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Abstract Fujimoto et al., have proved that the tail of the joint queue length distribution in a two-stage
tandem queueing system has the geometric decay property. We continue to investigate the properties of
stationary distributions in this tandem queueing system. Under the same conditions proposed by them, it
is further shown that the stationary probability of the saturated states in the PH/PH/c; — /PH [c; queue
has a linear combination of product-forms. The method of linear combination of product-forms is presented
in a QBD process with a countable number of phases in each level. We show that each component of these
products can be expressed in terms of roots of the associated characteristic polynomials which involve only
the Laplace-Stieltjes transforms of the interarrival and service time distributions.

1. Introduction

Fujimoto et al. [7] studied the asymptotic properties of the joint queue length distribution
in a two-stage tandem queueing system where both interarrival times and service times are
of phase type. The system is constructed with an infinite buffer and multiple servers in each
stage and is denoted by PH/PH /¢; — /PH/co. They proved that its stationary distribution
has a geometric tail, i.e., the asymptotic probability distribution of the number of customers,
either that in the first queue or in the second queue goes to infinity, has a geometric decay
property. Here, we provide a different approach to solve the same problem. In specific,
we not only investigate the tail stationary probability but also discuss the property of the
stationary distribution for saturated states (to be defined later). We prove that they can
be written as a linear combination of product-forms. The method of linear combination
of product-forms is presented in a quasi-birth-and-death (QBD) process with a countable
number of phases in each level. To our knowledge, the result has never been reported so far
in the literature.

Bertsimas [4] studied a Cy/C,/c queue. He showed that the equilibrium probabilities
for saturated states are geometric in the number of waiting customers by using a generating
function technique. In [3], he showed that the waiting time distribution under first-come-
first-served (FCFS) discipline for the Cy/C,/c system can be expressed as a mixture of
exponential distributions. Adan et al. [1] showed that in the Ej/E; /c queues the equilibrium
probabilities for saturated states can be expressed as a linear combination of terms that are
geometric in each of the state variables. Neuts and Takahashi [11] showed the stationary
distribution of the queue length at arrivals has an exact geometric tail of rate between 0
and 1 in the GI/PH/c queue with heterogeneous servers. It was further shown that the
stationary waiting time distribution at arrivals has an exact exponential tail of a positive
decay parameter. For a tandem queueing system PH/PH/1 — /PH/1, Fujimoto and
Takahashi [6] tested various types of models with various traffic intensities at stage 1 and 2.
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Product-Form Solutions in Tandem Queues 437

They conjectured from all observed results that the joint queue-length probability p(n;,n2)
may be approximated by Gn*ns? as ni,ny — oo, where the coefficient G and the decay
rates 71, 1, are depending on ny, ne. Similar models and results were investigated by Ganesh
and Anantharam for GI/M/1 — /M/1 in [5].

In the present paper, we show that the stationary distribution of the number of customers
in the system when all servers are busy is a linear combination of product-forms. The
solution technique is based on a novel approach that was taken to solve a PH/PH/1 system
by Le Boudec [10]. He showed that all the eigenvectors used in the expression of the
stationary probability of the PH/PH/1 system are Kronecker products and gave a simple
formula for computing the stationary probability of the number of customers in the system.
The essential idea of his approach is to avoid the integration of equations of saturated and
unsaturated states. Because the solution of PH/PH/1 can be expressed in terms of roots
of the associated characteristic polynomial, we may reduce the state balance equations to
a vector difference equation with constant coefficients for a basis of separable solution of
the equation of saturated states. We use this basis to construct a linear combination that
also satisfies the conditions at boundaries of the state space. We solve a PH/PH/c, —
/PH/cy queueing system by showing the Matrix-geometric form solution of a QBD with a
countable number of phases in each level. The result yields a new expression of the stationary
distribution and may be used to compute other performance measures, such as the delay
probability, the moments of the queue size distribution and the waiting distribution.

The remainder of the paper is organized as follows. In Section 2, we review some re-
lated work to this problem, especially, results in [7]. The theorems for a single-server
PH/PH/1 — /PH/1 system are presented in Section 3 and Section 4. In both sections, we
construct the basis solutions that satisfy the state balance equations for two different cases
which correspond to the traffic intensities at both stages. In Section 5, we give an outline
of the proof for the multi-server PH/PH/c¢; — /PH/cy system. All technique lemmas are
proved in appendices. Finally, The paper is summarized and concluded in Section 6.

2. Model Formulation and Preliminary Results

In this section, we describe the standard form of the phase representation for queueing
systems. Our goal is to outline the method in preparation for modification to be considered
in the following sections. Several important theoretical results will be stated without proof.
We employ notations that are consistent with [7] where there is only a few very minor
exceptions.

Consider a two-stage PH/PH/c; — /PH/cy system. Each stage has ¢, servers and
a buffer of infinite capacity, k = 1,2. Service times of each server j, j = 1,2, -, ¢, are
independent and identically distributed (i.i.d.) random variables subjecting to an irreducible
phase-type distribution PH(8,;,Sk;) with Ji; phases and service rate py;. Interarrival
times of customers are also i.i.d. random variables subjecting to an irreducible phase-type
distribution PH (e, T) with Jy phases and arrival rate A. Assume the service times and
interarrival times are mutually independent. The service discipline is FCFS and to randomly
choose any idle server according to state-dependent probabilities. We denote the traffic
intensity at the stage k by pr = \/ux, where p = Y75, puxj. Assume p, k = 1,2, are
less than 1 so that the chain is stable and has stationary state probabilities. The state of
the system is represented by a vector (ni,m9;%0,%11,*, %1e;5%21, - - 5 92¢,), Where ny is the
number of customers (including those in service) in the k-th stage, i¢ is the phase of the
arrival process, and 7; is the phase of the service process at the j-th server of the k-th stage,
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438 H. P. Luh

J=1,2,--+,¢, k=1,2. The index 4; is interpreted to be zero if the corresponding server
is idle. Under the stability condition of the system, the stationary state probabilities may
be obtained and denoted by 7(nq, no;io, 11, - -, t1e,; 01, " - -, l9¢, ). Sometimes for a concise
representation, it is written as m,, ,, in its simple expression. The saturated stationary
probability is defined for ny > ¢; and ny > cp. Otherwise, it is called a unsaturated
stationary probability.

