
ay < 0}. The end point (b}, bh") belongs to the set. The other end point (b9,0) belongs
to the set if and only if Y < 0.

(iii) The infimum bl of ay in &y is attamed at (W0, b8Y) or at (VS b5V, IF 5 < b8, then
(b7, 051) = (D, b5Y). If bs° > bt then (b, 051) = (D", b5*).

(iv) Ifb5 > bl then Fi1=¢&. l'fbg1 g b, then Fy is the arc of Koy between points (b9, 0)
and (b}f”, b52). In the latter case, the end point (b}f”, b52) belongs to Fi, but the other
end point (b7, O) belongs to the set if and only if 0¥ < 0.

(v) The infimum b7* of ay in F is given by ver if b‘gl > b52, and given by b'>° 'fb‘g1 < b2,

Proof (i) The first statement is a direct consequence of (ii) of Lemma 7.1 It by <o,
then (bf™,b5™) € K; and hence (6, 85%) = (68, p5M). 1f 050 > 0, then (8, 05%) =
(19,0) from the convexity of K. Thus the infimum b is attained at a single point.
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(ii)) The statements are obvious from the definition (4.13) and (vi) of Lemma 7.1.

(iii) We trace the arc & from the end point (87,0). If by > 0, the coordinate a
increases monotonically and the minimum of a; in & is attained at the starting point (57, 0)
= (B, 5. If B < 0, from the convexity of K, the point (b’f(l), bQK(l)) lies on the left arc
of Kioep between points (b7, 651) and (b2, 05"°). If we trace & from (19,0), the coordinate
ay decreases first and we eventually reach the minimum point (b{*,b5") or the other end
point (b, B51). If we reach (X', b5") first (this occurs when b5 > i), the coordinate a;
begins to increase then. Hence the minimum is attained at (b\*,b5"). If we reach (b}, b5)
first (this occurs when bh"° < 5%, the minimum is attained at (5", o).

(iv) The statements are easily led from the definition of F;.

(v) If (b52,052) = (b2, b52), then clearly b5 > bh? = b52. Hence Fy = & and bJ' = b5,
On the other hand, if (b5?,05?) = (b2, b52), we have to compare b5' with b5? = bh2. From the
definition, if b5* > b42, then F; = & and b7* = b5 If b5' < b8, then F is the arc between
(19,0) and (b}, b5?), and the infimum is attained at the latter end point.

The fact that & NE = ¢ is proved as follows. From (ii) above, & is in the region
{(a1,a2) : ar < ap < 0}. Further from the definition (4.13) and (vi) of Lemma 7.1, &
contains a point (aj,as) on the line a; = ay only when ay = hy(ax) = ap, and this may
happen only when rp, = 1. The stability condition requires that r1579; < 1. Hence either
&1 or & does not contain any points on the line a; = as, and they are disjoint. &

Now we consider the case r9; = 0. The set F} was defined in (6.28).

Lemma 7.3 Assume that ro1 = 0. Then the following properties hold.
(i) b =09 <0 and by = 0.
(i) & = F1 = {(1?,0)}, and hence b5 =1 and b7 = 19.
(iii) JF% consists of points of Fo other than two end points. F} is nonempty.

Proof (i) We can prove b} < 0 in a similar manner to the proof of (iv) of the previous

lemma. The equalities b}" = b9 and b5 = 0 are direct consequences of the fact hy(ay) = 0.
(ii) The statement is trivial from the definitions (4.13) and (4.15) and from (i) above.
(iii) The statement is clear from the definitions (4.15) and (6.28). Both b}* and 9 < 0

are negative. Hence the two end points of F, cannot be identical. &

Now we consider the case r5; > 0. To describe the set Gy (by) defined in (6.31) concretely,
we introduce notations for coordinates of intersections of the straight line ay = by with Kjpp.
For a variable by such that bZ}“ < b <0, let O (b)) and 05 (byr) be the k-th coordinates of
the intersections such that 0y (by) < 65 (by).

