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Abstract Assume that one day’s demand for products, one day’s holding cost per one unit of product
and setup cost are expressed as increasing functions of time. Moreover assume that we are given a time
interval under these circumstances. The aim of our study is to find the optimal inventory policy which
minimizes the total inventory cost required during this interval. How often orders are placed during this
interval and how much is ordered at each ordering time point are our concerns. The techniques of DP are
introduced to solve this problem.

1. Introduction

The classical EOQ theories have been often concerned with the case in which one day’s
holding cost per unit of product, setup costs and one day’s demand for the product are
constant. Under this condition the inventory policy is planned so that the one day’s average
inventory cost may become minimal.

Many fruitful results have been obtained in this field of study. Moreover there are many
trial studies which may modify this condition. The author have also been interested in this
field (cf. [5, 6, 7]).

Setup costs are not always constant. For example, the study of joint replenishment
presumes the realistic assumption that the total setup cost for multi-item products is not
the simple sum of setup costs required for the orders of each items. Mathematically to say,
the joint setup costs have the properties of monotoneity and convexity. With these joint
setup costs DP techniques are applied to define the procedures with which inventory costs
for multi-item products become minimal. See, for example, Queyranne [11], Rosenblatt et
al. [12] and Matsuyama [6].

Recently it is reported that in some case setup costs decrease gradually as setups of
orders are repeated. About this problem a sort of learning curve is introduced. With this
kind of setup cost, the optimal inventory policy is planned. See, for example, Neves [9] and
Pratsini [10]. :

About holding costs, the cost functions which depend on the inventory level are exam-
ined. Total holding costs increase as the inventory level becomes great. But the marginal
increase of total holding cost with respect to inventory level may not be simply regarded as
a constant. In other words, the holding cost is not defined as a linear function of inventory
level. Taking account of economy of scale, this assumption seems to be plausible. Moreover
the quality deterioration of products due to their storage can be described as the change
of the holding costs. In order to generalize EOQ models, various functions which describe
holding costs are introduced. See, Baker et al. [1], Goh [2, 3], Goswami [4] and Weiss [13].
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126 K. Matsuyama

Similar modifications are tried in respect of demand function so that EOQ models may
be generalized. Various functions defined through the differential equation are introduced
to explain actual and practical problems. They depend on the inventory level. (cf. Baker
et al. [1], Goh [2, 3], Muhleman [8].)

Our study is concerned with the situations under which all of the demand of products,
one day’s holding cost per one unit of product, and setup cost are increasing functions of
time. This case is often observed when the price index is not constant but increasing. In
this meaning this paper is to generalize the problems which were studied in Matsuyama [6].

For example, assume that we are given a time interval during which inventory policy must
be planned. In stead of considering minimum one day’s average inventory cost, minimum
total inventory cost required during this time interval is examined. Our aim is to find the
procedures determining how often the order must be placed and how the ordering quantity
is given for each ordering time point. It will be shown that DP techniques are very useful
to this study. Mathematical properties of these procedures will be examined.

2. Formation of Problem

Assume T' is given. We are to plan an inventory policy for a certain commodity. The
following symbols are introduced;

t variable expressing time.

[0;T]  time interval during which the inventory policy is to be planned.

C(t)  setup cost at ¢.

p(t) one day’s holding cost per one unit of the commodity at .

q(t) buying cost per unit of commodity at t.

r(t) one day’s demand for the commodity at .
Moreover, we introduce the following assumptions.

Assumption 1
1. Demand for the commodity occurs continuously.
Shortage of the commodity is not allowed.
Lead time is regarded as zero.
The values of C(t),p(t),q(t) and r(t) are always positive.
p(t),q(t),r(t) and C(t) have their derivatives of the 2-nd order.
q(t) > p(t).
C(t) > max[p(t), q(t), p(t)r(t), q(t)r(t)]-

Inventory theory has been founded on certain tacit premises. 6 and 7 in Assumption 1
are such examples. Assume 6 is not valid. Then we have p(t)r(t) > ¢(t)r(t). This means
that one day’s holding cost is greater than one day’s buying cost. Assume C(t) < p(t)r(t)
is not valid. This means that one day’s holding cost is greater than setup cost. Under these
situations repeating ordering without maitaining inventory becomes more advantageous.
The usual inventory theory does not deal with such cases.