Denote by I the identity matrix and €’ the column vector of all entries equal to 1. The
order of them may be any positive integer according to its suffix which is defined by the
corresponding T or Si;. Let
A
Yo =
Denote by 7™(s) and Sg;(s) the Laplace-Stieltjes Transforms (LST) of the interarrival and
service time distributions respectively. It is known that

T*(s) = a(sly — T) 'y, and Sii(8) = By, (slk; — Sk;j)_lfykj.

To solve a two-stage PH/PH /c; — /PH/cy queueing system, we need to discuss the
following two cases according to their intensities, p; and ps.
Case I: If p; > po, we consider the system of equations (2.1) and (2.2).

A
Te' and ~,; = —Syje;

T*(SO) = h
575(s15) = k! j=1,2,..,0 (2.1)
so+su+--+58 = 0

Suppose one of solutions for the system of equations (2.1) is (h, o, S11, -, S1¢;)=(111,00,011,---,
O1c,). It was proved by Fujimoto et al. [7] that 0 <7 < 1, 0p > 0 and o;; < 0. Using n
defined above we consider another system of equations for A, Sg, S11, ..+, S1e;» S215 -+ S2¢s)

T*(So) — ’rh
Sii(sy)=m'h j=1,2,.., ¢

— p-l _ (2.2)
S5i(s95) = h j=1,2,...,co
80+811+"'+8101 +821+"'+8202 =0
Suppose one of the solution is (A, So, S11, -, S1eys 21 -y S2¢5) = (M2, W0y W1T, vy Wiey s Wy «vey Wacy )-

Notice that wy = 0. Based on the solution, we construct a solution basis for the station-
ary probabilities of saturated states when 7y < 1. All of these solution techniques will be
discussed in Section 3.

Case II: On the other hand, if p; < py, we consider the equations (2.3) and (2.4).

S35(52i) = bt j=120 (2.3)
Sot 81+ F Sy, = 0

Suppose one of solutions for the system of equations (2.3) is (h, sg, S21, ---, S2¢5 ) =(7]2,50,521,- -,
Fae, ). 1t was proved by Fujimoto et al. [7] that 0 < 7p < 1, 69 > 0 and &9; < 0. Using 7,
defined above we consider another system of equations for (h, Sg, $11, ..y S1es 215 -++s S2¢2)5

T*(So) =h

Sti(sy) =mh™  j=1,2,..,a | 2.4
55](82]) :7—]2—1 J= 1527--';62 ( ) )
So+ S11+ -+ 81, + 821+ + S2e, =0
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Suppose one of the solution is (R, S, S11, -y S1e1s S215 --s S2e5) = (T, D0, @11, -y D1y D21, oo
W2, ). Notice that @y = Fy;. Again, we may construct a solution basis for the stationary
probabilities of saturated states when 7; < 1. All these solution techniques will be discussed
in Section 4.

In order to discuss the solution technique of solving the PH/PH/c; — PH/cy queueing
system clearly, without been confused by massive notations, we begin by solving PH/PH/1
— PH / 1 first.

Thus, we shall consider case I with ¢; = ¢y = 1 in Section 3 and case Il with ¢; = ¢y =1
in Section 4. It will also be discussed in both sections that how stationary probabilities
are obtained. This includes the existence of a solution basis for saturated states and how
an algorithmic procedure of obtaining the stationary probabilities for unsaturated states.
We also show extensions of the present approach to more complicated distributions are
possible although the results are correspondingly more complex. This is shown in Section 5
by applying this method to solve the PH/PH/c; — PH/cy queueing system.

3. PH/PH/1 — /PH/1 Model: Case I

In this section, we consider the PH/PH/1 — /PH/1 system with p; > py. The state of the
system is represented by a vector (ni, ng; 4o, €1, i2), where ng is the number of customers
(including the one in service) in stage k = 1,2, 4q is the phase of the arrival process, and i
is the phase of the service process at stage k, k = 1, 2. To what it follows, we will show the
stationary probabilities for n; > 0 and 1o > 0 has a product-form. At first, we will write
out all the system balance equations and check if it satisfies these equations.

3.1. Balance equations

We arrange the states (ni, ng, to, 41, 42) in lexicographic order and partition of the state
space according to ng, i.e. ,

L, = {(n1,n2,40,%1,%2)|n1 =m}, m=0,1,2,---.
Define 7 the stationary vector partitioned according to L,,’s as:
™ = (0, W1, ).
Let L,., be the state space which is arranged according to n; and ng, i.e. ,
Lin = {(n1,n9,%0,%1,92) |01 = m,ng =n}, mn=0,1,2---
Thus connecting the probabilities between L£,, and L,,, for any fixed m may be denoted as
Tm = (Tm0, Tm1, ),

where g is a row vector of size Jy, 0 of JoJ1, Ton, of JoJo, and 7., of JoJ1Ja, if
ny, ng > 0. We denote by Q the transition rate matrix of the chain corresponding to the
arrangement of £,,. Then Q is of the block-tridiagonal form and written as

"B, A i
C, B A
Q- C B A
C B
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440 H.P. Luh

where the submatrices A, B, C, Ay, By, and C; are given below

Yo ® T ]
Yor ® 1 ® I,
A= Yo @I @ I
Yoo ®1; @15
T Tes
Io®11®’)’2 T@Sl@SQ
B = IeLioy,8, T&S: @S,

Io®@Li®v,8, TGS @S,

[0 Io®v,8, ® 06, 1
0 IO®’71,31®I2
C: 0 IO®71161®12

0

[ Yo ® B4
Yor ® B; @I
Ao= 70a®/61 ®12

r T
IO®72 T®S2
By = ILy®v.,8, T®S:

and i
0 Li®vy, ®06;
0 Io®’)’1®12
c, 0 ey, @I

L |

With these notations, the balance equations write

moAo + ™ B+ mC =0 (3.2)

71'0B0+7T101 =0 (31)
Tm 1A+ 7, B+m,,.1C=0 m>1 (3.3)

Specifically, expanding (3.3) according to L,,, with respect ton > 1, n =1 and n =0 is
written as follows.

