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Abstract This paper analyzes local convergence rates of primal-dual interior point methods for general
nonlinearly constrained optimization problems. For this purpose, we first discuss modified Newton methods
and modified quasi-Newton methods for solving a nonlinear system of equations, and show local and Q-
quadratic/Q-superlinear convergence of these methods. These methods are characterized by a perturbation
of the right-hand side of the Newton equation applied to the system, an approximation of the Jacobian
matrix by some matrix, and component-wise dampings of the step. By applying these convergence results
for the nonlinear system of equations to the primal-dual interior point methods for nonlinear optimization,
we obtain convergence results of the primal-dual interior point Newton and quasi-Newton methods. A
necessary and sufficient condition for Q-superlinear convergence of the latter methods corresponds to the
Dennis-Moré condition. Furthermore, we present some quasi-Newton updating formulae. Finally, we give
an analysis of the Q-rate in a part of variables for the primal-dual interior point quasi-Newton methods, and
obtain a necessary and sufficient condition for the Q-rate. This condition is a generalization of the result
given by Martinez, Parada and Tapia (1995), which was done independently.

1. Introduction

This paper is concerned with primal-dual interior point methods for solving the nonlinearly
constrained optimization problem:

(1.1) minimize f(z) subject to g(z) =0, >0, z € R",

where f : R* —» Rand g : R® — R™. Many numerical methods have been studied for solving
the problem. Among them, the augmented Lagrangian method and the SQP method (see
for example [11]) have been regarded as representatives of general and effective methods.
On the other hand, the excellent success of interior point methods for linear programming,
especially the primal-dual method ([15], [17], [20]), has affected researches on numerical
methods for nonlinear optimization and has aroused renewed interests between researchers
about interior point methods applied to the problem.

Recently, primal-dual interior point methods for general nonlinearly constrained prob-
lems have been studied by several authors. Local convergence properties are discussed by
McCormick and Falk [19], El-Bakry, Tapia, Tsuchiya and Zhang [8], Yamashita and Yabe
[26], and Martinez, Parada and Tapia [18]. In [26], we studied primal-dual interior point
methods based on the Newton method and the quasi-Newton method, and proved local

A preliminary version of this paper was presented at the conference " The State of the Art of Scientific
Computing and its Prospect” held at Research Institute for Mathematical Sciences, Kyoto University, Kyoto,
October 1993. ([24])
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416 H. Yabe & H. Yamashita

and quadratic/superlinear convergence of these methods. On the other hand, the global
convergence property was studied by Yamashita [25]. Furthermore, Yamashita [25], Vial
[23], and Lasdon, Plummer and Yu [16] presented some computational experience. In [25],
Yamashita applied his globally convergent primal-dual interior point method to Hock and
Schittkowski problems [14] and showed efficiency of the method.

Let the Lagrangian function of problem (1.1) be denoted by

(1.2) L(z,y,2) = f(z) — y'g(z) — 'z,

where y and z are the multiplier vectors corresponding to the constraints g(z) = 0 and = > 0,
respectively. In our previous paper [26], we dealt with the following modified Karush-Kuhn-
Tucker (K-K-T) conditions:

ri(z,y, 2) V:L(z,y,z) 0
(1.3) r(z,y,2)=| rE(2) = g(z) =10
re(z, 2) XZe— pe 0
and
(1.4) z >0, 2>0

for a non-negative number p, instead of the K-K-T conditions of problem (1.1):

VL(z,y,2) 0
(1.5) ro(z,y,2) = ( g9(z) ) = (0)

XZe 0
and
(1.6) z >0, 220,
where

X = dia,g(l'l,x%"')mn))

VA diag(zla 22y, Zn),

e = (1,1,---,1)* € R™,
Vel(z,9,2) = Vf(z) - Alx)'y — 2

and A(z) € R™*" is the Jacobian matrix of g(z). Here we note that

(17) 'f'(l", Y, Z) = TO(:D’ Y, Z) - ﬂé’

(i)

Denote the Jacobian matrix of r(z,y, z) by

where

Vil(z,y,2) —A(z) —I
(1.8) Vr(z,y,2) = ( A(z) 0] O )
Z @) X

Note that Vr(z,y,2) is equal to the Jacobian matrix Vro(z,y,2). Denoting (z,y,z2) by
w € R" x R™ x R", we have the following prototype algorithm of our primal-dual interior
point method, which was described in [26].
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Primal-Dual Interior Point Q-N Methods 417

Algorithm I

For k=0,1,2,.---, do

Step 1. Choose the parameter p > 0.

Step 2. Solve the following system for Awy = (Azy, Ayg, Azg)!

(1.9) S Awy, = —r(wg),
where
Gk —A($k>t -1
(1.10) Ji = A(:Ek) O O N
A O X

and Gy, is the Hessian matrix V2 L(wy) of the Lagrangian function or its approximation.
Step 3. Compute the step sizes Ay = diag (apkly, Qyklm, @zxln), Where I, and I,, are n-th
and m-th order identity matrices, respectively.
Step 4. Update:
(1.11) Wg41 = Wi + MAwe. O

We note that the iteration defined by (1.9) is the Newton method for the solution of the
system r(w) = 0 if the matrix Gy is the true Hessian matrix of the Lagrangian function. We
also note that if the matrix Gy is an approximation to the Hessian matrix of the Lagrangian
function, Algorithm I corresponds to the quasi-Newton method. Algorithm I has three
characteristics. They are an approximation of the Hessian V2 L(wy) by some matrix Gy, a
perturbation of the right-hand side of the Newton equation by a vector pé, and component-
wise dampings of the step Awy. In this paper, we call the Newton method and the quasi-
Newton method that possess such characteristics as a modified Newton method and a modified
quasi-Newton method, respectively.