In the classical theories of EOQ-Model, the assumption that p(¢) = constant, ¢(t) =
constant, r(¢) = constant and C(¢) = constant is introduced. Then, it is assumed that
g(t) = 0, #(t) = 0 and C(t) = 0. Instead of the assumption that variables are constant,
the following assumptions are introduced. Under these assumptions variables may change
moderately. In this meaning our analyses are concerned with more general cases than the

cases assumed by EOQ-Model.

NO Ot
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The General EOQ Model 127

Assumption 2

d d?
L. p(t) > _d‘ip( )= Egp(t) >0
d d?
2. q(t) > %Q(t) 2 —5a(t) 2 0.
d d?
3. (1) 3 () 2 Sr(t) 2 0,
1L o> Sow = Tewzo, |Eowmi«t.
(1)> 70 2 CW =20, 175
Assumption 3
L p(t) > EQ@)-

2. plt) = qlt) > H(alOr (D), epll) — ralt) 20,

3. a(t)r(t) = 200,

The right-sides of 1~3 of Assumption 3 are the derivative functions of time-dependent
variables. Then, the meanings of the above assumptions are almost self-evident. Suppose
that 3 is not valid. We have ¢(t)r(t) < (d/dt)- C(t). This brings the very abnormal
results. Assume, for example, ¢(0)r(0) = C(0)/200. Then after one year (that is, ¢ = 365),
C(t) > C(0) + (365/200)C(0) ~ 2.8. Setup cost becomes almost three times as large as
initial one after one year. This can not be observed ordinarily.

Let R(t) and Q(¢1,t,) be defined by

R(t) = /O r(r)dr, Qtta) = /: r(r)dr = R(ts) — R(ty),

when ¢, < t,. Q(t1,t;) denotes the total amount of demand which arises during the period
[t1;12]. We can easily verify that

2z < 29 — Q(Zl,ZQ) > 0.
Assume that the order is placed once during [1;%3]. The total buying cost is
g(1)Q(tr,12) = a(t)(R(ts) — R(t1))-

Therefore, the total inventory cost during [¢1;%2] when the order is placed once is easily
given.

Definition 1 For any positive numbers ¢; and ¢, the function f(#1,%2) is given by
f(th t? / {Q t17t2) (t17 )}dT + Q(tl)Q(t17t2)
Definition 2 For any positive ¢, we define F, (¢) recursively by

Fi(t) = f((),t), Fy(t) = O%“—Tigt[Fl(T) + f(7,1)]

and

Faa(t) = guin [Fo(r) + £(7,)].

<t
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128 K. Matsuyama

In Definition 2, F,(¢) denotes the minimal total inventory cost required when order is
placed n times during [0;¢]. It is easy to show

Filt) = £(0,1) = C0) + [ p(1){Q(0,1) ~ Q(0,)}dr +40)Q(0,1)
= C(0) + R(1) /0 p(r)dr — [ p(r)R(7)dr + a(0) (1) (2.1)
P(0,8) = min[Fi(r) + f(7,)]

B orélﬂ%[c(o) / p(T){Q(0,7) — Q(0, &) }dE + q(0)Q(0, 7)
¢(r) +/ E1Q(7,1) — Q(7,8) }dE + q(T)Q(7,1)]. (2.2)

" - win[Fa(r)+ () = _min_[Fft) + () + (0] (29
It should be noted that in the above equation we have
flint) = O+ [ p(rH@(h, 1) — Qo )y + ()@t 1)
= R(t) /O p(r)dr — [ pr)B(r)dr — Bits) [ plr)de
Fa(t)R() +C() + [ p(r)R(T)dr = gt R(t). 2.4