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



Product-Form Solutions in Tandem Queues 441

For n > 1, it is written as

Tn(T® S, @ S,y) =
Tm-1n(Tefa @ I1 @ In) + mppnt1(To ® I @ Sae58,) + Tmt1n—1(Lo ® S1€18; ®I5)

(3.4)
For n =1, it is written as
A (55
Tm-11(Tefa @ I; @ Ip) + mmo(lo ® Ii @ Sae585) + Timt1,0(Io ® S1€/8, ® B,)
For n =0, it is written as
TFm’o(T@Sl) = (36)

'n'm_lyO(Te{)a ® Il) + "Tm,l (Io ® Il ® 828’2).

Expanding (3.2) according to L, with respect ton > 1, n =1 and n = 0 is written as
follows. We have
for n > 1,

T (TO®S;®S,) =

/ / 37
won(Tegae ® B @ In) + W1 n1(Io @ L1 ® SeehB8y) + won—1(Io ® S1€18, ® I,) (3.7)

for n =1,

71'1’1(T @ Sl @ SQ) =

/ 3.8
w1 (Tega ® B, @ L) + w1 2(Io ® I1 ® Spe53,) + o o(Io ® S1€18, ® B,) (38)

and forn =0
7T1’0(T D Sl) ==
ﬂoyo(Teloa ® ,81) + 71'1’1(:[0 X Il ® Sgeg).

Expanding (3.1) according to L., with respect ton > 1, n =1 and n = 0 is written as
follows. We have

(3.9)

forn > 1,
7T0’n(T D Sg) = 7T17n__1(:[0 ® Sle’l ® IQ) + 7T0’n+1 (IO X Sze,ﬂQ) (310)
for n =1,
7\'0,1(T B S,) = 7l'1,o(Io ® Si1e] ®0,) + 7l'0,2(Io ® Sqe503,) (3.11)
and for n =0
7\'0:0T = 70,1 (IO %Y Sgef?). (312)

The symbols @& and ® are algebra operators performed as a Kronecker sum and a Kronecker
product respectively. They were defined in Bellman [2] and were used to simplify the rep-
resentation of the system of balance equations for queues by many researchers, for example
[10], [11] and [7].

3.2. Product-form solutions

To solve the PH/PH/1 — PH/1 queueing system, we begin by solving (2.1) for A, sy and
s1. It was proved by Le Boudec [9] that sp has J; solutions with positive real parts, namely
z1,- -+, 2y,. Then, we shall solve the system of equations (2.2) for A, sg, s; and sp. This is
stated in the following lemma.
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Lemma 3.1 The polynomial equation if p1 > ps and m; < 1
Si(~wo — 5)S5(s) =y’ (3.13)

has Jo complex solutions with negative real parts: zi,-- -, zy,.
The proof of this lemma is provided in Appendix A.
Now, we look for a solution w,,,, of (3.4) which has the form, i.e.,

Wi =11 M5 (U0 ® U1 ® Ug) (3.14)

where ug € C*,u; € C'u, € C2,0<m <land 0 <y < 1.

We shall require that ug, u; and u, satisfy the normalization condition:
uge| = uje; = uge, = 1.
Suppose one of the solutions for (2.1) and (2.2) is

(771, T2, Wo, W1, (”-)2)

Let
Ug — (I(X(T - uJoI())Ml, u; = blﬂl(Sl — wlIl)_l and Ug = bQI@Q(SQ - WQIQ)—l (315)

where w w w
a = s ) bl = L ) bQ = 22 ) for 2 7é mi-
m—1 M2 — M L=
Thus, we have
ugT = ac + woup, w1S; = b6, +wiu; U2Sy = b8y + wous. (3.16)
and )
ugTey = an;, u;Sie] = ﬂ—g—, u,Ssel, = —. (3.17)
m 2

Now we check (3.4) for m > 1 and n > 1. Insertion of (3.14) in (3.4) and then dividing
by ni"ng yields

1
(WU u)(T®S:18S,y) = n—(uo Qu ®@us)(Tega @I ® Ip)+
1

7’]2(110 X uy [ UQ)(IO X I] X Sgeé,@Q) + gi(uo RXKu ® UQ)(IO ® Sle/,ﬁl X Ig) (318)
2
Left hand side of (3.18) becomes
u0T®u1 ®UQ+110®1118_1 ®UQ+L10®L11®UQSQ

Right hand side of (3.18) becomes
1
ﬁ—uOTe’oa ®U; ® Uy + 72Uy @ U3 ® ugSse,8, + Z—luo ®u;Se18; ®uy
1 2

Applying (3.16) in left hand side and (3.17) in right hand side will balances (3.4).
We have obtained J; solutions of wg in (2.1) and J, solutions of wy in (3.13) which we
denote with indices » and j, respectively. Define

W (1,7) 2 1P W05 (9) [0 (2, 7) ® ua(z, 7) ® ua(z, 9)] (3.19)

Now any linear combination of W, (2, 7) obviously satisfies the state balance equations for
m>1and n> 1.
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Lemma 3.2 W,,, is a complez solution of general equations (8.4) if

> Wann(2,9)] < +o0

m,n,,J

Since (3.19) satisfies (3.4) and Ji, J are finite, the proof is immediately clear by adopting
the stability assumption of this system.