In [26], we gave necessary and sufficient conditions for the point {(z, vk, 2x)} to converge
Q-superlinearly to the K-K-T point (z*,y*, 2*) within the framework of the quasi-Newton
method. In general, a Q-rate in (z,y,z) implies no more than the corresponding R-rate
in (z,2). Thus it is interesting to analyze the Q-rate in (z,z). In the SQP method or
the augmented Lagrangian method for solving constrained optimization, the analysis of the
Q-rate in a part of variables is one of the main topics, and many studies have been done
by, for example, Boggs, Tolle and Wang [1], Nocedal and Overton [21], Fontecilla [12], and
Coleman [3]. They discussed conditions on the approximation to the projected Hessian
matrix. ‘ '

In this paper, we will consider similar conditions on the Q-rate in (z,y, z) and in (z, 2) to
those obtained in the SQP method and the augmented Lagrangian method. For this purpose,
we will in general discuss modified Newton methods and modified quasi-Newton methods for
solving a nonlinear system of equations, and will show local and Q-quadratic/Q-superlinear
convergence of these methods. These results are in part related with the studies of inexact
Newton methods by Dembo, Eisenstat and Steihaug [5] and inexact quasi-Newton methods
by Eisenstat and Steihaug [7], because we have to deal with a perturbation of the right-hand
side of the Newton equation. By applying these convergence results for the nonlinear system
of equations to primal-dual interior point methods, we will obtain the main results in [26]
as corollaries and, furthermore, some results for the Q-rate in (z, z) within the framework
of primal-dual interior point quasi-Newton methods. The latter result is a generalization of
the study by Martinez, Parada and Tapia [18], which was done independently.
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The present paper is organized as follows. In Section 2, we will discuss general properties
of modified Newton methods and modified quasi-Newton methods for solving a nonlinear
system of equations, and show their local convergence and the rate of convergence. In Section
3, by using the results of Section 2, we will derive the convergence results of the primal-
dual interior point methods proposed in [26] for solving the nonlinear optimization problem
(1.1). In addition, we will construct concrete updating formulae within the framework of
primal-dual interior point quasi-Newton methods. Section 4 will be devoted to the analysis
of Q-superlinear convergence of the sequence {(zx, zx)}. In the following, for simplicity, we
omit the prefix " Q-" of Q-quadratic and Q-superlinear convergence.

2. General théory on modified Newton and modified quasi-Newton methods
In this section, we consider the nonlinear system of equations

(2.1) ro(w) =0, 1o:R*— R", we R"

Let w* € R™ be a solution to the equations and let ry be continuously differentiable. When
the Newton method is applied to the nonlinear system of equations, we have the following
Newton equation:

' Vro(wg) Awy = —ro(wg),

and the new iterate is given by
Wiy1 = Wi + Awg,

where wy, is a current approximation to the solution w* and Vry denotes the Jacobian matrix
of To.
We partition the vectors into

U T
w:(v), r0:<7°1>, u€ R™,ve R, : R"—> R",ry: R* — R™,
2

where n; + ny = n. Then the Newton equation is written as

Vuri(we) Veri(wg) Aug \ _ [ ri(wx)
Vura(wy)  Vira(wy) Avg ro(wi) |-
Now we consider the following:
(1) Approximation to V,ri(wx) by some matrix Gy.

(2) Perturbation of the right-hand side of the Newton equation by a vector p, € R™.

(8) Component-wise dampings of the Newton step Awy.

As methods based on the idea of (2), inexact Newton methods are well known. Dembo,
Eisenstat and Steihaug [5] first proposed these methods for solving the nonlinear system
of equations and analyzed local convergence and the rate of convergence. An application
of inexact Newton methods to unconstrained optimization was also derived by Dembo and
Steihaug [4]. As methods based on the ideas of (1) and (2), Eisenstat and Steihaug (7]
derived inexact quasi-Newton methods for solving the system of nonlinear equations and
studied local convergence and the rate of convergence. Also, Steihaug [22] and Fontecilla [12]
discussed methods based on the idears of (1) and (2) for solving unconstrained optimization
and constrained optimization, respectively.

Standard methods use a single step size for the Newton direction and analyze the rate
of convergence for the case of a unit step size. However, since we would like to deal with

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



Primal-Dual Interior Point Q-N Methods 419

the primal-dual interior point methods, we should consider component-wise dampings in
the idea of (3) according to the current practice of implementations, and furthermore, we
give sufficient conditions for a rapid convergence.

By taking the preceding ideas into account, we consider the following algorithm.

Algorithm X
For k=0,1,2,---,do
Step 1. Solve the following system for Awy, = (Aug, Avg)?

(22) JkAwk = —To(wk) + Pk,

where

2.3) i = ( Vugl(cwk) g:ﬂg )

Step 2. Compute the step size

Ay = diag(ak, ok, * -+, Onk)-
Step 3. Update
(2.4) W1 = Wi + AAw,. B
Let D(C R™) be an open convex subset that contains w*. Let || - || denote the I, norm
for vectors and matrices, and for matrices, let || - ||» and || - ||r be a matrix norm and the

Frobenius norm, respectively. Then, by the norm equivalence, there is a positive constant
n such that, for any matrix C,

1
(2.5) EHCHF <lICl <nlCllr and [|Cllr < 7llC]l.

