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Abstract In this paper, we consider a polling system consisting of two-parallel queues and a single server
under an (M, N)-threshold nonpreemptive priority service schedule. Two thresholds M and N (0 < M < N)
are set up in one of two queues, say, the second queue. At each epoch of service completion, the server
decides which queue is to be served next according to the control level reached by the number of customers
in the second queue. For the queueing model, we carry out the performance analysis by using the transform
method and propose an algorithm to compute the generating functions of the stationary joint queue length
distributions at service completion instants. We also determine the Laplace-Stieltjes transforms of the
waiting time distributions for both queues, and obtain their mean waiting times.

1. Introduction

Polling systems used for modeling distributed multiqueue systems sharing a single server
such as a communication channel or a processor, have received a considerable amount
of attention in the recent literature. Examples of such systems are local area networks
(LAN), high-speed Asynchronous Transfer Mode (ATM) networks, multiprocessor systems,
distributed computation, and so forth. An excellent survey may be found in Levy and
Sidi[23]. See also the detailed discussion and references in Takagi[31, 32] on this sub-
ject. The polling system, in particular, consisting of two queues and a single server has
an important application for modeling communication network systems with two differ-
ent types of traffic: real-time traffic (such as voice and video) and non-real-time traffic
(such as data), for example, hybrid switching voice/data transmission systems, and packet-
switched voice/data transmission systems[5]. In order to be able to meet the quality of
service requirements for different types of traffic, the model has been extensively studied by
many researchers under various service schedules, such as the exhaustive, semi-exhaustive,
gated, K-limited, Bernoulli service schedules or mixtures of these service schedules (see
[1,2,3,6,7,10,11,12,14,15,18,20,21,22,24,26,28,30]).

Threshold-based service policies have been applied by many researchers to queueing
systems with a single queue as policies to control service rate, number of servers or vacation,
and proved to be optimal to some queueing systems ([17,19,25,27]). Especially in Nishimura
and Jiang[27], two thresholds ny and ngp have been used to control the service rate in an
M/G/1 vacation model. Recently, such threshold-based service policies have been applied
by some researchers to the polling system consisting of two queues and a single server. Lee
and Sengupta[20] have analyzed a threshold-based polling system, where a single threshold
was set up in the high priority queue. If the queue length of the high priority queue exceeds
the threshold, the server switches the service to the high priority queue, otherwise, the server
serves two queues with a 1-limited service schedule. Boxma and Down[4] have considered
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a similar threshold-based service policy which is different from the one in [20] only when
the queue length of the high priority does not exceed the threshold, the server serves two
queues with a exhaustive service schedule.

In the present paper, we analyze a polling system consisting of two-parallel queues and a
single server controlled by two threshold levels M and N(0 < M < N). The service schedule
is described in detail in Section 2. In modern communication network systems which employ
the fixed packet sizes of ATM technology, different types of traflic have different requirements
for quality of service. Sometimes these requirements vary according to the system state, and
not anyone of these traffics has absolute priority. For example, in a voice/data multiplexing
system, or a hybrid switching voice/data transmission system, the voice traffic and the data
traffic should have their own priority segment. That is, according to variety of the system
state, sometimes the voice traffic has a higher priority over the data traffic, and sometimes
contrary. As will be seen, the (M, N)-threshold service schedule provides such a priority
scheduling strategy. ()1 has a priority over @, in the segment [0, M), Q)2 has a priority over
Q1 in the segment (N, oc), and the segment [M, N] is a non-priority part in the sense that
server does not switch its service to another queue when the queue-length of @2 is in this
segment. Furthermore, if we choose N = oo, then () has an absolute priority over ()2 and if
we choose N = 1, then ()3 has an absolute priority over ();. These considerations motivate
us to consider such an (M, N)-threshold service schedule for the polling system. To the best
of our knowledge, analysis of such a model has not been studied before.

The organization of the paper is as follows. In Section 2 the model is described in detail,
and the system equations of the generating functions of the stationary joint queue-length
distributions are established. In Section 3, utilizing singularities of the coefficient function
and the coefficient matrix, these equations are transformed into a matrix equation in the
boundary probabilities. An algorithm to compute the generating functions is proposed. The
Laplace-Stieltjes transforms of waiting time distributions, and the mean waiting times are
given in Section 4. Finally in Section 5, some numerical results are included.

2. The Model and the Generating Function Equations

We consider a polling system consisting of two-parallel queues (); and @3 with infinite buffer
capacities, and a single server. The arrival processes of customers at @ (corresponding to the
real-time traffic) and Q,(corresponding to the non-real-time traffic) are Poisson processes
with rates A\; and A,, respectively. The service times at (); are independent, identically
distributed sequences with general distribution B;(-). Their first moment, second moment
and LST (Laplace-Stieltjes Transform) are denoted by b, b?, and B;(-), and assumed to
be finite. Two thresholds M and N(0 < M < N) are set up in (3. The server serves
two queues in accordance with an (M, N)-threshold nonpreemptive priority service schedule
described as follows:

(1) At each epoch of service completion in ¢; at which the queue is not empty, if the
queue-length in @y exceeds threshold N, the server switches the service to ¢)2; otherwise it
continues to serve the customers in Q.

(2) At each epoch of service completion in @y, if the queue-length in @ is less than or
equal to threshold M, and Q) is not empty, the server switches the service to Q;; otherwise,
it continues to serve the customers in ()s.

(3) Whenever the queue being served becomes empty at an epoch of service completion,
if the other queue is not empty, the server switches the service to that queue; otherwise, the
server remains idle at the present queue until the arrival of the next customer in either ¢,

or QQ.
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Performance Analysis of a Two-Queue Model 103

The service is first-come-first-served within each queue and nonpreemptive. The server
experiences a switching time in its transition from one queue to another. The successive
switching times from @; form independent, identically distributed sequences with the §eneral
distribution S;(-). Their first moment, second moment and LST are denoted by s;, siZ), and
Si(+), and assumed to be finite. The service and switching times and the arrival process are
all assumed to be mutually independent.

We introduce the following notations.

/\E/\1+/\2, Tz:/\z//\a Z=1,2
pPi = /\ibia 1= 1, 2; p=p1tpe (21)
§ = 81+ So; 5@ = 352) + 28189 + sg).

Then p; is the utilization at ; and p is the total utilization of the server. s and s
are respectively the first moment, second moment of the total switching time during one
cycle. For periodic polling systems with a mixture of various service schedules, Fricker and
Jaibi[13] have presented a necessary and sufficient condition for stability. Especially, the
condition can be written as follows for a polling system consisting of two queues.

p+ 112?575()\#[/:)8 <1 (2.2)
where L} is the maximum expected number of customers served in @; during one visit
cycle. Appealing to this result we give a sufficient condition for the stability of the model
considered here. Since M is finite, the service schedule in @), in fact, is a exhaustive-type
one. Especially, when M = 0, it becomes a pure exhaustive service schedule. Hence, we
have that L; = co. On the other hand, the server can serve a maximum number of the
customers in (); if the number of the customers left in ), when the server switches the
service from Q5 to @y is zero. That is, let Sy be a generic switching time from Q5 to Q;, A}

and Bi, for each j, generic interarrival times and service times in Q, and Q; respectively.
Let

n ) N )
T=min{n, S+ ) B]>) Al}. (2.3)
Jj=1 jzl
We have that L} = E[r]. Then we obtain a sufficient condition of the stability
/\18
< 1. .

This is consistent with the condition given by Boxma and Down[4]. Throughout the
paper, we assume that the condition (2.4) holds.

