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Abstract In the conventional Markov modulated fluid queue, the buffer content process has a continuous
sample path. This paper concerns a Markov modulated fluid queue whose buffer content process may have
Jumps. This model extends not only the conventional fluid queue but also the M AP/G /1 model. We give a
procedure to get a Laplace-Stieltjes transform of the stationary joint distribution of the buffer content and
background state. Some numerical examples are presented as well.

1. Introduction

The conventional fluid queue is an input-output system of fluid with a buffer. Suppose that
input and output rates change according to a continuons-time Markov chain with a finite
state space. This model is referred to as a Markov modulated fluid queue, and the Markov
chain is called a background process. There are many applications for Markov modulated
fluid queues. For instance, they are successfully applied to modern ATM systems, where
the fluid flow is interpreted as a packet data stream which is processed by ATM switches.

Fluid queues have been studied in the much literature for more than twenty years.
For example, see Anick, Mitra and Sondhi [1], Gaver and Lehoczky [5], Mitra [7], Elwalid
and Stern [4], Rogers [9] and Asmussen [3]. In particular, Rogers [9] and Asmussen [3]
consider the first passage time of the buffer content to obtain the empty probability and the
stationary joint distribution of the buffer content and the background state. They show that
the stationary joint distribution has the matrix-exponential form, which is determined by a
certain matrix equation. In Rogers [9], the matrix equation is determined by Wiener-Hopf
factorization. Asmussen [3] directly derives the matrix equation, then solves it by iteration.
['urthermore, he considers the case that the fluid flow is subject to Brownian motion.

In this paper, we are interested in the situation that a fluid model has an extra input
in addition to the conventional fluid flow. For example, such an input describes very high
rate arrivals in short periods, e.g., big file transfers from a high speed source in a telecom-
munication network. If they infrequently occur, it is natural to process them together with
the conventional fluid to gain better performance per cost. It may be also natural to have
separate buffers for different types of sources. However it would further complicates an
analysis. As the first step, we here concentrate on the total buffer contents, which can be
also considered for the separate buffer model. Thus, we extend the Markov modulated fluid
queue in such a way that its input flow may have upward jumps which is determined by
the background Markov chain. We assume that amounts of jumps are independent and
identically distributed under given state transitions. We refer to such jumps as batch fluid
arrivals.
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Fluid Queues with Batch Inputs 345

Since our model has a piecewise linear sample path and the background process is Marko-
vian, the model includes the workload process of the M AP/G /1 queue, in which services
may depend on its arrival process. Here, the workload and the arrival process can be inter-
preted as the buffer content and the background process, respectively, in which there are no
input flow except for jumps and the output flow rates are always 1. Hasegawa and Takine
[12] and Asmussen [2] use iteration approaches with respect to the first passage time to the
idle state to get the LST (Laplace-Stieltjes transform) of the stationary joint distribution
of the workload and the background state. Similar approaches can be found for the fluid
queue in Asmussen [3] and for the GI/PH/1 queue in Sengputa [11].

The purpose of this paper is to get the LST of the stationary joint distribution for the
buffer content and the background state. Using the rate conservation law (e.g., sec [8]). we
see that the problem to get the LST reduces to the problem to obtain the empty bulter
probabilities jointly with the background states. We show that the empty probabilities are
given by the stationary vector of a rate matrix determined by certain matrix equations. We
then introduce a matrix iteration to solve the matrix equations, and prove that it converges
to the rate matrix.

This paper is organized by six sections. In Section 2, we introduce the Markov modulated
fluid queue with the batch fluid arrivals, and get the LST which includes the empty buffer
probabilities as unknown terms. We then consider a random time change for simplifying
argunents in Section 3, 4 and 5. In Section 3, we consider the first passage time to the
empty state. In Section 4, we introduce a matrix iteration, and we show the main result.
In Section 5, we compute the empty probabilities. [n Section 6, we give an algorithm to
compute moments of the buffer content. Numerical examples are also given. In Appendix,
we derive the LST using the rate conservation law.

2. Background Markov Chain and Buffer Process

Let us describe the fluid system by a stochastic process. We first introduce a background
Markov chain. To define a transition rate matrix of the Markov chain, we introduce some
auxiliary notation. Let S be a state space of the Markov chain. We assume that S is a
finite set, and denote the number of elements in S by |S]. Let C' be a |S}x |S|-matrix whose
diagonal and off-diagonal elements are negative and nonnegative, respectively. Let D(x) be
a |S]x |S]-matrix whose (7, 7)th element [D(z)];; is nonnegative and non-decreasing function
of >0 for all 4,5 € S. Define |S| x |S|-matrix D as

D - /“x D(de),
(

o8
where the integration is performed in component-wise. We assume that-
(C'+ D)e =0, (2.1)

where e is the |S]-dimensional column vector whose all components are 1. We define { M (¢)}
to be a Markov chain with transition rate matrix C'+D. We assume that C'+ D is irreducible.
Since S is finite, there exists a stationary distribution for €' + D, which is denoted by |S|-
dimensional row vector =« i.e

m(C+D)=0, mwe=1.