In this section, we make the following assumptions:
(XA1) The function ro(w) is continuously differentiable and there exists a positive constant
& such that

lIro(w) = ro(w)| < Ellw — '),
IVro(w) — Vro/)ll < &Jlw — /|

for any w, w’' € D. ,
(XA2) The Jacobian matrix Vro(w) is nonsingular at w*.
XA3) The vector p; and the matrix A; satisf
D y

lpll = O(llro(wi) ™)

and

1Ak = Il = O(llro(we) ™), lIA&ll <A

for positive constants 71,7, and A. O
It follows from assumption (XA1) that

lro(w) — ro(w') — Vro(w")(w ~ )| < %E(Hw — || + ' = w'|)]jw — )|
(2.6) | for Yw,w’,w” € D.

The following lemma is useful for convergence analysis in the following subsections.

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.
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Lemma 1 Suppose that assumptions (XA1) and (XA2) hold. Then there exist an € > 0
and a 6 > 0 such that, if

lwe —w*|| <¢, Gy = Vuri(w*)|[n <6,  wip €D,

there hold
(2.7) [ Je = Vro(w*)| < 7°y/82 + €22 and || <¢
for some positive constant (.

Proof. Since

. G — Vurl(w*) erl(w ) - erl (’U)*)
Jr — Vro(w*) = ( V,,rgfwk) — Vurs(w*) erg(w:) — Vora(w?*) ) ’

we have

Nk = Viro(w*)||%

I

|Gx — Vuri(w*) |7 + | Vor (we) = Vory(w*) |17
H|Vure(wi) = Vyra (w) |5 + IVora(wi) — Vora(w*)||%
|G — Vaury(w*)|[5 + [ Vro(wi) — Vro(w*)||%
(|G = Vuri(w*) |3 + [ Vro(ws) — Vro(w*)|1?)
(6 + €2 ||wx — w*|]?).

IA A A

Thus we see
1k = Vro(w) || < nllJk — Vro(w*)||r < 1%4/62 + €22,
which proves the first inequality of (2.7).
By choosing € and ¢ such that

n*y/8 + 22| Vo (w") M| < 1,

it follows from Banach perturbation lemma that Jj is nonsingular and

| Vro(w*) 1|
1 — /62 + 22| Vo (w*) 1|

which proves the second inequality of (2.7). O

I <¢=

2.1. Local and quadratic convergence of modified Newton methods

In this subsection, we give a sufficient condition for local and quadratic convergence of
modified Newton methods. Letting Gy = V,r(w;) in Algorithm X, we have the following

property.

Theorem 1 Suppose that assumptions (XA1), (XA2) and (XA3) hold. Let Gy = V. r1(ws)
and 7y = 1 = 1 in Algorithm X. Let {wi} be generated by Algorithm X. Then there exists
a positive constant € such that if

”wo - w*” <§g,

then the sequence {w} is well defined and satisfies
(2.8) w1 —w'l| < vlwg —w*||?

for each k > 0, where v is a positive constant, and the sequence {w;} converges to w*.
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Primal-Dual Interior Point Q-N Methods 421

Proof. We choose ¢ such that {w | ||w —w*|| < €} C D. Assume that
|l — w*|| < €.

Since, by Lemma 1, Vry(wy) is nonsingular and ||Vro(wi) Y| < ¢ for e sufficiently small,
we have

Wiy — W = (wp — W) + ArAwy
= (I and Ak) (’U)k - ’U)*) + Aero(wk)”l(—ro(wk) + V?‘o(wk) (wk - ’LU*) + pk)7

and hence, using (2.6)

”"%4—1 —w'||
< = Aflllwe = w* || + AR Vo (we) ~ [[llro(wi) — ro(w*) — Virg(wi) (wy — w) ||
| A&l Vro(we) "l |k
= [ Ak — I||llwx — w*[| + O(lfws — w*||*) + O(||pk]))-

Since the assumptions give ||px|| = O(||ro(wy)||*) and ||Ax — I]| = O(||ro(wi)]]), there exists
a positive constant v such that

lwiesr = w*|| < vllwi —w'|?,
which implies (2.8). Furthermore, we see
[k —w*|| <,
if € is sufficiently small. Thus, by using mathematical induction, the proof is complete. O

2.2. Local and superlinear convergence of modified quasi-Newton methods |

In this subsection, we show the local and superlinear convergence property of modified
quasi-Newton methods. The following theorem gives local and linear convergence of mod-
ified quasi-Newton methods, and corresponds to the bounded deterioration theorem for
unconstrained optimization by Broyden, Dennis and Moré [2].

Theorem 2 Let {wi} be generated by Algorithm X. Suppose that assumptions (XAl),
(XA2) and (XA3) hold. Assume that the sequence of matrices {Gy} satisfies the bounded
deterioration property

(2.9) IGki1 — Vauri(w*)l[mr £ (1 + Biow)||Gr — Vuri(w”) [ + Bao,

where 1 and (35 are positive constants, and |

(2.10) o = max(|lwe 1 — w*|], lwe — w*]).

Then for any v € (0,1), there exist positive constants € = £(v) and § = 8(v) such that if
l[wo —w'fl <

and

6

2 ?

then, the sequence {wy} is well defined and converges to w* with

1Go = Vuri(w*)|lm <

(2.11) lwesr —w*|| < vijwe —w"||

for each k > 0.
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422 H. Yabe & H. Yamashita

Proof. We choose ¢ such that {w | ||w — w*|| < €} € D. By mathematical induction
with respect to k, we will prove that if, for { = 0,1,.--,k,

(2.12) lw — w*|| < vijjw, —w*||<e and |G1 — Vur1(w*)|lm < 6,
then
(2.13) lwerr — w*|| < vljwp —w'l| < e and 1Grr1 — Vauri(w)|lar < 6.