Let {tt,k > 1} be the successive moments of service completion, X,gi), 1=1,2,k > 1,
the number of customers at (); at instant immediately after ¢, and J,, k > 1, the type
of the departing customer at t, i.e., Jy = ¢ if the kth departing customer is from Q;.
Then {(X ,(cl), X2 Ji) }e>1 forms an imbedded vector-valued Markov chain. Let Vk(_?l denote
the number of the arriving customers in @Q; during (tx,tx.1]. Note that when the both
queues are not empty, typ — bt = B; if Jy = Jgp1 = J, and tpyy — 8 = S; + B; if
Jp = t,Jks1 = J, and ¢ # j. According to the service discipline, the relations between
(XM xPJ.) and (X,§1+)1, X,ii)l, Ji+1) may be described as follows: fori,j = 1,2, if Jyy1 = 1,
then X,&Zl =[x® — 1)+ + V¥, and X9 =x9 4+ V9, j # i, where 7+ = max{0, z}. Let
{Tnmi; n,m > 0,4 = 1,2} denote the equilibrium probabilities of {(X,gl),X,(f), Ji) b1,
namely,

Tama = lim PG, X2, J4) = (n,m, 5)). (2.5)
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For | z1 |[<1; |23 |<1, define the two-dimensional generating functions

B (21, 29) Z Z Tnm,i?1 2 s 1 =1,2. (2.6)

n=0 m=0

Considering the transition probabilities of the Markov chain during two successive service
completion epochs and using the above relations, we derive the following equations for
®W (21, 25) and ®P(zy, z,)

W (21, 29) = 11 Bi(M (1= 21) + Ao (1 — 22))(@D(0,0) + S (M (1 — 21) + Ao (1 — 2,))8P (0, 0))

N oo
+2'1—1B1()\1(1——21)+)\2(1-—22)){ Z ZTrn,m,lz?z;”—kSz(x\l(l—z1)+)\2(1—z2))
m=0n=1

X Z anmzzle } (2.7)

m=0 n=1

@ (21, 25) = 1By (M (1 — 21) + Ao (1 = 22))(S1 (M (1 = 21) + (1 — 22)) 81 (0, 0) + 32(0, 0))
425 By( A (1=21)F A0 (1—22)){ 81 (M1 (1—21)+Aa(1—22) } (@D (0, 20)— D1 (0, 0))

m=N+1n=1

+(q)(2)(0, Zg) - CI)(Z)(O, O)) + 51(A1(1 — Zl) -+ )\2(1 — 2’2)) Z Z TFn,m,l,Z?Z;n

+ D 2 TamedZ b (2.8)

m=M+1n=1

For clarity, define for ¢ = 1,2,
B;(Zh Zz) - Bz()‘l(l — 2’1) -+ )\2(1 — 252)), S:(Z]_,Zz) - S,()\l(l — Zl) -+ /\2(1 — zg)).

Furthermore, for | 2z; |< 1, define the one-dimensional generating functions of the joint
equilibrium probabilities {7y m,1;7 > 0}, 0 <m < N and {m,mo;n >0}, 0<m < M,

21) = Y Tpma2l, 0<m<N, (2.9)

Ym(z1) = Z Tnm221 0<m< M. (2.10)

We have

00 0 N
S Y Tamazray =0W (21, 20) — 21(0,22) — Y (m(21) — om(0))25",  (2.11)

m=N+1n=1 m=0
M

Z Zﬂ-nm231 zy" @(2)(21 ) — > (0, 22) Z (Ym(21) — ¥m(0))25". (2.12)
m=M+1n=1 , m=0

In particular,

(‘00(0) = Q(I)(O, 0) = 7T0,0’1, on(O) = (I)(2) (0, 0) = 70,0,2- (213)
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Using these notations and relations, the equations (2.7) and (2.8) can be rewritten as
N
W (21, 22) = 1187 (21, 22) (90(0) +¢0(0) +21 B (21, 22){ 3 (m(21) = (0))25"+5; (21, 22)

m=0

M
X ZO Ym(21) — ¥m(0)) 25" 1, (2.14)

Bi(z, 2 . . .
(I’(Q) (zl, z2) = _2;*1(212)22) { (7‘222 + 7“131 (2’1, ZQ) — 1)51 (Zl, ZQ)QOO(O) + (7'222 + T‘lBl (Zl, 2’2)
2 ’
B* , _ S* ) N
<81 (21, )85 (21, 2) ~(0)+ L1 Zfl) (02 $ (g,0(20) = pm(0)
m=0
B* S* . M
XZ;TL + l(zl,zZ) ;1('Z11’22) 21 Z ¢m Zl ( )) } (215)
m=0 c

As has been seen, ®((2, 2,) and ®@ (2, 2,) are completely determined by the one-
dimensional generating functions ¢,,(21),0 < m < N and 9;,(21),0 < m < M. In order
to solve ¢m(21),0 < m < N and 9¥,(21),0 < m < M, we need to derive more equations
about these unknown functions. This can be done by considering the equilibrium balance
equations for {mpm1;n > 0}, 0 <m < N and {m,mo;n > 0}, 0 < m < M. First, for
every m, 0 < m < N, we have

n4-1 min{m,M) 00 ()\ t)n~i+1 ()\ t)m——j 0 (A 4)7
N 1 At A2 ot (A1t)
ﬂ-n,m,l ZZ z 7T7,,],2/0 (n — 4 + 1)!6 (m . j)! e' dFS2+B1 (t) + 7'('0’0’27‘]_ /0 n!
A t)m n+l m ()\ t)n~1+1 ()\ t) —Jj
xe')‘lt( 2V) ety )+ Z / 1 it (A2 et gB (1
1 Sz+B1 ;JZWJ, ( Z—i—l).e ( _]) 1()
oo (A\t)" Aot
+7T0’0’1T'1/ ( L ) G_Alt( 2 ) 6—)\2tdB1 (t), 0 S n < oo, (216)
0 n! m!

where F,p, (-) denotes the distribution of the sum S, + B;. From (2.16), multiplying the
nth equation by 27 and summing yields

1 min{m,M}

om(21) = 4 ZO Hym—(21) (%3 (21) — ;{0 +ZG1mgzl)(%(z1) ©;(0))

j=0

+r121Hym(21)%0(0) + 1121G1m(21)90(0) 3, 0<m < N, (2.17)
where .
— o0 ()\21;)] — Aot —Al(l—zl)t ‘ '
Higlo) = [ 5e e dFs,im, (),  0<j<M, (2.18)
© (Ao1)7
Gl j(zl) = / @e“’\zte_)‘l(l_“)tdBl(t), 0 S j S N. (219)
’ 0 J!

Next, for every m, 0 <m < M — 1, we have

m+1 0 ()xlt)n (/\ t)m—j+1
N ' =Mt _\"2
Tnm,2 = Z WO,J,l/O n! e (m _ ] + ]_)[

j=1

o0 (Alt)ne~,\1t
n!

e " dFs, 1 p,(t) + mo0,172 /0
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(Aat)™ —Aat = (At)" —A1t ()\2t)m_j+1 —Aat
X Te dF5'1+B2 Z To,5,2 / oy (4 (m — ] n 1)‘ € ng(t)
o (At Aot
+70,0,272 / (Aet)” et at)” e MdBy(t), 0<n < oo, (2.20)
0 n! m! :

where F 1 p,(-) denotes the distribution of the sum S; + B,. In particular,

70,02 = 7T0,1,1/0 6—(’\1+/\2)tdF51+B2 () + 7T0,0,17“2/0 6_('\1+A2)tdF51+B2 (t)

o0 [e e}
+7T0,1,2/0 NGBy () +7T0,0,2T2/ eI B (1), (2.21)
' 0

From (2.20), multiplying the nth equation by 27 and summing yield

m—+1 m~+1
Um(21) = Y Hom j11(20)95(0)+ Y Gom—jr1(21)15(0)+reHam(21)00(0) 472G m(21)10/(0),
=1 =1
0<m< M-1, (2.22)
where
Hyy(z) = / *Aﬁe—*l(l—zﬂtdﬁ‘sﬁ&(t), 0<j<M, (2.23)
_ A2t o et =M (1-z1)t ,
Gaj(z) = / ste=M(-20tgp, (1), 0<j < M, (2.24)
and from (2.21) we have
Y0(0) = (r2¢00(0)+¢1(0)) H2,0(0) +(r2%0(0) +41(0)) G2,0(0). (2.25)

