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Abstract In this paper, multi-source possibilistic information is represented by a set of possibilistic
constraints to characterize decision variables from different information aspects. Possibilistic linear pro-
gramming is used to integrate multi-source possibilistic information into the upper and the lower possibility
distributions of decision vector.

1. Introduction

The remarkable advance of computer techniques has brought about a present-day information
age characterized by the acceleration, intellectualization and globalization of information, which
has stimulated a more emergent requirement for dealing with huge and sophisticated
information in the real world. Information fusion is one of newly-emerging information
techniques which tries to offer an integrated information from multiple information sources
which are conflicting, partially inconsistent or reflect different aspect of information, such as
multi-sensor and multi-expert pool where signals from different sensors represent the different
or partially common information and likewise the experts also have different or partially
common background and interests. Generally speaking, information fusion models can be built
based on probability and possibility theories, respectively, to represent the intrinsic uncertainty
contained in multi-source information. The probability networks, such as Bayes networks and
Markov networks are well-known probability methods for information fusion where information
is represented by a conditional probability distribution and fusion procedure is based on Bayes
formula[13]. Dempster-Shafer theory of evidence (DS) is an important tool of information
fusion where the fusion procedure is based on the Dempster’s rule of combination [16]. Dubois,
Prade and Yager proposed several information fusion models based on possibility theory
[1,2,19,20]. The approaches related to information fusion also have been researched in the
papers [3,5,6,7,18] for decision analysis. In this paper, another method for information fusion is
proposed where multi-source information is represented by a set of possibilistic constraints to
characterize decision variables from different information aspects. Each possibilistic constraint
leaves some feasible region for decision variable. The feasible set of decision variables from all
constraints conflicting with each other is characterized by their upper and lower possibility
distributions obtained by possibilistic linear programming.

It is the first time to deal with information fusion via possibilisitic programming problems.
However, it is been well-known that fuzzy linear programming initiated by Zimmermann [21]
has been widely used and got many achievement in both applications and theories
[9,10,11,14,15]. Generally speaking, in fuzzy linear programming problems, the coefficients of
decision variables are fuzzy numbers while decision variables are crisp ones. This means that in
uncertain environment, a crisp decision is made to meet some decision criteria. On the other
hand, Tanaka et al. [17] initially proposed a possibilistic linear programming formulation where
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the coefficients of decision variables are crisp while decision variables are obtained as fuzzy
numbers, and LP technique is used to obtain the largest possibility distribution of the decision
variables. As an extension of that idea, Guo et al. [4] have used LP and quadratic programming
(QP) techniques to obtain different fuzzy solutions to enable a decision maker select a preferable
one. Further, Guo et al. [8] dealt with the interactive case of decision variables in which
exponential distribution functions are used so that the formulation is very complex and a little
bit difficult to be solved. This paper reconsiders the meaning of getting possibility distributions
of decision variables from the viewpoint of information fusion. For avoiding the difficult of
understanding, the triangular fuzzy numbers are used to represent possibilistic information.

2. Information Fusion via Possibilistic Linear Programming
Suppose that multi-source information related to decision vector x=[x,.,x,]° can be
described by a set of possibilistic constraints as follows:
byx,+--+b,x, =" C,, i=l.,m, e

buyx, + - +b,x, =" C, i=m+l...m,

where the symbols = and =" defined later, represent two kinds of “approximately satisfy”,
C, is a fuzzy number(i=1,...,m), x, is a decision variable (j=1,...,n) and b; is an associated
crisp coefficient. The ith constraint of (1) characterizes information on decision vector x from
the ith information source. The left-hand side of the constraint is some technical conditions to
attain such possibilistic information. The fuzzy number ¢, in (1), for example, can be regarded
as a fuzzy goal given by a head with only considering the benefit of his own department in some
company where the center of fuzzy number is an ideal point and the spread of fuzzy number
represents some tolerance. As a result, a reasonable plan should be feasible for constraints from
all of such departments.