For k = 0, the conditions (2.12) clearly hold. Note that, in this case, the first inequality in
(2.12) means |jwy — w*|| < e. Now we show that (2.12) implies (2.13) for any k¥ > 0. For
¢ and § sufficiently small, Lemma 1 guarantees that J; is nonsingular and ||J; Y| < ¢. It
follows from the linear system (2.2) that

Wiyl — w = (’U)k — ’ll)*) + AkA'wk
= (I — M) (wp — w*) + AJi e + AxJi (S = Vro(w*)) Vrg(w*) ™o (wy,)
— Ak Vo (w*) 7 (ro(wy) — ro(w*) — Vro(w*) (wy — w*)).

Hence

ok — il < = Afllloe — w* | + O(llpell) + 19k = Vro(w*)[|O(llro(we)|])
+O(Jlwr — w*|I*)

< CI(Emin(l,Tl,Tz) + \/52__@ )“wk — u)*”’

where ¢’ is some positive constant. If we choose € and é such that
¢ (eminmT2) | /82 + £2e2) <,

lwr 1 = w*]| < vllwe —w'|| <e.

then

By using the same technique of Broyden, Dennis and Moré [2], we can show that
|Gra1 — Vari(w')lar < 6.
Therefore, the theorem is proved. O

Next we give a necessary and sufficient condition for superlinear convergence of these
methods. We note that expression (2.15) given below corresponds to the Dennis-Moré
condition [6] in the case of unconstrained optimization.

Theorem 3 Assume that the sequence {wy} converges linearly to w*. Suppose that assump-
tions (XA1), (XA2) and (XA3) hold. Then the following conditions are equivalent.
(a) The sequence {Gy} satisfies

(2'14) hm ”(Gk - v'u'rl(w ))(uk+1 - Uk)” — 0
ko0 l|wet1 — well

(b) The sequence {Ji} satisfies

(2.15) tim 1k = Vro(w?)) (wiss — wi)|

=0.
k—co lwr 41 — wi|
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(c) The sequence {ro(wy)} satisfies

(2.16) lim M =0
koo [[wy41 — wil|
(d) The sequence {wr} converges superlinearly to w*, i.e.

(2.17) i et =@l

=0.
k—oo ||lwp — w*||

Proof. First we note that linear convergence (see expression (2.11)) implies

[|wr — w*|| 1

2.18 )
(2.18) Twrss —well = T=

(a) <= (b): Since

(2.19)
(Jk — Vro(w*)) (Wry1 — wr)
_ (Gr — Vaury(w*)) (urs1 — k) + (Vori(wi) — Vors(w*)) (ves1 — ve)
(Vura(wi) — Vyrg(w*)) (urs1 — ur) + (Vora(wi) — Vora(w*)) (Vg1 —vi) |

the Iy norm for a vector implies

Gk — Vaur1(w*)) (ues1 — ui)|

< Gk = Vurai(w*)) (w41 — w) + (Vori(wi) — Vor1(w*)) (i1 — v ||
HI(Vor1(wr) — Vyri(w®)) (ves1 — v ||

<Nk = Vro(w*)) (i1 — wi) | + [[Vor1(we) — Vory (w*) ||| wesr — we.

Then, by the continuity of V,ri(w), it is clear that (b) implies (a). Conversely, by (2.19),
we have

| (Jk — Vro(w*)) (wrq1 — wi) ||
< Gk = Vuri(w*)) (w1 — i) || + |(Vor(wr) — Vory (w*)) (vks1 — vi) [])?
F(I(Vura(we) — Vura(w*)) (w1 — u) | + | (Vorz(wr) — Vora(w*)) (visr — vi)|l)?

< (Il(Gk =V =l | o, - w*l!)) (-

- lwis1 — wi|?

Thus (a) implies (b).
(b) = (c): Since

(2.20)
ro(wk+1) = (ro(wks1) = ro(wr) — Vro(w®) (wety — we))
—(Jk = Vro(w*)) (Wiy1 — w) — Ji(Ax — 1) I (ro(w) — ro(w*))
+(Ji(Ax = DI + Dps,
we have
lro(wis1)ll = O(J|wit1 — we ||| wi — w*]]) + {|(Jr — Vro(w*)) (Wiy1 — wg) ||
(2.21) +O(||wy, — ’w*HHTZ) + O(Jlwg — w*||**™).
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Therefore, expressions (2.18) and (2.21) yield

- lrolwe )l
A, Toorr — ]~
(c) = (b): Since (2.20) is rewritten by
(Jk — Vro(w*)) (wes1 —wi) = (ro(wr41) — ro(wr) — Vro(w®) (wiks1 — wi))

—Je(A — 1) J (ro(wi) — ro(w*))
+(Jk(Ax = DI+ Dpy — ro(wis1),

we see that

(Jk — Vro(w*)) (w1 —wi)l = O(lwisr — willlwp — w*|]) + O(Jwi — w*[|'*7)
+O(Jlwr — w* ') + o(l|wisr — will)-

From (2.18), this implies (b).
(c) <= (d): The result follows directly from Broyden, Dennis and Moré [2].
Therefore, the theorem is proved. O

3. Convergence properties of primal-dual interior point methods

Now we consider the primal-dual interior point methods for solving the constrained opti-
mization problem (1.1). The algorithm is given by Algorithm I in Section 1. Within the
framework of this algorithm, Yamashita and Yabe [26] analyzed three kinds of step size
rules given below:

Step size rule A (Single step size for z and 2)

Qpp = Qzp = Qf,

(3.1)

. . (xk)i
Qap = min {1,’7k mzln{ (A,

(Al'k)z < 0} s Yk miin { —_ (XZ,;,

(Azk)i < O}},

where vy, € (0,1). The step size a,; is determined by
ay =1, or o.

