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Abstract In this paper we consider the primal affine scaling method and show that, asymptotically, a
step selection strategy exists which can be viewed as a predictor-corrector method. We investigate two step
selection strategies. In the first, one corrector step is taken between each pair of predictor steps, and we
call this the 2-step method. In the other two such steps are taken, which we call the 3-step method. We
show that the 2-step method attains a superlinear rate of 1.5 while the 3-step method attains a gquadratic
convergence rate. This improves upon the work of Tsuchiya and Monteiro, who obtain a 2-step rate of 1.3.

1. Introduction
We consider here the linear programming problem:

T

minimize c'z
Az = b (1.1)
z > 0
with its dual
maximize bly
ATy + s = ¢ (1.2)
s > 0

where A is an m x n matrix and b and c are appropriate vectors. We assume that

Assumption 1. The primal linear program has an interior solution.
Assumption 2. The objective function is not constant on the primal feasible region.
Assumption 3. The matric A has rank m.

In this paper we consider application of the primal affine scaling method for solving this
problem. The primal method was proposed by Dikin [3] in 1967, who subsequently proved its
convergence under the primal non-degeneracy assumption, Dikin [4]. His proof also appears
in Vanderbei and Lagarias [21]. This method was re-discovered, Barnes [2], who proved its
convergence under the non-degeneracy assumption on both the primal and the dual linear
programs. In addition, several of its variants like the dual, Adler, Karmarkar, Resende and
Veiga [1], and the primal-dual, Monteiro, Adler and Resende [11], were generated in the
process of implementing the projective transformation method of Karmarkar [9].

The convergence behavior of the affine scaling method without the non-degeneracy as-
sumption is now known. For example, Mascarenhas [10] has recently produced an example
on which the method fails when «, the step size to the boundary in the affine scaling di-
rection, is 0.999. Starting with the work of Tsuchiya [17] who introduced a local potential

310



Quadratically Convergent Method 311

function to analyze the convergence of this method, significant developments have occurred.
Dikin [5], using the local potential function, has shown the convergence of the primal se-
quence to the interior of the optimal primal face and the dual sequence to the analytic
center of the optimal dual face for & < 1. Tsuchiya and Muramatsu [19] subsequently
proved the same convergence behavior when a < Z. Simpler proofs of this result have been
developed by Monteiro, Tsuchiya and Wang [12] and Saigal [15]). It is also known that the
dual sequence may not converge when o > £. Hall and Vanderbei [8] have produced an
example where this happens. Saigal [15] and Gonzaga [7] have shown the convergence to
optimality of the limit of the primal sequence and a cluster point of the dual sequence for a
slightly larger step size of @ < 3—33—1, where ¢ is the number of zero components in the limit
of primal sequence. It appears that this may be the largest step size for which convergence
to optimality can be proved.

By establishing a connection between the affine scaling step and the Newton step,
Tsuchiya and Monteiro [20] devise a strategy of adjusting step sizes under which the dual
sequence converges to the analytic center for the optimal face and the primal sequence to
the interior of the primal optimal face. Their method, asymptotically, attains a two step
super-linear convergence rate of 1.3, and can be viewed as a predictor-corrector method.
This paper builds up on their work and generates a different step selection strategy, which
also can be viewed as a predictor-corrector method. This step selection strategy, asymp-
totically, attains a two step superlinear rate of 1.5 and a three step quadratic convergence
rate. In the 3-step method, we take two corrector steps between each pair of predictor steps.
Also, the primal converges to the interior of the optimal primal face and the dual to the
analytic center of the optimal dual face.

This paper is organized as follows. Besides the introduction it has 3 other sections. In
Section 2, we introduce the affine scaling method, and state some of its known properties.
In Section 3 we relate the affine scaling step to Newton step generated when computing the
analytic center of a certain polyhedron. In Section 4, we introduce the accelerated version
and establish its convergence and convergence rate.

We now present the notation. Given a vector v, the largest component of v is denoted
by ¢(v), i.e., $(v) = max;v; and ||v|| represents its 2-norm. e is a vector of appropriate size
with each component equal to 1. Given a matrix A and a subset N we represent by

1. vy the subvector of v composed of components indexed in N.

2. Apn the submatrix of A with columns indexed in N.

V represents the diagonal matrix generated by the corresponding components of v. k
is the iteration counter. v*, k = 1,2,--- is a sequence of vectors, which is also denoted by
{v*}. K denotes a subsequence and is a subset of the positive integers. Thus {v*}ex is the
subsequence of {v¥} generated by K. {V,} is a sequence of matrices. If v* is the limit of
{v*}, V. represents the diagonal matrix generated by v*. Thus V. y represents the diagonal
matrix generated by vy raised to the power p. '

2. The Affine Scaling Method

In this section we present the primal affine scaling method and known results (without
proof) about the sequences generated by this method. We now present the method we will
deal with in this paper:

Step 0 Let z° be an interior point solution, 1 > ¢ > 0 and let k = 0.
Step 1 Tentative Solution to the Dual:

y* = (AXIAT) ' AXc
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312 R. Saigal

Step 2 Tentative Dual Slack:
sF = c— ATy
If s* < 0 then STOP. The solution is unbounded.
Step 3 Min-Ratio test:

k
b = im0,
].7

[ Xes* |l
H(Xps*)

:sh > 0}

where ¢(z) = max;z;.
Step 4 Step Size Selection: Choose, by some rule, the next step size o < ay < 1. Also, if
0r =1set ap =1.
Step 5 Next Interior Point:
X32sk
[ Xks*|

iL'k+l = CL‘k - akﬂk
Step 6 Iterative Step: If xf“ = 0 for some j, then STOP. z**! is an optimal solution to
the primal, y* the optimum solution to the dual. Otherwise set k = k£ + 1 and go to

step 1.