It is obvious that if “Y. = C,” and “="" (soft equal) become (hard equal) and
correspondingly ¢, becomes a crisp value in (1), we can rarely obtain the feasible solutions for
the case of m>n. However, each possibilisitc constraint leaves some feasible region for decision
variables. Because the feasible regions left from possibilistic constraints are conflicting and
partially inconsistent in nature, the problem considered now is to obtain an integrated feasible
region of decision vector, which satisfies all of possibilistic constraints. Let S, (i=1,...,m) be a
feasible region from the ith possibilistic constraint, the fused feasible region denoted as § is as
follows

S= ﬂSi . (2

(YL

It can be seen that fusion operator here is intersection which satisfies the following three
conditions:
(I) Idempotency: if the feasible regions from all possibilistic constraints are the same, the
fused region should be this same one.
(II) Commutativity: the indexing of constraints is irrelevant.
(II) Monotonicity: If vi, s, 28, then (S, 2 5.
i=l..m i=l..m

Let us consider how to obtain the feasible region from possibilistic constraints in (1). For the
sake of simplicity, assume that C, is a symmetrical triangular fuzzy number denoted as (c,.d,),
where ¢; and d; are its center and spread with the condition ¢, ~d, 20. The feasible region of
x=[x,..,x,]|" left from the ith possibility constraint is characterized by a symmetrical triangular
fuzzy decision vector A =[A,,.....,A,]". The membership function of A is defined as follows:

M) =1, (x)All, (x,)A-ATl, (x,) 3)
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where

i—a;|/r,a,—rsx <a;+r,r.>0

1-
f,0={ " , @

s otherwise
a; and r; are the center and spread of fuzzy number A4,. A is simply denoted as (a,r);, with
a=[a,a,] (a20i=1..,n)and r=[r,,r] (r,20,i=1..n). Denote two typical possibilistic
constraints in (1) as follows:

byx ++b,x, = C,, i=l..m, (5)

byx, +tb,x, =" C,,

j=m +Lmj=m+1,.. . m, (6)
where the subscripts i and j correspond to symbols “="" and “=*”, respectively. The left-hand
side of possibilistic constraint of (1) is written as

Y =bx +:+b,x,. @)
Since x=[x,,x,,-,x,]' becomes a possibilistic vector A=[A.....4,], the possibility
distribution of fuzzy set Y, can be obtained by the extension principle as

Hy;()’)z()’nsi)r =(bja,bir); , ‘ ®)

where center y,and spread s, are b!a and bir, respectively, and b, =[b,.---,b, ] 20.
Constraint Y, =~ C, is explained as “Y, is a little bit smaller than C,”, defined by the
following inequalities.

yi=(=h)s, <c,~(1=h)d,, i=l...,m,, €
y,+(1=h)s, <c, +(1-h)d,, i=1,.,m,, (10)
v 2 —(-hyd,, i=1..,m, (11)

where & is a predetermined possibility level by decision-makers. It can be understood that the
higher A is, the stricter constraints are. A graphical explanation of ¥, =" C, is given by Figure 1

which shows that “Y; is a little bit smaller than C,”, denoted as Y, =~ C,, means that the left and

right endpoints of the h-level set of Y; are smaller than the left and right ones of C,

respectively described in (9) and (10), but the center of Y, is confined to be larger than the left
endpoint of C, shown by the dotted line described in (11).

/) N\

Figure 1. Explanation of v, ~~ ¢, with degree

y
h

Similarly, the constraint Y, =* C; is explained as “Y, is a little bit larger than C,”, defined
by the following inequalities:

y,=(I=h)s, 2 ¢, ~(1=h)d, i =1,...,m, (12)
y.+(=h)s, 2¢c, +(1-h)d,,i=1,.,m,, (13)
y, ¢, +(1-hyd,, i=1l..,m,. (14)