Step size rule B (Different step sizes for z and z)

(32) Ayl — min {L'}’k miin { —(E;nxkzsz (Axk)i < O}} , i
and
(33) Qe = min {1, Yk miin { — (Xzz;, (Azk),' < 0}} 3

where 7 € (0,1). The step size ayx is determined by

oy =1, oOr omk, Or Q.
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Primal-Dual Interior Point Q-N Methods 425

Step size rule C (Globally convergent step size rule)

(gcii’j,- (Azi)i < 0}}

where 4 € (0,1). The step size a, is the largest step that satisfies

(3.4) Qzr = min {1, Yk miin { —

Qzk S 17

(3.5)

min

e Muyrpx '
{MLk((mk)i + ok (Azy)i)’ (zk)i} < ()it an(Ba)e < max { (z)i + oar (D) (zk)z} ’

1= 1, ceem,
where . > 0, and where Mp; and My, are positive numbers that satisfy

(3.6)

u . 20t Iy 5 3max {(zx):(2):}
HE I S T (@ T T e |

The step size ay is determined by
oy =1, Or Qg, oOr Qu.

By taking these rules into account, Algorithm I stated in Section 1 yields various types
of algorithms. Specifically, Algorithms A, B and C denote those such that, in Algorithm
I, the step sizes are determined by Step size rule A, B and C, respectively. Note that the
parameter py is chosen to satisfy px > 0 for Algorithms A and B, and p > 0 for Algorithm
C.

Let w* = (z*,y*,2*) be a K-K-T point of problem (1.1). Let D be an open convex
set that contains w*. We assume the following standard conditions on the functions which
appear in problem (1.1) and on the point w*.

(A1) The second derivatives of the functions f and g are Lipschitz continuous in D.

(A2) The point z* satisfies the regularity condition, i.e. the vectors Vg;(z*), i = 1,...,m
and e;, ¢ € { i | (z*); = 0} are linearly independent, where e; is the i-th column of the
identity matrix. ,

(A3) The strict complementarity of the solution w* is satisfied, i.e. (2*); > 0 for i €
{i] (@)= 0}.

(A4) The second order sufficiency condition for the optimality is satisfied at the point w*.

We should note that the second order sufficiency condition for the optimality is that, for
all v # 0 satisfying Vgi(z*)Tv =0, i = 1,...,m, efv=0fori € {1 | (z*); = 0, (2*); > 0}
and eJv > 0 fori € { i | (z*); = 0, (2*); = 0}, there holds ¥ V2L(w*)v > 0. Since
assumption (A3) implies { ¢ | (z*); = 0, (2*); = 0} = 0, assumption (A4) means that for all
v # 0 satisfying Vg;(z*)Tv =0, i = 1,...,m and efv =0, i € { i | (z*); = 0}, there holds
vIV2L(w*)v > 0. _

Under the assumptions stated above, we have the following lemmas.
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Lemma 2 (see [10]) Under assumptions (A1), (A2), (A3) and (A4), the matriz Vr(w*) is
nonsingular. O

Lemma 3 Suppose that assumptions (A1), (A2), (A3) and (A4) hold and that the sequence
{wr} is generated by Algorithm A, B or C. Then there exist ane > 0 and a § > 0 such that,

if

(37 low —wll e, [Gr - VEL@), <5

then there exists a positive constant { such that

(3.8) Tk — Vro(w*)|| < n?1/62 + €262 and ][J,;1|] <,
and furthermore

(3.9) Ak = 11| < (1 =) + O(liro(wi)ll) + O ().

Proof. By setting u = z,v = (y,2)" and 1y = V,L, the result follows directly from
Lemma 1 of the present paper and Lemma 7 in [26]. O

Now we pay our attention to the local and quadratic/superlinear convergence property of
primal-dual interior point Newton/quasi-Newton methods. By using convergence theorems
given in Section 2, we obtain the following corollaries, and these are the main convergence
results of our previous paper [26]. We also note that Corollary 1 corresponds to the result
by El-Bakry et al. [8].

Corollary 1 Suppose that assumptions (A1), (A2), (A3) and (A4) hold. Let Gy = V2L(wx)
and choose the parameters such that

(3.10) 1= = O(llro(we)ll) and gk = O(llro(wi)||)

in Algorithms A, B and C. Let {wy} be generated by Algorithm A, B or C. Then there exists
a positive constant € such that if

||w0 - ’U)*” <g, wy € D,
then the sequence {wy} is well defined and converges to w*. Furthermore
lwesr — w'l] < vljwe —w'|?

for each k > 0, where v is a positive constant.
Proof. By setting u =z, v = (y,2)* and 7; = 7, = 1, Theorem 1 and Lemma, 3 yield the
result. O

Corollary 2 Let {w;} be generated by Algorithm A, B or C. Suppose that assumptions
(A1), (A2), (A3) and (A4) hold. Choose the parameters py and ~r such that

(3.11) = 0(I|ro(w(c)lll+”) and 1 —y = O(||ro(wi)||™)

for positive constants 7y and 15 in each algorithm. Assume that the sequence of matrices
{Gyx} satisfies the bounded deterioration property

(3.12) |Grs1 — VaL(w*)|lnr < (14 Brow)l|Gr — VEL(w*)||a1 + Beor,
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where B, and B are positive constants, and
(3.13) o = max([lwk+1 — w'l], lwr — w’]]).