A transition of the background process due to C'is called C-type, while the one due to I)
(D(x)) is called D-type (D(z)-type, respectively).
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To describe the buffer content mathematically, we next define function v : .S —= v(.S)(C
R — {0}). v does not take value 0, but the other structure of v is not assumed. Function v
specifies increasing or decreasing rates of the buffer content when it is not empty. That is,
if M(t) =i € S and v(i) = —2, then the buffer content decrease with rate 2 at time ¢. Let
Y(t) be the accumulated fluids and batch fluids received up to time ¢. That is,

Y(t) = /Ut o(M(u))du + /0' Bu(M(u—), M(u))N(du), (2.2)

where B, (i, j) is the amount of the batch fluids when background process M (t) jumps from
i to j at time u, and N is a counting process of D-type transitions which include transitions
from any state to itself. Note that B,(i,j) is subject to the distribution [D(x)];;/][D];;.
Thus, a jump of {Y(t)} only occur by D-type transition of the background process. D(x)-
type transition is a D-type with a jump amount of {Y(¢#)} which is less than or equal x.
Y (t) may be negative. Then, buffer content process X (t) starting with X (0) is defined by

X(t) = Y(t) + max{X(0), — inf Y(u)}.

0<u<t
We define | S| x |S| matrices:
V = diag(v(i);i € S), Vi, = diag([v(1)[;i € 5),

where diag(-) denotes a diagonal matrix.
Define sets ST and S~ as

St ={ieS@) >0}, S ={ieS@) <0}
|S| % |S]-matrix A and |S|-dimensional row vector & are partitioned into S™ and S~ sections
in the following way.
A+t AT .
A"(Awl» e ), x=(x" x )
S

For convenience, we also define [S*| x |S]-matrix A*® and |S| x |S*|-matrix A*" as

At = (A++ A%w) ’ At = ( irj ) )

Y

respectively. A~ * and A*" are similarly defined as |S7| x [S]- and |S| x |97 |-matrices,
respectively. For the MAP/G/1 queue, we put S*™ =0, S =S, A=A & =ua,
V = —1I, while, for the conventional fluid queue, we put D(z) =0 and D = 0.

[or an increasing and bounded function f, its LST (Laplace-Stieltjes transform) is de-
noted by f*(9), and its LT (Laplace transform) is denoted by f**(6). That is,

o=

J0

Tetpn, £ = [ et

J ()

Note that f*(0) = 6f*(8) — f(0—).

Since we are concerned with the stationary distribution of {(M(t), X(t))}, we can assuine
without loss of generality that {Y(¢)} has stationary increments. By the well-known result
due to Loynes [6], X (¢) has a stationary distribution, i.e. X () is stable, if

B(Y(1))=nVe+n /m zD(dz)e < 0. (2.3)

0
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We assume that E(Y (1)) < 0 throughout this paper, and we denote (X (t), M/(t)) in the
steady state by (X, M).

We calculate the LST of stationary joint distribution P(X < z, M =1). For i € S and
t > 0, define |S|-dimensional vector F(z) as

[F(0))i = lim P(X(t) < 2, M(t) =) = P(X <z, M =),
Proposition 2.1 For 6 > 0,
—0F*(0)V + OF(0)V = —F*(0)(C' + D*(9)). (2.4)
Hence, F*(0) is given by
F*(6) = 0F(0)V (0V — (C + D*(0)))™", (6> 0).

This proposition is proved in Appendix. Note that [F(0)]; = 0 for i € S* and [F(0)]; =
P(X =0, M = 1) is unknown yet for i € S~. This will be considered in Section 5.

In Section 3, 4 and 5, we assume that function v only takes either 1 or —1. This is
sufficient for our analysis since we can always reduce the general case to this simpler case
by a random time change. In fact, let

C=(Va) '€, D(x) = (Vap) " Dl(x), Wﬂ{ ,_]1 %z

~—

0
0

and consider the joint process {(X(t), M(t))} defined by these matrices and the rate func-
tion. Let 7 be the stationary distribution of C + D. Since a sojourn time in state i € S 1is
unchanged in distribution by this modification, the buffer content process is stochastically
unchanged as well. Since 7(Vy,) Y(C + D) = 7r((‘ + D) = 0, 7 is proportional to mwVy,,.
In a similar way, we get

[FOO); = P(X=0M=i)= P(X =0, M = i)/jo(i)|
ZﬂbP(M 7)/v(5)!

A smre P oW ey
0 (e ST)

where [F(0)]; = P(X(0) = 0, M(0) = i). Thus, our problem is reduced to compute F (0).

3. The First Passage Time to The Empty State
As we discussed in Section 2, we could assume that v(S) = {—1,1}. This assumption will
be used in Sections 3, 4 and 5. As we shall see, the first passage time to the empty state
is a key to get the empty probabilities jointly with the background states. We consider the
LST of the first passage time to the empty state in this section.

Let 7 be the first passage time to the empty state measured from time 0, i.¢e.,

7 =inf{u > 0|X (u) = 0}.

Note that, if X(0) =0 and M(0) € S, then 7 = 0. Define |S

x |S7|-matrix H(t|z) as
(H(te)ly = P(r <1, M(r) = jIX(0) = 2, M(0) =), (j€Si€8).

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



348 H. Takada

x .

7

time s

Figure 1: No jump at time y for A~

X(s)

Mt _N\\ K

time s

Figure 2: A jump at time y for H~

Clearly, we have H*(0/0) = 0%~ and H ~(0|0) = I . For convenience, we introduce the
following matrix functions.

O (w) = CVHY(u]0) + /U“O D *(dw)H*  (ulw) — U D (dw)H  (w]w),

0

P (u) = CH l{u=0)+ OOO D (dw)H* (ulw) — (;uD*“"(dw)H"’(w}w).

Taking the LST of these formulas, we have

O = CHT6)0) + /“Oclj)'”'(dw)H'“*(Q}w), (3.1)
(I)J""*(@) = Ot + O(/l)*"(du))f]'“*(0111)). (32)

0

Lemma 3.1 The following equations hold for § > 0 and = > 0.