The method presented above is called the long step affine scaling method. This method
can stop at steps 2 or 6. We now show that in this case, the problem is solved in a finite
number of iterations.

Theorem 1. {cTa*} is strictly decreasing. Also, ezactly one of the following holds:
1. The algorithm stops at Step 2. Then the linear program has an unbounded solution,
i.e., its dual is infeasible.

2. The algorithm stops at Step 6. Then z*t! is an optimal solution of the primal and y*
is an optimal solution of the dual.

8. The sequence {z*} is infinite and {cTz*} is not bounded below. Then the linear pro-
gram has an unbounded solution.

4. The sequence {z*} is infinite and {cTz*} is bounded below. Then {cTz*} converges
to, say c*.
Proof: To see the first part, from Step 5, we note that

TX

T, k+1 T k € AES

cz =c 2" — oply——.
“‘Iiksk”

As can be established from the definitions, z* > 0 and 6; > 1. Also,

IXEsF = T XEe— ATyF)
= I XW(I - X AT(AXEAT)TAX,) Xie
= || PeXe||® |
where P, = [ — X, AT(AX}AT)~' AX} is the projection matrix into the null space N(AXy)
of the matrix AX}. Now, by a simple calculation, we see that || P Xyc|| = || Xxs*|| and thus

we have
bt = Tak — ]| Xas®|- (2.1)
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Quadratically Convergent Method 313

From Assumption (2) the subtracted term in the above formula is non-zero.
To see part 1, we note that for s* < 0, 2¥*! remains strictly positive for every o > 0,
and thus T2+ - —00 as a — .

To see part 2, let mkﬂ = (. Then, from Step 5 we see that
kY2 gk
0=zt =2F - o (21)"si
l l B(Xes*)

k k
xlsl

50 . S0 o =1 and xfsf = ¢(Xxs¥) > 0. It then follows that sf > 0
and, from Step 4, that 0r = 1. Thus zF sl = || Xxs*||. Hence, for every j # I xksk =
and so s] =0 and mf“ = :c] > 0. Thus s¥ > 0 and zF™! > 0 satisfy the condltlons of the
complementary slackness theorem.

Part 3 follows from the monotonicity of {cTz*}, and part 4 from the fact that every
bounded monotone sequence converges. W

We will henceforth make the following assumption:
Assumption 4.  The sequence {z*} is infinite and the sequence {cTz*} is bounded below.

We now state two results whose proofs can be found in the cited references:
Proposition 2. Let Assumption (4) hold. Then

1. Xis¥ = 0.

2. {z*} converges, say to z*.

3. There is a 6 > 0 such that for each k =1,2,---

and thus 1 = Ok 3Ry

T,k *
cr—=¢C
> 4.

[le* — e ~

Proof: The proof can be found in Tsuchiya [17], Monteiro, Tsuchiya and Wang [12]

and Saigal [15]. : |
Given that the sequence {z¥} converges, let the limit of this sequence be z*. Define:
N = {j:z;=0}
B = {j:z}>0}
q = V] (2:2)
k Xy s*
Tk —c*
k z* —z*
=

~ We now state known properties of the sequences {y*}, {s*}, {u*} and {v*}. Their proof
can be found in cited references.

Proposition 3. Consider the sequences {y*}, {s*}, {u*} and {v*}.
1. They are bounded.

2. There isan L > 1, p; > 0 and p3 > 0 such that for allk > L
(a) eTuk, =1+ & where |6;] < pr(cTa*r — ¢*)?.
(6) llsill < pa(c2® — c*)?.
(¢) $(u*) = ( P(ug) = o;-
(@) |lu*|I* >
Proof: The proof can be found in [15]. n
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3. Affine Scaling and Newton’s Method

In this section we will establish a relationship between Newton step for computing the
analytic center of a certain polyhedron and affine scaling step. We will use this to show
that step size a can be chosen so that, asymptotically, the affine scaling step gets arbitrarily
close to the Newton step to analytic center. This then allows development of a step selection
strategy in which this analogy generates a “corrector step” towards the analytic center of
this polyhedron. Higher order convergence is obtained by taking large values (close to
1) for o when sufficiently close to the analytic center of this polyhedron; otherwise value
determined by the analogy to Newton’s method, to get close to the analytic center again.
In this section, we first introduce this polyhedron, then investigate Newton’s method for
computing the analytic center of the polyhedron. We then establish the required connection.
3.1. Two Polyhedrons

Consider B and N defined by (2.2). Define the affine set

Fp ={(y,s): ATy + s =c,sp =0}

which represents all possible dual solutions (not necessarily feasible) which are comple-
mentary to z*. First observe that since it contains all cluster points of bounded sequence
{(ykv'sk)}7 Fp # 0.