The equation (2.4) will be applied in many cases. Considering (2.1) ~ (2.3), the following
definitions are obtained by DP;

Definition 3 We define Fy(T),t;; and ;5 by

T

Fy(T) = C(0) + R(T)/

0

p(T)dT — /: p(T)R(T)dT + q(O)R(T), t1, =0, to=1T.
And we define F5(T) and ¢35 by
F(T) = mtin Ga(t,T) = Ga(ta2,T),
where Go(t,T') is given by
Go(tT) = Fi(t)+ 1(t,T)
T T
= C(0)+ B(T) [ p(r)dr = [ p(r)B(r)dr +a(0)R(T)

“R(T) [ plr)dr + aOR(T) - a(t)R(L). (2.5)

We define t5; and ty3 by
loa =0, tz=T.

When F,(T) is defined, Fy,+1(T") and t,41.n4; are defined by

Fn+1(T) = Il'ltil'l Gn+1(t7T) = Gn+l(tn+14n+17 T),
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The General EOQ Model 129

where
Gn-l—l(ta T) = Fﬂ(t) + f(ta T) (26)

Moreover the followings are defined;

tn+1.1 = 07 tn+1,n+2 = T

It is easy to show that

|F(T)| > n - min C(t)+ min q(t) - R(0)

0<t<T 0<t<T

when T is given. Therefore, when 7' is given, we have

nh_)r{.lo F.(T) = oo.

Definition 4 For the given T, the total inventory cost F'(T') required during [0; T is given
by
F(T) = min[F(T), F5(T), F5(T), - - -].

In Definition 4, F;(T); ¢ = 1,2,3,-- denote the (imarginary) total costs which are
expected when the inventory policy is planned at ¢ = 0. It should be noted that only finite
series of F1(T), Fo(T), F5(T),- - -, F,(T) may be examined. Aslim,,_,, F,,(T) = oo, a proper
ng (ng < [T] + 1 in ordinary case) times of ordering must be considered. And F, (T) is
actually realized.

Definition 5 Assume T and n are given. Moreover assume that F;(T") is defined for any

integer 1 satisfying 2 <4 < n. Once t,., is defined, ¢, ,_; is defined so that it may satisfy
Fn—l(tn.n) = I’IltlIl[Fn_g(t) + f(tatnn)] = Fn—Z(tn.n—l) + f(tn.n—latn.n)-

Moreover, when t,,—; (0 <7 < n) is defined, ¢, n—i—1 (n —¢ — 1 > 2) is defined by

Fn—i—l(tn.n—i) = Intin[Fn——i——Z(t) + f(ta tn.n—i)] - Fn—i—Z(tn.n—i—l) + f(tn.n—i—latn.n~i)-

It is needless to say that ¢, (1 <7 < n) is the i-th ordering time point when T' and n are
given. We must regard ¢,; (0 < ¢ < n) as the function of 7. But in order to simplify our
description, the notation ¢, ; is used instead of ¢, (7).

3. Properties of Inventory Cost

In this section we consider the relationships between the interval [0; 7] and F,(T). The
results of our consideration will show that our definitions about the inventory cost are
reasonable.

Theorem 1 %FH(T) > 0.
Proof Assumen =1. From (2.5),
d T
= R(T) = r(T) [ p(r)dr + q(0)r(T) > 0. (3.1)
dT 0
Assume n > 2. F,(T) is defined as
F.(T) = min Gn(t,T) = Gu(tnn, T). (3.2)
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130 K. Matsuyama

where
Go(t,T) = Fo1(t) + f(t,T).
In other words, t, ., is defined so that it may satisfy

0 0 0
ntLn.n, - — o (thn Y s
8tn.nG (Thrn,T)=0 = Fo(tnn) + T

6tn.n
It should be noted that t,., is determined by 7. But in stead of denoting ¢, (1), tnn is
used hereafter.
From (2.4) it is shown that

(s T = r(DY [ pl0)r + ). (3.4

The equation (3.2) defines F,(T') by

f(tnn,T) =0. (3.3)

Differentiate the both sides of the above equation with respect to 7. Then

d 0 dt,, 0

ar " aT
Substituting (3.3) and (3.4) into (3.5),

d

T
arin1) = ’"(T)(/tw p(T)dr + q(tnn)) > 0.