3.3. Algorithm for the unsaturated probabilities

In order to show the existence of a linear combination of w,, ,(2, 7), we return to the assumed
form of the probabilities W, ,(2,7), m >0, n > 0,1 <2< Jy and 1 < 7 < J,. We observe
that the most general solution under the condition that the roots sy and s, are distinct must

be
J1 Ja

D2 A ) Wi (2, 9)-
=1 7=1
The coefficient £(1,7) may be found by solving a system of linear equations in which the
number of equations is greater than that of unknowns. This will be explained in following.
Observe that (3.8), (3.9), (3.11) and (3.12) has JoJiJo + JoJ1 + JoJ2 + Jo equations
with unknowns 71, 71, 712, a0, 10, o2 and 7rgy. Since 7y, and s are functions of
£(1,7) and 79y may be written in terms of 79 and 7oy which is also a function of £(z, 7), the
total number of unknowns are 2JyJs + JoJ1 + Jo. Because this forms a linear homogeneous
equations, one of them is necessarily substituted by the normalization equation (3.20) as
written
> T =1 (3.20)
m,m,10,1,12
This equation must sum up all stationary probabilities of possible states in the system to
an unity. However, there are infinitely many of m,,, for m = 0 or n = 0 in (3.20). It is
not possible to take all of them in (3.20) computationally. One way to resolve this problem
is to resort to the stability assumption of this system. Suppose there exists m* > 0 and
n* > 0 such that 7,0 — 0 and my, — 0 for all m > m* and n > n*. Thus, we shall only
consider 7, for 2 < m < m* and g, for 2 < n < n* in (3.20). In addition, 7,0 and 7o,
shall satisfy (3.6) and (3.10). We will first rewrite (3.5) and (3.6) such that 7,410, m > 1,
is expressed by 7,1, 7p-11 and 7,2 as described in (3.21) where (T @ S;)~! exists since
the inverses of both T and S; exist.

Trm0(Tega @ 1)(T @ S1) 7 (Io ® S1€18, ® B,) =
7Tm71(T S5} Sl D Sz) — ﬂm_l,l(Te{]a ® Il X Ig) - 7T'm,2<10 &® Il ® SgeéﬁZ)* (321)
Tmt1,1(To @ I1 @ S2e)) (T @ S1) 1 Ip ® S1€,8; ® B3,)

Similarly, 7o ,, n > 1, can be rewritten by rearranging (3.8) and (3.9) as described in (3.22)
where (T @ S3)~! exists.

Ton+1(lo ® S26/8,)(T @ S3) ™ (Tega ® B, ® Ip) =
ﬁl,n(T &) Sl ) Sg) — 7T1’n__1<10 ® Sle’l X IQ)(T &) Sz>_l(T66a & ,@1 ® Iz)— (322)
Tin+1(To @11 ® Sees3,) — o1 (Io @ S1e18; ® Ip)

In (3.21) and (3.22), we observe that 7, and 7, are functions of £(z,7) as well as 7, ,.
For each fixed m and n, there are 2JyJ;J; equations but JyJ; and JyJo unknowns with
respective to 7, ¢ and g, given £(z, 7). Hence, considering (3.8), (3.9), (3.11), (3.12), (3.20),
(3.21) and (3.22) together for fixed m* and n*, we have a system of linear nonhomogeneous
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444 H. P. Luh

equations where the number of equations is much greater than that of unknowns. Thus the
solution of this problem may not be unique. The uniqueness property is guaranteed only
when the steady state probability of this system exists. For the present model, there maybe
involves a more complicated procedure needed to select the appropriate basis solutions from
the class of available solutions.

There are greatly many literature concerning the solution strategies of this type of prob-
lems. Since its topic is not centered to our purpose, we shall only suggest this system of
equations is possible to be solved by some popular numerical methods, e.g., the least square
algorithm (see [8]). What we want to show is that the solution of such a system of equations
does exist since the system is stable. Therefore, a linear combination of product-forms exists
if and only if £(s,7) is determined by a system of linear equations. We present our main
result in the following.

Theorem 3.1 There ezists coefficients £(1,7) such that

J1 J2

Tmn = Z Z é(?’v j)Wm,n (7‘7 .7)

=1 j3=1

The proof is given in Appendix B. Note that a real 7 is not guaranteed since (3.13) may
have no real solution.

We will write the algorithm for adjusting the coefficients £(z, 5) as follows:

Step 1 Write 7,0 and 7, in terms of £(z, 7) by (3.21) and (3.22).

Step 2 Set a linear nonhomogeneous system consisting of equations (3.8), (3.9), (3.11),
(3.12), (3.20), (3.21) and (3.22).

Step 3 Solve it by the least square method and obtain £(z,) and the unsaturated proba-
bilities.

The cost of computing 7 is briefly discussed here. By presented previously, the cost of
computing 7 involves solving two different systems of equations: one is nonlinear for roots
of the associated characteristic polynomials in (3.13); the other is linear for unsaturated
probabilities and £(z, 7) in Step 2.

In general, to solve (2.1) for ¢; > 1 one may first write s;; in terms of sy for each j, in
(3.23).

T*(s0)S7;(s1;) =1, Jj=1,2,---,c1. (3.23)

Afterwards, sy can be obtained by applying any method of nonlinear equations, e.g., New-
ton’s method, to solve (3.24).

So+ 811+ -+ 81 = 0. (324)

After sq is solved, s15, ug, uy, ug, and Wy, in (3.19) can be calculated directly. The
computational cost of attaining product-forms w,,, depends on the method we adopt to
solve the nonlinear equation (3.24). The other part is to solve a linear nonhomogeneous
system in Step 2. Compared with (3.1), (3.2) and (3.3), its size has been greatly reduced.
Moreover, if Newton’s method is used to solve the nonlinear equation, its convergent rate is
quadratic, which speeds up the solution procedure.

4. PH/PH/1 — /PH/1 Model: Case II

Consider the PH/PH/1 — /PH/1 system with p; < p;. We will follow almost the same
line of arguments in Section 3 to discuss the existence of a linear combination of product-
forms for saturated probabilities in this case. The state of the system is represented by a
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vector (ny, ng; g, 1, 12), where ny, is the number of customers (including the one in service)
in stage k = 1,2, ig is the phase of the arrival process, and ij is the phase of the service
process at stage k, k =1, 2.