Let (y,3) € Fp be arbitrary, but fixed. Then for any pair of primal feasible solutions
and z,

Tz—2) = (5+ATH) (x - #)
57z — %)
= 5%(331\7 - :%N)

Consider {v¥} defined by (2.2). From Proposition 3, part 1, sequence {v*} is bounded. Also,
from above identity, it belongs to the polyhedron V = {v : Av = 0,55vy = 1,vy > 0}.

Let Vy = {vny : v € V}. Starting at a given vk, asymptotically, Newton’s step for
computing the analytic center of this polyhedron is related to the affine scaling step vi ™ —v%;.
The latter is determined by a;. We explore this relationship in subsections that follow.
There is also a close relationship between the analytic centers of the two polyhedrons FpN{s :
sy > 0} and V), which we now explore.

The analytic center of FpN{s: sy > 0} is defined by the following optimization problem:

maximize )¢y log(s;)
ALy+sy = cn
ALy cB
SN > 0

with its K.K.T. conditions:

Syte—vy =
Anvn + Agvg =
ANy+sy = on
Agy = c¢p
sy > 0

I~~~ N S

W N
N’ N N

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



Quadratically Convergent Method 315

while the analytic center of Vjy is defined by:

maximize ) .cn log(v;)
Anvy + Agvp =
E%UN = 1
UN >

with its K.K.T. conditions:

Vite— ALy —3n0 = 0 (3.5)
_ATy = 0 (3.6)
Anon + Agvg = 0 (3.7)
shoy = 1 (3.8)

vy > 0.

The following relates the two analytic centers defined by systems (3.5)-(3.8) and (3.1)-
(3.4). ~
Proposition 4.  Analytic center (y*,s*) of FpN{s : sy > 0} exists if and only if analytic
center vy of Vn exists. Also, for some p* > 0

* ok _ Q=1
p N =S, nE

Proof: If v} is the analytic center of Vy, then for some § = §* > 0, vg = vj and
y = u*, equations (3.5)-(3.8) are satisfied. Thus
T x - * % — 1 *
SN = —Ayu" + sy, v =00y =9 — —u
6~ 6~
satisfy the equations (3.1)-(3.4). Also, if (y*, s*) is the analytic center of Fp N{s: sy > 0},
then for some v* equations (3.1)—(3.4) are satisfied. Thus

1
0=5ysy,v=gvy=—0(y

solve equations (3.5)-(3.8). The result follows from equation (3.1). [ ]
3.2. The Affine Scaling Step

We will study the affine scaling step with a view to relating it to a Newton step for computing
an analytic center of V. As is now well known (see for example, Barnes [2]) the affine scaling
direction used in Step 5 of the method, is generated by solving the following Ellipsoidal
Approximating Problem:

T

minimize clz
Azx = b
X,z -2 <1

k

Substituting p = z* — = we obtain the equivalent problem:

maximize  clp
Ap
1%l

IN
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316 R. Saigal

Now c'p = s'p = shpy for (§,5) € Fp. Thus, for fixed (7,5), the above problem is
equivalent to
maximize shpn
Anpn  +  Apps = 0
PN Xinpn + pEXppps <1
By noting that the solution of this problem is on the boundary of the ellipsoid (i.e., the
second constraint is at equality), the K.K.T. conditions for this problem (with 8 > 0) are

gN—Aﬁy-an,;?VpN = 0 (3.9)
—Afy — 20X 3pp = 0 | (3.10)
Anpn + Agps = 0 (3.11)

X 'pll = 1 (3.12)

The solution to the system (3.9)-(3.12) is the following: p* = g|stk|[7 §* = (AXEAT)1AX?s

= y* — § and 20 = || X;s*||. " is obtained by multiplying (3.9) by AxXin, (3.10) by
ApXj g, adding and substituting (3.11). p* and 6, are then obtained by substituting #*
into (3.9), (3.10) and (3.13).

Now, let the sequences {uk} and {v*} be as defined in (2.2). Letting, for some given &,
u and v represent u* and v* respectively, we define AN = AnVn and Sy = Vn Sy, where Vy
is the diagonal matrix whose jth diagonal entry is v; for each j € N. Consider the system:

UnN AT ~ P .
UN_ AT P = 13
e = Nty = (313)
—AT§ = ____3';52 (3.14)

: flull
” ”2+ABpB = 0 (3.15)
AT

SNUN
=1 (3.16)

flull?

The following proposition establishes a connection between the conditions represented

by the above systems (3.9)—(3.12) and (3.13)—(3.16).
Proposition 5. Consider the systems represented by the equations (3.9)-(3.12) and
(3.13)-(3.16).

1. (8.9)-(3.12) have a unique solution which generates a solution to (3.13)-(3.16).