3. Determination of the Generating Functions

In this section, we derive the generating functions ®™) (2, z5) and ®®) (2, 25). The equations
(2.14) and (2.15) show that ®1 (2, 25) and ®?)(z), 25) can be obtained after ¢,,(z); 0 <
m < N, and ¥,,(z1); 0 < m < M are determined. Therefore, the main aim here is to deduce
system equations about these one-dimensional generating functions by using (2.15), (2.17)
and (2.22), and obtain their solutions. First, we consider the equation (2.15). According to
Takécs Lemma([8] pp.653), we have that for every fixed z; with | z; |< 1, the equation

Z2_B2()\1(1—Z1)+)\2(1_Z2)) =0 (31)
has exactly one root in the region | z5 |< 1. Actually, the root satisfies

where V(s) is the LST of the busy period distribution of an M/G/1 queue with arrival
rate Ay and service time distribution Bs(-). Denoting this root by 2z = 71(z;), we have
n(z1) = V(A1(1 = 21)). Furthermore, n(1) = 1, and

d A1bs d? A2p)
° = 2102 L = 02 3.3
dzlfl(zl) lz1—1 1— p2a dZ% q(zl) ‘ 1=1 (1 _ p2)3 ( )

Since ®?)(zy, 2,) should be regular for | z; |< 1, and continuous for | z, |< 1, for every
fixed z; with | z; |< 1, the numerator of (2.15) must vanish at z; = 1(21). As the equations
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discussed hereafter are mainly those about the argument z;, we write z instead of z; for
simplicity in this section. Substituting the root z, = 1(z) into (2.15), we have

N

(Bi(z,n(2)) = 2) Si(2,1(2)) 3_ (om(2) = em(0))n™(2) + (B (2, n(2))S1 (2,1(2)) — 2)

m=0

M
x Y (Ym(2) = ¥m(0))1™(2) + 2 (ran(2) + 11Bi (2,1(2)) — 1) S7(2,1(2)) 20 (0)

+2z (ran(z) + 1 Bi(2,1(2)) 51 (2,1(2)) 55 (2,1(2)) — 1) ¢o(0) = 0. (3.4)

Next we rewrite (2.17) as follows

min{m,M}
- Z Grm-j(2)pj(2)+(2—G1,0(2))om(2) = Z Hym—j(2) ((2) ZGlm j
x@i(0) + (112 — 1)G1,m(2)@0(0) + r12H1 ;m(2)10(0), 0<m < N. (3.5)

Define the vectors

p(2) = (po(2), 01(2), -, on(2))7,  P(2) = (Po(2),%1(2), -+, ¥m(2))”  (3.6)
Then the equations (3.5) can be represented by matrix form
A1(2)p(z) = Hi(2)(p(2) — $(0)) + G1(2)#(0) + %o (0)vi(2) (3.7)
where Ay(2) is the (N + 1) x (N + 1) matrix
2= Gio(2)
Avz) = —Gl:,l(z) z— G:l,o(z) ) ,
“Gin(2) =Giwa(z) - z—Giol2)

H;(z) is the (N + 1) x (M + 1) matrix

[ Hl,o(Z)
Hi1(2) H,(2)

H,(2) = Hl’z;([(z) HI,M:—I(Z) Hipo(2) )
_Hl,l;l(z) HI,M.—I(Z) Hl,;)(z)

Gi(z) is the (N + 1) x (N + 1) matrix
(r1z — 1)G10(2)
Gi(2) = (r1z — 1:)G1,1(z) -—Gl:,o(z) ) | |

(r1z = 1)Gin(2) —~Gimwa(z) - —Gio(2)
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108 W. Feng, M. Kowada & K. Adachi

and vq(z) is the (N + 1) x 1 vector
vi(2) = (rmzHyo(z),rizH11(2), -, rizHi n(2))7.

Moreover, note that (2.22) holds for all z with | z |< 1. We get 1,,(0) by substituting z = 0
into (2.22),

m+1 m+1

Ym(0) = Y Hym j11(0 Z Gom—j1(0)5(0) + 72H2 m(0) 00 (0) + 72Ga.m (0)10(0),

Jj=1

Hence, we have

it
Vm(2)=Ym(0) = Z (Hyym—j1(2) = Ham—511(0))0;(0)+ > (Gom—jt1(2) = Go,m—j41(0));(0)

=1

+T2(H2’m(2:) — Hg,m(O))QD()(O) + TQ(GQ,m<Z) — G2’m(0))w0(0), 0 S m S M — 1. (39)

In order to derive a complete expression of the vector ¥(z) — ¥ (0) by the vectors ¢(z),
©(0) and 9(0), we also need an equation for the function ¥ (z) — ¥ (0). This can be
obtained from (3.4) and (3.9). Since z = 1 is the unique, simple root of the equation
z — Bi(z,n(2))S3(2,n(2)) = 0 and n(z) # 0 for all z with | z |< 1, substituting ,,(z) —
Ym(0),0 < m < M —1in (3.9) into (3.4), we get after a long calculation that for z with
2l< T,

Var(2) — ¥a(0) = al2) 3 (M (2) = 3 0i(O)ks(2) = 3 s{0)(2) + Bi(2)l0)
+B2(2)0(0), (3.10)
where for z # 1, (B (5.n(:) 155 (2,n()
_ (Bilz,n(z)) — = 1(z,n(z
) B @S o) (311
ki(z) = a(z)nfj—M(z) + Z'rAr{:_j'l—l(HZ,m—j—l-l(Z) — Hyppj1 ()™ M(2) if1<j<M
P alz)M(2) if M <j <N,
(3.12)
li(z) = (Gom-j+1(2) = Gam—j11(0))™ M (2), 1<j< M, (3.13)

ﬁl(z) = (7'27572(2) + (le - 1)B:1k(z’ 77(Z ))SI(Z,W(Z)) — Ty Z— (H2,m(z) . Hg,m(O))'I]m_M(Z),

(3.14)
_ (ren(z) + 1B (2,n(2)) 51 (2,1(2)) 53 (2,1(2)) — 1)2
ey = o =12 5, (Gan?) = Gan0)
xn™ M (2), (3.15)
and for z = 1,
a(l) =lima(z) = — L=p=p , (3.16)

z—1 1—p1—p2— 181
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f o)+ (Hoymejr1(1) = Hon—jr1(0)) if1<j< M
k(1) = lim k; (2 —{a e if M <j<N,
M-1 '
1;(1) = }gql = > (Gom—j+1(1) = Gom—j41(0)), 1<7< M,
m=j—1
1 r p +p M~—1
0= )= TS =0

+pa+ A s+s M-
fult) = liy () = O L NI 5 G () = G (0)

Writing (3.9) and (3.10) in matrix form, we get an expression of ¥ (z) — ¥(0) as

Y(z) — P(0) = Az(2)p(2) + Ha(2)(0) + Ga(2)1(0) (3.17)
where Ay(2) is the (M + 1) X (N + 1) matrix

Ao(z) = - _ - ,
Y= el () ol () o el ()
where 0 denotes a zero matrix. Hy(z) is the (M + 1) x (N + 1) matrix

(
( ro(Hao(2) — Hz,0(0)) Hy0(2) — Hy(0)
7"2(H2,1 (Z) - H2,1(0)) H2,1(Z) - H2,1(0)

H2(Z) = : :
ro(Hap—1(2) — Hop—1(0)) Hapr—1(2) — Hopr—1(0)
L Bi(z) —k1(2)
0
HQ’D(Z) — HQ,U(O)
Hopr-ol2) — Hopra(0) -~ Hyp(2) — Hyo(0) |
—ks(2) —kn (2) —kyia(z) - —kn(2) |
and Go(z) is the (M + 1) x (M + 1) matrix
r2(Ga0(2) — G2,0(0)) Ga,0(2) — G2,0(0)
GQ(Z) — . .
r2(Gom-1(2) — Gom-1(0)) Gam-1(2) — Gap—1(0) -+ Gao(2) — Gap(0)
Ba(z) 4 ~h(z) e —lm ()

Furthermore, we rewrite (3.8) as follows:

