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Abstract This paper investigates a kind of resource allocation problem which maximizes a strictly con-
cave objective function with double layers of constraints on the total amount of resources. Resources are
distributed on a two-dimensional space, say, a geographical space with time flow, and are doubly constrained
in the sense that the total amount is limited on the whole space and the subtotal amount is constrained
at each time too. We derive necessary and sufficient conditions for an optimal solution and propose two
methods of solving it. Both methods manipulate Lagrange multipliers and make a sequence of feasible
solutions that ultimately satisfy necessary and sufficient conditions for optimality. It is shown by numerical
computation that the proposed methods are faster than other well-known methods.

1. Introduction

This paper investigates a kind of two-dimensional resource allocation problem with con-
straints doubly layered on the total amount of resources and proposes new methods to solve
the problem. The resource allocation problem originates from the search problem studied
by Koopman|7] first. He considers the problem of distributing search effort on a continuous
space so as to maximize the detection probability of a stationary target and formulates it as
a problem of analytically finding an optimal density function of search effort. His study was
followed by J. de Guenin[2] who generalized Koopman’s work and derived some optimality
conditions by a variational method. Generally speaking, it is difficult to analytically obtain
an optimal function. When we deal with complicated problems, we often divide a search
space into many small regions and numerically obtain solutions with the help of comput-
ers. The problem of distributing search effort on the continuous space is converted to a
discrete-search-space version. The search problem for a stationary target on the discrete
search space is well-formulated as a problem of optimizing a separable function and is easily
solved by the Lagrangean multiplier method.

The resource allocation problem comes from the search problem as stated above and
hence its main purpose is to optimize the separable function with a constraint on the total
amount of resources as Ibaraki and Katoh[5] show. On the other hand, in fields of non-linear
programming and global optimization which Konno|[6}, Mangasarian|[8], Martos[9], Horst et
al.[3] and Horst and Tuy[4] have contributed to, more generalized problems and methods
are mainly discussed. In this paper, we investigate a problem that is more generalized than
most resource allocation problems in the sense that the objective function has a more general
concave form and the total amount of resources are doubly constrained on a two-dimensional
space, but which is also more specialized than some general convex programming problems.
The problem is to maximize a concave objective function under constraints doubly layered
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on the weighted total amount of resources. This type of problem has abundant practical
applications.

We formulate the problem in the next section. In Section 3, necessary and sufficient
conditions for an optimal solution are derived by introducing Lagrange multipliers and the
relation between constraints of the problem and the multipliers is elucidated. In Section 4,
two algorithms are proposed for an optimal solution and their validity is proved. In Section
5, by some examples, we investigate some properties of the optimal solution and examine
the computational efficiency of the proposed methods.

2. Description and Formulation of the Problem

(AS1) We distribute resources on a two-dimensional discrete space. As a representative
case, we take the space consisting of a geographical space of K cells and a
time space of T time points which are denoted by K = {1,---,K} and T =
{1,---,T}, respectively.

(AS2) Let ¢(i,t) be the amount of resources distributed on (4,t) € K xT. It is assumed
that ¢(4,t) is non-negative and limited by an upper bound m;; > 0 which could
be +oo. The distribution of ¢(7,t) brings cost c;p(i,t) where ¢; > 0. At each
time point ¢t € T, the upper bound of the cost-expenditure is given by ®(¢) > 0
and on the whole space, a non-negative real number M is given as the limit of
the total amount of cost. We call the constraints imposed at time points and on
the whole space the doubly layered constraints.

(AS3) For a distribution plan ¢ = {¢(i,t), i € K t € T}, we gain reward f(p). The
function f(¢) is assumed to be two times continuously differentiable and strictly
concave and furthermore bounded on the feasible region determined by (AS2),
which is mathematically defined later by inequations (2)-(4).

The purpose of the problem is to maximize the reward function f(¢) under the above as-
sumptions. We can flexibly transform the basic model to other ones by relaxing constraints,
e.g. my = oo or ®(t) = oo. The problem is formulated as a concave maximization problem,
which is equivalent to a convex minimization problem.

Py : max f(p) (1)
s.t.

0<p(i,t) <my, icK, teT (2)

K

3 cup(int) < B(t), teT (3)

=1

T K

t=1 i==1
In the case that K | ciymy < ®(t), the limit ®(¢) is not useful and in the case of 37 ; ®(¢) <
M, M is not necessary to the problem. Therefore, we assume the following inequalities

without loss of generality.

K
Zcitmit > (I)(t), teT (5)
S B(t) > M. (6)

t=1
If f(0) # 0, we can regard the problem as the maximization of a new objective function

g(p) = f(¢) — £(0). For this reason, we assume f(0) = 0.
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Convex Problem with Doubly Layered Limits 111

Many researchers have studied special cases of this problem. In the typical resource al-
location problem, the maximization of the concave and separable function is studied under
constraints (2) and (4), which can be redefined on the one-dimensional space. The separa-
bility of the objective function brings many fruitful results: the polynomial-time algorithm
for the optimal solution and so on[5]. In search theory, there have been some studies|1, 11]
of the concave maximization problem with constraints (2) and (3). In these studies, separa-
bility in time permits use of a solution method that repeats the polynomial-time algorithm
proposed for the typical resource allocation problem at each time ¢. The more general form
of the objective function and the additional constraint (4) on the total amount of resources
make Py; harder.

3. Necessary and Sufficient Conditions for Optimality

Since problem P,; is to maximize a strictly concave objective function on a closed convex
feasible region, it has a unique optimal solution. Here we derive necessary and sufficient
conditions for optimality by introducing some Lagrange multipliers and elucidate the relation
between the constraints of the problem and the multipliers.

3.1 Necessary and sufficient conditions

Let ¥ be a feasible region fulfilling constraints (2)-(4).

Theorem 1 (Necessary and Sufficient Conditions) The feasible solution ¢ € ¥ which
satisfies the following conditions is optimal.

There exist non-negative multipliers A, vy, t = 1, ---, T which guarantee for every (i,t) €
K xT,
. : 1 9f(p)
=0, —=—L <
Zf 90(27 ) 0 ) Cit 8(,0(1,0 = A T (7)
. ) 1 0f(p)
0< (i, t) <my, ————=t=2\
if p(i,t) < my R (8)
. . 1 8f(¢)
t) = it , T > A
if (i t) =ma cn D0l 1) = + U (9)
and for everyt € T,
K
’Lf Ve > 0 5 Zcztgo(z,t) = (I)(t) , (10)
i=1
furthermore,
T K
if A>0, > Y cup(i,t) =M. (11)
t=1i=1
Proof: Let consider a Lagrangean function with multipliers X, 1,7} and 7%, @ =

L K, t=1,---,T:
L - T K T K

Ligih b)) = (o) 42 (M _ S el t)) e («b(t) — S el t))
t=1 =1

t=1 =1

T K T K ‘
+ 20> (i t) + 3 S A (ma — (i, 1)) (12)
t=1 i=1 t=1 i=1

Then we have conditions (7)-(11) from the Kuhn-Tucker conditions[10]. Q.E.D.