2. The solution to (3.13)-(8.16) is unique up to a choice of plz; and, there is a value for
p’g for which the resulting solution also solves (3.9)-(3.12).

3. When Ap has full column rank, the two systems are equivalent.

Proof: Since the Equations (3.9) - (3.12) represent the solution to a strictly convex
problem, they have a unique solution. Using this solution, define the vectors

o =y(Tet - )

YT 29[
(T2t — c)Ju]

po= 26

p/ — PB )

BT (doF— o)
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It is confirmed, by simple algebra, that u, § p and p'z solve the System (3.13)—(3.16). Thus
we have proved Part 1.

From part 1, it follows that (3.13)-(3.16) have a solution. Considering gy = Tl
p = “—j”—“ y and ply as variables, this system is linear in these variables. If Ag has full
column rank, the solution to (3.13)-(3.16) is unique, and part 3 follows. Otherwise, since
(3.13)(3.16) can have a solution only if s% lies in the row space R(AL) of Ag, the third
condition must have redundant constraints which are identified by choosing any full column
rank submatrix of Ag.

To see part 2, let Ag = (A¢, Ap) where Ac has full column rank and spans the range
(or column space) R(Ag) of Ag. Thus, for some unique matrix A, Ap = AcA. Replacing

equations (3.14) and (3.15) by
k

T

— ALy (3.17)
and

” ”2 + Acple =0 (3.18)

respectively, we obtain a new system that has a unique solution. By setting py = (pg, pp),
and letting p}, = 0, the solution to Equation (3.18) generates a solution to (3.15). Now,
let (gn,7,p,ps) be any solution to (3.13)-(3.16). This then generates the unique solution
(qn, 8, P, P — App) to (3.13) and (3.16)—(3.18). Since only the vector pz is modified in any

solution to (3.13)—(3.16), part 2 is established with the required pz = (T enalE |
A consequence of Proposition 5 is that though pp is determine umquelly by affine

scaling method, when a full column rank submatrix Ac of Ag is substituted in its place,
the resulting solution only changes the value of pg. It turns out that p; plays no role in the
asymptotic analysis of the affine scaling method.

3.3. Analytic Center and Newton’s Method

In this section we consider the application of Newton’s method for finding the analytic
center of V.

Solution to the K.K.T. conditions (3.5)-(3.8) is unique, if it exists. Analytic center
problem has a feasible solution, but the set may not be bounded, and thus the center may
not exist. Indeed, it can be shown that, for a given N, the center exists if and only if z*
is an optimal solution of the primal linear program. Since we have not shown this fact, we
cannot claim the K.K.T. conditions have a solution. None the less Newton’s method can be
applied to these conditions, and its convergence properties investigated. In case the analytic
center of YV does not exist, Newton’s method will not converge. In each of the results we
derive, whenever needed, we will make the explicit assumption about the existence of the
analytic center in the hypothesis of the result. However, such results can only be used after
this existence has been established.

We now apply Newton’s method to the system of equations (3.5)-(3.8) to determine its
zero. The Newton direction (Av, Ay, Af) at (v,y,8) is obtained by solving the following
system:

~ViiAvy — ARAy —syA0 = —Vy'le+ ALy + 550
—~AgAy = Ay
AnvAvy + AgAvg = 0
shAvy = 0

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



318 R. Saigal

Defining g = y + Ay, 6 = 0+ A and substituting wy = Vy'Awy, Ay = AyVn and
5y = Vn5n we can rewrite the system (3.19)-(3.22) as:
wy + A%Q +ind =

AT ~

o

-~ AgY

3)
) 4)
ANwN—I—ABAvB = )
6)

OOCQQDQJ
[\D[\Dt\)[\?

(3.
(3:
(3.
(3.

O O OO o

57]\}11)]\] =
We substitute Ac, a full column rank submatrix of Ap, in the system (3.23)-(3.26) and
note that it is linear in the variables wy, Avg, § and 6, with the underlying matrix:

I AL 3y 0

0 AL 0 0
Mvy)=| » ¢

v) =14 0 o Ac

sT 0 0 0

This matrix is non-singular for every vy > 0. As seen in the proof of Proposition 5, solution
to the system (3.23) - (3.26) is unique up to a choice of Avg. The result below, derived from
this analysis, relates to the sequence {v%} in Vy, and is thus applicable to the sequence
generated by the affine scaling method.

We state, without proof, the following standard result on the convergence and conver-
gence rate of Newton’s method.
Lemma 6. Let {v}} be a sequence in Vi that converges to vy, the analytic center of
V. Then there is an L > 1 and p; > 0, py > 0 such that for allk > L

1. ||jJA”Nl’|| 1+ & where |8 < pa||vk — v |-

2. |log + Avfy = v |l < pallvf — vx Il
Now consider the affine scaling step as determined by the system (3.13)-(3.16). We note
that if we consider ﬁﬁ%, e, § and ”—upﬂg as variables, this system is also linear with the

underlying matrix M(vy). Thus we can prove the following proposition:
Proposition 7. There exist L > 1 and p > 0 such that for every choice of C' and all
kE>1L,
k 'UN — Ak
TN T e =2
with | A% < plleta — |