Therefore the theorem is proven.

d d?
Theorem 2 r(t) >0 = —I,(T)>0.

dt d1?
Proof Assumen = 1. From (2.1) and (3.1) we have
d? T
10, 7) = (D) [ p(r)dr +4(0)) + r(T)p(T) > 0.

Assume n > 2. Differentiate the both sides of (3.5),

& A dt
(0. 1) = (m%n(Fn_l(tn,n)+f(tn_n,T)). o
& dtpn
+6T8tninf(tn‘n,T). ¥l aTQf(M, ). (3.6)

Differentiate both side of (3.3) with respect to 7', and we have

O (Fait P 0 KT VRS S (3.7)

By substituting (3.7) into (3.6), we have

& 0?
7 Fu(1) = 5 (s 7).
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The General EOQ Model 131

The equation (3.4) shows

82

st T) = () p(r)dr+ afta) + (D) > 0.

Therfore the theorem is proven.

Theorem 3 T<T = FT)<F(IT.

Proof From Theorem 1,
T<T = F,(T)<F,(T");n=1,23,---.
Let F(T) and F(T’) be given by
F(T) = min[F(T), K(T), F5(T),- - -] = Fo(T),
F(T") = min[F(T"), Fy(T"), F5(T"), - -] = Fu(T").
In the general case, there is no reason why n = n’ is supposed. As T' < T’,
Fo(T) < Fo(T"), Fu(T) < Fu(T).

Therefore,
F(T)=F.(T) < Fu(T) < Fu.(T") = F(T").

Now consider the function defined by
Gn(t,T) = F,_1(t) + f(,T).

The variable ¢, which appears in the above equation, is not ¢,, defined in Theorem 1~2.
The variable ¢ can vary freely in the domain 0 < ¢ < T'. Assume that 7, , is defined under
the condition that T is fixed and ¢ varies freely. Then

d d
dtG n(6T) izt = d—t(Fn—l(t) + f(&, T))li=t,, = 0,
2 2
G Gt Dlctnn = (Fua(t) + (1, Tt > 0.

dt? fron dt?
Assume that d/dt r(¢) > 0. Then from Theorem 2 we have
42
—F,
| dgz” "
The possibility that d?/dt* G,.(¢,T) < 0 is valid depends on the sign of d*/dt* f(¢,T). For

example, if

1(t) > 0.

d? d
pm) (t,7) >0 and E{Gn(t,T)h:O > 0,
we can not define ¢, ,,. Under Assumption 1~3, (2.5) results in
SHGT) = —{(B(T) ~ ROYp() — o) + 200 —aOr@) <0, (35)
TEIT) = v~ g1~ Lat) () - 1) 2r(t)
LRIT) = r(}Cplt) ~ S2q() + (1), (3.9
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132 K. Matsuyama

It should noted that —{R(T') — r(¢)} is an increasing function of ¢.