B0 = e ¢ el [T gl (33)
0

H**(0lz) = ewl“—-c-**)z/'

“6~(91++~C++)y¢,+“*(9)H’“”*(0|y)dy. (3.4)

Proof. To derive (3.3), we first observe the following fact. Given X(0) = x > 0, there is no
possibility to attain the empty state in time interval [0,z). Given X(0) = 0, if M(0) € S~
then 7 = 0 < t. Note that the (7, j)th element of matrix e ® is a conditional joint
probability that, in time interval (0, z], the buffer content process has no jumps and the
background process stays in S~ with M(z) = j, given M(0) = 1. If either the buffer content
process has a jump or the background process enters S in time interval (0, z], we decompose
time interval {0, 7] into three parts. See Figures 1 and 2. Let y be the first time when the
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X(s)

-~ Y
t
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time s

Figure 3: No jump at time y for H*~

time s

Figure 4: A jump at time y for H*~

buffer content increases due to either a jump or a state change of the background process
into S*. Let u be the first return time for the buffer content being to the level at time y—
measured from time y. Thus, time interval (0, 7] is partitioned into three sections, the first
section is [0, y), the second section is [y, y +u), and the remaining section is [y + u, 7]. These
observations yield

H (tlt) =1z =0)]" +1(0 <z <t){e” *
T t—x
+ / ecﬂydyC“‘+/ H™ (dul0)H ~(t -~y — u|z — y)
0

40
. o t—x t—x
+ / eC vy D”'(dw)/ H* (duw)H "~ (t -y — ulz — y)}
0 0 Jw

(Changing variable y to z — y)
= We=01 " +10<z<t){e "

g t-x
n / C (z~y)dyc"+/ H™ (du|0)H ™ (t ~ (z — y) — uly)
Jo 0

¢ t—x -1
+/ eC @i gy D“'(dw)/ H* (dulw)H™~(t — (z — y) — u|y)}
0 0 S

4+ /(’f eC““(ac*y)dy /Oth ¢ (du)H (t—(z—y)— u}y)} )
(3.5)

bS]

where 1(-) denotes the indicator function of statement ’-’. For z > 0, multiplying e % to

both sides of (3.5) and integrating from 0 to oo, we have

H=*(0]z) = /m e~eC 2t

s
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+ /m e Ot /0Jc eCT Tl gy / “(dul0)H (= (2 — y) — uw)|y)

_ 16, (01" ~C e

+/ / / —(6I--C ”’)(a:—y)eff)u(bv-f(dum)
y=0 Jt=z Ju=0

e e g (f — (g — y) — uly)dydt

1 o (817 =C™ )z

. / [C[7 e e ey ()
y=0 Ju=0J¢ $~+-u

e 0t (=)~ DH=(t — (x - y) — uly)dydt
— £6~(91‘”~C””)1z + ‘/Z —(0I~ ~C™ " Yz~ 1/ (9\0) [—»-«u(my)d?l
0 y=0

Lo e [T e e 00 0lg)dy )

Multiplying 0 to both sides of it, applying H~*(0|z) = 6H ~**(f]z) to it, we obtain (3.3)
for z > 0. This is also valid for x = 0 since

1
H o (00) = 517

For F{*~, we decompose time interval [0, 7] into two or three parts. Let y be the first
time when either the buffer content has a jump or the background state change into S™. In
the latter case, the time interval is divided into intervals [0, y) and [y, 7]( see Figure 3). In
the former case, it is divided into intervals [0,y), [y, y+ u) and [y + u, 7], where u is the first
return time to level X (y—) measured from time y (see [igure 4). From these observations,
we have

t—x—2y

. I v
HY (Hz) = 1]t > 2 > o}/o gy O /0 H™~(dul0)H ™~ (t — yla +y)

Ju

(t~x)/2 224 t—x-2y
+ eCHydy/( ’ D**(dw) / H* (dulw)H (t —y — ulz + y)}
40 )

(Changing variable y to y — )

40

(t+2)/2 t+x—2y
+ / eCH(y_w)dy/ D**(dw)
Jx 70
t+x—2y
x / H* (du|lw)H ™ (t — (y — ) — uly)

)

(t+a)/2 t+z—2y
=1t > > 0] { [ e gy [ e ol (- (g - @) - u|y)} |
T 0

(t+2)/2 CH b2y
=1[t >z > 0 / O N gyt / H™ (dul0)H ™ (t — (y — 2)|y)

Then 1ts LT is calculated as
H*“’"’**(G]:z)
o0 (t+x)/2 ) t+x—2; v
= / e"""’dtf O gy ; ’ Ot (du)H ~(t — (y — ) — uly)
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time s

Figure 5: The another observation for H*~

(t 2 ot —2
/ / R /” " et (du)
t=0 Jy= u

=0
xe P =alm W I (p o (y — 1) - uly)dydt

_ / > / N R /"“’*2” e T (du)
Y t

=z Jt=2y—=x u=0

e e (p - (y — 1) — uly)dydt

= [ ST e e )
y=z Ju=0 Ji=u+2y—z
xe B0 (4 o (y — x) — uly)dydt

m/ -(grt+—ctt)(y-= (I)+ t(e)-[[f—u(my)dy

Multiplying # to both sides of it, we obtain (3.4). O
From Lemma 3.1, we shall derive a matrix exponential form for the LST of /1. To this
end, define

Q ~(0)=C"" -0 +d ().
Lemma 3.2

H " (0z) = @ 07, (36)
HY*(0lr) = H' (0[0)e? @2 (3.7)

Proof. Differentiating both sides of (3.3) with respect to z yields

%H“ "Olz) = —(0I  —C YH *Blz)+® (O)H *(0]z)
= (¢ =0T+ *(0)|H ~*(6lz)

= @ (OH (0.

a solution of this differential equation is given by (3.6). For (3.7), we need another obser-
vation different from Lemma 3.1. We decompose time interval [0, 7] into two parts. Let y
be the first return time to level  measured from time 0. The first part is interval [0, y) and
the second part is interval [y, 7] (see Figure 5). From these, we have

{
i

H ()= [ H (o) H (- yla), (3.5)
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HY**(0lz) = H'*(0]0)H **(0]x).