It is obvious from the above definitions that possibilistic constraint conditions leave some
Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.
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feasible region for decision variables described by inequalities (9)-(14). Considering (8),
possibilistic constraint (5) can be rewritten as

bla—(l-hbir<c,—(1-h)d,, i=1..m, (15)

blat+(l-hbir<c, +(1-hyd,, i=l..m,, (16)

blazc, —(I-h)d,, i=l..,m,, (17
and possibilistic constraint (6) can be rewritten as

bla-(l-mb'r2c,~(-hd;, j=m +l..m, (18)

bla+(I-hbir2c, +(~hd;, j=m+1..,m, (19)

bla<c, +(1-hyd,, j=m +l..m. (20)

From constraints (15) -(20), it is easy to understand that the center vector a should comply
with the following constraints,

¢—(1-hd <ba<c, i=l..,m, (21)

c;<blasc; +(1-hyd,, j=m +1...m. (22)

It implies that the center vector must exist in the region formed by (21) and (22). The following
LP problem is used to find out a candidate of center vector.

max  g(a) (23)

s.t. bax(c,-(I-hd)1+p), i=l..,m,
basc,(1-8), i=L..m,
blas(c,+(-h)d)1-p), j=m +L..m,
blazc (1+B), j=m+l..m,

B=z0,

azl,
where objective function g(a) is given by decision-makers to characterize his preference for
selecting center vector, which is regarded as a reference point in the feasible region of decision
variables. Parameter B>0 is used to reduce the original feasible region to guarantee the
obtained center vector inside the region formed by (21) and (22). It should be noted that the

selected parameter S by decision-makers should satisfy the following theorem.
Theorem 1 The necessary condition for the existence of an optimal solution in (23) is that
parameter [ satisfies the following condition:
1-h)d. (1-h)d

ﬁ < ( min __(____.,_L_._ min —————— 2l
iml,m 2[‘[ —~(l=h)d. JEmytl.,m 2Cj +(1 ....h)dj

YA( (24)

Proof: Suppose that there is an optimal solution in (23). Considering the first two constraints of
(23), we have

(c,~(I=hd)1+P)<c,(1-B), i=l....m,. (25)
(25) leads to
Q2c, =(1-d)B<(=h)d., i=1,.,m,. (26)

The support of C, is assumed to be non-negative. Therefore, the inequality ¢, -d, 20 is
satisfied and the following inequality holds.

(-hd,
B < % (i , i=lo.,m,. 27)

Considering the third and fourth constraints of (23), likewise we can have

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



224 P. Guo, T. Entani & H. Tanaka

(1-hyd,
" 2¢,+(1-h)d,

Inequalities (27) and (28) lead to (24).0

It should be noted that constraints (21) and (22) are the necessary conditions for a being a
center vector rather than the sufficient conditions. As a reasonable center vector it is also needed
to satisfy constraint conditions (15)-(20) with spread vector r. We can find out a reasonable
center vector via changing the value of B. The larger the value of B, the smaller the feasible
set of center vector. If we set the different 8 for each constraint, by changing the value of 8, and
g(a), we can search all of points in the original feasible set of center vector. After determining
one center vector, denoted as a,, we investigate two kinds of possibility distributions of fuzzy
vector A, ie., upper and lower possibility distributions denoted as II (x) and TII,(x),
respectively, with the condition IT1, >T1,, which have some similarities with rough sets concept
[12]. The upper possibility distribution of A corresponds to the upper possibility distribution of
Y and the lower possibility distribution of A corresponds to the lower possibility distribution of
Y. Figure 2 gives a graphic explanation of upper and lower possibility distributions of Y
restricted by the possibility constraint Y =" C. Figure 2 shows that the region covered by the
lower possibility distribution of Y is completely included by the h-level set of the given
possibility information C while the region covered by the upper possibility distribution of ¥
completely includes the h-level set of the given possibility information € under the definition
of Y="C. It can be understood that the upper and lower possibility distributions of Y are the
upper and lower bounds of Y restricted by Y =" C for a fixed center of Y.

With considering a center vector a,, the problem for finding out the lower spread vector of A
is formalized as the following LP problem.