Then for each of Algorithm A, B and C, and each v € (0,1), there exist positive constants
e =¢e(v) and § = 6(v) such that if

|lwo — w*|| <&, wo € D

and

. 6
Go— VEL@W )l < 3,
the sequence {wy} is well defined and converges to w*. Furthermore,

(3.14) lwisr —w'l| < vlwe — '

for each k > 0.
Proof. By setting u = z and v = (y, 2)!, Theorem 2 and Lemma 3 yield the result. O

Corollary 3 Let {wy} be generated by Algorithm A, B or C. Suppose that assumptions
(A1), (A2), (A3) and (A4) hold. Choose the parameters py, and ~y satisfying (3.11). Assume
that the sequence {wy} converges linearly to w*. Then the following four conditions are
equivalent.

(a) The sequence {G} satisfies

_X72 * _
(3.15) him ”(Gk Va:L(w ) (Zk41 xk)“ —~0
k—oo lwry1 — wi]|

(b) The sequence {J.} satisfies

.10 o 1 = Pro(w)) (i = w)l] _
' k—oo lwr41 — wil]

0.

(c) The sequence {ro(w)} satisfies

(3.17) lim o)l
k—oo || Wty — wil|

(d) The sequence {wy} converges superlinearly to w*, i.e.

(3.18) lim [k =Wl o

e Tk —wrl]
Proof. By setting u = z and v = (y, 2)*, Theorem 3 yields the result. O

Before closing this section, we show examples of primal-dual interior point quasi-Newton
updates that satisfy the bounded deterioration property (3.12) and condition (3.15) given
above. Since the matrix G) approximates the Hessian matrix V2L(wy), we impose the
following secant condition on G y1:

(3.19) Gr+18k = Gk,
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428 I, Yabe & H. Yamashila
where

(3.20) sk =zppr— 2z and  Gr = Vo L(Try1, Yer1s Zhr1) — Vo L(Zh, Yogr, 2k41)-

For simplicity, we omit the subscript k& and denote the subscript (k+ 1) by +.
First we consider the PSB update:
(q—Gs)s' +s(qg—Gs)t  st(qg—Gs) |,
— ss".
sts (sts)?
The following lemma indicates that the PSB update satisfies the conditions stated in Corol-
laries 2 and 3. The proof can be found in Appendix.

Lemma 4 (1) The PSB update (3.21) has the bounded deterioration property (3.12) at each
iteration.

(2) Suppose that the sequence {wy} converges linearly to w*. Then the PSB update satisfies
(3.15).0

Combining Corollaries 2, 3 and Lemma 4 , we obtain the following result.

Theorem 4 Suppose that assumptions (A1), (A2), (A3) and (A4) hold. Choose the pa-
rameters py, and . satisfying (3.11). Let {wi} be generated by Algorithm A, B or C, and
let {Gi} be generated by the PSB update (3.21). Then the sequence {wi} converges locally
and superlinearly to w*. O

Next we consider the Broyden family:

Gss'G  q¢t

(3.22) G+:G—s@s+az+ﬂﬂ%mm
where

_q Gs

~ gts  stGs

and ¢ is a parameter. This family contains important members. For example, setting ¢ = 0
yields the BFGS update:

GsstG qqt
and setting ¢ = 1 yields the DFP update:
G i t t i
(3.24) G, —q- TG () sCs)aq
q's ¢'s ) q's

The following theorem indicates that the convex class of the Broyden family, ie. 0< ¢ <1,
satisfies the conditions stated in Corollaries 2 and 3.

Theorem 5 Suppose that assumptions (A1), (A2), (A3) and (A4) hold. Choose the pa-
rameters p. and 7, satisfying (3.11). Suppose that the Hessian matriz V2L(w*) is positive
definite. Let {wy} be generated by Algorithm A, B or C, and let {G+} be generated by the
convex class of the Broyden family (3.22). Then the sequence {wi} converges locally and
superlinearly to w*. O ‘

The proof of this theorem can be similarly shown by combining the proofs of Lemma 4
and Theorem 4 and the proofs of the standard Broyden family (for example, see [9]). Thus
we omit it. ‘
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4. Superlinear convergence in (z,2)
In the previous section, we have presented the necessary and sufficient conditions for the
sequence {(zx, Yk, 2x)}, which is generated by the primal-dual interior point quasi-Newton
methods, to converge superlinearly to the K-K-T point (z*,y*, 2*). In this section, we will
investigate a local behavior of the sequence {(zx,2r)}. In general, a Q-rate in (z,v,2)
implies no more than the corresponding R-rate in (z,z). Therefore, it is interesting to
consider necessary and sufficient conditions for the Q-rate in (z, z). This section gives such
necessary and sufficient conditions for the part {(z, 2x)} of the sequence {wy} to converge
superlinearly to (z*, z*). The results mentioned below correspond to those by Boggs, Tolle
and Wang [1] and Coleman [3] for the SQP method.

First we show a relationship between the sequences {(z, 2¢)} and {yx}. The following
theorem shows how the convergence of {(z, zx)} affects the convergence of {y;}.