Lemma 7.4 Assume that ro1 > 0. Then the following properties hold.

(i) IfbhoC > bt and S (D) = b (this is the case where, when we trace the arc & from
the end point (b9,0), we first meet the point (by*,b5"), next meet (blf@), b’;(z)) and then
finally reach the other end point (b}, b5")), for by such that by < by < 0, Gy(by) is
the arc of Kieep between points (b9,0) and (61(b2),bs) contained in &, for by such that
by ® < by < bl G1(Dy) is the union of two arcs, one between (bY,0) and (61(b3),bs) and
one between (05(by), by) and (b}, bhY), and for by < by, G1(by) is the arc between (b9,0)
and (D", b1 (the same one as & except for end points). If by < bl or 6, (08) = b,
for by such that by* < by < 0, Gi(by) is the arc of K, between points (b9,0) and
(01(bs),bs) contained in &1, and for by < bgl, Gi(by) = Ql(bgl), The set in the latter
case is the arc of Kipep between points (b9,0) and (L3, 5% and same as & except for
end points. In any case, Gy(bg) is nonempty but contains no end points. Ga(by) is given
in a similar manner.
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(i) xx(bw) = Ox(br) if by > U5, and xp(bp) = b5 if by < bir. Hengce the function xy is
negative and continuous. It is strictly increasing in the interval [by¥,0) and is constant
equal to bS* in the interval (—oo, b¥]. Further y,(b5) = b5 and x,(bF') = bl*.

Proof (i) The form of G, given in the statement is clear from the definition (6.31).

(ii) This property is easily derived from (i) above. &

8. Proofs of Propositions

Proof of Proposition 4.1 For brevity of discussion, we prove the case ro; > 0. The case
ro1 = 0 can be proved in a similar manner. When the system is of Jackson type, i.e. arrivals
are Poissonian and services are exponential, the functions take the following form:

Pr(ar) = Ae (e = 1), Plag) = pe(e™ —1),  and

(8.1)
U(—ak + hi(aw)) = p (eak_h’“’(a’“’) - 1) = p€® (rewe™ ™ + Tho) — Ly -
A straightforward calculation shows that
k(a1,a9) = p1 (1 — pre=™) (e“l_h2(“2) — 1) + p2 (1 — poe™2) (6“2_’“(“1) - 1) : (8.2)
For the intersection (b, b5"), we substitute hy(a;) for ay in (8.2). Then
k(ay, hi(ar)) = (1 — ,016_“1) (e‘”_hQ(hl(‘“)) — 1) = 0. (8.3)

As shown in (vi) of Lemma 7.1, a; < ha(hi(ay)) when a; < 0. So the equation has a unique
negative solution a; = log p;. Hence bf* = log p; and b = hl(b’fl) = —log(raipyt + 790).
Similarly b5 = log p, and b2 = hy(b?) = —log(r12p5 L +710). It is also seen from (8.2) that
the point (ay, az) = (log p1,10g ps) is on Kiuep. It follows that by = log py and b}>* = log p,
and hence B¢ = b2 and b>° = b, We shall check four possible cases individually.

(i) When bi° < b and b2 < b2, we have bt > b5 = bh2 and b%2 > 0>° = b, This
case corresponds to the first line of the right hand side of (4.29), and (b7, 03°) = (b}*, bh2) =
(log p1,10g p2).

(i) When B¢ < b8 and b)>° > b2, we have to compare b2 with b, From (i) of
Lemma 7.1 and the condition 5> > b2, we have b2 < b2 < > = V. Hence this case
corresponds to the third line of the right hand side of (4.29), and (b7*,b32) = (b, b5"¢) =
(log p1,10g p2).

(iii) When b5"° > bl and 0> < b"2, we can use a similar argument to (ii) above by
interchanging the roles of node 1 and node 2. This case corresponds to the fifth line of the
right hand side of (4.29), and (b]",b32) = (log py, log p2) again.

(iv) The case b} > b and b>° > b2 cannot occur since by = b and b)>¢ = bh2
and, as noted just above Corollary 4.1, the case bj* < b2 and b* < b* cannot occur.