Proof: Consider the systems (3.13)—(3.16) and (3.23)-(3.26). In the latter system,
make the change of variable wy = e—wpy. Then §]va}\, = 1. Now, by defining v, = v¢ —Avg
and

S Ve

a; = §g+9Y

as — —p-‘+é
]

as = po+ve

generate the system M(vy)a = (0, ﬁ%,O,O)T. This system is seen, with @ = Vjy'a; and
sg = ”—f‘ﬁm as the K. K. T. conditions of the following optimization problem:

minimize 1@l Vyla, + (st)Tas
Ana,; 4+ Acay = 0
0

5%,
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Here, a; and a3 are the respective Lagrange multipliers of two constraints. Consider the
first constraint. Since A has full column rank, by using the formula (generated by the first
constraint)

—(ALAC) AL Ana,

we can eliminate a4 to generate the following equivalent problem:

. . . 1
minimize 5@ VN a1+3N a,
sﬁal = 0

where si = —ALAc(ALAc) s, and Ay = Ay — Ac(AZA)TALAn. The K.K.T. condi-

tions of this problem are:

Vi'a + sy — (AR)" a; — Snd;
Aya; =
sha; =
and we obtain the solution (a},a})T = (ANVEAN)'ANVisy where AL = ((AN)T,5n).
From Theorem 4, Saigal [15], ||(a}, a})|| is bounded above by g( A%, 5n)||s¥|| where q(AN7 SN)
is a positive constant independent of the diagonal matrix Vyy. Thus, for some g(A,3sn,C) >
Oa

l(a5, a3)|| < (A, 5N, C)llsc |
28NS T

Thus, for 8" = ||(AL,sn)||a(AN,3n) + ||AK Ac(ALAc)™!||, from the first relation of the
K.K.T. conditions, we see that ||ai|| = ||[Vna1]| < ||Va((Axn)Tah+5nas— syl < Q'_Ui[ci_gll[J;’_NlE
Since ||sc|| < ||sp|| for every choice of C, our result follows from Proposition 3 parts 1, 2(b)
and 2(d) by choosing C that gives (' its largest value. |
3.4. Affine Scaling and Newton Directions in Vy

In this section, we show the connection between the Newton direction Av}“\, = Vk,wa\r at
vk, studied in Proposition 7, and the affine scaling direction as interpreted in Vy. Consider
the sequence {vX} in YV generated by the affine scaling algorithm. Then we can show the
following result:

Proposition 8. The affine scaling direction at v% in Vy is
k uk,
k+1 k o6 (u”)
viFl ok = T (v~ Vin
S S 70 LR
where §(u*) = %g-; Also, the Newton direction Avk at vk in Vi is:
k ufy k
A'UN = VkN H k”2 bt ‘/k,NA
where A* is as in Proposition 7.
Proof:  Since wk = V,&{,Avf\, the formula for the Newton direction follows from

Proposition 7. To see the affine direction note that using step 5 and definitions we obtain:

EH ok
B WD S TN . N
N N T pk+l _ o Tk — o
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320 R. Saigal

k
kE Vi Nuy

UN o(uf) )k
1 _ ak[[uk P N

B(uk)

2

_ak“uku SR - k-

13 U
S ;_L* L (v — Vi Tt (3:27)
¢(uF)
and we are done. |
If one is able to choose oy = Tluk" the scalar term in the formula for the affine scaling
direction becomes equal to 1, and thus the direction taken by Newton’s method for comput-
ing the analytic center of ¥y becomes, asymptotically, close to the affine scaling direction.
Using Proposition 8, we will show that a sensible choice for oy, exists so that the scalar term
in formula (3.27) becomes close to 1. It is this observation that allows the interpretation of

this step as a corrector step.

4. Accelerated Primal Affine Scaling Method
Sequence {vk;}, generated by affine scaling method, lies in the polyhedron Vy. We see from
Proposition 8 that, by a choice of an appropriate value of ) (which is a good estimate of

26( )) constant —ai&u—L can be made close to one. Then, the affine scaling step, asymptot-
1cally, gets close to the I\2fewton step for computing the analytic center v} of V. The basic
idea now is to take aggressive, or large, values of oy, when v¥%; is determined to be close to v}.
We call this the predictor step. And, when v% is ‘far’ from v}, take smaller values (which
approach 0.50) that make the constant in affine scaling step approach one. We call this the
corrector step. Another variation we treat here is in the number of corrector steps taken
between each pair of predictor steps. We investigate situations when either one (which we
call the two step method) or two such steps (which we call the three step method) are taken,
and show that the asymptotic rates of convergence attained are respectively, superlinear at
1.5 and quadratic. We now introduce the accelerated method.

4.1. The Method

The accelerated primal affine scaling method is generated by replacing steps 3 and 4 of the
method described in Section 2 by the following steps: let 0 < « < 1, typically close to 0.95,
and o = 1,

Step 3’ Min-Ratio Test:

XS]

b, = mm{ oot ts; >0}
X es"|
G(Xis*)

If 0, =1 set ax = 1, and go to Step 5.
Step 4’ Step Size Selection: If €7 X;s* > 1, set o, = a and go to Step 5. Otherwise, define

Ne = {j:at <))

Ve = 6TXk,Nk55cvk'

hka — 37}1cvk_X}§,Nk5}1ch
e |1 XesH|?