Now let us define function 0f/9¢(%,t)/ci by pi(p(i,t); p_i) where ¢_;; denotes a vector
consisting of all other variables except ¢(i,¢). From the strict concavity of f(-), the function
pit(; p_i) is monotone decreasing for z, equation pi(z;¢_;;) = y has a unique root z that
is the inverse function pj;'(y;p_;). Considering the boundedness and differentiability of
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f(4), pi(z; p_it) is well-defined on the domain of 0 < z < co. Now we extend the domain
of p;;'(-) for computational convenience. Let a;(< 0) be the lower limit of the domain
within which pi(2; ;) has a finite value. If we redefine p;'(y;p_it) = ai in the case
of limy g, 40 pit(T;0-1) < y and p3*(y; ¢—ir) = 0o in the case of limy e pit(x; 0_3t) > v,
the analytic extension of the domain to (—o0, 00) is possible; that is, we have the function
pii-(y; 0—it) well-defined on y € (—o0, o). For example, if we have a concrete expression of
pit(x; 9_ir) = exp(h(p_it)/(z+a)) where h(p_;) is a finite positive-valued function of vector
¢ and « is positive, the inverse function pj;' (y; ¢_i:) becomes h(p_;;)/logy — a. Though
the inverse function can not be defined for all non-positive y, the extended definition gives
P (y;0—i) = oo for any y < 1 and a; = —a. By this extended function, the solution
satisfying conditions (7)-(9) can be expressed in the form

o(it) = o' A +ws o) (13)
where symbol [z]° indicates
b, if b<z
[z ={ 2z, if a<z<b
a, if z<a
Using this notation, we can transform constraints (3) and (4) into (14) and (15):

K it

> e {PEI(A + Vi (10—1'1‘,)}0 T < B(t) (14)
=1

T K -

Z Z Cit [Pftl()\ + Uy 90—11)]0 <M. (15)
t=1i—1

3.2 Relation between the upper limits of cost and Lagrangean multipliers
Here we elucidate some relations between the Lagrange multipliers and the local upper
limits {®(t), ¢t € T'} and the total upper limit M. Consider the problems Py, with limits
{My,®:(t)} and Py, with limits { My, ®2(t)} while upper limits {m,;} are assumed to be
the same for both problems. Let {1, v1}, {A2, 2} be optimal multipliers and ¢, @2 be
optimal solutions for the problems Py, and Py, respectively. If ¢ # @9, we have the
following relation from the strict concavity of f(-).

o) < )+ X gots(ialis ) — r(i0) (16

Let I = {(3,%) | ¢1(5,t) =0}, 1 = {(3,%) | 0 < 1(2,t) < my} and Iy = {(3,t) | ¢1(2,¢)
mi:}. From the optimality of ¢, satisfying conditions (7)-(9), it follows that 8 f /9y (i, t)
Cit(/\l + Vlt) for (Z,t) € I(), Bf/(?gpl(z,t) — cit(/\l + Vlt) for (l,t) S [1 and 8f/(3‘<,01(z,t)
cit(A1 + v1p) for (4,t) € I. By subdividing the whole space into Iy, [; and I3, (16) can
transformed as follows.

~—

TIVIA

f(p2)
< fle1)+ Z cit(A1 + vie)2(i, t) + ( )Z cit(\ =+ v12) (@a(iy 1) — @1(i, 1))
(i,t)elo it)eh
+ > i+ ) (2(3,t) — mar)
(i,t) €T
= fler) + 2 e+ 1) (pa(iy 1) — 14, 1))
= fl(o1) + M1 (Z citp2(i,t) — Zcmm (’Lt)) + Xt: V1t (Z cinpa(i,t) — Z Cit1 (z',t)) .
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Convex Problem with Doubly Layered Limits 113

Noting that 3;;cir(i,t) = My if Ay > 0 and ¥, cupr (3, t) = ®1(¢) if v1; > 0 from the
complementary slackness, we can transform the above expression to

= flo1) + M <Z cip2(i,t) — M1) + > vy (Z citpa(i,t) — q)l(t)>

it {t|v1:>0}
< fler) + A(Ma — M) + > v (Da(t) — @a(t)) -

We finally obtain an important inequality.
Fp2) < flpr) + MMz — M) + ) vi(@a(t) — 21(2)) - (17)

Now we are ready to describe some retlations between the Lagrange multipliers and the limits

of cost.

Lemma 1 There are the following relations between the total limit of cost M and the La-

grange multiplier X.

(i) When X\ approaches oo, an optimal solution becomes ¢ = {0,---,0}. That is, A — oo
corresponds to the limit of M = 0.

(11) When two problems Py, Py, where only the total limits My and M, are different
have optimal multipliers \y > 0 and Ay > 0, respectively, Ay < Ao if My > M, and
vice versa.

(11i) Assume that problem Py has optimal multiplier \* = 0 and the weighted total amount
of optimal solution ¢* is C = X, cy*(i,t). For arbitrary limit M’ > C, ¢* and
M* = 0 remain optimal for problem Pyy. The number C gives the minimum of the
weighted total amount of resources corresponding to the multiplier \* = 0. For this
reason, we call C' the marginal limit of resources.

Proof: (i) When ) approaches co and v; is finite, p;;' (A + v4; 9—it) = au < 0 holds for all

(¢,t) and the assertion follows from (13).

(ii) Suppose that problems Py, Py, have optimal solutions ¢1, (2 and optimal multipliers

A1, Ag, respectively. Since A1, Ay > 0, My = 3, cup1(i,t) # Mo = 3, citpa(3,t) and

therefore p; # 2. By applying ®,(¢t) = ®(t) to inequality (17), we obtain f(ps) <

f(p1) + A (M2 — M;). Similarly we have f(y1) < f(p2) + A2(M; — M>) and consequently
the following relation holds.
MMy — M) < f(p1) — f(p2) < Ao(My — M)

It tells us that A\ < Ay if M; > M5 and Ay > A if My < Mo.