(1 = 12G2,0(0))%0(2) — Ga,0(0)91(0) = r2Hz,0(0)00(0) + Hy,0(0)¢1(0),

“Tsz,m(O)iﬁo (O) - mz:: G2,m~—j+1(0)¢j (0) + (1 - GQ,I (0))wm(0) - GQ,O(O)wm—H (0)
= 5% Ha 1 (0)05(0) + raHom(0)go(0), 1< m < M—2,

j=1
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—12Go,0(0)10(0) — Z— G2,m—j+1(0)5(0) +(1—=G2,1(0)) a1 (0) = §H2,m—j+1(0)90j(0)

+T‘2H2,M_1(0)Q00(0) + GQ’O(O)wM(O) (318)

Define the vectors

@(0) = (£0(0), £1(0), -+, a(0)",  9(0) = (0(0), ¥1(0), - -+, Yar—1(0))".  (3.19)

It follows that the relation
$(0) = T¢(0) (3.20)

holds, where J = (Ips41,0) is the (M +41) x (N +1) matrix, and Ips4; is the (M 41) x (M +1)
unit matrix. Then from (3.18) we get the matrix expression for 1(0) as

$(0) = G™H(0)[H(0)$(0) + ¢u (0)v] = G~ (0)[H(0)Tp(0) + ¥r (0)¥], (3.21)
where G(0) is the M x M matrix
[ 1-— TQGQ,O(O) —GQ’O(O)
_‘TQGQ,l (0) 1-— G2,1 (0) —G2,0 (0)
G(0) = z 5 : :
—19Gaa-2(0) —Gaom—2(0) —Gap—3(0) -+ —Ga(0)
| —7T9Gam-1(0) —Gom—1(0) —Gom—2(0) -+ 1—Ga1(0) |

H(0) is the M x (M + 1) matrix

T2H2,0(0) H2 0(0)

H(0) = T2H2.,1 (0) H,,(0) H2’?(0)

T2H2,M~1(0) HZ,M—I(O) Hz,M—2(0) Hz,o(o)
and v is the (M + 1) x 1 vector
VvV = (0, ey, 0, GQ’O(O))T.

Remark 3.1. In (3.21) we have assumed the case where the matrix G(0) is invertible.
Actually this assumption is not essential. Note that G(0) is a semi-down-triangular matrix,
and 1 — TQGQ’O(O) >0,1- Gg,l(O) > 0, and GQ’O(O) > 0, the rank of G(O) is M — 1 at least.
That is, the first M — 1 rows of G(0) are linearly independent at least. Thus when G(0)
is not invertible, 15, (0) is a linear combination of 1(0), 11(0), ---, ¥ar—2(0). From this
linear combination and (3.18), tar—1(0) can still be represented by ¢(0) and 1,,(0). Again
we have an expression for 1)(0) similar to (3.21).

Especially from (3.21), there exist a row vector u = (ug, u,---,uy) and a constant a
such that
¥0(0) = up(0) + arhr(0). (3.22)
Furthermore, using 15(0) and 1/,(0), we can represent the vector G (z)t(0) as follows

G2(2)1h(0) = Ga(2)9(0) + Yar (0)va(2), (3.23)
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where G4(2) is the (M + 1) x M matrix

TQ(GQ,(] (Z) — GQ,O (0)) 0
) r2(Go,1(2) — Go,1(0)) G2,1(2) — G2,1(0)
Ga(z) = : :
r9(Gop-1(2) — Goapr—1(0)) Gop—1(2) — Gopr—1(0) -+ Ga1(2) — G2,1(0)
Ba(2) —l1(2) e ~lp-1(2)

and vo(z) is the (M + 1) x 1 vector
| va(2) = (0, +,0,Gag(2) — Ga(0), ~lar (2))".
Substituting (3.21) into (3.23), and then substituting (3.23) into (3.17), we have
¥(2) — ¥(0) (3.24)
= As(2)ep(2) + Hy(2)(0) + G (2)[G ™ (0)H(0)$(0) + tar (0 JGTHO)V] + ¥u (0)v2(2)
= Az(2)ep(2) + (Ha(2) + G2(2) G (0)H(0)3)0(0) + ¥u (0)(G2(2) G (0) v + va(2)).
Moreover, substituting (3.24) and (3.22) into (3.7) yields
A1(2)p(2) = Hi(2){A2(2)(2) + (Ha(2) + G(2)G T (0)H(0)T)(0) + $u(0) (G (2)
GO + va(2)} + Gr(2)0(0) + (up(0) + abu (O)vi(2).  (3.25)

Since the vector ue(0)vy(z) can be represented as up(0)vy(z) = L(2)¢(0), where L(2) is a
(N +1) x (N + 1) matrix

L(z) =

rizHio(2)ug -+ rlel,o(z)uN}

rizHyn(2)ug -+ rzHyn(2)un
we obtain the final matrix equation:
N (2)¢(z) = M(2)¢(0) + ¥u (0)m(z), (3.26)

where M(z) is (N +1) x (N +1) matrix, m(z) is (N +1) x 1 vector: M(z) = H;(z)(Ha(2)+
Gy (2)G7H0)H(0)J) + G1(2) + L(z), m(2) = H;(2)(G2(2)G1(0)v +va(2)) + avy(z), and
N(z) is the (N + 1) x (N + 1) matrix

N(z) = Mi(2) - Hi(2)As(2) = l ﬁgg; Nao(z> }

and Nj(z),i=1,2,3 are the M x M,(N—M+1)x M, (N — M +1) x (N — M + 1) matrices,
respectively,

[ zZ —GGL()(Z) G
Ni(z) = - 11(z) z— ;1,0(2) |
i —Gl,M—1(Z) —GI,M—Z (Z) et 2 GI,O(Z)
[ —Gim(2) —a(2)Hip(2)n™(2) -+ =Gua(2) — a(2)Hio(z)n7' (2)
_ —Grm11(2) — alz)Hio(2)n™(2) -+ —G12(2) — alz) Hio(2)n7 ' (2)
NQ(Z) = . )
| —Gin(?) - al@) Hio()r M (2) - —Grvewn(2) — a(2) Hio(2)r7(2)
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z “GGLO(Z) - a(zl)t[HI"O(z) —a(z)Hyo(2)nN M (2)

—G11(2) —alz)H o2 —a(2)Hyo(2)nN"M(2

Moy = | T e i~z
—Gin-m(2) —a(z2)Hip(2) -+ z—Gip(z) — a(z)Hyo(2)nN M (2)

Whenever N (z) is non-singular, the solutions of (3.26) are given by

[adjN (2) {M (2)(0) + u (0)m(2)}
det N'(2) '

Since we seek ¢(z) which is analytic in | z [< 1, and continuous in | z |< 1, the numerator of
the right-hand side of (3.27) must vanish with sufficient order at the zeros of det A’(z) in the
unit disk. This will give us a system of equations characterizing the constant vector ¢(0).
Thus a first step in solving (3.26) is to identify the singularities of the matrix N (2), i.e.,
determine the number of zeros of det V(z). To do this, note that N(z) is a triangular
matrix, det NVi(z) = (2 — Gi(2))™. We have that det V' (2) = det Vi(2)det N3(z) =
(z — G1o(2))™ det M3(2). For z with | z |=1,

@(z) = N7 (2){M(2)0(0) + 9u(0)m(2)} = (3.27)

t)?
IGIU |_| / —()\2+)\1(1 z))tdB ‘< Z | / )\2 —)\1(1 z )tdB (t) |< 1 _| P I

An easy application of Rouché’s theorem shows that the equation z— G o(z) = 0 has exactly
one root, say zp, in | z |< 1. Furthermore since | G10(2) |< 1, | 20 |< 1. The following
lemma holds.

Lemma 3.1. 2 is a multiplicity M zero of det V'(z) in the open unit disk | z |< 1.

Next we consider the singularities of the matrix A3(z). Note that Gy ;(z),7 =0,---, N,
H, 0( ) G10(2)S5(2,0) and n(z) get their maximum norm at z = 1, and | Hyo(1) |<|
E oM G1(1) [< 220 [57 (e
t)? /z'e"\ztdBl( ) =1 and n(1) = 1. Moreover, a(z) also gets its maximum norm at z = 1,
and a(—1) < 1,a(0) =1 and o(1) = (1 — p1 — p2)/(1 — p1 — p2 — A1s1) > 1. Therefore,
there is a possibility that >7 5" Gy ;(1) + (N — M + 1)a(1)H15(1) < 1 from choices of the
parameters of B;(-), S;(-) and A; for ¢ = 1,2. In this case, the number of zeros of det N3(z)
in the unit disk is easy to be determined by the homotopy type of argument(see [16] for the
details).