A
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log(ex)
log (k)

1. Predictor Step: If py > 1.5 then define

_ ”—;p—_,;l for 2 step method
k= %ﬁl for 3 step method

and . 1
a = max{g,l — ) = maX{g,l -

2. Corrector Step: Otherwise,

7k¢(Xk,Nk3§ch) _2_}}
[ Kste 30

1
ap = max{g, min{

Some comments are in order here. Note that from Theorem 1, ¢¥ X2s*¥ = || X,s*||>. The
1

step size implemented during the acceleration phase of the method is never less than g,
and thus the propositions of section 2 apply to the generated sequences. Also, we see from
Proposition 3 part 2(a) that efuf; =1 + 6, and thus
1 uk

fv — Vi, NwHN_

Rk X
lun|l?

NT 1S
As we shall subsequently see (Lemma 10 part 4) v, is of the order O(cTz* — ¢*). Using
Proposition 8, it can be seen that (see proof of part 1 Lemma 10) k% computed in step
4',is a very good estimate of the Newton step Avk, and its magnitude ¢; can be used to
estimate the distance from v to the analytic center v} of V. Asymptotically, we apply a
predictor step when the size, ¢; of the Newton step is of the order O(cfz* — ¢*)?; and the
corrector step otherwise. Since 7y is of the order O(cfz* — ¢*), pi is an estimate of p where
O(cTz* — ¢*)P is a measure of this distance. 7 is computed in such a way that after the
appropriate number of corrector steps, subsequent py becomes close to 2. As is well known
about the Newton step, ||Av|| is a very good estimate of ||[v§ — v} | . During the corrector
step, a4 is chosen so that

k+1 _ ok k T_k 2
ot — g = Avy + O(c' 2" — ¢)

and thus the affine scaling step behaves, asymptotically, like a Newton step. Because vit! —

vk and Avk can only be estimated to within O(cTz* — ¢*)?, py cannot be guaranteed to
be greater than 2, and thus higher rates of convergence cannot be guaranteed. We now
state the main theorem we will prove about the convergence properties of this accelerated
method:
Main Theorem Let the sequences {z*}, {y*} and {s*} be generated by the accelerated
method, and let assumptions (1)-(4) hold. Then, there ezist vectors z*, y* and s* such that

1. zF — 2~

2. yF —s y*

8 sk —s 5"
where x* lies in the relative interior of the optimal face of the primal, and (y*,s*) is the
analytic center of the optimal face of the dual. In addition, asymptotically, the sequence
{cTz* — cTz*} converges to zero as follows:
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1. The rate of convergence of the two step method is superlinear with a rate of 1.5.

2. The rate of convergence of the three step method is quadratic.

We now prove a sequence of lemmas that will be used in the proof of this theorem.
T.emma-9- There exists an L >-1-such-thatfor-every k> ', N =N

Proof: From Proposition 3, there is an L > 1 such that for all £ > L, from part
2(b) |(z})"sB| < pallzpll(cTe* — )%, and from part 2(a) (2§)"sk = (cTa* - )( + Ok)
where |§;| < pl(cT:U’c — )4 Thus there is an L > L such that for all £ > L, ( Tk =
(z5)Tsk + (2%)Tsk > 0.50(cT ¢*). Also from Proposition 2 part 3, dz% < (cTz* — ¢¥)
for each j € N. Since 23 > 0 and stk — 0, there is an L > [ such that for all £ > i,
and j € B

and, for each j € N,

(AVAAVARAY/

and we are done. n
Lemma 10. Let L be as in Lemma 9. There exists an L > ]:, 6, >0 and 6, > 0 such
that for all k > L
1. ||hk — Avk || < 01(cTak — )2,
2. -TTk;:4 =1 — a6(uk;) where §(uk) = Ju,;])
81— |lwk] —|AF| < 5(uN) <1.
4. 0.50(cTzF — ¢*) < (ak)T sk < 1.5(cTaF —¢).

Proof: The following identity is derived from Proposition 8 and definitions:

k(12

—vf
1+ &

bk — Aok = — VinAF

and part 1 follows from Proposition 3 parts 1 and 2(a), where dj is as in Proposition 3 part
2(a).
From steps 3 and 5 and definitions, we obtain
cTghtt — ¢ e

T U
=1 g

- - 4.1
CTiCk —c* ( )
and part 2 follows from Proposition 3 part 2(c).