4.1. Balance equations
We rearrange the states (ny, ng, g, i1, 42) and partition the state space according to ns, i.e.,

Ly = {(n1,n9,%0,01,%2)[no =m}, n=0,1,2---.
Define 7 the stationary vector partitioned according to L,,’s as:
= (ﬁ-o’ﬁl, . )
Thus connecting the probabilities between £,, and L, for any fixed m may be denoted as
T = (ﬁmO’ Tl - .)’

where oo is a row vector of size Jy, n,0 of JoJa, Ton, of JoJ1, and Ty p, of JoJ1Jy, if
ny, ng > 0. We denote by Q the transition rate matrix of the chain corresponding to the
arrangement of £,,. Then Q is of the block-tridiagonal form and written as

0
1

O
I
o]
Qo 2
Qi
ov[Ig

where the submatrices A, B, C are given below

0 "
IO®")’1®IQ 0
A= Ihev,8,®1, 0
Ly, 0
L . i
—T@Sg 70a®,@1®12 )
TOS: DSy 7L ®I,
B: T@Sl@SQ ")/OOL®11®IQ
THS, P S, .
(Io®')’2ﬁ2 ]
) il ®v,8,
C= Ii®l ®~v,8,
Io® I ® 7.8,
L J
I 0 7
Ih®v, ®0, 0
Ay = Ih ®v,6, ® By 0 (4.1)
Ih®vB,®B, 0
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[T v ® By 1
_ T &h Sl Yo X 11
By = TeS: ~vyael (42)
i ]
and ) i
Ip ® v,
_ Io®11 ®’72
C1= oL @, (4.3)

With these notations, the state balance equations write

7() = 0.
Specifically, for m > 1 with respect ton > 1, n =1 and n = 0 it is written as follows.
Forn > 1, it is

Tmn(T B S1 B S,) =
Tm-1nt+1(Io @ S1€18; @ Iz) + Tmpn-1(Tega @ I; @ Ip) + Trmy1(lo @ I) @ SoeyF,).

(4.4)
Forn=1, it is
T (15
Tm12(Io ® 8118, @ L) + To(Tega @ B @ L) + 1,1 (Io @ I ® Sae53,). '
For n = 0. it is
Tmo(T ®Sy) = (4.6)
Tr—11(To ® S1€] ® Io) 4 Tpoy10(To ® S2€53,). '
For m = 1 with respect ton > 1, n =1 and n = 0 it is written as follows.
For n > 1, it becomes
T (THS; P S,) = (4.7)
7_1'07n+1(10 ® Slellﬁl X 62) + i’rl,n_l(Tega X Il X Iz) + 77'21”<IO ® Il @ SgeéﬁQ). )
For n =1, it becomes
77'1’1<TEB81@SQ): (4:8)
To2(lo ® S1€18; ® B,) + Ti0(Teha ® B; @ In) + 21 (Ip @ It ® Sz€53,).
For n =0, it becomes
7—.‘--1,()(r:|:‘ & SQ) = (49)
7o,1(Io ® S1e] ® B,) + Fa0(lo ® Se€58,).
For m = 0 with respect ton > 1, n =1 and n = 0 it is written as follows.
For n > 1, it becomes
Ton(T®S)) = T1.(Io @I ® Saeh) + Topn-1(Tega @ 1) (4.10)
For n =1, it becomes
701 (T & S1) = 71,1(To ® I; ® Sgely) + o o(Teja ® F4) (4.11)
For n = 0, it becomes
7_1'0,()T = 7_1_'1,0(]:0 ® SQGIQ) (412)
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4.2. Product-form solutions

To solve the PH/PH/1 — PH/1 queueing system with p; < py, we begin by considering
PH/PH/1. First, we shall show 7; < 7o where n; and 7, are solutions with respective to
(2.1) and (2.3). Consider T*(—z)S*(z) = 1 in which S*(z) denotes the LST of a service
time distribution with service rate u. Notice z is a function of p. It is easy to check that x
increases as p decreases. When oy and &, are solutions defined by (2.1) and (2.3) for puy > s
respectively, we have o1 < &y, which implies —o; > —&3. Hence, T*(—01) < T*(—33), that
is 7y < 72. Given 7, obtained by (2.3), we solve the system of equations (2.4) which results
in (h, sq, $1) = (71, @0, @1). Then we have the following lemma.

Lemma 4.1 The polynomial equation if p1 < pg and 1 < 7z < 1,

T (~; — )Si(s) = s, (4.13)

has Jy complex solutions with negative real parts: zi,-- -, 2y,
The proof of this lemma is provided in Appendix C.
Now, we look for a solution w,, , which has the form, i.e.,

Wing = 71775 (U0 ® U1 @ uy), (4.14)

where up € C°,u; € C',u, € C2,0< 7, < 1and 0 < 7y < 1.

We shall require that ug, u; and u, satisfy the normalization condition:
uge; = uje; = uge, = 1.
Suppose one of the solutions of (2.3) and (2.4) as described before is

(7717 7—727 QO, &_Jl?w2)

Let
Uy = GQ(T - @010)_1, Uy = blﬁl(Sl — @111)—1 and Ug = bQﬁz(SQ - @212)_],
where o 07 o
0 w1tz Wall1 _ _
a = — , bp = ———, and by = —,  for .
o — 1 1 T — 2 1— 7 77275771
Thus, we have
uT = acx + woup, wS; =b;0; +wiwy, wS; = b8, + wouy, (4.15)
and - ;
uoTe, = aifp, u;Si€] = —l_ﬁl—, uySoel, = 2 (4.16)
712 T

Now we check (4.14) inserted in (4.4) for m > 1 and n > 1. Like that has been done in
Section 3, we have

1 /
(WU W) (THS:®S,y) = ﬁ—(uo Qu @uy)(Tepa ®1; @ I)+
2

T_]l (LI() QU UQ)(IO ® Il & 82612/62) + %—(UO QU 1_12)(10 ® Slellﬂl ® Ig) (417)
1
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Left hand side of (4.17) becomes
UOT®UI®UQ+U()®U181 ®us +uy®@u ®UQSQ
and right hand side of (4.17) becomes

1 _
ﬁ—uOTega ® u; ® us + ﬁlllo Xu u282e,2,32 + 2__2110 ® ulslelllal & us.
2 1

They are equivalent after a little algebra on applying (4.15) to the left hand side and (4.16)
to the right hand side.