Theorem 3.2. If Zﬁ__‘OM G1;(1)+ (N —M+1)a(l)H (1) < 1, then det M3(z) has exactly
N — M + 1 zeros (counting multiplicities) in the open unit disk | z |[< 1 and no zeros on
|z |=1.

Proof. Write det N3(2) = zIn_p41 —Ms(2) and define det N¥(z) = 2Iy_pr41 —tM3(2),0 <
t < 1, where Iy_p41 denotes the (N — M + 1) x (N — M + 1) unit matrix. Then
tM3(z) is analytic in | z |< 1 and continuous in | z |< 1 according to the correspond-
ing properties of N5(z). The kth row sum of the entries of tMj(z) is t[Y5_o G1;(2) +

a(z)Hio(2) N Mni(2),k = 0,1,---,N — M. For 0 < t < 1, these sums are strictly
less than 1 absolutely value for all | z |[< 1 because G1,;(1) > 0,a(1)Hio(1) > 0, and
t | ThoGrj(2) + a(2)Hio(2) Ti5M n(2) 1S S Gr(1) + (N = M + 1)a(1)Hie(1) <
YEMG;(1) + (N = M+ 1)a(1)Hyo(1) < 1. For t = 1, the matrix M3(2) has spec-
tral radius less than 1 when z with | z |= 1, since the maximum row sum of the absolute
value of the entries of MY M*1(2) does not exceed those of MY ~*1(1), and these also
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are strictly less than 1 because Mj3(1) is irreducible substochastic under the condition
Y™ Gri(1) + (N — M +1)a(1)Hy (1) < 1. Thus n(t), the number of zeros of det NV3(2)
in | z [< 1 counting multiplicities, is a continuous integer-valued function of ¢ for 0 < ¢ < 1.
Therefore, n(1) =n(t) =n(0)=N-M+1. O

In the general case, it is hard to determine the number of zeros of det M3(z) in | z [< 1
by a direct method because the verification of the conditions needed to apply Rouché’s the-
orem is quite difficult. This can be seen from the following result of the function det AV3(2)
obtained by a direct calculation. We present it here because the resulting formula is very
useful in understanding the construction of det NV3(z) and determining its zeros numerically.
Let

[ 2= Gro(2) —o(2)Hip(2) --- —a(z)Hl,o(z)nj(z)
A0 (z) = —G11(2) ~:a(z)H1,o(z) —a(z)Hl:,O(z)fr; () |
| —Gu(z) —a(2)Hi(z) -+ 2= Gro(2) — a(z)Hio(2)n'(2)
z — G1(2) 1
“—G171 (Z) z - Gl’g (Z) 1
BY(z) = : : : |, 1=01,---,N-M
“G1,1~1(Z) —G1,1~2(Z) R 2 Gl,O(z) 1
L "Gl,l(z) _Gl,lvl(z) ’“Gl,O(z) 1 ]

Lemma 3.3. (i) det AV (2) = (z — G14(2)) det AV (2) — a(2) Hy o(2)7 (2) det BO(2),
(ii) det BO(2) = xﬁ”l)(z), where xl(;l)(z) =1,1=0,1,---,], and for k=0,1,---,1 -1

{ 0 ifi=01,---k

(k)
G2y 2) + (2 = Gro(2)xF V() iti=k+1,---,1,

x;; (2) = (3.28)

(iii) det AD(2) = (z — G10(2))*! — a(2) H1(2){(z = G10(2))' = 1(2)(z — Gro(2)) %P (2)

s

—— e — nl“l(z)(z — Gl,O(z))Xg:?g(lﬂl)(Z) - nl(z)xgll_l)(z)}

Proof. (i) Using the linear decomposition property of determinant, we can write det A" (2)
as follows:

z — Gro(z) — a(z)Hi(2) —a(z)Hy o(2)n(2) e 0

det AD(z) = —G1,1(2) —.a(Z)Hl,o(Z) z— Gio(z) - C'Y(Z)Hl,O(z)U(Z) 0
Gu(2) — a()Hro(z)  ~Graa() — ale)Hig(2)n() -+ 2~ Giol2)
G M)+ Gl ARt
—a(@H ()| T R o T A, o
—G1i(2) = a(Hig(s)  —Gria(2) — () Hig(2)n(z) -+ 1

For the second term, multiplying the Ith column by «(z)Hig(2)n*(2), and then adding it
to the ith column for i = 0,1,---,1 — 1 yields a(2)Hy0(2)7n'(2) det BY(2). Then, taking
the Laplace expansion along column [ in the first term, we get (i). (ii) can be derived by
repeating the following procedure: (1) multiplying the first column by —(z—G1(2))~!, and
adding it to the {th column; then taking the factor (z — G1,0(2))~! out from the Ith column,
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(2) multiplying the second column by (G1,1(2) + (z — G10(2)))(z — G10(2))7!, and adding
it to the {th column; then taking the factor (z — G14(z))~! out from the Ith column, etc.
Finally, note that

ot A () = | # ~ Gro(2) — al2)Hio(2) a(z)Hio(2)n(2)
det AV(2) = G0 (2) — a(2) Hig(s) 2= Gro(z) — ale) Hyp(2)n(2)

= (2 = G1,0(2))* — a(2) H10(2) (2 — G1,0(2)) — a(2) H1,0(2)n(2)(G1,1(2) + (2 = G10(2)))-
Substituting (ii) into (i) and repeating it, we get (iii). O

Since for any k < 1, the submatrix consisting of the first £ — 1 row and the first £ — 1
column of B®*)(z) is the same as that consisting of the first k — 1 row and the first k& — 1

column of BY(z), and the calculation procedure is same, it holds that xUc b (2) = x{f (2.

Furthermore, repeating the result (3.28) and rearranging the terms, Xz(k )(z) can be deter-
mined directly by the following Lemma 3.4.

Lemma 3.4. Yor[=1,---,N — M,

() xte V() = xF V() k=0,1,--,1 -1,
=Gy1(2) + (z — Gl,g(z)) and for k =2,--- 1,
xg V(z) = (2 - Gl o))k + ((k — 1>G1 (2 ) + G1a(2))(2 = Gro(2))k

~~
—

—_
~—
2
o

—
~~
N
~—
—_
»
o~~~
= o
=
~_~
N
~—

+GE(2)(alf) 5, Ga(2) + aé,’:lme(z) +afy) ,G1a(2)) (2 — Gro(2))?

(k) +G’f32(z)((k — 1)G11(2) + G12(2)) (2 — G10(2)) + G5 1 (2)

where a,,;,m = 1,---k—2;42 =1,---,k —m — 1 all are positive integers and defined as
follows:

aY =aly =1, af) =0, fori=1,2,3,

ol = (k=2)+ai™, o) =1, forz—2 k=1,

aé’i):a( )+a(}c 1), g’:)——k -1, forz=2,---,k—2

aﬁj;?: Ek 1)) + Sj;”, agzzk_m):l, form=3,---,k—-3, i=1,---,k—m—1,

k 1 (k _ k—1) k _
agk)—zn =(k-2)+ aEk_sgp a’(k)—2)2 =1+ agk—3)2a agkl2)3 =1

Note that N3(z) = AN-M)(z). Substituting xglf\, 11)\4)k( ),k = 0,1,---,N — M into
det ANV=M)(2) in Lemma 3.3 (iii), we obtain det N3(z).