Lemma 1 Assume that
d (t d? .

is increasing with respect to ¢. Then for n > 2 there exists at the very most one ¢* satisfying

d d?
EGn(t’T)ltzt* = 0 and zi‘t—z‘Gn(t’ T)‘t:t* > O,

Proof
(1) — RO Cp(t) — (1) + 0(0)

is an increasing (non-decreasing) function of ¢. From Theorem 1 and 2,

d F._(t 0 d i F, (t)>0
7 n—-l( ) > an 722 n—l( ) > U.
The equation (3.8) shows that d/dt f(¢,T) < 0. Assume that at ¢ = ¢* it is valid that
LGt T)imte = “H(Fua(t) 4 £, T = 0
dt n\“ ) f=t* — dt n—1 ) t=t* —
and
d? d?
a‘t—QGn(t, T)'t:i* = El—t—Q-(Fn—l(t) + f(t, T))It:t* > 0

Applying (3.9) and the assumption of this lemma, we have d?/dt* G,(¢,T) > 0 for any ¢
satisfying ¢t > t*. Moreover, if ¢ > ¢* it is easy to show that

d? d d

EFn_l(t) >0 = 'd—tFn_l(t)ltzt > EFﬂ"l(t)h:t*?
d? d d
E—ta‘f(t,T) >0 = Efof,T)lt:t > ‘d—tFnﬁl(t)‘tzt*.

In other words, if ¢ > #*,

Tt >0 and L) 0
gz Cnt,T) >0 and o Galt, '

Corollary 1 Assume that ¢, , is defined for n. Then

d

"‘Gn(t,T)lt:t* <0 = t'< thn-
dt

4. Ordering Time Points

In this section the fundamental properties of the ordering time points will be examined.
Analyses on these properties will be presented in some theorems. As a result the meanings

of the general EOQ model will be clarified.
Theorem 4 Assume that ¢, ., is defined under Assumption 2. Then

d d d
—(p(t) — = - —t :
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The General EOQ Model 133

Proof Applying (2.4) and (2.5), G,.(¢,T) is expressed by
G.(t,T)=H,(t)+Tr(t),

where
Ha(t) = Foat)+C0)+ [ p(r)R()dr — a(t) RO), (4.)
Tr(t) = /O " p(r)dr — / p(r)R(r)dr — R(T) [ p(r)dr + g R(T).  (4.2)
It should be noted that ¢ does not appear in H,(t). At t =t,.,,

d d?
'd—th(t,T)lt:tn.n =0 and d ZG (t T)lt tn.n > 0.

In the above, ¢, satisfying these conditions is unique. Therefore,

L H) + T2(0) ity = 0, (Ho(2) 4 T (D), > 0,
(Ot = ~RT)P) — (e, <0 (4.3
&t )it = ~BD) S (0(0) — L g(t)ici, <0, (4.4)
" LDl >0, H Ot > 0.
gp e =5 &

In other words at ¢t = t,.,, d/dt H,(t) is increasing and d/dt I'r(t) is decreasing. We have
R(t) < R(T*) for any T™ satisfying 7' < T*. From (4.4),

d
— D () [t -

d
O > —FT( )[tztn.n > dt

dt

Assume that for a proper i

d d
EH”(t)h:t;.n + EFT*( )[t:t;,n = (.

Then, it is easily shown that % > t,.. As (p(t) — ¢'(t))’ is an increasing function,

d2

Gt T iy, > 0.

According to Lemma 1, ¥ | that satisfies these properties, is unique, even if ¢  exists

and is defined. Moreover, t* = always exists whenever t,,,, exists. Therefore we have 7' <

Y “nn

1" = t,, <t ., if t,, can be defined. In other words we have proven that d/dT" ¢,., > 0.

Lemma 2

Lop() = ¢(®)> 0 = [ p(r)dr + p(0) — q(t) > 0,

d
2. ﬁf(t,T)lt 0> o5 F&T)iso-

Proof The proof is self-evident.
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134 K. Matsuyama

Lemma 3 Under Assumption 1~3, we have
r(T)(p(T) — ¢'(T)) < 2r(0)(p(0) — ¢'(0)) = d/dT t,, <1.
Proof t,, is a function of T. And the relationship between ¢, ., and T is given by

Fri(tnn) + C'(tan) + p(tnn) Rlbn) = ¢ (tnn) R(tn) = q(tnn)7 (tn.n)
= r(T){p(tan) = ¢ (tun)}- (45)