, J=Em+l.,m. (28)

h 4

VIN
/AN

Figure 2. Illustration of upper and lower possibility distributions in Y = C

min  w'r, (29)

]

s.t. —(I=mbix, Sc,~(1-hd, -b'a,, i=1..m,
(I-hbir, <c, +(1-h)d, -bla,, i=1,...m,,
—(=hb'x, 2c, ~(=hd, ~bla,, j=m +1..m,
(I=mb'r, 2c, +(-hd; -bla,, j=m+L..m,

r, 20,
where w is the weight vector of the lower spread vector r,.
Similarly, the problem for finding out the upper spread vector of A is formalized as the
following LP problem.
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max Ww'r, (30)

ru

S.t. —(I-hbir, <¢,—(1-h)d, -bia,, i=1..,m,
(I-h)b'r

ir, <c,+(1-hd, ~bia,, i=l..m,
~(=mbir, 2c;~(1-h)d; ~bla,, j=m +1,..,m,
(L= h)b'r

¥
r,20.
It can be seen that intersection operator of feasible sets in (2) is transformed into the above LP
problems. It is obvious that constraints in (29) and (30) satisfy idempotency, commutativity and
monotonicity. It means that if the feasible set formed by each possibilistic constraint in (1) is the
same, the fused feasible set of decision variables obtained from (29) or (30) is the same as that
one, and changing the indices of constraints in (1) can not make any difference of the solutions
obtained from (29) and (30), and any reduction of the feasible set formed by constraints of (1)
leads to the reduction of fused feasible set of decision variables obtained from (29) or (30). By
considering the inclusion relation between the upper and lower possibility distributions, the
problem for obtaining the upper and lower spreads of A simultaneously is introduced as follows:

zc,+(I-hyd, -bla,, j=m +1..m,

max w'(r,-r,) 3D

[

s.t. —(i—=hblr, <c, ~(1-h)d, -ba,, i=1..m,
(1-m)bir, Sc,+(1-h)d, -bia,, i=1..m,,
—(1=hb'r, 2c,~(1~-hd,;~-bla,, j=m +1..m,
(=mbir, 2c, +(1-h)d, ~bla,, j=m +1.,m,
~(I-hbir, <c, -(1-h)yd, -bla,, i=l..,m,

(1-hbir, <c, +(1-h)d, -bla,, i=1..m,,
~(I=mbir, 2c,~(I-h}d; ~bla,, j=m +1.,m,
(1-mb'r, 2c;+(1-h)d; ~bla,, j=m +1..m,
r,-rz0,

r20.

The dual problem of (31) is as follows:

min [e,c,e,c,c,c,¢5¢,c;]'z (32)
z
-BB 0 01 -w
s. t. z2 ,
0 0-BB-1I w
where

I (YR SRR Y
cl =[C(m‘+l)2 ’C(lul+2)2 """’Cm?,] Y
¢; =, CnpnCya |y

c4 = [C(:rLl+])l’C(rrxl+2)l """le ] ’

C.S :lo]lxn L4
B=[b,..b, b, ..b,],
dim(I) =n,
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cy =(c;—(1=h)d, =bla)/(1=h), i=1..,m,,

.,y =(c, +(I=h)d, =bla)/(1-h), i=1,..,m,,

cp=—(c;=(l=hd, -b'a)/(1=h), j=m +1..,m,

¢ ==(c, +(l=h)d,; ~b a)(l=h), j=m, +1..,m.
Considering the theorem of complementary slackness, it is convenient to know which
constraints in (31) are active by solving the dual problem (32).
Definition 1 Fuzzy numbers C,in (1) is called critical possibilistic information for fusion if any
inequality for describing the possibilistic constraint associated with C, is active in the LP
problem (31).
Theorem 2 Denote the optimal solution obtained from (32) as z" =|z,,....z,,.,] and the index
set of positive elements of 7 as D=li|z, >0,i<4m}. The index set of critical possibilistic
informations for fusion, denoted as D,, is

D, ={j|j=i-md(i),ie D} (33)
where

0;if i<m
3 1;if m<i<2m
B 2;if 2m<i<3m ’

3:if 3m<i<4m

o)

and it should be noted that j in (33) denotes the jth constraint in (1).
Proof: The constraints of the dual problem of the problem (32) are as follows.