Theorem 6 Let {wy} be generated by Algorithm A, B or C. Suppose that assumptions
(A1), (A2), (A3) and (A4) hold, and that the matrices {Gy} and vectors {yx} are bounded.

Then, for some positive constants ¢y, cg, c3 and ¢4,

Tpp1 — 2* T, — 2 B .

Ty — F T —x*
i +C e .
Zp41 — 2 2k — 2

If the sequence {(zx,2x)} converges linearly to (z*,z*), then

(4.1) w1 — ¥l <

If oy = 1, then

(4.2) k1 =¥l <

(4.3) v — ¥l < ca

:ck—:v* "
(272 )|+ ol -l v

Proof. Since yi11 = yr+oy, Ay, and assumption (A2) implies that the matrix A(z*) A(z*)
is nonsingular, we have

w1 —y = (Alz)AE))HA@E)AEC)) o — V)
(A(z)A(z*)) A {(A(z*)! — Alzk))yrsr + (Alze) (e + Ayr) — A(z*)'y*)
+ (ke — l)A(:I:k)tAyk}.

Then, for a positive constant cs,

(4.4)
lyes1 — 3"l < esllze — 2* || + | A(zr) (yx + Awg) — A(z*)'y* || + |1 — o] || Alzw) Agl)).

Since equation (1.9) and the K-K-T conditions of problem (1.1) yield

(4.5) A(zi) (yx + Ayx) = GrAzy, + V(i) — (2 + Az)
and
(4.6) Alz)y* = Vf(z*) - 2*,
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we have, for positive constants ¢ and c7,

[ Azk) (i + Aye) — A(z*)'y'|
S NGelll Azl + 1V f (k) —

<a(J(22)]4](z
<ar(|(

2k

Tpy1 — T*

4.7
(@7) |

.’L'k—:l,'

Yamashita

VIE)+ llze = 2*[ + | Az

)
)

—2*

[

It also follows from (4.5) and (4.6) that, for a positive constant cg,

lA(zr) Ayell < |GillllAzk]| + ||V £(
+| Alzk )y —
(4.8) < o (i( Thi1 = 27 )

Zk+1 — 2

Therefore, by using equations (4.4), (4.7) and

(275 )l

and the proof is complete. [

Expression (4.2) suggests that for a, = 1,
implies the convergence of the sequence {y;}.
convergence of {(zx, yx)} are discussed below.

Tpt1 —

—* <c
¥yl <a the1 — 2

||yk+1

V@ + llze — 27| + [| Az

A i)

(4.8), we obtain

(

the convergence of the sequence {(z,2x)}
Note that the boundedness of {y;} and the

.’Itk) -

A(z*)'y* ||

T —
2k —

Tk
2k — 2

— X

*) +eal1 — aellue —

Now we will give necessary and sufficient conditions for the Q-rate in (z,z). In what
follows, we suppose that assumptions (A1), (A2), (A3) and (A4) given in Section 3 hold.
Let A~(z) € R™™ be a generalized inverse of A(z) that satisfies

Az)A

~(2)A(z)

= A(z).

Since the matrix A(z) is of full row rank, we have
A()A (z) =T
Let B(z) € R®~™*" be a full rank matrix that satisfies

B(z)A(z

)=

and be differentiable with respect to . The existence of such a matrix B(z) near the
solution w* was proved by Goodman [13]. Then it is easily shown that a matrix

A~ ()’
B(z)
is nonsingular.
First we consider the quasi-Newton method

) e Ran

for solving the nonlinear system of equations

(1.3). Then equation (1.9) in Algorithm I is equivalent to the following system

(A—(xk))t ) 0 ( (A—(xk))t ) 9]
( B(xk) I JkA'wk = — B(xk) I r(wk).
0 1 0 1
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This yields
(4.9) Ayr = (A (zx)) (GrAzi + V f(xx) — (2 + Dzk)) — Uk,
B(zk)Gr —B(z) Az B(zx)(V f(zk) — 2x)
(4.10) A(zr) 0 < As ) = — g(zx) .
Zy, Xk k XiZye — pxe

Note that (4.10) does not correspond to the Newton equation with respect to (z, z). This
fact makes it difficult to get convergence property directly from the preceding result. So we
must consider the quasi-Newton method after rearranging (1.3).

We note that (1.3) is equivalent to the equation

( (Al;((:f)) ) )n(w) = 0,
’f‘E(l‘) = 0,
re(z,2) = 0.

Then we have

(4.11) y = (A (@)(Vf(z) - 2),
(4.12) B(z)(Vf(z) —2) = 0,
(4.13) glz) = 0,
(4.14) XZe—pe = 0.

Here expression (4.11) shows that (z, z) gives y. On the other hand, equations (4.12), (4.13)
and (4.14) only depend on (z, 2).

We apply the Newton method to (4.12), (4.13) and (4.14), and we have the Newton
equation

(415) j(:ck,zk) ( 2:: ) = ——'F(:ck,zk),
where

( B(z)(Vf(z)—2)
(4.16) Fz,2) = g9(z) :

\ XZe—pe

) ( B(z)ro(w) + B(z)V2L(w) —B(z) )

(4.17) J(z,2) = Alz) O

\ VA ' X

and B(z) denotes the derivative of B(z) with respect to z. At (z*,z*), the matrix J is given
by

B(z*)ViL(w*) —B(z*)
(4.18) J(x*,z*):( A(z*) 0 )
Z* X

and becomes nonsingular. We consider a quasi-Newton method in which the matrix
B(xk)rL (’U)k) + B(:L‘k)ViL(’wk)

is approximated by B(z})G), where G} is an approximation to the Hessian matrix V2 L(wy).
Then a quasi-Newton equation is identical with (4.10), so we can apply the general theory
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in Section 2 to (4.10). Specifically speaking, by setting v = z and v = z in Theorem 3, we
obtain the following theorem.