Irom this equation and (3.6), we obtain (3.7). O

Matrices Q7 (0) and H* *(6]0) are unknown yet. We need these matrices at 6 = 0+ to
calculate the empty probabilities F(0) later. We so define matrices Q- and R™™ by

Q "= 1limQ (#), R = eln& H™7*(0)0).

80+

To compute these matrices, we first note the following facts.
Lemma 3.3 For 6 > 0, the following equations hold.

Q (0)=C—0I +C VH (8)0)

+ /Uf)c D™ (dw)HT*(0]0)e v 4 /UX D™ (dw)e? " v,
H*(010)Q () = (0" — CTH)H*(0]0) — ¢+

- /0% D (dw) H*(0]0)e? v /0“ D (dw)e? @

Proof. From (3.1) and Lemma 3.2, we have

¢ *(0)

= CHHY0)0) + /;O D~ (dw)H *F(0]0)e? ™ (”>“'+/‘ D (dw)e? "
P 0

Substituting this equation into the definition of Q" (), we obtain (3.9).
On the other hand, differentiating both sides of (3.4) and (3.7), we have

%H*"*(O\x) = (I ~ CYYH T (0]z) — @ (0)H ™ (0]2)

= {(0I"T = CTYH"*(8]0) — @7 (h)}e? O

S0 = H00)Q(0)e O,

respectively. (3.2) and Lemma 3.2 imply that,

S0 = O+ ' ‘D"’""*"(dw)H'* F010)e? Oy [ DY (dw)e? B
0

J0

From this equation, (3.11) and (3.12), we obtain (3.10). O
Taking the limit as 0 — 0+ for (3.9) and (3.10), we have for any 7,

Q =C R 40

 [TD Hw) R [T (dwge v,
RY (= Q) = (I + O R 4O
v [T DY (dw)RY e & /0 T DY (dw)e? v

0
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Remark 3.1 1. Equations (3.13) and (3.14) can be written as:

Ittt R+~ It ot 0 R\ o
(o 5 )e (7 )+ (o S ) Ly man ()
R+~ L )
o _< -~ )Q . (3.15)

Recall that we have assumed the case of v(S) = {—1,1}. We now rewrite the above
equation by the original notation in Section 2. Let,

~ ~ Ittt ot
=Vl =
(410

and change C' and D(z) to C and D(:c) in (3.15). Since C = V.0, 5(1) = Vs D(2)
and V =V, V, we have the following expression.

+- 00 + - 4
vae (B svt [T ooy (B Ve ma (BT Yo
I o I I

This generalizes a part of the Wiener-Hopf factorization of a Markov chain in Rogers
[9], which is the case that D =0, i.e,

S RYTY Rt
1% 16( - )~—< == )Q .

2. When D =0, (3.13) and (3.14) are similar to the corresponding equations in Asmussen
[3]. However, they are not the same. The reason is that the first passage time of {Y'(¢)}
to level 0 starting with Y(0) = 0 is considered for v(M(0)) < 0 in Asmussen [3], while
v(M(0)) > 0 in this paper, respectively.

3. In the case of the M AP/G/1 queue, since v(i) = —1 for all i € §, we can omit (3.14)
and terms concerning S*. From (3.13), we have

QO =C+ [ D (dw)e? ™.

0
This is the equation obtained in Hasegawa and Takine [12]. A similar equation is also
obtained in Asmussen [2].

Definition 3.1 When a matrix has negative diagonal elements and nonnegative
non-diagonal elements, the matrix is called an ML-matriz (see Seneta [10]). If ML-matrix
A satisfies Ae < 0, then matrix A is called a subrate matriz. In particular, when 4e = 0,
A is called a rate matriz.

Lemma 3.4 ()7 is a rate matrix, i.e.
Q e =0, (3.16)

where e~ is the |S™|-dimensional column vector all of whose elements are 1, and 0~ is the
|S ~|-dimensional column zero vector. Furthermore, R* "~ is a nonnegative matrix.
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Proof. By the definition of R*~, R*~ is obviously a nonnegative matrix. Since Y (t) goes
to —oo as t tends to +o0o by the stability condition (2.3), 7 is finite with probability one.
Thus, H is the proper joint distribution of 7 and M (7). Hence,

0li>r(?+ H*(flw)e = /n H(dtlw)e™ =e.

Thus, from (2.1) and (3.13), we have

00

limQ (0e” = ¢ e +C et +/“ D *(dw) lim H**(0fw)e”

,,,,,, (- 80+

o0
= (C%e+ D™ *(dw)e =0".
JO
Since C~~ is a subrate matrix and other matrices are nonnegative in the right side of (3.13),
()~ also is the ML-matrix. These imply that Q7 is a rate matrix. O

4. Iteration Algorithm and Its Verification

To compute matrices Q~~ and R*, we use iteration. We choose an 7 such that n >
max{|Cy|; i € S}. Define matrices ), and R} for n > 0 by

Ri==0"7, @ =0,
Qi =07 +C R
+ D**(dw)R:“eW”‘“+ D (dw)e?r (4.1)

J0 J0

+ /0 D**’(dw) @ } (nl~ — Q;;)*l. (4.2)

Note that (i) nI ™" + C** is nonnegative, (ii) it can be shown by induction that @;;~ and
R~ are subrate matrix and substochastic matrix, respectively, and (iii) it is well known
from Perron-Frobenius theorem (for example, see Chapter 2 of Seneta [10]) that n/~~ —Q,,
is invertible and the inverse matrix is nonnegative. Properties (i), (ii), and (iii) are used
later.