We have obtained J; solutions of @s in (2.3) and J; solutions of @; in (4.13) which we
denote with indices ¢ and 7, respectively. Define for each ¢ and 7,

W n(1,7) = 75 ()7 () 02, 7) ® W1 (1, 7) @ ua (s, 7)] (4.18)
Now any linear combination of w,, (¢, 7) obviously satisfies the balance equations for m > 1
and n > 1.
Lemma 4.2 w,,, is a complex solution of general equations (4.4) if
> W2, 7)] < +o0
ML,
The proof is omitted for the same reason in Lemma 3.2.
4.3. Algorithm for the unsaturated probabilities
Returning to the assumed form of the probabilities W, ,(2,7), m > 0, n >0, 1 <1 < J, and
1 < 3 < J;. We observe that the most general solution under the condition that the roots
89 and sp are distinct must be
Jo i

S, ) Win (1) (4.19)

1=1 3=1

Adjusting the coefficients ¢(z, 7) are according to the following two system of equations
(4.20) and (4.21) plus the normalization equation (3.20).

Tmt1,0(To ® S2€58,) (T © S2) ™ (Tepa © B; ® I) =

Fm1(T®S1®S2) — Frne12(lo ® 81618, O L) — T 1(To ® I ® Syep8,)— (4.20)
m—11(Io ® S1e] @ L) (T & S;) H(Tega @ B, @ I)

1]

and
Fon(Tepa @ I)(T & S1)"HI ® S1e18, ® B,) =
T (T®S1BS2) — F1n1(Teha @@L @ Ly) — Mo n(lo ® I ® SaepBy)— (4.21)
T1n11(To @I ® S2e5)(T @ S1)7 ' (Iy ® S1€18, ® By)
Thus we may present the second result as the following theorem.
Theorem 4.1 There exist coefficients £(z,7) such that
Jo N1

Tmn = Z Zf(z,j)wm,n(z,j).

1=1 y=1

The proof is omitted here.

We will write the algorithm for adjusting the coefficients #(z, 7) as follows:

Step 1 Write ., and g, in terms of 4(z, ) by (4.20) and (4.21).

Step 2 Set a linear nonhomogeneous system consisting of equations (3.20), (4.8), (4.9),
(4.11), (4.12), (4.20) and (4.21).

Step 3 Solve it by the least square method and obtain £(z,7) and the unsaturated proba-
bilities.
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5. PH/PH/c; — /PH/cy; Model

Since the methodology described in Section 3 and 4 can be applied explicitly to the PH/PH/c;
— /PH/cy system. We shall only give an outline of proofs to the following theorem.
Theorem 5.1 There exists coefficients 1(i,j) such that for m >0, n > 0,

Ji Jp

Tm,n = Z Z [(i7 ])Wm,n(la])

i=1j=1

where I3 =TIty Jox, Jo = [152, Jox, Wmn(i,7) 8 a product-form solution in terms of distri-
butions at each phase, and l(i, ) is the coefficient determined by its state balance equations.

Depending on p; and pg, there are two cases to discuss for this theorem just like that
in Sections 3 and 4. Since these proofs will be derived in the similar manner, we omit the
proof for Case II.

Consider the system PH/PH/c; — /PH/cy for Case I where p; > p,. In order to
compare the derivation of this section with that in Section 3, we do not change some
notations which were used for ¢; = ¢y = 1. We believe it shall be self-evident as described
in equations. The state of the system is represented by a vector (n, najio, i1, i2), where i
is a vector which is equal to (41, ..., %k, ), Where ik, is the phase of the service process at
server ¢ in stage k, ¢q=1,2,...,c, and k =1, 2.

5.1. Balance equations
We arrange the states (n1, ng, i, i1, i) in lexicographic order and partition the state space
according to nq, i.e. ,

Ly = {(n1,n9,70,11,12)|71 =m}, m=0,1,2,---.
Define 7r the stationary vector partitioned according to £,,’s as:
T = (71-0,71-1,.. )
Let L., be the state space which is arranged according to n; and na, i.e. ,
Lon = {(n1,n9,10,11,13)|ny = m,ng =n}, mn=0,1,2---
In this case, A, B are C in Section 3 are of the form:

[ Ago ]
An

A= A
A'cl c1
A—c1 c1

where
Ap=va® (I1® - ®1,),

AC161 = Yo & (Ill Q- ®11C1) & (121 Q- Ich);
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" Bo, -

B= Bclclfl Bclcl
B61+161 BC161
B61+101 BClCl

where
BOO = T@ (Sl] ®---B Slc1)7

Bclcl :T@(Sll ®"'®Slc1)@(821 69@8262)?
Betig =L@ (In® - @Li,) ® (72185 © -+ @ ’72@/3%2);

0 Cy
0 Cyp,

C = 0 CCICI+1
0 CClCl+1

0

Cotia =l® ((’711/311 DD '71c1/31c1) ® (121 @ 1202);

All these matrices are defined in [7] as well. We do not bother to write out Ay, By and C,
since we know they are only matrices regulating those unsaturated probabilities. According
to observations in Section 3.3, all unsaturated probabilities may be expressed in term of
I(i,7) and they can be obtained as well as (7, j) by the least square method. In the subse-
quent section, we shall concentrate on the product-form solution of the saturated stationary
probabilities.
5.2. Product-form solutions
To solve the PH/PH/c; — PH /cy queueing system, we begin by considering the system of
equations (2.1) for h, so, s11, - - *,S1¢,- For each service distribution Sy, j = 1,2, .., ¢1, there
are Ji; complex solutions with positive real parts. This proof is straightforward from [9].
Then (2.2) shall be brought into consider with the solutions of (2.1). Like Lemma 3.1, we
shall prove the following lemma as we solve (2.2).
Lemma 5.1 For each j and k, j = 1,2,..,¢1, k = 1,2,..,¢0, if p1 > po and m; < 1, the
polynomial equation
Sty (—wo — 5)S5,(s) = 7 (5.1)

has Jo, complex solutions with negative real parts: zi,---,2j,,.
The proof of this lemma is omitted here.