Since part 2 holds for every oy < 1, choosing aj = 1 gives the upper bound of part 3.
The lower bound follows from Proposition 7,

o)k
reE =
= ¢(e+wh — AF)
< 14 [kl + 1A% (42)

and the fact that 13; > 1—2z. Part 4 follows from the fact that (z%)7s% = (cTz* —c*)eluf,
and Proposition 3, part 2(a).- [ |

The next proposition shows that the step chosen during the corrector step is converging
to 1, when the sequence {v%} is converging to the analytic center vy of V.
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Proposition 11.  Let wk — 0 on some subsequence K. Then, on K
_ Yed( Xk NSk) _ Tufp(uf) 1
2| Xs®|[? 2][uk|f? 2

Proof: Trom Proposition 3 part 2(a) and upper bound of part 3 of Lemma 10, 2a; >
Tuk > 1 —6,]. From equation (4.2)

1+ &

a < (1 + llwifll -+ 11A*])

and we get the result as d; and ||A*|| go to zero. L
4.2. The Predictor and Corrector Steps

We now investigate the predictor step under the assumption that the analytic center vy
exists and the iterate v is close to it.

Lemma 12. Let the analytic center vy > 0 of Vy exist and L be as in Lemma 9. There
exist L > L and 7 > 0 such that for all k > L for which ||vk — vi| < B(cTz* — c*)P with
p > 0.25

1.
) < 222 (T - ey
0
Proof Let 7 = —HML > 0 and define L > L such that for all & > L, 7 > 8(cTz* —
*10.25
¢*)*#* and
0.50[[vy — vill < ARl < 15|l — vi |- (4.3)

The inequality (4.3) follows from part 1 of Lemma 6. Now, for each 7 € N,
k * * k T k *
v; 2 i = vf —vi| > 2r — B¢z — )P > .

Thus lwi || = [[VidAvk]l < 23|[vk — vyl and we are done. |
The next proposition investigates the predictor step (Step 4, part 1) of the accelerated
method. This result also assumes that the analytic center v} exists, and some iterates get
close to it. This is implicit in the hypothesis of the proposition.
Proposition 13. Let L > 1 be as in Lemma 12. Assume that for some k > L and
B8>0, vy —oxll < B(cTzF — )P for some 1 < p <2, and a), > 1. Then
1. There are constants 6, > 0 and 0, > 0 such that

al(chk _ C*)H‘"’kﬂk < chk—}—l _< 92(CT$k _ C*)I-l-mln{p,v'kpk}.

2. There is a 03 > 0 such that

(1=7)
okt = wnl < Os(cTa 1t — &) T

Proof To see the first part, note that from step 4’, part 1 and Lemmas 10 and 12 we
get

0.50’T’°"’°(cTsck — *)TkPE

< ((xN)T lzcv)Tkpk
< 1—oa ‘
N
= P(uk)
T k+1 c*
T T Tk
< 1= (1= ™)L~ Jwyll — [6k])
< ™+ [lwill + 16|
< 02(CTxk _ C*)min{Pv’rkPk}
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and the first part follows. To see the second part, from Proposition 8, definitions and some
straightforward manipulation, we see that

Ok

hjcv = Avg — ‘1‘+—5kva+ Vien Ay,
and
ok ok = Avk 4 ¢k
where o) — 1 i,
= tm(hfv + m) + Vi, N A
where &, is as in Proposition 3. From Lemma 10 part 3, é(u%) < 1, ||h% ]| = & = % <

(1.5)#*(cTzk — ¢*)?* and 1 — ay, = v{***. Thus, for || < 0.50, and some 6 > 0

1) < %ﬁ;(%’i" T2l 186]) + ok A

< O(CT:rk — c*)(l_"")”".

Thus v — v} = vk + Avk — v} + 5. For some p; > 0 and 2p > (1 — 7 )py from part 2
of Lemma 6 we have

k+1

* k *
lon —onll < llok + Avy — oxll + 17|
< ok — vy |+ (T — 7)o
< ﬁﬂ’l (CTZIJk _ c*)2p + g(chk _ C*)(l—-rk)pk
(1=rp)
< Oy(cTaHH — ) TR
the last inequality of which follows from Proposition 13 part 1, and we are done. [

We now investigate the corrector step, again with the assumption that the analytic center
exists.

Proposition 14.  Let L be as in Lemma 10, and assume that for some k > L and 3 > 0,
vk — onll = B(cTa* — ¢*)P with p < 1 and oy, > 5- In case
1. 0.50 < p <1, then a corrector step will be taken, after which, for some 6; > 0

lon"" = orll < Ou(cTa*tt — ).

2. 0.25 < p < 0.5, then at least one corrector step will be taken, and after at most two
steps, for some 6, > 0

[on? — vl < Oa(cTa**? — ).

- Proof:  From parts 1 of Lemmas 6 and 10, we note that for some o; > 0, ¢ >
o1(cTzkF — c*)P. Also, from part 4 of Lemma 10, vy, < 1.50(cTz¥ — ¢*). Thus py is close to p,
and so a corrector step will be taken. Let

ar = ’Ykﬁb(Xk,NS]fv) — 6T“§°\r¢(u§v)
ET 2| XSk 2| uk|2

From part 2 of Proposition 3 and Equation 4.2, ay < 2£%(1 + |wk| + [|A*]]). Thus from

Lemma 12,
1

14 1 7
§—|5k|§ak§§+lpk|
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where, for some 0, > 0 and g3 > 0, |§;] < ga(cTzF — ¢*)? and |p,| < o3(cTzF — c*)P. Thus,

for all large k, 3 < a; < 2, and so a) = a;. Now, from part 2(a) of Proposition 3,

(e uf)p(uy) lut|l?