Differentiating the both sides with respect to T,

Frs(tnn) + C"(tnn) + P (bnn) R(tnn) + P(tan)r (tan) = 0" (bnn) R(tnn)

b)) = (b)) = ) () = ROV P () = " (1) })
=r'(T){p(tpn) — ¢ (tsn)}- (4.6)
Moreover, we have
i Poraltan) = 1) [ DT 0t () + Bt (1),
where t,,_; signifies ¢,,_; ,_; which is obtained through assuming T = t,,.
R(tnn){p (tnn) = ¢"(tnn)} = BITH{P (tnn) = " (tnn)}
>7(0)  tnn  {P (tnn) = ¢"(tnn)} = (1) - T - {p'(T) — ¢"(T)}
> r(0)(p(0) = ¢'(0)) = r(T)(p(T) = ¢(T)) = —r(0)(p(0) — ¢'(0)),
P(tn.n)(P(tnn) — ¢'(tnn)) > r(0)(p(0) — ¢'(0)),
) [ BN 2 1 () (i — ) - 900)
2 (tnn = tnei) "7 (tan — ta=1)p(0) 2 r(0)p(0) > r(0)(p(0) — ¢'(0))-
Substituting these into (4.6),
(2r(0)(p(0) ~ (O} ctun < P(T)(pltnn) = (1)
<r(T)(p(T) = ¢(T)) < 2r(0)(p(0) — ¢'(0)).
Therefore the theorem is proven.
Theorem 5  Assume ty9,%33,%44, - are defined under the assumptions introduced in

Lemma 3. Then,
tn.n < tn—{—l.n-}—l; n = 17 27 37 e

Proof When n = 1, the theorem is self-evident, for ¢,; = 0 from the definition.

Assume that the theorem is proven when n = m. From definition,

d . _o 4 _
?d—t(Fm(t) + f(t’ T))|f=tm+1.m+1 - 07 dt(Fm~1(t) + f(ta T))|t=t'mum = 0.

Let F,(tmi1.ms1) be given by

Fm(tm+1.m+1> = Fm—l(t’) + f(t,7tm+l.m+1)7
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The General EOQ Model 135

where t’ is defined so that it may satisfy

B%_‘(Fm—l(T) + f(T: tm+1‘m+1>)]'r=t’ = 0.

d 0 dr 0
Et-Fm (t)|t:tm+l-m+1 = {—a—;(Fm—l(T) + f(T’t))E + ng(T’t)Ht:tmﬂmﬂ, T=t'-

In other words, we have

d 0
EFm(t),t:th,mH > B_T(Fm—l(T) + f(Tat))lt———th.erJ, T=t'"

Therefore
0 = L+ STt
> %(Fm_l(f) + f(T,t))%h:th,mﬂ,T:ﬂ + %f(t, T) =t r.mr
— %(Fm_l(t)+f(t,T))|t:tm+1‘m+1-

With the results of Corollary 1, theorem is proven when n =m + 1.

Corollary 2 Assume that #54,%33,%4.4, - - are defined. Then
Lo 20 > 132 > 14 > 50> -+
2. t33 > 143 > t53 > lgz > -
3. tn.B > tn~1.2 3 2 3.

Proof Express the function, which determines ¢, , from T, by ¢,, = ¢,.(T). With this
function, corollary is proven.

1 It is shown that 7" > t33. From Definition 3 and Theorem 4,

tae = ©22(T) > wa2(tss) = taa.

More generally

T > tn+1.n+1 = tn.n = Sonn(T) 2 Son.n(tn+1.n+1) - tn+1’n-
lho = Y2.2¥P33" " SOn—l.n—1(tn.n) > $¥2.2¥3.3" " (Pn—l.n—l(tnﬂ.n) = tht1.2-

2 is proven in the similar way.
3 t33 > tq, is self-evident from Theorem 5. Moreover Theorem 5 shows t44 > t35. From
Theorem 4 and Theorem 5,

taz = @33(taa) > pss(tss) > waa(tss) = tsa.