Suppose s = 1y < 1 is attained after solving (5.1). Now, we look for a solution wp,,
which has the form, namely,

Wmn = 771”773(110 Qu & 112) (5.2)

where u; = (u;;1 ® -+ - ® Uy, )
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u = (U @ -+ ® Uag,)
ug € C’Jo,ulj € Chijuy; € C 0<m <l,and 0 <mp < 1.

We shall require that ug, u;; and uy; satisfy the normalization condition:
ugey = ugje); = ug;ep; = 1, forall j.
Suppose one of the solutions of (2.1) and (2.2) is

(nhnZawO)wll, vy Wiy W21, '--’w202)

Let

ug = ao(T —wolp) ™!, uy; = by;By;(Sy—wi;ly) ™" and ug; = by;By;(Sa; —wa;la;) ™

where

wo Wi4M

_772—‘771

Wa;M2
I —mne

a =

~_771—1’ blj

, and sz—_- 3 7727é771-

Thus, we have
uOT = aox + wyUy, uljSU S bljﬂlj + Wijlyj u2j82j = bgjﬂzj + WojUg;

and

b y
! ! 15712 !
uoTe = any, uljSUe = N quSQje =

Ui M2

by

Let
S1 =818 - ®S1s, S2=250® & Sqgy;

Si1=S1e,8 D - ®S1,€1, B, So=S2€} 8y & - ® Sa,eh, B0,
L=In®  -QL, L=Ih® - &I,.

Now we check (5.2) inserted in the state balance for m > 1 and n > 1. It results in

1
(uo Ku & UQ)(T Y] Sl 5% Sg) = 5—(110 Qu UQ)(TGICX & Il & IQ)"‘
1

n2(1p ® u; ® ug)(Iy® I} ® Sy) + Z—i—(uo Qu; @uy)(Iy®S; ®1y).
From left hand side of (5.8), we have
wWT ®u; ®us+ 1y ®uS; ®uy + Uy ®u; ® uySo.
From right hand side of (5.8), we have

1 B 3
E—UOTGIQ RXu®uy+m2u Q01U ® uyS, + z—iUO ®uiS; ® us.
1 2

451

(5.3)

(5.4)

(5.5)

(5.6)

(5.7)

(5.8)

After a little algebra from applying (5.5) and (5.6) to both sides respectively, we have the

equivalence.

We have obtained J; solutions of wy in (2.1) and J, solutions of wy in (5.1) which we

denote with indices 2 and 3, respectively. Define

W (2, ) 2 07 (2)75 (9)[uo (2, 9) ® w1 (2, 7) ® us(2, )]

(5.9)

where ¢ = (j11, -+, J1e, ), 3 = (Ja1, ---» Joep) and 7. are indices associated with solutions wy and
wy corresponding to (2.1) and (2.2) respectively. Now any linear combination of W, »(2,7)

obviously satisfies the balance equations for m > 1 and n > 1.
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Lemma 5.2 w,,, s a complezx solution of general state balance equations for m > 0 and
n>0f

> [Wina(t,9)] < +o0 (5.10)
m!n7z7.7
The proof is immediate from Lemma 3.2.
We observe that the most general solution under the condition that the roots sy and sg;
are distinct must be

J11 Jiey  Joy J2c,

Do D D D ) Waa(n,g). (5.11)

Ju=l  Jigp=1ja1=1 J2ea=1

The algorithm for attaining unsaturated probabilities and £(z, 7) is not discussed here since
it is not our focus in this paper.

6. Summary and Conclusions

- The method of linear combination of product-forms has been used to solve the PH/PH /c; —
/PH/cy stationary system. The computational complexity for solving (3.1), (3.2) and (3.3)
is apparently reduced since all the stationary probabilities for saturated states are expressed
in terms of the product-forms and are only the functions of £(z, 7) whose dimension is J;J,.
Writing the stationary state probability in matrix geometric form we find that each com-
ponent of these products can be expressed in terms of roots of the associated characteristic
polynomials which involve only the Laplace-Stieltjes transforms of the interarrival and ser-
vice time distributions.

As proved in [13], these roots are Perron-Frobenius eigenvalues of some non-negative
matrices that solve (3.3). Although Fujimoto et al. [7] have not examined the property of the
probability of saturated states, it is apparent that the vectors with associated those Perron-
Frobenius eigenvalues form the solution basis for determining all stationary probabilities in
the system as shown in this paper. We, thus, conjecture that some non-negative matrices
can be also determined by the Perron-Frobenius eigenvalues as well as their eigenvectors
so that the computational complexity of the algorithm for unsaturated probabilities can be
even reduced. These results are easily exploited to develop an efficient and stable numerical
algorithm, which is expected to work well for relatively large systems with. high traffic
intensities.

The expression for the stationary probabilities leads to similar expressions for measures
of system performance such as the moments of the queue and the waiting time. Although
the analysis has been worked out for the main results which can easily be extended to more
stages, the problem of extending them to an arbitrary number of queues in tandem remains
open. This is because a more complicated procedure is needed to select the appropriate
basis solutions from the even larger class of available solutions. It would also be of interest
to extend the result to more general service distributions.

Appendix A

The polynomial equation
St (~wo — 8)S5(s) = ny!

has J, complex solutions with negative real parts: si,---,sy. Clearly, one root of this
equation occurs at s = 0. In order to find the remaining roots, we make use of Rouche’s
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theorem. Let 7* be denominator of 7™ with its denominant coefficient equal to 1, T* the
corresponding numerator. S* and S* are defined in the same manner for S*. Let

f(s) = St (=wo — 8)S5(s)m — S5 (—wo — 5)55(s)

9(s) = =51 (~wo — 5)53(s)
We now choose D_., to be the contour that runs up the imaginary axis and then forms
a r-radius semicircle moving counterclockwise and surrounding the left half of s-plane as
shown in Figure 1. Consider this contour since we are concerned about all the poles and
zeroes in Re(s) < 0 so that we may properly include them in (2.2). We now show that
|f(s) — g(s)] < |g(s)| for a suitable choice of D_.,. Note that

f($)=9(8), | on )
l_TS)_—I = | S} (—wo — 8)55(s)m|

for all s such that g(s) # 0. Since p; > pg, 1.e., A < p1 < pg, D_., is decided by (2.1), (A.1)
and (A.2) such that for Re(s) < 0,

/0  lexp(wo + 8)] d Si(t) < oo (A1)
and o
/0 lexp(—st)| d Sa(t) < oo. (4.2)

Thus, we have

o0

1t (w0 = 9)S3()| < | [~ explun +2)t d Si(¢) [ exp(—at) d Sy(t)

= |5t (—wo — 2)S3(2)|.