The next theorem is a key for our computation, which verifies that the iterations (4.1)
and (4.2) indeed converge to the right values.
Theorem 4.1 For each n > max{|Cy|;i € S}, Q;~ and R, are increasing for n and R,;
is nonnegative, and

lim Q" =Q -, lim R!I"=R"". (4.3)

[ el n—r0C

Proof. We show the monotonicity of @~ and R}~ by induction. Since matrices D and

e“  are nonnegative, we have, from (4.1),

Q, =C "+ /0 D (dw)et " >C " =Q, .

Obviously @, ~ is an ML-matrix. So, e?1  and (nI~~ — Q7 ) ' are nonnegative. We then
have, from (4.2),

Ri-= (0 [0 e ) ol - )20
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We now assume the monotonicity of @, and R}~ for k = 0,1,...,n. Then, we get
Quin —@n
o0 —— —
= C""R/~-R!")+ / DY (dw) (R e v — R}~ e%n-1")
40

i

+ / D~ (dw)(ed v ~ e 1)

0 e
Z D~l~+(dw)(R:-eQn W R;‘fle(’“"l"’)

0

> DY (dw)R] ~(e9 " — eQi-1") >0,
J0

Since @, > @), , we obtain
1 = Qi) <l - Q)
On the other hand, (n/** + C* ") is a nonnegative matrix. It follows from these facts that

+ - D*’“(d’w) C\.),,+]m) (77.[‘w - Q;{*I)U—I
J0

v

(C+4+(n[++ 4Ot R+~l+/ D (dw)R e
+/ DT (dw)e )(nl‘ Q) =R,

Thus, we obtain the monotonicity of ), and K;}~. By the monotonicity of R}~ and

definition ;™ = 07, we also have the nonnegativity of R, .

We next show that @, and R}~ are bounded by @~ and R'", respectively. Since
Qy  =C7 " and Q@ = C~~ + (nonnegative terms), we have @, < Q. The facts that
Rj ™ = 07" and R*~ is nonnegative matrix yield Rf~ < R*~. Hence, we have

Qi =C 4 C R+ [T D dwR e v+ [T D (dw)e
0

< 4 CFRY 4 [ D (dw)RYe? v / D (dw)e® U =Q .
JO .

In a similar way, we have R}~ < R*™. If Q,,” < @~ and R/~ < R'~, then replacing
subscripts 0 and 1 by n and n+1 in above equations, respectively, we also have Q,,,; < Q™™
and R, ., < R*~. Hence, the inequalities hold true for all n. Thus we have

lim R'" < R'", limQ, <Q . (4.4)

1=+00 n—»20

To complete the proof, we show that

lim R/">R"", lm@Q, >Q . (4.5)

n-—>00 11— 00

Clearly, (4.4) and (4.5) conclude (4.3). To prove (4.5), we use the uniformization of a Markov
chain. Let {M(t)} be a uniformized Markov chain obtained from {M(t)} with respect to

uniform rate 7, let and N be a counting process that counts all transition instants of { M (t)}.
Define |S| x |S™|-matrix H,(t|z) by

[H,(tlz))yy = P(r < t,M(7) = j,N(1) < n|M(0) = 4, X (0) = z).
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Obviously, we have

Ha(tle) < H(tle),  lim Hu(tle) = H(t|z),
H:(0z) < H*(0|z),  lim H:(0|z) = H*(0)z).

7> 00

Define [S*| x |S~|-matrix R}~ and |S~| x |S~|-matrix R, (z) by

lim H ~*(0|z),

- G0+

Ry = Jim H(00), R, (@)

respectively. We then have

lim RY'~ =R*", lim R, (z) =¥

> 0C 00

We shall prove that

RI"<R'", R, (z)<e? 7, (4.6)

n

for all n > 0 and all z > 0. If (4.6) holds, then
R <RI, e¥ "<l
These inequalities imply
Q. -Q~ = CHYRL-R'")+ /0Oo D™ (dw) (eQ;_“J - eQM'“’)

+ / D™ (dw) (Ri e~ " ~ RT7e@ ") > 0.
Jo
We have (4.5). In what follows, we prove (4.6) by induction on n. Since

Ri™=0"", R;™=0"", R; (z)=exp{diag(Cii;i e S)z}, €% *=¢
from the definitions for n = 0, both inequalities of (4.6) hold for n = 0. We assume that
these inequalities hold up to n. We first consider R, (z). Recall that we partition off 7 into
three sections for H~7(t|z) in Section 3. Similarly to H ™~ (t|z), we partition off 7 into three
sections for H; 7, (t|z). Note that the event for H;(t|x) has at most n 4 1 transitions of
the background process. Suppose that M (t) stays in S~ during time interval (0, z] without
jumps for the buffer content process. In this case, there are at most n + 1 transitions of the
background process. Hence, the corresponding transition probability matrix is not greater
than e . If this is not the case, there are n; and n, satisfying 0 < n, <nand 1 < n, < n
such that the background process has n; transitions in S~ on the first section [0, y), has a
transition at time y, has n, transitions on the second section (y,y + u), and has at most
n — ny — ny transitions on the third section (y + u, 7]. From these observations, we have