In the same ways,

lss >taa =  tsa=44(ls5) > @33(taa) = tas,
ts3 = ©3.3(t5.4) > ©33(tas) > p22(tes) = tao.
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136 K. Matsuyama

5. Time Interval and Frequency of Orderings

In this section, the relationship between the length of time interval and the number of times
of ordering will be examined. Let ¢(7;,7;) be defined by

o(r,m2) = Fi(n) = Fi(n) + f(ni,m)
= O(n) +R(n) [ p(r)dr + a(0)R(m) = g(0)R(r)

—R(r:) [ p(r)dr + q(r)R(n) — a(r)R(n) (5.1
for any 7 and 7, satisfying 0 <7y <7, <T. Then, for any ¢t (0 <t <T),
Ri(t) + f(1T) = R(T) + 6(4,T), (5.2

and for any ¢,t, -+, ¢, satisfying 0 < t; <ty <.+ <t,1 <T,

+ fty,ta) + f(ta,ts) + -+ f(tne1, 1)

Fi(ty)
= Fi(t2) + f(ta, ts) + - + f(tn1, T) + $(Ly, La). (5.3)

Suppose t,2,tn3,*,tpn1 and ¢,, are those which are defined by Definition 5, then

F(T) = o§t1$t2g}.2tn_1§T [Fu(t) + Sty te) oo 4 f(tamzy tomd) & S (taer, T)]
< Fi(tn—i2) + f(taoi2,tno1s) + -+ f(tpe1n-1, T) + 0<tfr<1itn_1 , d(t1,tn-12)
= Fn_1<T) —+ min ¢(t1, tn—lAZ)- (54)

0<t1<tn—1.2
We have

— f(07 tn3) + f(tn.Ba tn.4) + e+ f(tnnv T) + ¢(tn.27tn.3)-

From definition,

Therefore
Fn(T) 2 Fn_l(T) + gﬁ(in_g,tn‘g) 2 Fn_l(T) + rnin QS(t, tn3) (55)

0<t<tns

Moreover from (5.1) it is easily shown that

tp3 > ln_12 = Ogtléltlim Dty tnr12) > OSI%flgltfilm3 d(t,tn3). (5.6)

Using these results, the following theorem is proven;

Theorem 6  For proper L, Ly, Ls, - - -, which satisfy 0 < L; < Ly < L3, ---, we have

0<T<IL = FT) =F(TT),
Ll <T§L2 = F(T) :FQ(T)7

Proof
F(T)=F(T)+ 0r<nti<nT o(t,T)
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B(T) < Fy(T) + mmin  4(t,122) (5.7)
Fo(T) 2 Fy(T) + min (¢ ts3) (5.7)
Fi(T) < F(T) + pin  6(t,ta2) (5.8)
F(T) 2 Fy(T) + gmin (1t Las) (5.8)
It is shown that
B, T) = C(t) + (R() ~ RN [ p(r)dr +4(0) — a(0)}

When T' = 0, = 0. As ¢(0,0) = C(0) > 0,¢(¢,T) > 0 for relatively small 7'. In this
case min ¢(¢,T) > 0. As T becomes large enough, ¢(¢,7') < 0, in other words it is shown
min ¢(¢,T) < 0.

Let & and &; be defined by

= {T| min, G(.T) 20, T> 0}, &={T|t>0,T¢&)
Then, it is easily shown that
T, € §1,T2 € 62 = T <T2; Tl € 51,T2 < T1 = Tz c {1; Ti Efg,Tl < Tg = T2 c 62.