Theorem 7 Suppose that assumptions (A1), (A2), (A3) and (A4) hold. Choose the pa-
rameters py, and vy satisfying (3.11). Let {wy} be generated by the quasi-Newton method
based on Algorithm A , B or C . Assume that {yx} converges to y* and that the sequence
{(zk, 2x)} converges linearly to (z*,z*). Let {Gx} be a sequence such that the matriz

B(zr)G —B(zy)
A(l‘k) 0]
Z) X

is nonsingular for each k > 0.

Then the following three conditions are equivalent.
(a) The sequence {(zk,2x)} converges superlinearly to (z*,2*).
(b) The sequence {G\} satisfies

(4.19) lim I(B(zx)Gi — B(z*) Vo L(w*)) (@1 — z)ll _
—00 Tkl — Tk
! ( Zk+1 ™ 2k ) l
(c) The sequence {Gy} satisfies
| B(zk) (G — VEL(W")) (Tr+1 — )|

Tkt1 — Tk
Zk+1 — 2k

Proof. The parts (a) and (b) are straightforward results from Theorem 3. The continuity
of B(z) near z* yields the part (c). Therefore, the theorem is proved. O

0.

(4.20) lim

k—oo

= 0.

We note that a special choice of B(z) yields a specific result. For example, let B(z) be
an orthonormal basis such that

(4.21) B(z)B(z)' = I.
Then a matrix
(4.22) P(z) = B(z)!B(z) = I — A(z)!(A(z)A(z)) 1 A(z)

becomes an orthogonal projection matrix onto the orthogonal complement of the range
space of A(z)*. This fact gives us the following result.

Corollary 4 Suppose that all the assumptions of Theorem 7 hold. Assume that the matrix
B(z) satisfies (4.21). Then the following conditions are equivalent.

(a) The sequence {(zx, 2x)} converges superlinearly to (z*,2*).

(b) The sequence {G}} satisfies

. 1P(z)(Gr — VEL(w*)) (Zps1 — ) |

(4.23) lim =0. O
Tk+1 — Tk
Zk+1 — 2k

k—oo
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The preceding corollary corresponds to the main result (Theorem 5.1) by Martinez, Parada
and Tapia [18].

Appendix: Proof of Lemma 4
The proof is similar to that of convergence theorem in [2].
(1) The update (3.21) yields

G+—VﬂMM)::(L—§JGS V2 L(w D(L—§J

8
L (a=VeL(w)s)s' +s(g — Ve L(w')s)  s'(q— ViL(w')s)
sts (sts)2 )
Setting
P=1-%  and E =G — V:L(w"),
sts r
we have —
1G4 = VL)l < |PILEP]e + 31—Vl

By mean value theorem, we have

1
llg — ViL(w')s]| < /0 I(VZL(z +ts,y+,24) — Vo L(z*,y", 2*))s|dt

1 S
< [) (Vro(z + ts,y4,24) — Vro(z®, ", 2%)) ( 0 ) dt
0
1
< [) |Vro(z + ts,y4, 24) — Vro(z*, v, 2*)||dt||s||

dt

x+ts—:c
< sl [ ( ey )

< MNA(O—MW—wW+O+ﬂM4—Wmﬁ
< 2slle

If E =0, then the bounded deterioration clearly holds.
Next we consider the case of E # 0. Since

1P|l =1

o O BEsE N lEs)® N
. @mn mwmww) <wmumw)

IEs|> )
@m““mWMWW)’

and

(%)

IA
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we have

IPHEPLE < 1Bl - o

Thus we obtain

(G — V2L(w*"))s]|?
2|G = VZL(w*)| Flls|l?
|G — V2L(w*)||r + 6€0.

1G4 = VeLw)lr < |G — ViL(w")llr —

+ 660

IA

This implies the bounded deterioration property. -
(2) Define

Gr — V2L(w*
M= |Gy — VaL(w*)|lr  and ¢ = (G “Sk“(w ))Sk”,

Then, for the case of Ej # 0, the result of (1) yields
Y

o + N1 < M+ 6£0%.

Since the bounded deterioration property guarantees that there exists a positive constant 7j
such that nm, < 7 for any k > 0, we have

w_l% + N1 < M + 6E0%.

27 .

On the other hand, for £ = 0, the preceding result follows directly from the bounded
deterioration property. Summing both sides from k£ = 0 to kK = N, we have

N 1 N N
Y up < o S %k + v < [|Go — VAL(w')||F +6£ Y 0.
=0 : k=0

1
27—7 k=0 2 k

The linear convergence of the sequence {wy} to w* with
lwes1 —w*|| < vijwy —w*||, where O<v<1

yields
op = |lwg — w*|| < V¥l — w*.

Then we have

1 N N
o7 Yk S 11Go— VEL(w")|lr + 6€llwo — w*|l 3 v*
=i k=0

1

< NGo = VL(w")llr + 68Jlwo — w'll7— -

Thus 9 — 0 and we obtain

[(Gr — VEL(w*)) skl Gk — VEL(w*))sk|

lim < lim
k=00 fjwkyr — wil] k00 Il sl
= lim ¢ = 0.
k—00

Therefore, condition (3.15) is satisfied by the PSB update (3.21). O
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