Let h(z) = St(—wy — x)Si(x). Note that h(x) is convex as shown in [7]. Since Si(z) is
monotone decreasing of z, if 7o < 1 then wy < 0. Moreover, we know kh(0) = n;' and
h(ws) = ny*. Thus, we have 4/(0) > 0, namely,

SI(—UJQ)S;,(O) — SII(—W()) > (.

This may be checked by the assumption 1 < pg as follows. Because of S}'(0) = —ui,
S37(0) = —pgt, Si(—wp) > 0, S(x) is convex and decreasing, we have

St'(—wo) < S7(0) < 557(0)S} (—wo).-
Therefore for ¢ > 0 small enough such that and —r < z < —c¢, we have
157 (—wo — 2)S5 ()] < nmy”!
which implies
1S5 (—wo — 8)S3(5)] < i’
Now for Re(s) < 0 and for large enough values of r, we have |s| = r and

|57 (=wo — 5)S3(s)| <y

It is thus proven that f and g have the same number of negative real parts. Since S; (s) =
det(sl; — S;), i.e., the characteristic polynomial of S,, and all eigenvalues of Sy have a
negative real part (see Seneta [12]), g(s) has J, complex solutions with negative real parts
which is the number of eigenvalues of S;. That ends the proof.
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Figure 1:

Appendix B

For each choice of the coefficients £(z,7) the sequence 7,,, given by (3.19) satisfies the
equations (3.4). The remaining equations (3.5)—(3.12) are the equations for states m = 0
or n = 0. Counsider equations (3.8), (3.9), (3.11) and (3.12). These equations form a linear
homogeneous system for the unknowns £(z, 7) and the unknown quantities 7g g, 719, 701,
and 9. The number of equations is equal to JoJ;+JoJo+Jo+JoJ1Jo but the number of
unknowns is equal to Jo+JoJ1+2JyJo+J1Jo. Since J; > 2 and J; > 2, we have JyJ;+JoJo <
JoJ1J,. Here, by first omitting JoJo(J; — 1) — J1J3 equations in (3.8), the reduced system of
equations including (3.8), (3.9), (3.11) and (3.12) with Jo+JoJ1+2JpJ2+J1 J2 equations and
unknowns has a nonnull solution. If all these quantities are null, then at least one of the
coeflicient £(z, ) must be nonnull since the Markov process is ergodic and (¢ is nonnull.
It implies that 7 o, 70 1, 7o 2, 71,2 and 7,1 are nonnull solutions. Then starting with 7,1,
71,1 and 7o, we can find 7,0, m > 2, by (3.21). Similarly, starting with 7y 1, 712, 72,
and 7, 3, we can find 7y ,, n > 3, by (3.22). From Lemma 3.2, we know the sum of 7, , over
all states converges absolutely which implies summing over these equations and changing
summations is allowed. Thus, by dropping one of the equations in the linear homogeneous
system formed (8), (9), (11) and (12) and using the normalization equation (20), we find
a linear nonhomogeneous system. Since 7r,,, is an absolutely convergent solution of all
equilibrium equations, the coefficients £(z, ) can be determined by these equations.

Appendix C
The polynomial equation
T*(~wg — 8)S7(s) = M2
has J; complex solutions with negative real parts: s;,-:-,s;. Clearly, one root of this

equation occurs at s = 0. In order to find the remaining roots, we make use of Rouche’s
theorem again, following the same arguments in Appendix A. Let

f(s) =T (@ — 8) 55 (s}l " — T (=3 — )57 (s)
g(s) = =T"(=@2 — )5} (s)

We now choose D_C,T to be the contour that runs up the imaginary axis and then forms a r-
radius semicircle moving counterclockwise and surrounding the left half of s-plane. Consider
this contour since we are concerned about all the poles and zeroes in Re(s) < 0 so that we
may properly include them in (2.4). We now show that |f(s) — g(s)| < [g(s)| for a suitable
choice of D_.,. Note that

f(s) —g(s)
9(s)
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for all s such that g(s) 7 0. Since p; < pg, L.e., A < pg < piy, D_., is decided by (2.3), (C.1)
and (C.2) such that for Re(s) < 0,

/O°° lexp(@p + 8)t| d T(t) < oo (C.1)

and

/Ooo | exp(—st)| d S1(t) < oco. (C.2)

Thus, we have
|T*(—@9 — 8)ST(s)] < |/O exp(@y + )t d T(t)/o exp(—at) d Si(t)|

= |T"(-@2 — 2)57(2)].

Let h{z) = T*(—&q — x)S;(x). Note that h(z) is logarithmic-convex. Since S}(z) is mono-
tone decreasing of z, if , < 7 < 1 then @; < 0. Moreover, we know h(0) = 7, and
h(@1) = 7jo. Thus, we have h'(0) > 0, namely,

T*(—‘CDQ)STI(O) - T*I(—@Q) >0
Therefore for ¢ > 0 small enough such that and —r <z < —¢, we have
T (=@ — )57 (2)] < 172

which implies
T (=@ — )57 (s)] <1a-

Now for Re(s) < 0 and for large enough values of r, we have |s| = r and
[T (=2 — 8)57(s)| <72

It is thus proven that f and g have the same number of negative real parts. Since Si‘(s) =
det(sI; — Sy), i.e., the characteristic polynomial of Sj, and all eigenvalues of S; have a
negative real part (see Seneta [12]), g(s) has J; complex solutions with negative real parts
which is the number of eigenvalues of S;. That ends the proof.
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