~

H”*(9II)S,e”(”“'cu“’{l””r B e I ()} "*<9|y>dy}, (4.7)

n+1 y=0
where @ ~(u) is defined by

() = CHH T (u) + /u D™ *(dw)H*™ (u]w) — " D~ (dw)H, ~(w|w).
v 0

)
J0
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Since we also have
“(ufw) < [T A (dyl0)H, (- ylw),

we get

(i)__*(g) S Cv+]:11j'*(0|0)+ o0 D***‘(dm)[}j{‘*(ﬂ{O)F{yz""‘(0’71))

n
w={0

+ [7 D (dw) ;7 (0lw).

w=0

Taking the limit of the above equation as § — 0+, and using (4.1), we have

911%}‘{_(1) (0) S +R+-—_+_/ D dlU R+ lQ;’er Di?(dU})e‘Q”‘Aw
- Jw=0

= Qn+1 c (4.8)

Hence, it follows from (4.7), (4.8) and the monotonicity of @, on n that

Rii(x) < &7° {]““ + / e C Y (inll B (‘-,W> ece;;"‘ydy}
y=0

< vt {I“" +[ e (Qu—C) “?";*'1"(1?4}
y?::(}
Y e g - £ N o e
S GC ps {] ----- + ew(j' "Q,"L”"]C’ 1! ’d? / e C yer (?.Q”'Hy}
y=0 y=0

(Integration by parts for the first integral)
— O {177 + e C e [,,,} — Qui1®

This proves the second inequality in (4.6). It remains to prove the first inequality in (4.6).
For I1},(]0), let 3 be the first time when the uniformized background process { M(¢)} has
a transition. Note that y is exponentially distributed with mean 1/5. Time interval [0, 7]
is partitioned into three sections: [0,y), [y, y + u) and [y + u, 7], where u is the first return
time of the buffer content to level X (y—) measured from time y. Since there is a transition
of the uniformized background process at time y, there are at most n transitions of the

uniformized background process on each of time intervals [0,v), [y,y+u) and [y +u,7]. We
define ®*~ by

bf = o [T D w0+ w)+ [T DY (dw) 0+ ),
0

n
40

It follows from the above observations that,

100 1
le < / 776*’”’ <I)+ H,j' (y)dy + / ne " (nl+ t (‘**) R,’,’ (y)dy.
0

i
i

= (B3 4 (nI‘H‘ ORI [ e“””R;“(y)dy.
40

From the induction assumption, the monotonicity of Q,;~ and the recursion equation (4.2)
of R;~, we also have

i < ¢ [T DT (dw)e 4 [T DM dw)RE e
J0

0

< ¢+ [T D (dw)edinn 4 / T DY (dw)RE @
JO

= R = Quy) ~ (I +CTOR,
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Hence, we get

+ ([T + CTYRET) /0O e e Ty
70

(¢,
(@1 @I+ CTORD ) =@,
S Rn+1(77[ Qn%l)( I"w 7Q;1w;1) Rn+1

Thus we get (4.6). This completes the proof. O

n+1

Remark 4.1 The iteration (4.2) of R}~ includes a computation of the inverse at each step
n. When [S™| is very large, this may be inefficient. We can make another recursion of R}~
by

Riy = (=CT)HCT + Ry Qe + / D (dw) Ry~ e
o0 S
4 /0 D (dw)e@nin®).
In this algorithm, we only need one inverse operation for C** independent of n. Hence,
one might think that this recursion is better than the former recursion for a large |S™].
However, our numerical experience shows that this is not always the case (see Table 6.1 in

Section 6). Another problem for this iteration-is that it seems hard to verify its convergence

to the right values Q~~ and R*~. In particular, we could not prove that R}~ > R*~ for
alln > 1.

5. The Empty Probabilities

To get the empty probabilities, we first consider busy cycles which is the time interval
between successive instants when the buffer content attains 0. We then show that the
empty probabilities are given by a stationary vector of (27 ~. Let x be a busy cycle length.
We define |S™| x |S™|-matrix L(t) by

[L(t)]ij = P(x <t, M(x) = jIM(0) =4), (;,j€57).

Conditioning on the first time when the buffer content process leaves the empty state, we
have

L) = /Otec‘y{cm* (t ﬂ-y\0)+‘/ow 1,)'(dw)H"(t—y|w)}dy
_ /Ot e {qr—(y) + :’ D(dw)H(wiw)} dy.

Hence, we obtain the relationship

*x _ e~ PteC (=) [ - Y — _
L) = /M/I { +/ D (dw)H (w|w)}dy dt

B~ O (0) = (0 —C ) (),

0
Therefore, the following equality holds.

L*(0) = (01 — C)"'a~~(0). (5.1)

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



Fluid Queues with Batch Inputs 359

Define |S

L.

x |S7|-matrix G(t|z) as
[G(tz)])i; = P(X(t) =0, M(t) = j|X(0) =2, M(0) =4), (r>0,t>0,i€S,je€S).

Since the limiting distribution of [G(¢|z)];; is independent of initial conditions M (0) = ¢ and
X(0) = z, we have the following form:

llrn G(tlz) =

t—r00

F(0)

F~(0) is the empty probability vector in the case of v(S) = {—1,1}.
Lemma 5.1 For # > 0 and z > 0, we have

G™(62)Q(0) = ~H**(0]o). (5.2)

Proof. We decompose time ¢ into three parts: the first passage time from level z to the
empty state, successive busy cycles and the remaining time up to time . We then have

t—u
G(tlz) = / H* (du|z)e® 7" 4 Z dulx)/ Ly (dy)e® v,
u= n—1"u< U y=0
where |, |S™|-matrix L,)(y) is the n-fold convolution of L with itself. From (5.1), the

LT of G(t|z) is
G (Blr) = [~ e H (dula) [T e O gy
u=0 =

+Z/

u==()

00 o0 . ——
m9uHo du|x) /MO e~—€yL(n)(dy) /f em(ﬂl —C™ ) (t~-u—y)

,;-;;u-{-y

O OR)OT - C ) S H0l) (L8 (01— )

n=1

— H(Gl)(I " — L*(0)) MO~ )
= H ) (01 —C ) L)
— H*(fle ><9r“~0”»¢"*<9)> 1

= H*7(0l2)(-Q~(0))~".