(iii) Let ¢™ and A* be optimal solution and optimal multiplier for the problem Py. Since

C < M, f(¢*) < f(¢™). Assuming * # @™, we have f(¢™*) < f(¢*) by substituting ¢; =

©*, 2 = ¢*, P1(t) = Do(t) and A; = 0 into inequality (17). It contradicts f(p*) < f(¢™).

Therefore ¢* = ¢*. Q.E.D.

Similarly we can obtain the relation between the local limit ®(¢) and the multiplier v, at

time point t € T'.

Lemma 2 There are the following relations between the local limit of resources ®(t) and

Lagarange multiplier v; at time pointt € T'.

(1) When v, approaches oo, an optimal solution at time t becomes {p(i,t) =0, i € K}.
That is, vy — 0o corresponds to the local limit of ®(t) = 0.

(ii)) When two problems where the local limits ®1(t) and ®s(t) are different only at time t
have optimal multipliers vi; > 0 and vo > 0, respectively, vy < vay if @1(t) > Doft)
and vice versa.

(iit) Assume that problem Py with the local limit of resources ®(t) has optimal multi-
plier vf = 0 and the local weighted amount of optimal solution ¢* at time t is
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D = ¥, cap*(i,t). For the problem with arbitrary local limit ®'(t) > D, ¢* and
v} = 0 remain optimal. The real number D gives the minimum of the local weighted
amount of resources at time t corresponding to the multiplier v = 0. For this reason,
we call D the marginal local limit of resources at time t.
As seen from Lemma 1 (ii), the correspondence between A and M varying on [0,00) is
one-to-one in a part of the half line [0,00). The following theorem describes a similar
correspondence between ®(t) and v;.
Theorem 2 (i) The necessary and sufficient condition of the marginal limit being 0 is
that

of
- <0 (18)
(i, )] g
for every (i,t) € K x T. Otherwise, the marginal limit M, corresponding to A =0
is given by the weighted total distribution in the following problem.

RPT max () (19)
s.t.

0<p(i,t) <my, 1€K, teT (20)

K

> eaplit) < O(t), teT . (21)

i=1

Specifically, letting @* be the optimal solution of the problem RPT, the marginal limit
18 Mmaz - Zi,t Cit(P*(’i,t). USing a new deﬁnition Of Amaa: = Supi,t{€ l pz‘gl(& 0) = 0})
there 1is the following relationship between the total limit M and the optimal multiplier
A for problem Py;.
The multiplier A = 0 corresponds to arbitrary M of M., < M and the limit M =0
corresponds to arbitrary A of Amaz < A. The multipliers Ay and A2 of 0 < A3 < Ag <
Amaz correspond to My and My of Myae > My > M > 0, respectively, which indicates
the monotonic one-to-one correspondence on 0 < A < Apag and Mpqar > M > 0.

(i) The necessary and sufficient condition of the marginal local limit being @meq(7) = 0
at time T is that, given optimal solution {p*(i,t), 1 € K, 7 #t € T} at all other
time points except T,

__8_f__ . <0
ol )| oliT) =0 E
p(i,t) = " (i) (t # 7)
for every i € K. Otherwise, the marginal local limit ®,,q,(T) corresponding to v, =0
is given by the local weighted distribution at time 7 for the following problem.

RPL, : max flp) (22)
s.t.

0<p@t)<my teK, teT (23)
K

> eap(iyt) < ®t), T#teT (24)
i=1

T K

> > cup(it) <M . (25)
t=1 i=1

Specifically, letting ¢ be the optimal solution of the problem RPL., the marginal local
limit is given by @maes(T) = 3, cir(i, 7). We make a new feasible solution ¢° by adding
{p(i,7) =0, i € K} at time T to optimal solution {p(i,t), i € K, T #t € T} at
any other time points except T and define Vmaz (1) = sup,{€ | pit (N + & %) = 0}.
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Then there is the following relationship between the local limit ®(T) and the optimal
multiplier v, for problem Py;.
The multiplier v, = 0 corresponds to arbitrary ®(7) of @pes(7) < ®(7) and the limit
®(7) = 0 corresponds to arbitrary v: of Vmaz(T) < v;. The multipliers vy, and va,
of 0 < v1r < Var < Vmaz(T) correspond to @1(7) and Po(7) of Paa(t) > 1(7) >
®,o(7) > 0, respectively, which indicates the monotonic one-to-one correspondence on
0 < Vr < Vpnao(T) and @5.(7) > ®(7) > 0. '
Proof: First we prove part (i). The marginal limit M,,,; = 0 means that the optimal
solution becomes ¢ = 0 for any M > 0. If 8f/d¢(i,t) <0, f(p) < f(0)+ Vf(0) -9 <0
holds for any 0 # ¢ € ¥, which indicates that the optimal solution is ¢ = 0. Conversely, if
Of /0p(i,t)|s=0 > 0 is possible for some (z,t), a small increase of (4, t) makes the objective
function value positive. We have verified the necessary and sufficient condition of M,,,, = 0.
In this case, it is self-evident that A = 0 and v; = 0 are optimal.

In the case that 0f/0¢(i,t)|,=0 < 0 does not hold, we prove that the marginal limit is
given by the weighted total amount M,,,,, of the optimal solution of problem RPT. Let o
and fys be the optimal solution and the optimal value of Py, respectively, and let ¢* and
f* be those of RPT. First f* = fur,,.. is clear. For M0 < M, f* = far,... < far is valid.
Considering that the problem RPT is made by deleting a constraint on the total amount
of cost from Py, far < f* follows. Now we have fy = f* = fu ... For M < M4z, the
assumption of fis = far,... leads us to par = ¢* from the uniqueness of the optimal solution,
which means that the weighted total amount of ¢y, is M,,4,. This contradicts that ¢,, has
the limit M on the total amount. Therefore, we have fyr < fur,.... Next we prove that
the optimal multiplier of P, . is A = 0. The necessary and sufficient conditions for the
optimal solution of RPT are given by the following conditions in analogy to Theorem 1:

There exist the non-negative multipliers {v1,¢ € T'} satisfying

oo L Of(p)

if o(i,t) =0, o 90, ) <y

’lf 0< QO(Z,t) < My, cit% =
if (i) = ma, L Oile) vy

ci Op(i, t) =
and fort =1,---,T,

K
if e >0, Y cupl(i,t) = D(t) .
=1
Comparing with the above conditions and conditions (7)-(11) for the problem P, ., we
easily know A = 0. From the above results of fi < fas,... for M < Myaz, frr = fu,,, for
Mz < M and the optimal multiplier A = 0, we conclude that M,,,, gives the marginal
limnit.