5 k
i) T ()
L4
= 5
Using Proposition 8§,
1+ 6 uk
k+1 ko k N
U —UN = 1_5k(UN V’C’NW)
- AUN + tk
where k
26
L k
1~5( VkN” k”2)+VkNA

From Proposition 3 parts 1, 2(a), 2(c) and 2(d) and for some o4 > 0, ||t*]] < g4(cTzF —c*)2
Thus after one step with this aj, we see from part 2 of Lemma 6

lon*! —vnll < oy + Avg = Rl + 1]
Pl = oyl + oa(cT2® — &)

ﬁ*(CTl'k _ C*)?p.

From parts 2 and 3 of Lemma 10 we see that

ANRVANRVAN

CT:L,k-{—l —c*

chk — = 1- aké(uk)

1 — 6
2

and, for all sufficiently large k such that |éx| < 0.50, we obtain

CTIEk+1 C*

025 < ——° <075 (4.4)
Tk —¢
Part 1 follows with 6; = (0.25)*3*. Part 2 follows by taking one more corrector step, and
using the same analysis as for part 1. u
4.3. Proof of Main Theorem
We now give the proof of Main Theorem.

Proof: We first show that an infinite number of predictor steps are taken. Assume that
only a finite number are taken. Then, there is an L > 1 such that for all £ > L, a corrector
step is taken. But by the definition of this step, the value assigned to «y is less or equal
to 2 and greater than or equal to 5- Thus the global convergence follows from the theorem
of Tsuchiya and Muramatsu [19]. And the primal sequence converges to the interior of the
optimal primal face and the dual sequence to the analytic center of the optimal dual face,
Fpn{s:sy > 0}. Thus, from Proposition 4, vy the analytic center of Vy exists, and
vk, — v}. Also, from Lemma 6, {v%} converges quadratically to v}, and from Equation
4.4, {cTz*} converges no faster than linearly to c¢* Thus for every 2 > p > 0, there exists
an L > 1 such that for every k > L, |lvk —vy|| < (c z* — ¢*)?. Now, from part 1 of Lemma
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6 and parts 1 and 4 of Lemma 10, p; will approach 2. This contradicts our assumption,
since a predictor step will be taken.
For each k € K’, let a predictor step be taken, and let £ € K'. rom Step 4’ we see that

€& < v} and, from Proposition 3 part 2(a), since v, = (1 + 8;)(c 2" — ¢*), we see that

ex — 0 for k € K’'. Thus
vk uk;
Ry = —N—

= -V for k € K’
1+5k kNH kHz—}O or Kk €

Thus, from Proposition 8, A% — 0 for k¥ € K’ and thus the sequence {v%}cxs converges
to the analytic center v}, and thus it exists.

Let k be sufficiently large at which a predictor step is performed. Since oy > % for
every iteration, Propositions 2 and 3 hold. Thus, during the predictor steps ay — 1 and
a predictor step with ap > % will be taken. From Proposition 13, we see that, for some

65 > 0,
okt — ]l < Os(cTab+t — &) TFim

By substituting 7, = 21

2o We obtain

okt = vill < Os(cTa = )

and after one corrector step will attain conditions of the predictor step. Also, by substituting
T = —%p— we obtain

”’Uk+1 UJ*VH < 93(CT:L'k+1 . C*)O.So_

So, after at most two corrector steps, the conditions for the predictor step are satisfied.
Now, the convergence rate of {cTz* — ¢*} is given by Proposition 13 as 1 4 74px. Thus,
asymptotlcally, the convergence rates for the two and three step methods are M and
M From Lemma 6, the rates of convergence of {v%} and {cTz*}, Equation (4.4), part
1 of Lemma 10 and the definition of p;, we note that p; will become greater than or equal
to 2, and our theorem follows. u
4.4. Asymptotic efficiency of Acceleration

We now investigate the asymptotic efficiency of this acceleration scheme and show that the
three step method maximizes a measure introduced by Ostrowski [14] section 6.11. This
measure balances the greater work done to achieve the higher asymptotic rate of convergence.
The simplest way to get order four convergence from a sequence generated by quadratically
convergent Newton’s method is to drop each odd element of the sequence. The convergence
rate has increased but so has the work per iteration. Ostrowski’s measure is invariant under
such manipulations. For a method which requires w units of work per iteration and achieves
a convergence rate of p, the measure of efficiency is defined as

log(p)

w

for a = 5+, we obtain a convergence rate of 2

By choosing Tk = (1+ )Pk o 1+2, — for a (r+2)-step
method, i.e., where (r 4 1) corrector steps are taken between each pair of predictor steps.

The table below gives the calculation of this efficiency:
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Algorithm Rate | Work/Iter | Efficiency | Factor
2 Step 1.5 2w S22 10.8773
3 Step 2 3w 0.2;3”105 1.00
4 Step 24 4w 0‘2111}88 0.9471
Two step Quadratic 2 2w %Z 1.50

We note that, under this measure, the three step method is most efficient.
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