Thus we get (5.2). O

The following theorem gives the representation of F(0)  in the term of the stationary
distribution of @)~ ~, which always exists because S~ is finite.
Theorem 5.1 Let k be the stationary distribution of Q. Then,

F(0)" = -E[Y(1)]x, (5.3)

where Y is the stationary accumulated input process with v(S) = {-1,1}.
Proof. Using integration by parts, we have

Jim 0G*(0z) = Jim / G (t[z)dt = lim G(t]z) =
F(0)
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Multiplying 6 to (5.2) and taking it in the limit as § — 0+, we have

F(P)" L . B . Rt-eQ (O)
L | Q@ = Jlim (067 (012))Q(0) = lim {0 o, =0.
F(0)"
Thus, we obtain F(0)"Q~~ = 0~. Since ¢ is irreducible, which follows from the irre-
ducibility of C'+ D, we have
F(0) = ck,
for some constant ¢ > 0. Multiplying vector e to both sides of this equation,
c=F(0) e .

To calculate the normalizing constant c, let U"(t) be the sojourn time in S* up to time
t, and let U; (¢) and U, (t) be the sojourn times in S~ up to time ¢ such that the buffer
content is not empty and empty, respectively. Let T,, be the nth jump instant of { X (¢)}.
Note that

Ut(t)+ U (t)+ Uy (t) = t,

0< Y Br, (M(T,,—), M(T,,)) + U*t(t) — Uy (t) < X(t).

X(t
lim ( = (.
t—oo  f
Hence, we have
Uy (t
_ hm 0 ( )
300 t
U™ (t Uy (t
= 1- lim( ()+ l())
t—00 t t
. ¢ . (/]4 (t)
- 1—~tlLr&“”zleT M(T))wztl_g&

Let Ey denote the expectation by the Palm probability with respect to N. Substituting
t =1 to (2.2) and taking the expectation of it, we have

E(Y(1)) = E(N(1)Ey(Br,(M(T3-), M(T)) + E(U* (1)) - < (1) - B(U; (1))
= B(N(1))Ex(Br,(M(Ti—), M(T})) + 2B(U* (1)) -

Irom the strong law of large numbers,

1 v
Yim o 37 By, (M(T,-), M(T,)) = Ex(Br, (M(Ti-), M(T1)).

nl

Hence we have
c=1~-E(N(1)Ex(Br,(M(T1-), M(T1)) - 2E(U (1)) = —E(Y(1)).

O

Thus, combining Proposition 2.1 and Theorem 5.1, we can determine the LST F*(6) of
the stationary joint distribution of X and M. However, to get numerical values from this
LST, we need some more work. This will be done in the next section.
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6. Moments of The Buffer Content and Numerical Examples

We give an algorithm to compute moments of the buffer content. We also exemplify it for
some simple cases. We remove the restriction that v(5) = {—1, 1} in this section.
(2.4) can be written as:

F*(0)(6V —C - D*(0)) = 6F(0)V. (6.1)
Let F*™®)(0) and D*¥)(#) be the kth derivative of F*(Q) and D*(6), respectively. We note

that B(X*) = (=1)*F*®)(0+)e for k > 1 and F*°(0+) = &. Differentiating both sides of
(6.1) for n times for n > 1 and taking 6 — 0+ in it, we have

—F*™(0)(C + D) = 1(n = )F(0)V - z( )F* "00) (Vi =1) - D*(0)). (6.2)

Define g™ and =™ as

g™ = 1(n=1F0)V - S (Z) F9(0) (V1(£ =1) - D‘(“)(O)) : (6.3)
™ = g"(er - (C + Di)wil (6.4)
Since
wlemr — (C+ D)) ' =m,
F*™(0)(em — (C + D)) = (F*™(0)e)m + g™,
we obtain

F*™(0) = (F*™(0)e)m + 2. (6:5)

Differentiating both sides of (6.1) for n+1 times for n > 1, taking # — 0+ to it, multiplying
e to the right side of it and applying (6.5) to it, we have

(n+ 1)F*™(0)er(V — D*V(0))e + (n+ D™ (V — D*(0))e
n-+1

1
- Z (n + )F*(1L+l~£)(0)D*(f)(0)e — 07

and, equivalently,

W n+1 (n+1-¢ *(£
J;(")(V — U*(l)(O))e z:: ( ) ! ’)(O)D ( )(O)e

+ : (6.6)

*(n) —
F(0)e = = v pi)e (n+ 1)(V - D (0))e

From these calculations, we have the following algorithm:
Step 1. The computation of F(0)
Step 1-1. Compute stationary distribution 7 of C' + D.
Step 1-2. Compute C and D(z).
Step 1-3. Compute Q™= by the iteration (4.1) and (4.2) for C' and D(z).
Step 1-4. Compute stationary distribution & of Q7.
Step 1-5. Compute —E(Y (1)) by applying &, V and D(z) in stead of 7, V and D(z)
in (2.3).
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Table 1: The result of the numerical examples
v(d) —E[Y(1)] —-E[Y(1)] Q Computation time
Case 1  Case 2