Next we prove that the optimal multiplier A corresponding to M = 0 must fulfill A\, < .
Since the optimal solution must be ¢° = 0 in the case of M = 0, 3; c;10°(i, ) = 0 < ®(¢) and
hence v; = 0 from condition (10). Now we have ¢°(i,t) = [p;'(); 0)]5"* as the representation
of the optimal solution. From the monotone non-increasingness of p;;* (-) and the definition of
Amaz, ©°(5,t) = 0 holds for Apes < A, For A < Mgz, 0°(3, ) = p5(A;0) > pi (Amaz; 0) = 0
holds on a certain point (7,t), which contradicts M = 0. Now we conclude that \,.e < .
From Lemma 1 (ii) and the preceding discussion, it has been verified that 0 < A\; < Ay <
Amaz implies Moo > My > M, > 0. The proof of the part (ii) can be done similarly by

using Lemma 2. Q.E.D.
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4. Methods for Optimal Solution

4.1 Derivation of optimal multipliers ,

Assume that we have the optimal solution ¢* = {¢*(i,t),i € K t € T} for problem Py,.
Here we consider a procedure to derive the optimal Lagrange multipliers from ¢*. We define
a function of y > 0 and ¢ € ¥ which indicates the subtotal amount of cost at time ¢.

Si(y, p) = Zcit [Pﬁl(y; (p—it)]

t=1

Myt
0 (26)
This is a monotone non-increasing continuous function of y. Since p;' (y; p—i) = a < 0 in
the limit of y — oo, we have lim, .o, S(y, ¢) = 0. In the limit of y — —oo, p;' (¥; i) = 00
and then lim, , o S;(y, ) = X;cumi. Therefore, Si(y, ) is continuous and monotone
decreasing on the range of values of (0,3, c;;m;;) and there exists a unique root £(¢, ) €
(—o0, 00) for the equation S;(£(t,p), ) = ®(t) with 0 < ®(t) < X, cmy. Now we sort
{&(t,¢*), t € T} in the order of values, such as &(t1,¢*) < &(t,9*) < --- < &(tr, ).
Suppose \* < &(t,¢*). Then since S;(A*,p*) > S:(&(, ¢*), ¢*) = ®(t), it must be vf > 0
in order to satisfy S:(A* + v}, p*) < ®(t) corresponding to inequality (14) and we have
A* + v = £(t, ¢*) from condition (10). Suppose A* > £(t, ¢*). If vf > 0, Se(A* + 1], ¢*) <
Si(A*, %) < Si(E(t, ™), ¢*) = @(¢) holds which is inconsistent with (10). Therefore v} = 0.
Summarizing the above discussion, we have the following relation among \*, v} and £(¢, ¢*).

IF X <&t 9%), N+ = £t 67) and 3 cug™(0,t) = B(0) (27)

if A= &(t¢7), vi=0. (28)
The multiplier A* must be equal to or greater than £(t;,¢*). Otherwise the supposition
of \* < £(t1,*) implies that equality holds in condition (3) at all ¢ € T from (27) and
contradicts the basic assumption (6). Now there is a certain integer I such that (¢, ¢*) <

A < &(tr4a,9%). From (27) and (28), we obtain vf = --- = vf, = 0 and A" + v},
E(ty,*), k=I1+1,---,T and the optimal solution as follows.
MO NT N k=1---,1
@ (i, t) = [p’f’;( v Zf’“)]o* ity (29)
[pitk(é‘(tlm(p )?‘p—itk)]o ’ k:I+177T
Now we can define the weighted total distribution by the above representation.
ma(e) K iy T K . mis
Q) = i [Pt o)]l D D cin [P €Ltk ) i),
k=1 i=1 k=pin ()41 =1
palp) K . mae, T
= 3 Yew[rarCiea)] T+ Y () (30)
k=1 i=1 k=p,(p)+1
where
pa(p) = max{k | £(tr, p) < A} (31)

In the case of ux(¢) = T, the second term of (30) is neglected and Q(A, ¢) also represents
the weighted total distribution in the case of £(tr,¢*) < A*. We can derive the optimal
multiplier A* from the function Q(-) as follows.

(i) In the case of Q(0,¢*) < M; If X* > 0, Q(A*,¢*) < Q(0,¢*) < M holds which has
inconsistency with condition (11) and hence A* = 0.

(ii) In the case of Q(0,¢*) > M; We have A* > 0 from the constraint Q(\*, ¢*) < M and
moreover Q(A\*,*) = M from (11). Considering limy_..c @(A, ¢*) = 0, we see that
there exists a unique A* satisfying Q(A\*,¢*) = M on 0 < A* < oo.

Now we have obtained the procedure of giving the optimal multipliers A\*, v} when the
optimal solution ¢* is provided, as follows.
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Convex Problem with Doubly Layered Limits 117

If Q(0, ¢*) < M, the optimal multiplier is \* = 0. Otherwise, it is uniquely determined by
Q(M\*, ¢*) = M. The other multipliers {1}} are given by v} =0 for k =1,---, ux-(¢*) and
v, = &(tk, ") — A" for k = pys (p*) +1,---,T. Then the optimal solution ¢* is represented

by

(i t) = [P (X502, e k=1, pux(¢")

’ (pr (€t 07 05|, - o k= mae(?) + 1,0, T

where T time points are sorted in the order of values of {£(¢,¢*), t = 1,---,T}, such that
E(ty, %) < &(ta, ") < - < E(tr, ") for ty,tg, -+, b
4.2 Algorithms for optimal solution
We propose two algorithms for optimal solution of Pyy.
(1) Gradient-completion method

This algorithm varies the feasible solution so as to satisfy Egs. (10) and (11) and ter-
minates when Eqs. (7)-(9) are fulfilled. The equations (7)-(9) are the condition for the
gradient of the Lagrangean function, which is the reason why we call the algorithm the
gradient-completion method. The outline of it is written down as follows.

Mty

; (32)

Algorithm GC

(GC1) If condition (18) is satisfied, terminate. Zero vector is the optimal solution.
Otherwise, set j = 0 and any initial feasible solution ¢/, for example, ¢ =
{0,---,0}.

(GC2) Using ¢ , define p;'(;¢’ ;) and obtain a set Ty = {t € T | S;(0,¢7) < ®(t)}
and T¢ = T — Ty. Let L be the size |Tp| of Tp. Number elements of Ty such as
t1,to,+,tr. Fort € T¢, calculate {£(t, %) | t € T°} satisfying S;(£(t,¢7),¢) =
®(t) and assign each element of T° numbers t7.1,---,tr in the order of 0 <
E(tpy1,¢?) < -+ < &(tr, ¢?). Obtain X by the following procedure.