-bir, <,

s L= ho,my,
—b'j,rISc'jz, Jj=Em +lm,
bir,<c,, i=l..,m,

b’jr, Sc'j,, J=my+lm,

‘ -
-bir, <c,, i=l..,m,

! ' .
-bjl‘u < Cjp» J=m, +1,..,m,

s N .
brr, <c,, i=l..,m,

(T

t
bjl‘u <c

‘jl , J=m +l.,m,

r,~r, <0,

r, 20,
where i and j indicate the ith possibility constraints of b, x, +---+b,x, =~ C, and jth possibilistic
constraint of b;x +---+b,x, =" C;in (1), respectively. It can be seen that one possibilistic
constraint in (1) correspond to four constraints in the above constraints. With considering the
theorem of complementary slackness and Definition 1, the index set of critical possibilistic
informations for fusion can be obtained as D, . O
Definition 2 Denote the fused feasible sets of decision variables obtained from the upper and
lower possibility distributions with a possibility level h as S'and S}, respectively. The sets
S and S| are defined as follows:

S'={xe R"|II,(x) 2 h}, (34)

St={xe R"|I1,(x)>h}. (35)
Theorem 3 For a possibility level h, the relation S] < S! holds.

It is trivial to prove this theorem with considering constraint condition r, —r; 20 in (31).
This theorem means that the fused region of decision vector covered by the upper possibility
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distribution leaves more rooms than the one by the lower possibility distribution.

4. Numerical Example
Let us consider the following possibilisitc constraints,

2x4x = 15 (36)
X =" 45,

3x,+4x, =" 34,

X, = 53,

X, +2 X, =" 13 ,
where

15=(15.2),, 435=(451),, 34=(34.4),, 5.5=(5509),, 13=(3.2),. (37)
Assume that the possibility distribution of decision variables x; and x, is X=(a,r), with
a=[a,a,]", r=[n,n]".

In (36) each possibilistic constraint characterizes one information aspect related to decision
variables and leaves a feasible region. Our concern is to obtain the fused feasible region of
decision variables satisfying all possibilistic constraints of (36). By setting h=0.5, a center
vector was obtained with S =001 and g(a) =2x, +3x, as follows:

a=[5.284.29]".

Upper and lower spread vectors were obtained by (31) with w=[1,1)" as follows:

r, =[0.64,1.02]'

r, =[0.56,0.58] .

The fused region of decision variables left by the possibilistic constraints of (36) is characterized
by the possibility distribution of decision variables. The upper and the lower possibility
distributions of fuzzy decision variables with #=0.5 are shown in Figure 3. In Figure 3 the
regions inside the two contours are feasible sets S’ and S, respectively. It is obvious that the
solution obtained from the upper possibility distribution leaves more room than the one from the
lower possibility distribution. Solving the dual problem (32), we had D ={2,6,11,13}. Using
(33), we obtained D, = {1,2,3} with m=5. It means that the first three fuzzy numbers are critical
for obtaining the fused feasible region. Figure 4 shows the difference between the first and the
fourth constraints. It can be seen that there is some margin for the fourth constraint but not for
the first one corresponding to critical possibilistic information.

x2

4.8
- suey

4.6}

4.4

b 51 5.249b.3 5.4 5.5 516

=8

3.8

Figure 3. S’ and S5, (the outer is from the upper possibility distribution and the inner is from
Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.
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the lower possibility distribution).
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Figure 4. Illustration of the first and fourth constraints

5. Conclusions

In this paper, multi-source information on decision variables is characterized by a set of
possibilistic constraints, which characterize decision variables from different information
aspects. Two kinds of the fused regions of decision variables are obtained by possibilistic linear
programming where the region governed by the upper possibilistic distribution leaves more
room than that by the lower possibilistic distribution.
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