~1.036718 1.036718
— B g < ¢ ) coe
20065 003713 (ool e | 2sec 40sec

o —1.205187 1.205187 o A
-6 1.065 0.387273 0.241365 —0.241365 1 sec 0.5 sec

~1.242235  1.242235 o
~10 2065  0.550667 0141360 —0.141960 ) 0-Bsec  0.2sec

v(d) F(0) F(0)" E[X] E[X7]

~2 [0.016168,0.020955] [0.014147,0.018336] 19.253223 766.198930
—6 [0.064618,0.322649] [0.088849,0.147881] 2.128468  11.782086
—10 [0.056261,0.494406] [0.105489,0.185402] 1.611229 7.238652

Step 1-6. Compute F'(0) by (2.5).
Step 2. Compute inverse matrix of (ew — (C + D)).
For k = 1 to n:{
Step 3-k. Compute z'¥) by (6.3) and (6.4).
Step 4-k. Compute F¥)(0)e by (6.6).
Step 5-k. Compute F("')(O) by (6.5).
Step 6-k. E(X*) = (~1)*F®(0)e.}.
In the rest of the this section, we consider numerical examples to show how the algorithm
works.
Example 6.1 Suppose that jump sizes are deterministic for each possible transitions. Let
B be a |S| x |S|-matrix, whose (i, 7)th element is the jump size of the buffer process when
the background state changes from i to j. Define D(z) by

[D(2)]i; = [D]ij1(z = [Bly).

It is assumed that (C'+ D)e = 0. Then the integral terms in the iteration (4.1) and (4.2)
for Q7 are given by

[/OOO D“M(dw)emewij = 2 [T [GQN[BU]M]""

keS- J

[[)%D*+(dw)]{+”e‘3_‘"’} = 3 YD R el P

iy keS+ peS -

In a similar way, we can get the integral terms of the iteration for R™. The calculation of
D*®)(0) for k > 1 is given by

(D), = (;Oo(—x)k[D(dx)},'j = (~1)*[B]%[DJ;;.

For numerical examples, we put the following parameters.

St ={a,b}, S ={cd}, S=S5"usS",
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-3 0 1 1 0010 0O 0 1 0°

0 -2 1 0 0100 , 0 05 00
¢ 1 0 -3 1 » D= 10001 ~ 102 0 00

0 1 1 -2 00 00 0 0 00
v(a) =2, wvb)=1, wv(c)=-2, wv(d)=-2-6,or— 10,

LS'

where the states are ordered as a,b,c and d. For instance, a
following form:

x |S|-matrix A has the

Aa,a Au,b Aa,c Aa,d
Ab,u Ab,h Ab,(: A[),d
Ac,a Ac,b Art,rx Ac,(i
A(l,a Ad,b Ad,c Ad,d

A=

v(d) is varied so as to represent the heavy traffic case (—FE(Y (1)) close to zero) and the
light traffic case (—~£/(Y (1)) far from zero). The results are presented in Table 6.1, where
for F(0)~, F(0)” and Q ~, the background states are ordered as ¢, d. i.e.,

F(0)" = (F(0)., F(0)a), F(0) = (F(0),, F(0)a), “:<g§,ﬂ chfZ)'

For those examples, we also compare computation times of both iterations in Section 4 and
Remark 4.1, which are referred to as cases 1 and 2, respectively. Here, numerical results of
both iterations are found to be identical as it is expected.
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Appendix. Proof of Proposition 2.1
To calculate the stationary equation of F(x), we assume that X (¢) and M(t) are jointly
stationary, and define Z(t) as

for each 1 € S and 6 > 0.
We uniformize {M(¢)} with rate A given by

A= ma.x{~(Cﬁ + D“)}

i€
Namely, state transition instants are subject to the Poisson process with rate A, and at each

instant, the state of M(t) changes according to the transition probability matrix PC 4 PP,
where

1

. :

x>
(M +C), PP(z)= ;\'—D(m), PP :/ PP(dr) = ;\1~D.
JO

>

For PP-transition, jumps are associated. Each jump size is subject to distribution
[D(z)]ij/(D]i;. We denote the Poisson process by A.
We apply the rate conservation law (see Miyazawa [8]) to Z(t) with uniformized M(t).

E(Z'(0)) = MEA(Z(0-)) = Ex(Z(0+))), (A.1)

where Fy is the Palm expectation with respect to point process A.
To calculate the left side of rate conservation law, we have

d d - —0X(t ) — 7
S2(t) = 0L X(0e XO1ME) =),

If X(t) =0and i€ S, then X'(t) = 0. In the other case, we have X'(¢) = v(i). Hence, we
have

Z'(t) = —0u(i)e XOIM(t) = i) (1(X(t) > 0) + 1(X(t) = 0,i € ST))
= —v(D)e XDUM() = 1) + 0v()1(X (1) =0,i € S, M(t) =1).

This yields
B(Z(0)) = —0u())[F*(0)]; + 0u(i)1(i € ST)F(O)]:

We calculate the right side of (A.1). Because transition instants of the uniformized process
constitute the Poisson process with rate A, we can apply PASTA to Fx(Z(0-)), i.e.

EA(2(0-)) = E(2(0)).
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We have

AEA(Z(0-)) = AE(Z(0)) = A[F7(0)];,
AEA(Z(04)) = AEn(e”®*OP1(M(0+) = i)
= AY En(e XOV(M0+) = i, M(0-) = j))

jES
= A [F(O);PF(0) + XY [F*(0)]; Py,
jes jeS

= [F*(0)(M +C + D" (0)].
Hence, we get the right side of (A.1),
MENZ(0-)) — EA(Z(0+))) = = [F*(0)(C + D*(0))]:-
Thus, we obtain
—OF*(O)V + 0F(0)V = —F*(0)(C + D*(6)).

This proves Proposition 2.1.
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