(i) IfQ0,¢") < M,set A=0.
(i) If Q(0,¢”) > M, calculate a unique A > 0 for which Q(X, ¢?) = M.
Generate a new feasible solution @’ using £(tx, ¢’) and A as follows.
(:5](2 tk) — [pz_t:()‘agoj—ztk)]oztk ) mar k= 17:NA(903)
’ par (€t @) )] ™ 0 k=) + 1,0, T

(GC3) If @' = ¢, terminate. The current ¢’ is the optimal solution. Otherwise,

execute the following line search and generate the next feasible solution ¢/*! =

@+ 0@ — ).

(33)

. epd i, ~d g - .
; {ﬁﬁf(’—ﬁ.(:’)ﬂ I & (1, t) — ¢ (i,t) > 0} , otherwise

oo , if there is not for which ¥;cu(@(i,t) — ¢'(i,t)) >0
93 =

f@+07 (@ —¢)) = max. F@+0@ - ¢)), (34)
where § = min{6, 05, 03,04} and 0,, 6, 03,0, are given by four estimations.
o =1 % if there is no (i,t) for which & (i,t) — ¢’(i,t) < 0
') min;, {—ﬁ;f;ﬁ% ' P(3,t) — (i, t) < O} , otherwise (35)
oo , if there is no (i,t) for which @ (i,t) — @ (i,t) > 0
02 = min, ; (36)

. B(t)—3" cirp? (it) i . . (37
min, { 5~ cu(c;%:(i,t)—npi(i,t)) ‘ Sica(@(i,t) — ¢?(4,1)) > O} ) otherwm% )
x, Zf Zi,t cit(@j(iat) - Soj(ivt)) <0

94 = M_Zi,t citapj(i,t)
Zi,t Cit(‘/’j (ivt)_wj (i,t)) ’

(38)

otherwise
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Increase j by one, j = j + 1, and go to (GC2).

The range of § in the line search (34) is estimated by considering the feasibility of ¢'(i,t) =
P1(i,8) + 8( (5,1) — @0, 0): 0 < P(i.) < mu, Yup'(6,1) < B(t) and Sy /(6rt) < M.
From definitions (35)-(38), all of 61,05, 03,8, are equal to or more than 1 and at least one
of them is finite and hence 1 < 6 < .

The procedure of (GC2) and the representation (33) are the same as (29) assuming that
¢’ is optimal. By (33), @’ is generated so as to satisfy conditions (10) and (11). If $7 = ¢,
the conditions (7)-(9) become valid at the same time, which indicates that current solution
is optimal.

In the case of @7 # ¢’ in (GC2), the next solution ¢/*! is generated. Then if we can
clarify that f(¢?) < f(¢*1), the proof that lim; ., f(¢’) converges to an optimal value
will be completed from the boundedness of the feasible region ¥ and the finiteness of f(-).
Since ¢/*! is given by the line search in direction @ — 7, if the direction always becomes
an ascent direction, that is, V f(¢?)(¢7 — ¢?) > 0, we have f(¢?) < f(¢?*1). The assertion
of Vf(¢?)(®7 — ¢?) > 0 is made by the mean value theorem and the strict concavity of f(:)
below.

Vi) @ — ) =3 &)

(@j(i’ t) - ‘Pj(i: t))

it 00(61) | =g i)
6f(<P)
=2\ i 1) ©lit) = P(i,1)
ek, 7) = ©*(k,7)((k,T) # (3,1))
I e
) = F6.0) 51T o) = (1 0030 + 8u ity | P~ )
ok, 7) = @ (k, 7)((k,7) # (1,1))
0f ()
- Z; ' (i,1)) ch(z',t)l p(i,t) = ¢ (i, )
ok, 7) = @ (k, 7)((k,7) # (i,1))

@i, t) = (1 — 0:)P (4, ) + 0107 (3, 1)

*f ()
) ok, 7) = @ (k,7)((k,7) # (i,1))

— (@ (i, t) — ¢ (3,1))? Bo(i, 1)

-\ Of()
> Z (i,t) — (i, 1)) gml e(i,t) = ¢ (i, 1)

p(k, ) - (Pj(k7 ) ((k, 7) # (i, 1)) _
We subdivide K x T into Iy = {(i,t) | ¢’(:,t) = 0}, I, = {(i,t) | 0 < &?(4,t) < my} and
I, ={(i,t) | #'(i,t) = mi}, and then we can transform the above expression as follows.

> > A+ u)(=@ () + > A+ w)(@(61) — ¢ (i,1))

(i,t)EI() (’i,t)EIl
+ Z Cit()\ + Vt)(mit — @](Z,t))
(i,t)el2

= > A+ 1) (@(0,1) — (G, 1))
= A (€ (i, 1) — cae? (1)) + zt: v S (ead (5,8) — e (5,))

>0
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The last inequality comes from the fact that 3=, ; ¢4 @ (i, t) = M for A > 0 and ¥, ¢ @ (i,t) =
®(t) for v, > 0. Now the proof is completed. The gradient-completion method generates a
sequence of feasible solutions °, ¢!, ©?,--- with the increasing values of f(¢°) < f(¢') <
f(¢?) < --- and terminates to give an optimal solution.
(2) Total amount-completion method

We propose another algorithm for optimal solution. We know that there is a simple
relation between the optimal multiplier A and the weighted total amount of resources as
stated in Theorem 2. First we calculate an optimal solution ¢** and the marginal limit
M., corresponding to A = 0. If M., < M, the optimal solution of the problem is
nothing but ¢*. If M., > M, the algorithm adjusts A\ and finds a solution satisfying
Yt cip™(i,t) = M at last. The varying of A means the indirect adjustment of the weighted
total amount of resources. That is why we call the algorithm the total amount-completion
method. Let ¢* be the optimal solution of the problem. The outline of the algorithm is as
follows.