Theorem 3.5.
N-M
QUNA(E) = (= Grale)) " = ale)Hia(e) 3. 17(E) e Grol) ™ ~ ) ofeln()
T @61+ X @6 (= Grale)Y
" N-M N—-—M-2
e Hia @G {1+ T dP NG+ X (Ga()
S G G () o Gral)
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—a(2) Hyo(2)n" M 2(2)GYTM =2 (2) {(1 + (N = M = 2)n(2) + a{y 30 n*(2)) X
Gri(2) + (1+ a{y A 5ym(2))1(2)Gra(2) + AN _ag -0y (2)G1(2) } (2 = Gio(2))?
—a(2) Hyo(2)n" ™M ()G (2) { (1 + (N = M = Sgn—ars2))0(2)) G (2)

+77(Z)G1,2(Z)5{N—M22}} (Z — G10(2)) — a(z)Hyo(2)n" M (2)GY Y (2), (3.29)

where d4 denotes the indicator function of the set A.
Corollary 3.6. z = z; is not a zero of det N3(z), and z = 1 is not always a zero of det M3(2).

Proof. Recall that z = z is the zero of z — G (2). Substituting it into (3.29) yields that
det NV3(20) = —a(z0)H1o(z0)n" ™ (20)GY1 ™ (20),

which, obviously, is not equal to zero. For z = 1, we claim that depending on the choice of
parameters, it might not be a zero of det N3(z). First from Theorem 3.2, we have seen that
in the case ¥ )" G1;(1) + (N — M +1)a(1)Hy (1) < 1, det N3(2) has no zeros on |z| = 1.
Hence, z = 1 is not a zero of det N3(z). In the case S " Gy ;(1)+(N—=M+1)a(1)Hio(1) >
L, if Gio(1) + (N — M + 1)a(1)Hy,0(1) > 1 also holds, substituting z = 1 into (3.29), we
have '

det N(1) < (1= Gro(1) = (N = M + 1)a(1)Hio(1))(1 = G1o(1)" <0.

Therefore, only when 0 < 1 — Gyo(1) — (N — M + 1)a(1)H, (1) < YEMG(1), 2 =1
might becomes a candidate zero of det N3(z). O

Since det NV3(z) is analytic in | z |< 1 and continuous in | z |[< 1, and | det M3(z) |> 0,
we conclude that det NV3(z) has finitely many zeros in the unit disk(otherwise the analytic
function detN3(z) must be vanished in the unit disk). Let z;,29,---,2, be the distinct
zeros of detN3(z) and d; the multiplicity of z;. Then det N'(z) has zeros zg, 21, -, s
with the multiplicities do,d;,+-,d,, where dy = M. From the analyticity of ¢(z), the
numerator of the right-hand side of (3.28) must become zero with sufficient order at these
Zeros 2y, 21, *, 2x. L herefore, for : = 0,1, .-, k we have

d]

7 [adjN (2 )][ (2)p(0) + Y (0)m(2)]} o=z, =0, 0<j <d;. (3.30)

Define (N + 1)d; x (N + 2) matrix C(z;), 2= 0,1,---, as

C(z:) = |[adjN (2)M(2), adjN (2)m(2) =, dd [adjN (2) M (2), adjN (2)m(2) ., - -

di—1 T
...,ddd [adiV (2) M (2), adiN (2)m(z)]—s, | (3.31)
and C =[C(2),C(21),+"+,C(2)]". Then, we can write the systems (3.30) as
Cle(0), ¥ar(0)]” = 0. (3.32)

Theorem 3.7. (i) For each i = 0,1, -, s, the rank of C(;) is exactly d;.
(ii) The rank of C is exactly 3% (d; = M + 35, d
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Proof is omitted here because of the space limitation. A similarly detailed proof can be
found in [16], Secs. 5 and 6, where the relation of the spectral basis and singularities of
N (z) is used to determine the ranks of C(z;) and C(note that A'(z),C(z;) and C respec-
tively correspond to A(z),C(&) and B there). From (3.32), hence, we can only obtain
M + 375, d; linearly independent equations with respect to N + 2 boundary probabilities
©i(0),4=0,1,---, N and ¥p(0). Utilizing the analyticity of the function ¢(z) and the fact
that z; is a zero of det N'(z) with multiplicity d;, we have obtained the conclusion that z;
must be a zero of the numerator of the right-hand side of (3.28) with the same order d;.
Again from these facts, we have the following corollary.

Corollary 3.8. For j = 0,1,---,d;—1, the matrix equation d?/dz7[adjN (z) M(z), adjN (z)
m(2)],=,[¢(0), ¥ (0)]” = 0 only gives one linearly independent equation.

Proof. Write K(z) = [adjN (2)M(2), adjN (z)m(z)] and KV (2) = d’ /dz7[adjN (2) M(2), adj
N (z)m(z)]. By the definition of N'(z), M(z) and m(z), the every entry of X(z) is analytic
in | z |< 1 and continuous in | z |< 1. We first consider the case | z; |[< 1. Suppose that
for some a number j < d;, the rank of the matrix XU)(z;) is larger than 1. Since C; has ex-
actly the rank d;, there must exists a number [ < d; such that X (2;) = YL, CLUR (2;),
where Cy is a constant matrix and j; < [ for £ = 1,2,---,1l. By the analyticity of the
entries of K(z), we have that there exists a neibourhood U(z;) of z such that for all
z € Uz), KW(2) = ¥, CkKUP(2). Then for z € U(z), K (2) = d'/d4 (KD (z)) =
& /a2 (5L, Coy KU (2)) = S4_, Chdin fdzin (K00 (2)) = 4,y 34, oy Gy KUk 1942 (2),
If ji, + ji, > [, then KUk Hik)(2) = 223:1 Cy, Uk T +3ks =1 (7). Hence, repeating this pro-
cedure, we obtain K (z) = Yb _ % -0 Tk _; C Cy, - - Cp,,, KUk Ty Ttk =(m=2)0) ()
for z € U(z;), where 0 < jg, + Jky + -+ + Jk,, — (m — 2)l < [ for all ki, kg, -, km. Sub-
stituting z = z; and using the fact that KU (z;)[e(0), ¥ (0)]” = 0 for j < d; yield that
KD (2:)[(0), 1,(0)]” = 0. By inductive reasoning, we can obatin K™ (2;)[(0),44,(0)]” =
0 for any n > 0. This is contradictory to the fact that z; is a zero of the numerator of the
right-hand side of (3.28) with order d;. The conclusion in the case | z; |= 1 can be proved
similarly. 0O

In general, which row should be chosen in determining M + 3% ; d; linearly independent
equations, depends on the concrete formation of the matrix d’/dz’[adjN (2) M(z), adjN (2)
m(z)],—,,. Here, without loss of generality, suppose that for z;, the ith row of d7 /d2? [adjN (z)
M(z),adjN (2)m(z;)],=,, is what we need. Let e; = (0,---,1,---,0), i.e., the entry in 4th
position is 1, others are zero. Define (M +3_i_, d;) X (N +1) matrix  and (M +3%, d;) X 1
vector £ by taking the i row of the matrix d’/dz’[adjN (2)M(2)],=., and the ith entry of
the vector &’ /dz?[adjN (z)m(z)],=,, for j =0,1,---,d; —1; i =0,1,---, k, namely,

ddo—l

€0 T [adiN () Moy -+

F = [eo [adjNV (2) M (2)] 2=z, - -

AN (DM (e s g N M|

ddo—1
£= ~{eo[adjN(z)m(z)]z:zo,-. 0T ——[adjN (2)m(2) ] sz, ’

dy—

A adiA () (2)]msns -+ en%{adw(z)mw]z:%} .
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Then, M + Y%, d; linearly independent equations from (3.32) with respect to ¢;(0),i =
0,1, -, N and 13,(0) can be expressed as

F(0) — ¥u(0)€ = 0. (3.33)

In the case 2™ G1(1) + (N — M + 1)a(1)Hi(1) < 1, we have proved that det AV(z)
has exactly N+1 zeros(counting multiplicity) in the open disk, namely, M+3%_, d; = N+1.
Also note that z = 1 is not a zero of det A'(2) in this case. For every ,,(0) fixed, therefore,
(3.33) gives exactly N +1 linearly independent equations to determine ¢;(0),7 = 0,1, ~~~, N.