According to the continuity of real numbers (Dedekind’s axiom about the cut of real num-
ber), there exists a proper number L; satisfying

T<L = (T <FTT)), (5.9)
T=1L = F(T)=F(T), (5.9)
T>L, = F(T)>FT). (5.9)"

Assume T' < L;. Then Fy(T) < F3(T) = mingi<r ¢(t,T) > 0.
As 33 < T,0 < ming<i<r ¢(t,T) < mingeics,, P(t,ts3). Therefore, from (5.7), T <
Ly = F,(T) < F5(T). From Corollary 2, t33 > t43 > t53 > ---. So, from (5.8)/,

T<Li = KT < FB(T)<F(T) <
In other words,
T<Ly = F(T)=min| (T, Fy(T), F5(T),---] = Fi(T).

Now, consider (5.7) and (5.7)". When T is relatively small, ¢35 is small. Then mino<;<, ,
@(t,ts3) >0 = F5(T) > Fy(T). But when T' becomes large enough, ¢, becomes large. In
this case, ming<i<s,, (%, t22) < 0.
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From (5.7), F3(T') < Fy(T). Speaking more exactly, almost similar procedures which are
applied to F1(T') and F5(T') show that there exists a proper number L, satisfying

T< L, = FQ(T) < Fg(T), (510)
T=1L, = F(T)=Fs(T),
T>L, = IT)>F(T).

As t33 > tgz > t53 > -,
T<Ly= I3(T)<F(T) < K(T) < ---. (5.11)
Moreover, it can be proven that L; < L;. Assume, for example, L, < L;. Then from (5.9) for
T satisfying Ly < T < Ly, Ly < T* = Fo(T*) < F3(T*), T* < Ly = F5(T*) < F>(T™).
This ia a contradiction. So, we must assume that L; < L,.
For T satisfying L, < T < L,
Fy(T) < Fy(T). (5.12)
From (5.10), (5.11) and (5.12), for any T satisfying L, < T < Lo,
F(T) = min[F(T), F5(T), F5(T), - -] = F3(T).

In order to complete the proof, the entirely same procedure is applied.
Moreover, we can easily show

Li<T< Ly, = 0<tyy<1Ly,

Lyo<T < Ly = 0<t3y< Ly <tizz< Lo,

Ly<T <Ly = 0<tyy <Ly <tys<Lly<tyy,

Ly<T < Ly = 0<tso< L) <itss<Llo<isy<lLly<tss<Ls.

Corollary 4 T<T, F(T)=F,(T), F(T)=F.(T) = n<n

6. Conclusions

The classical EOQ theories have successfully defined ordering cycle which minimizes one
day’s average inventory cost, when one day’s demand for products, one day’s holding cost
per unit of product and setup cost are constant. But when they are not constant, it is
not easy to define ordering cycle with classical EOQ theory. This is because under such a
condition one day’s average inventory cost depends on the time point from when the average
is calculated.

Assume that one day’s demand for the products, one day’s holding cost per a product
and setup costs are expressed as increasing functions of time respectively. Moreover assume
we are given a time interval during which the optimal inventory policy is planned. Instead
of considering the minimum one day’s average inventory cost, we investigated the minimum
total inventory cost required during this interval.

For the given time interval the total inventory cost was defined recursively in respect of
the frequency of orderings. The frequency of orderings, which minimizes the total inventory
cost, was selected to define the minimum inventory cost required during this interval.

The procedures, with which frequency of orderings and total inventory cost are defined,
could be given recursively with the techniques of DP. Exact analytical forms of functions
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were not necessary to apply DP. Only the values of functions are sufficiently calculated in
some ways.

For the given time interval, ordering time points and ordering quantities were determined
recursively. Moreover a few mathematical properties of our procedures were examined finely.
As the interval becomes longer, the total inventory cost required becomes greater. As the
interval becomes longer, the number of time of ordering becomes greater. If DP is applied,
the optimal inventory policy is defined effectively with the electronic computer.

In this paper, exact analytical expressions of functions were not assumed. If these are
given, more concrete and fruitful results will be obtained. We assumed that the one day’s
demand for products and one day’s holding cost per unit of product are increasing functions
of time. Similar procedures will be easily defined even if they are not increasing functions.
But rather different conclusions will be obtained under this condition.
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