Algorithm TAC

(TAC1) If condition (18) is satisfied, terminate. Zero vector is the optimal solution.
Otherwise, calculate Amqz = sup; {€ | pi*(&;0) = 0}.
(TAC2) By a subprocedure AL, which is described later, for A = 0, calculate an optimal
solution ¢** and the marginal limit Mon.e = ¥; ; ce0™* (3, ).
(i) If Mye < M, terminate. The current ¢** is optimal.
(i) If Mpe > M, set A =0 and X = M-
(TAC3) Update A by A = (A + X)/2 and calculate »** by the subprocedure ALj.
(i) If 3;;ciup™™(i,t) = M, terminate. The current solution ¢** is optimal.
(i) If 3;; cup™(i,t) > M, set A = A and repeat (TAC3).
(iii) If 3, ; cap™ (i, ) < M, set X = X and repeat (TAC3).
AL, is the subprocedure to give the optimal solution ¢** corresponding to the given mul-
tiplier .

Algorithm AL,

(AL1) As a tentative solution, take ¢ delivered from the procedure TAC. Substitute
{#(i,t),i € K} which is derived after the execution of steps (AL2)-(AL4) at
time t € T for a part {¢(i,t), ¢ € K} of ¢. Denote this operation by operator
A:. Repeat the operation of ¢ = Ayp for all ¢ € T and make ¢ converge to a
vector which is ™.

(AL2) At a fixed time point ¢, initialize v, = 0 and obtain {((i,t), i € K} satisfying
@(i,t) = [pi" (X + v;0-1)]0 by a subprocedure ALy (v;) which is described
later. If 3°; cirp(3,t) < ®(¢), terminate. Otherwise estimate v; and ¢ satisfying
i citloirt (X + v 0| = ®(t) by the following steps (AL3) and (AL4).

(AL3) Set v = 0 and 7 being large enough.

(AL4) Update v, by v; = (v + 7)/2 and obtain {¢(i,t),i € K} satisfying ¢(i,t) =
[Pt (X + v; p_i2)]5* by a subprocedure ALy ().

(i) If X cip(i, t) = ®(t), terminate.
(i) If X canp(i, t) > ®(t), set v = 14 and repeat (AL4).
(i) If X2 cirp(i, t) < ®(t), set U = 1, and repeat (AL4).
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The subprocedure AL, (v;) is a repeating procedure as follows.

Algorithm ALy (1)

Start from current solution ¢ and repeat the substitution of [p;' (X + v4; 0_i)]|5* for (i, )
at every t = 1,2, ---, K until ¢ converges.

The total amount-completion method terminates and then gives an optimal solution ¢*
as the gradient-completion method does. First let us make sure that Algorithm AL, (1)
M4t

produces a solution satisfying ¢(i,t) = [p;' (A +v4; p_it) |0 at time point ¢. The calculation
of [pz' (A + vi; p_ir) ] is equivalent to finding a ¢(i,t) satisfying the following conditions.

. 1 9f(p)
= — <
If o(i,t)=0, 2 D(i. 1) <A+uy,
. . 1 9f(y)
t . — —

if 0<@(i,t) <mgy, ) A4y,
. . 1 9f(v)

) =my, ——rtl .
Zf <)0(Z7 ) Mt ) Cit 3@(7/’_[/_) Z A + 1%

The conditions are the necessary and sufficient conditions for the optimal solution of the
following univariate convex programming problem.

LPy(M\v;) : max {f(go) — )\chTga(j, T) — ZVT chTcp(j, 'r)}

p(i1) i

s.t.

0 < (i, t) <my

{¢(j,t), i #j € K} are given.

{e(j,7), 7€ K, t#7 €T} are given.
The above objective function which we denote by f(¢) is strictly concave and hence the
problem has a unique optimal solution. By substituting an optimal solution for only an
element (i,t) of the current tentative solution {((7,t),7 € K} at time ¢, which we denote
by operator Iy, it follows that f(¢) < f([ip) while equality holds only if ¢ = Tup.
Therefore, the repetition of I';; for 7+ € K brings the convergence to a solution ¢ which
fulfills ©(i,t) = [pz (X + v1; 0_it)]0"" for every i € K at t.

In steps (AL3) and (AL4) of Algorithm AL,, while fixing ¢ at any other time point
except t, {¢(i,t), ¢ € K} satisfying the following conditions at ¢ is obtained.

0(i,t) = [ A+ vi50-a)5™ , 1 € K

if >0, > cupl(it)=().

These conditions are equivalent to the following conditions as seen by analogy to Theorem

1.
. 1 of
t) = — <
‘[f 90(7/, ) 0 2 Cit 8@(2’ t) f— A + I/t
1 af

if 0<(i,t) <mgy a9l D) + 1
. 1 0of

N 1 >
if (i, t) =my , ca Bid) = A+ 1

for 7+ € K and

Zf vy > 0 s Zcitgo(i,t) = (I)(t) .
These condjtionsl are necessary and sufficient for an optimal solution of the following convex
programming problem LFP;(\) with a fixed t.
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LP,()) : max {f(go) — /\Zcir(;o(i77—)}

2,7
s.t.
0< (i,t)<my, i€ K

Z cirp (i, tj < ®(t)

Ap@i,7), 1€ K, t#7 €T} are given.

Since the objective function f(p) = f(¢)—\ > i Cirp(t, T) is strictly concave and the feasible
region is a closed convex set, the problem has a unique optimal solution. By the operation
Ao, {p(ist), i € K} is changed to {@(i,t),7 € K} which is the optimal solution of problem
LP;()) and hence f(p) < f(A:p) where equality holds only if ¢ = A,p. By the repetition
of A; fort =1,---,T, the solution converges to a solution which is just the optimal solution
of the following problem LP(\).

LP()) : max {f(go) — )\Zcitgo(i,t)}
it
s.t.
0< (i, t)<my, i€ K,teT

Zcittp(i,t) <P1), teT.

In case A = 0, the problem LP()} is identical with the problem RPT in Theorem 2 and
Algorithm AL, gives the marginal limit M,,,, and the corresponding optimal solution **
n (TAC2). We can say that if M., < M holds in (TAC2), ™ becomes an ultimately
optimal solution. In the case of A > 0, denoting the total cost of the solution of ALy by M, =
Yt cirp(i, t), it follows that ©(i,t) = [py (A+v; @—i)|5* for all (4,¢) and ¥, cuep(i, 1) = ®(2)
if v; > 0, for t € T' and moreover My = X, ; ciyo(4,t) if A > 0. This means that we already
have obtained the optimal solution ¢** with its total amount M) corresponding to the
multiplier . Therefore, just when 3=, ; ¢:p**(4,t) = M occurs by adjusting multiplier A, we
have obtained an ultimately optimal solution. Now we have proved the validity of the total
amount-completion method.

With an additional assumption, only K calculations for ¢ = 1,--., K are necessary to
Algorithm AL,(v;) instead of repeating the substitution. The assumption is as follows.