Remark 3.2. In the case X7 " G1;(1) + (N — M + 1)a(1)Hy0(1) > 1, determining the
value of YF | d; by a direct method still is an opening problem. Here, basing on our nu-
merical calculation results and the fact that under the ergodicity condition, the inherent
Kolmogorov equations for the stationary state probabilities have an unique, absolutely con-
vergent solution, we conjecture that the analytic function det A3(z) has the specified number
of zeros in the required domain (see [4,9] for the detailed arguments). That is, when z =1
is not a zero of det N3(2), f.,d; = N — M + 1, and when z = 1 is a zero of det NV3(z),
% ,d;i = N — M + 2(in this case, there exists a equation equivalent to the normalizing
condition M) (1,1) + ®?(1,1) = 1). Indeed, the Kolmogorov equations for the equilibrium
distribution of the Markov chain {(X ,ﬁ“, X2 Jk) }k>1, along with the normalizing condition
®W(1,1) + @3 (1,1) = 1, have a unique absolutely convergent solution, and using generat-
ing functions, we have transformed those Kolmogorov equation into the (N +1)-dimensional
matrix equation (3.26), plus the normalizing condition. Hence, if M + 37, d; +1 =N + 2,
ie., >F  d; = N—M+1, then as there exists an unique solution, the equations (3.33), plus
the normalizing condition must be independent. Now suppose that >7 ,d; < N — M + 1.
Then we would obtain too few equations to determine all N +2 unknown constants uniquely,
and we would find multiple solutions for them—which seems to be impossible. Finally, if
>F,di > N— M+ 1, then we would find too many equations for the NV + 2 unknown
constants. Again from the fact that there is a unique solution, there must be exactly N + 2
independent equations amongst those (3.33), plus the normalizing condition.

According to the above arguments, in practice, the matrix F is made up of N +1 linearly
independent rows. The remaining work is to determine the unknown constant ,,(0). First
we write (3.33) as

©(0) = ¥um(0)€ (3.34)

where € = (£, ---,&n)" = F1E. For | z |< 1, define (z) by substituting (3.34) into (3.27)
as :
[adjV () {M(2)€ + m(2)}
det N (2) '

Then ¢(2) is clearly analytic in | z |< 1 except on the zero set of det N/(z). Since the
equation (3.34) holds, the numerator of (3.35) vanishes on the zero set of det A/(z). Thus
o (2) may be extended to a function which is analytic in | z |< 1 and continuous in | z [< 1

by Riemann removable singularity theorem. For simplicity, we still use the notation ¢(z)
to denote the extended function. When z = 1, in particular, we have,

e(1) = Y (ONH(1){M(1)€ + m(1)}. (3.36)

@(2) = Pu (N (2){M(2)€ + m(2)} = 1hu (0)

(3.35)

Hence

e(1) = (0) = (ON (D MO +N D)€ +m(1) }=Pu(0)w,. (337
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Substituting z = 1 into (3.24), and then substituting (3.34) and (3.36) into the resulting
formula, we have

$(1) = 9(0) = Par(0){ [A2(DNTH(1)M(D) + Hy(1) + Go(1)G ' (0)H(0)J]¢

+A (DN D)m(1) + Go(1)GH0)v 4+ va(1) } = ¢p(0)wy.  (3.38)
Substituting 2; = 1 and 29 = 1 into (2.14), we have

N M
M (1,1) = r1(¢o(0) + %0(0)) + 2 (pm(1) = om(0)) + 2 (#m(1) = Ym(0)).  (3.39)

Substituting 2; = 1 into (2.15) and subsequently letting z; — 1, we have

+ r1A2b Ao (b Aoy &
20(1,1) = ENN gy y Tt rdehi s b o)y ) ) 0 )
1—p2 1= po 1—p2 7
Ao(by + 51) &
—ml0)) + 22 S (1) (0)) (3.40)
— P2 gp=0
Therefore, using the normalization condition:
dM(1,1) + @@ (1,1) =1, (3.41)

the relations (3.37), (3.38) and ¢¢(0) = up(0) +ayp(0) = Y (0)(u€ +a), ©o(0) = ¥pr(0)&o,
the unknown constant ¢,,(0) may be determined by

U (0) = (1 - po) K7 (3.42)

here, K= [r1(1—p2+/\2b1)+r2]§0+[r1(1—p2+)\2(b1+31+52))+r2](u§+a)+(1~p2+)\gbl) <
Wy, 1> +(1— py+ Aa(by + 51)) < Wy, 1 >, where < -, ~> represents the internal product
of vectors, and 1 the unit vector.

Algorithm

1. Determine all zeros of det V'(z):
(i) Note that the unique zero zq of the function f(z) = z — G1,0(2) is real, and f(—1) <
0, f(1) > 0. Calculate the value of 2z, by using bisection method in the interval
(—1,1).
(i) Choose lattice points on the unit disk by a suitable interval e. And solve the equation
det M3(z) = 0(] z |< 1) by using these lattice points as the initial values of Newton’s
method. Namely, setting yo as one of these lattice points, we get the sequence {y}

such that
Y = det Ng(yk)
k+1 = Yk — :
EdE det V3(2) |o=y,
Here, calculate the values of det V3 (yx) and - det NV3(z)|,=y, by using (3.29).

(i) If the number of zeros of det V3(2) in the unit disk obtained at step (ii) is less than
N — M + 1, narrow intervals of lattice points(e.g. put € = €/2) and return to step

(ii).
2. Calculate the boundary probabilities ¢(0),%¥ar(0):

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



Performance Analysis of a Two-Queue Model 119

(i) For i = 0,1, -, k, calculate
d;—
AN (2) M=) €1 BN ()M s €1 BN (2) M2 s,
d;—1
eI (2)m(2)n 1 i ()0 () €17 [N ()0 (2

dz
where e; = (0, - - - ,0).
(ii) Calculate 9s(0) = (1 - pz) ~1  and solve the system of N + 1 linearly independent

equations:
KFp(0) = (1-p)E.

4. Waiting Times

In this section we consider the LST of the waiting time distributions and the mean waiting
times at Q;,7 = 1,2. Let W; represent the waiting time at J;, and Wz(s) its LST fori =1, 2.
Since the customers present in (); just after the instant of service completion of a type i
customer are just the customers who had arrived during the waiting time and service time
of that customer, we have the following relations:

Wi (1= 20)) By (1 — ) = 8W(21,1), |z |<1, (4.1)
7‘2W2()\2(1 - 32))32()\2(1 - Z2)) = ‘I)(2)(1,Zz)’ | 22 |§ 1. (4-2)
Therefore
1 d ' 1 d
- -~ &1 _ — - 2 ® —
EW,] = - zl‘I) (21, 1)]zy=1 — by, E[Wy] = g sz‘I’ (1,22)| =1 — b2.  (4.3)

Substituting 2 = 1 into (2.14), and then differentiating in z;, we get

%@(1)(217 1)]s=1 = 71(00(0)+ (1+A282)3h0(0)) — (1—p1) (1, 1)+ i 0 (1) + Z P

m=0 m=0
(4. 4)
Next, substituting z; = 1 into (2.15), we get ®@(1, z) = ((22)/v(2;) where
V(23) = 2o — Ba(A2(1 — 29))

C(ZQ) = B2()\2(1~—22)){ (7‘2224‘7’131(/\2(1—22))—1)51()\2(1—Zg))(po(O)+(T22'2+T1E1 (/\2(1—272))

XS’l()\z(l—22))52()\2(1—22))—1)¢0(0)+(Bl(/\2(1—22)) -—1)51 )\2 —22 i
—em(0))25" + (Bi(A2(1 — 2))81(%(1 - 22)) = 1) Z_:O(wm(l) — ¥m(0))25" }.

Since v(1) = {(1) = 0, using L'Hospital’s rule, we get

d
752002l =

where 1/'(1) =1-— pg, V”(l) — _)\2bg2) and

¢'(1) = (ra + ridabr)o(0) + (ra + rida(by + 514 52)¢0(0) + Aabr Ty (0m(1) = ©m(0))
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+A2(br + 51) Tomo(¥m (1) — ¥im(0)),

¢" (1) = [r A2 4 2(rg + 11 20b1) Mgy + 2pa (s + rl)\gbl)]goo(ﬂ) [r1A2(by + 51 + 59)@
+2p2(r2 + 71 A2 (b1 + 51 + 52)]10(0) + [)\z(b +2b181) + 2020001 8 o (0m (1)
—om(0)) + PA3(b1 + 51)® + 20525 (b1 + 51)] T (¥ (1) — P (0 ))
+2X9b1 Xor oy M(Pm (1) — @m(0)) + 2X2(by + 51) Tomp—y M (Y (1) — % (0)).