Thus, in any of the four cases, we see that (b]',b32) = (log py,log pa). O

Proof of Proposition 4.2 When r5; = 0, node 1 reduces to an ordinary MAP/PH/1 queue
satisfying the local stability condition p; = A;/p; < 1. In this case hi(a;) = 0, and as shown
in Lemma 7.3, " = ) < 0 and F, consists of a single point (b9,0). Hence 7, = exp{0?}.
From (4.23), b9 is a negative solution of the equation r(ai,0) = ¢1(ay) + ¥1(—ay) = 0.
This equation is equivalent to (1.2) if f(z) and g(y) are replaced with fi(z) and g;(y).
By applying Proposition 9 of Glynn and Whitt [6] to the above equation, we see that

limy, .o 7, log p1(n) = exp{BY}, and 7 = exp{b{} =7;. &
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Proof of Proposition 4.3 When the system is a two-stage tandem queueing system,
Ay =0, rio =1 and r9; = 0. Therefore for a tandem queueing system MAP/M/1 — /M/1,
the functions are reduced to hi(a1) = 0, he(as) = as, ¢2(az) = 0, Y1(a1) = p (7" — 1),
Yo(ag) = po (67 — 1) and k(ay, az) = ¢1(ar) + p1 (€% — 1) + psg (e*2 — 1). From Propo-
sition 4.2, our upper bound 7; for node 1 coincides with the exact decay rate n. As shown
in Lemma 7.3, the set F; consists of a single point (b9,0) and hence b7 = ). From (4.29),
candidates for bJ* are the three numbers, b2, b2 and b5, First, b2 is a solution of
the equation ¢ (as) 4 o (€ —1) = 0. Next, by is the second coordinate of a solution
(a1, az) of the pair of equations r(ay,as) = ¢1(ar) + py (€2 —1) + py (e*2 — 1) = 0 and
aialka(ab as) = ¢(ay) + pre™ = 0. Finally, bi"° is given by log (17, /fr2)-

Ganesh and Anantharam [4] gave the exact decay rates as a solution of a set of equations
for a tandem queueing system GI/M/1 — /M/1. The set of equations there is the same
as the one given here. Hence, our upper bounds coincide with the exact decay rates for
MAP/M/1—/M/1 tandem queue.
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A. List of symbols

(T, Uy), (bg, Si) : MAP;, and PH,, representation, and we write o] = —Se’”

rg; © routing probability (14 + ri1 + k2 = 1, 712 > 0)

Ni(t), Ix(t), Ji(t) : number of customers, phase of MAP, and of PH in node k at time ¢

N, I, Ji : set of positive integers, MAP,’s phase and PH,’s phase

X (t) : Markov chain defined in (2.1)

S : state space of chain {X (¢)}

Ak, pi o rate of external arrivals to node k, and service rate of node k

pi. © traffic intensity of node &

P(N1,M2)i1.is.1.50 © State probability of {X (¢)} in the steady state

p(ni1,n9) : joint queue length probability

pr(ng) : marginal queue length probability of node k

C(ni,ng) : Cell(ny,ny), set of states defined in (3.4)

p(n1,n9) @ vector of state probabilities corresponding to states in C(nq,ns)

ny : decay rate of the marginal queue length distribution of node k defined in (3.3)

7, - upper bound for 7} defined in (4.16)

fr : asymptotic LST of the external interarrival times defined in (3.8)

gx : Laplace-Stieltjes transform of PHy

Ok, W : inverse function of log fr and log g

v, Uy, vy, : vectors defined in (3.12), (3.13) and (3.14) respectively

K, hy : function defined in (4.10) and (4.8) respectively

Kioops €y Fi, K, Ky, bi’“, bf’“ : sets and numbers defined in (4.12)~(4.16)

b, b (e bl (blf(k),b};(k)), (V5% b5*) © numbers and points used for a concrete
representation of 7, in Corollary 4.2
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