(AS4) For alli € K, p;*(&; p_i) does not contain {¢(j,t),j € K} explicitly.

The revising method of A = (A + 2)/2 in (TAC3) or v; = (v + 7)/2 in (AL4) is simply
binary search. There could be other ideas for revising the multipliers. We can exploit the
monotonicity of the relation between the multipliers and the weighted total distribution
explained in Theorem 2. That is, assuming that there is an inversely proportional relation
between them, we obtain a new revising method for A in (TAC3) or v, in (AL4).

Let M and M (M > M) be the total cost limits corresponding to A and X, respectively.

The new revising of A is as follows.
M-M_ M-M
: + A (39)

Corresponding to )\ = 0 ‘and X\ = Amagz, initial setting of M = MmaI and M = 0 must
be added in (TAC2)(ii). Similarly, letting ®; and ®; (®; > ®;) be the local cost limits
corresponding to v and 7 at time ¢ € T, respectively, we may revise v; in (AL4) by the
following estimation.

2 —0() () —
= 3 3, v+ 3, — 3, v. (40)
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5. Numerical Examples

Here we apply the two methods proposed in the previous section to some examples in
order to clarify some characteristics of the optimal solution. Furthermore, to elucidate
the computational efficiency of the proposed methods, we compare our methods with some
well-known methods of non-linear programming with respect to computational time. Let
us consider the following search model.

(1) A searcher wants to detect a target by distributing search effort which can be continu-
ously divided on the search space of a discrete cell space and a discrete time space. The
cell space and the time space are denoted by K = {1,---,K} and T = {1,---,T},
respectively.

(2) The available search effort has some constraints on the total amount. Let ¢(i,t) be
the effort distributed on a point (i,¢t) € K x T. It must be 0 < ¢(3,t) < m;. The
subtotal amounts of effort must not be beyond ®(¢) and M, respectively, that is,
Yip(i,t) S @(¢) and 3, 0(2,8) < M.

(3) The target has several possible paths, denoted by Q. Path w € Q is selected with
probability m(w). The path w is represented by a sequence of cells according to time
flow, {w(t),t € T} where w(t) is the target’s position in the cell space at time t. Such
path information is given to the searcher in advance. It is assumed that 3 ,cq 7(w) = 1.

(4) By search effort ¢(i,t) distributed on a point (i,¢t) € K x T, the target is detected
at time ¢ with probability 1 — exp(—a;p(i,t)) only if w(t) = 4. The positive real
number ¢; indicates the detectability of cell 7. Events of the detection at each time
are assumed to occur independently each other.

In the search model, our purpose is to find a distribution of search effort ¢ = {(,1), (3,%) @
K x T} maximizing the detection probability of the target. By the search plan ¢, the
probability that the target on path w is detected is 1 —exp(— X_; oy p(w(t), t)) and therefore
the detection probability P(y) which is the objective function is given by the following
expression.

T

Plo) = 1= X wlo)exp (= T auplol®). 1) (1)
weN t=1

The function is finite and strictly concave for variables {¢(i,t), (i,t) € S} where S =

{(w(t),t), t=1,--- T, w € Q} C K x T. This problem is obtained by applying c;; = 1
and the objective function P(¢) to the original problem Py,. The representation (13) of the
optimal solution has the following analytic form in this problem.
. 1 0 e, T(@) exp (= X1 aw(r)so(w('r)ﬁ))} o
p(i,t) = | —log
Q5 A+ Uy 0

where €2;; is defined as a set of target paths running through cell 7 at time ¢, that is,
Qu = {w € Q| w(t) =1}
5.1 Characteristics of the optimal distribution of search effort
Here we elucidate some characteristics of the optimal distribution of search effort. The
problem contains too many parameters to execute sensitivity analysis for all cases. We
mainly focus the analysis on the effect of ®(¢) or M on the optimal solution.
Basic case: The search space consists of K = {1,2,3,4} and T = {1,---,5} and the
target selects one of 5 paths with equal probability m(w) = 1/5. A set of target paths € is
illustrated by Table 1 and Figure 1.

(42)
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Time ,
1 2 3 4 5
Table 1 Target paths. 1 ® @ ® @- PY
Path 1
o\t 1 2 3 45 el A 2
I 1111 1 4 Path 2
2 222 2 2 2| e @ —®
3 3333 3 = N N
4 1 2 3 4 4 © \.\ ™
5 4 2 1 2 3 3 e[ P
/ N Path 3
; Moo
Path 5 Path 4

Figure 1 Target Paths.

Paths 1, 2 and 3 always stay on cells 1, 2 and 3, respectively. On the other hand, Paths 4
and 5 move across the cell space right to left or left to right. The total search effort A =5 is
available to the searcher on the whole search space and the subtotal effort ®(t) = 2 at each
time ¢. The amount of effort on every point is supposed to be unlimited, that is, m;; = oo.
The detectability parameters are all a; = 0.2 everywhere. Applying the gradient-completion
and the total amount-completion methods to this problem, an optimal distribution of search
effort is given as shown in Table 2. The maximum detection probability is P(¢*) = 0.371.

Table 2 Optimal distribution of search effort in basic case.

Cell\t 1 2 3 4 5 Total
1 0.7 0 07 0 O
2 0 20 0 0 O
3 0 0 075 0 0.75
4 0 0 0 0 O
Subtotal 0.75 2.0 15 0 0.75 5.0

In this basic case, Points {(z,¢)} = {(1,1),(2,2),(1,3),(3,3),(2,4),(3,5)} are crossing
points of several paths, and should therefore be efficient points for search. Table 2 numeri-
cally supports the validity of this understanding. Three paths cross at (2,2), which is why
the local limit ®(¢) = 2 is concentrated on this point at time 2. Paths 2 and 5 are probably
detected by the (2,2) search, so the detection efficiency of the point (2,4) is relatively low
and the searcher should not search at time 4. This is the basic case.

By deleting the local limit ®(¢) from the basic case, we can estimate the unbiased effi-
ciency of the detection for all points on the whole space. The obtained result is given in
Table 3. The distributed effort of point (2,2) increases to be ¢*(2,2) = 3.77. In term of
the unbiased detection efficiency, the point (2,2) becomes very important. Focussing more
~effort on the point (2,2) brings more detection probability P(¢*) = 0.386 than the basic
case.
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Table 3 Optimal distribution of search effort(locally unlimited).