As shown in (4.4), the differential values ¢,,(1),0 < m < N; ., (1),0 < m < M are
necessary to obtain d®®(z1,1)/dz |, =1. From (2.22), one can easily calculate v, (1) as

m+1 m+1
V(1) = D Hp 1 (1D@5(0) + Y- G (V95(0) + 72 Hy 1y (1)00(0) + 172G (1)%50(0),
7j=1 7=1

1<m<M-1. (4.6)
Furthermore, differentiating (3.11) in z and then letting z — 1, one can get v;,(1)

N

¢M Z% Z[‘Plg‘(l)+%(1)(j Z‘P; Zwa
7=0
+61 (D)0 (0) + F5(1)30(0) (4.7)
where
o/ (1) = RasiAtts? = @hisi(1 = po) + Asi?) (1 = o)L= p1 = o)
2(1 — p1 — po — Ay51)%(1 — p2)?
N (2652 — 2X151 (1 — p1 — p2)(1 — p2) — Aabr AZ6P | Arsy
2(1 — p1 — p2 — A151)2(1 — py)?
, al(l) +O£(1)(] - M) ( )+ Zm =j— 1[H2m j+1(1)
kj(l) = +(H2,m J+1(1) Hom- J+1(0))(m M) ( )] ifl<j<M
o (1) + (1) = M)n' (1) if M <j<N,
M-1
L) = Y [Gomjn(D) + (Gamojir(1) = Gomoja (0)(m — M)y (1)], 1<j<M
m=j—1
and
ﬂ, (1) _ 2(r1p1 + T'g)\lbg)(l - pz) + 2)\181(1 —p1— P2+ 7"2/\11)2) — Tg)\gz)bgz)

2(1 = p1 = p2 — Ais1)(1 — p2)
Tg)\%bgg)(l =+ )\le) _ {QM)\le(l — p1— P2 — )\181) - )\%(bl + 81)( )
2(1 = p1 — p2 — A1s1)(1 — p2)? 2(1 = p1 — p2 — M51)%(1 — p2)

)\Q(bl + 31))\%bé2) M-1 '
1—p1— poy+roXby) — 7 H, (1)+
2(1 = p1 — p2 — A1s1)( p2)? ( p1= P2t Tadiby) 2 mE:O[ % (1)

(H2,m(1) - H2,m(0))(m - M)
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’ 2(7"1)\1 (b1 + 51 + 82) + Tz/\lbl)(l - pg) + Tl)\%(bl + 8)(2) .

1) =
A1) 2(1 — p1 — p2 — A151)(1 — p2)
A%bg) (’I‘2 + T1)\2(b1 + S1 + 82) _ {ZM)\lbg(l — pP1— P2 — )\181) b /\%(bl + 81)(2)
2(1 = p1 — p2 — M181)(1 — p2)? 2(1 = p1 — p2 — M151)%(1 — p2)
)\2(171 + Sl)A%b‘(qz) M-l Y
_ A (b4 51+ 52) +aMby) =13 3 [Gh, (1) +
2(1— py — pa — /\131)2(1 — p2)? (r1 1(b1+ 51+ 52) + oA 1bo) 2mZ:o[ 2, (1)
L Ab
(Gam(1) = Gom(0))(m — M)z,
P2
Finally, differentiating (3.33) in 2z and then letting z — 1, we can get d/dz(z)|,=1 as follows
d d - d
5P = N7H(z) {¢M(0) [Eﬂl(z)(ﬂz(z) + Ga(2)GTH(0)H(0)T) + H,(2)(5-Ha(2)
+ 26,2 OHO0)T) + LG (2) + L1 (2)] & + LH, (2) (Ca(2) G (0)v +
dz ° dz dz dz
2(2)) + Hi(2) (2 Ga(2) G OV + v (2)) + a-evi(2) — (N () () b Lo
v dz dz dz dz

5. Numerical Results

In this section we present some numerical examples for varying values of the threshold M and
N to illustrate their effects on the mean waiting times and the tail distributions of the queue
lengths. In these numerical examples we assume that service and switching times of both
queues are exponentially distributed. First we consider a symmetry case. The parameter
values are \; = Ay = 1, by = by = 1/3 and s; = sy = 0 (the case that switching times
in both queues are zero). The mean waiting times E[W;] and E[W,] are given in Figures
1(a) and 1(b), respectively. The results show that E[W;] is monotonically decreasing, and
E[W,] is monotonically increasing in N and M. But for sufficient large values of N and
M, the variation of these values becomes small because the utilizations p; = py = 1/3 in
this case are relatively small, and the queue (), is essentially behaving as one served with
exhaustive service schedule for sufficient large values of NV and M. Therefore, small values
of the threshold N and M should be considered when the utilizations are relatively small.

$ 09 - 2 o9 e
u w : = AW==A=——
gO'B % : g0.8 ~———j” - =
=07 ‘ \k 2 r;
o | !
5 i N o ; /——
5 06 | 2 £ 06 M=g—
& | e —— a
Z0s Rl e — 205 2
c 05 - 05
| M=6 c
s ; m=8 «
(2] ' o
£ 03 EO— : 0 1 - i : i 4':.1 03 1 ! 1 1 1 L L L L ! 1
o 1 2 3 4 5 6 7 8 9 101 ¢ 1 2 3 4 5 6 7 8 9 10 11
number of the threshold N number of the threshold N

Figure 1(a) Figure 1(b)

In the second case the parameter values are Ay = Ao = 1, by = 1/4,b, = 1/2 and
51 = 83 = 1/10. The mean waiting times E[W,] and E[W,] are given in Figure 2. There are
a relatively small utilization p; = 1/4 in Q; and a relatively large utilization p, = 1/2 in Q.
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The result indicates that the effect of N and M on E[W,] is greater than that on E[W].
In this case, therefore, the small values of NV and M should be considered. The results of
case 3 are shown in Figure 3. The parameter values are A\; = Ay =1, by = 1/2,by = 1/4 and
s; = 53 = 1/10. Contrary to the case 2, adjusting the values of N and M gives a greater
effect on E[W;], but not on E[W;]. So the large values of values of N and M should be
considered in this case.

4
6 1
—_— [W4]
® ® 35 E _
8, . — E[W1] . TN ewd
E — EW] = A
&g Eak. 4 £ 25 Ehie /
p= w\ M5 £ \ M=5
g3 AT g 2 ~ 3
c M=0 Lot \ S 15 M=0 \:'\ ----
2 = “\5‘ o : N g
£ *_‘ .- E 1 e - ~ —
o1 =z [ : -
£ | £ 05 |- S
0 L 2\ I 1 i 1 L X ] 0 : ) ) ) . )
0 4 6 8 10 12 14 16 0 2 4 6 8 10 12 14 16
number of the threshold N number of the threshold N

Figure 2 Figure 3

In Figure 4, we show the tail distributions of the queue-lengths of both queues. The
parameter values are set to be the same as those in the case 3. Here N = 6, M = 0 and
M = 3 respectively. When the value of M becomes larger, the tail distribution of the queue-
length in @); decreases, and the tail distribution of the queue-length in ()5 increases. As one
can expect, the above results show that the mean waiting time and the tail distribution of
the queue-length in (; are decreasing, and those in (Js are increasing in the values of N
and M. This is because that for the large value of N and M, the queue ); gets a higher
priority over the queue Q5. '

1 .

\ ____ the tail distribution of Q1

N et ’
@ g . the tail distribution of Q
.0 "
5 .
3
£ 06
5
0
= 04
(]
-
(5]
S 0.2

o s
0 1 2 3 4 5 6 7 8 9 10 11 12
number of the queue
Figure 4
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