Cell \ ¢ 1 2 3 4 5 Total
1 031 0 031 0 O
2 0 37 0 0 O
3 0 0 031 0 0.30
4 0 0 0O 0 O
Subtotal 0.31 3.76 0.62 0 0.30 5.0

The following is the case where more total effort(M = 12) is available than in the
basic case. As shown in Table 4, some effort is distributed on point (2,4), which is d-
ifferent from the above two cases. In this case, the marginal limit of search effort is
M ez = 10.0. The optimal Lagrange multiplier X is 0 and the others are {v1,---,v5} =
{0.037,0.042,0.034,0.029,0.031}. The maximum detection probability is P(p*) = 0.569.

Table 4 Optimal distribution of search effort(M = 12).

Cell\t 1 2 3 4 5 Total
1 20 0 065 O 0

2 0 20 0 20 O
3 0O 0 135 0 20
4 0 0 0 0 0

Subtotal 2.0 2.0 20 20 2.0 10.0

In the above three cases, crossing points of target paths play a critical role for search.
‘However there might be a case that even the points which are estimated to be less important
from the routing situation come to receive some effort. In the following case, the result of
which is given in Table 5, system parameters are set to be M = 10, ®(1) = &(2) = &(3) =
0.1, ®(4) = ®(5) = 8.0.

Table 5 Optimal distribution of search effort(early limit, M = 10).

Cell\t 1 2 3 4 5  Total
1 0.1 0 0 073 0.73

2 0 01 0 349 O
3 o o0 01 0 349
4 0O 0 0 063 063

Subtotal 0.1 0.1 0.1 4.85 4.85 10.0

Since the distribution of effort at time points ¢ = 1,2, 3 is depressed, some effort is dis-
tributed on points (1,4), (4,4), (1, 5), (4,5) where only one path runs through. The detection
probability is reduced to P(yp*) = 0.464 compared to the previous case, even though the
same total amount of effort is expended.

5.2 Computational time

The original problem Pj; is a convex programming problem and can be solved by not only
the proposed methods but also other well-known methods of non-linear programming. Here
we compare the computational time of solving the problem by the proposed methods with
that of the gradient projection method and the multiplier method.

As the experimental example, we take the two-dimensional search problem of the previous
section. Problems are randomly generated as follows. First we decide the number of cells
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K, the number of time points T and the number of target paths |Q2|. A target path is
constructed in such a way that a cell is randomly selected from K cells at each of T time
points. The one-path-construction is repeated for each path, and we suppose 7(w) = 1/|Q|.
For the detectability parameter o; of cell 7, a real number is randomly chosen in the interval
[a,@]. Finally, we set the limits of search effort m;, ®(¢), M and then the generation
of a problem terminates. Through all computer experiments here, we set || = 10, a =
0.1, @a= 05 M =5, &) = 1 and m; = 6 which means that the local limit m;; gives
no practical constraint on the amount of search effort. We vary K and T of the space
by K = 5,20(5), T = 5,20(5) to measure CPU-times of solving many sizes of problems.
Using a HITACHI S3600/120A mainframe and programming language FORTRAN 77, we
solve each problem by four methods: the gradient-completion method, the total amount-
completion method, the gradient projection method and the multiplier method which are
abbreviated to the GC method, the TAC method, the GP method and the M method
for short, respectively. For each size, 50 problems are generated and solved by each of 4
methods. CPU-times are averaged for 50 problems and shown in Table 6. A symbol ***
indicates the case that the algorithm did not terminate in 300 seconds. Approximately,
problems larger K = 10 and 7' = 10 could not be solved by the M method, or larger than
K =20 and T = 20 by the GP method.

Table 6 CPU-times(sec) of four methods.

K\T 5 10 15 20
GC 53x107?% 27x107Y 47x107! 71x107!
5 TAC 40x1072 41x107' 83x107' 1.3x10°
GP 19x107! 92x107! 26x10° 5.9 x10°
M  79x%10° 2.6 x 1012 * % % * % %
GC 89x102 44x1071 78x1071 1.2x10°
10 TAC 58x107%2 76x107' 1.4x10° 23 x10°
GP 11x10° 6.2x10° 23x10t 55x 10t
M  6.0x 107! % % % %k % X % X
GC 1.4x107!' 65x107! 1.1x10° 1.8x10°
15 TAC 76x%x1072 1.1x10° 19x10° 3.7x10°
GP 4.0x10° 2.6 x10** 7.7 x 10+ * s
M * % % * % % * % % * % %
GC 18x107" 66x1071 13x10° 2.1 x10°
20 TAC 1.1x107' 13x10° 25x10° 4.3x10°
GP 1.0x 10t 6.1 x10™! * % % * % %
M * % % * % % * % % * % %

From Table 6, we can summarize the tendency of the computational time for each method.

(1) The computational time of the M method is approximately 100 ~ 1000 times as much
as the proposed methods. The M method can be applied only to small problems.

(2) The GP method always expends more CPU-time than the proposed methods, espe-

cially for large K and 7. For small problems, its computational time is 3 ~ 10 times

as large as the proposed methods and 10 ~ 100 times as large for large problems.

(3) Among the proposed two methods, superiority varies by the size of problem. On the

whole, the GC method is superior to the TAC method. The increase of CPU-time

with K is low for both methods as seen from the result that the CPU-time for K = 20
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is only 2 ~ 3 times than K = 5. On the other hand, CPU-time increases rapidly with
T'. The CPU-time for T' = 20 is about 13 times that of 7' = 5 for the GC method and
30 ~ 50 times for the TAC method. This is the main reason why the GC method is
superior to the TAC method for problems where 7T is large.

The increase of 1" directly causes the increase of the number of constraints ®(t). For
the execution of the algorithm, the number of subprocedure repetitions becomes larger
and the convergence speed to an optimal solution becomes lower. Especially the TAC
method has the algorithmic construction that subprocedure AL,(v;) is called from
AL, to temporarily obtain a convergence solution for each time. That might be the
reason why the effect of increasing 7" is steeper on the TAC method than the GC
method.

6. Conclusions

This paper deals with a kind of two-dimensional resource allocation problem with double
layers of constraints on the total amount of resources. From the viewpoint of the resource al-
location problem, the problem is a generalized version which has a general concave objective
function and doubly layered constraints. From the viewpoint of a non-linear problem, it is
a specialized version which has a special form of constraints. We proposed two methods for
the optimal solution. The proposed methods are constructed by making use of the simple
relation between the constraints and their Lagrange multipliers. By numerical experiment,
it is verified that the proposed methods perform better than other well-known methods.
The necessary and sufficient conditions and the relation between the constraints and the
Lagrange multipliers which we clarified in this paper could be extended on three or more
dimensional space.
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