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Abstract Let E be a nonempty finite set. H. Narayanan showed a theorem describing that the family
(W' € Pg, ) xer f(X) = minnepg Y xen F(X)} forms alattice, where f is a submodular function on
2% and Pg is the set of all partitions of E. On the other hand, L. S. Shapley gave a theorem on a necessary
and sufficient condition for a convex game to be decomposable. We give a theorem which is a generalization
of these two theorems.

1. Introduction

Let E be a nonempty finite set and f : 2 — R submodular. For the purpose of solving
problems in electrical network theory, H. Narayanan [3] studied structure of the set of the
partitions Py = {II'|II' € Pg, f(II') = minpep, f(I1)}, where Pg is the set of all partitions
of E and f(II) = Y xen f(X). He showed that Pj forms a lattice. On the other hand,
L. S. Shapley [4] introduced convex games and studied their properties. One of his results
is a necessary and sufficient condition for a convex game to be decomposable.

Our purpose is aimed at generalizing these two results. We pay attention to two following
concepts: first, Veinott relation ([5]) which is an order on a set of sublattices, and secondly,
properties of sum of a submodular function f : 2 — R over the subpartitions of E. In
section 2 we introduce a concept of <V-chain related to Veinott relation and that of V-
function as a generalization of such a function f. In section 3 we give our main result with
an additional property obtained from it, and show that the result is a generalization of
Narayanan’s and Shapley’s results.

2. Definitions and preliminaries
Suppose a finite lattice L = (L,V,A) with order < is given. For X,Y € 2F if z € X and
y € Y imply that z Ay € X and zVy € Y, then we denote X <V Y.

Theorem 2.1 (Topkis [5]): The set of all nonempty sublattices of a lattice L is a poset with
<v. O

We call the order <Y Veinott relation, which is named after a person introducing the
order. Let Ly = (L1,V,A), Ly = (Lo, V,A),---,L, = (L,,V,A) be sublattices of L. If
{Ly,Ly,---,L,} satisfies

(a'l) Z,]E{LQ,,n},Z#j:Lsz]:®7
(a.2) 1,7€{1,2,---,n} = L; <V L;orL; <V L,

“then we call it a < -chain of L. By the definition, (U™, L;,V, A) is a sublattice of L.

Example 1: Let (L,V, A) be a finite lattice with order < and z,y € L. Let X = {z |z <z}
and Y = {z|y < 2}. If y ¢ X then {X,Y} is a <"-chain of L. O
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Example 2: Let A = (A,V4,A4) and C = (C, V¢, Ac) be finite lattices with order <4 and
= respectively, where C is a chain (i.e., for all distinct z,y € C, either  <¢ y or y =¢ ).
We denote the direct product of A and C' by A x C'. We define V and A on A x C as follows:
for any two elements (a;,¢;) € A x C (i = 1,2), (a1,¢1) V (az,¢2) = (a1 Va4 az,¢1 Ve ¢3),

(a1,¢1) A (ag,¢3) = (a1 A ag,c1 Ac ¢2). Then, for each nonempty subset {c;,,¢;,, -, ¢, } of
C and sublattice B = (B, V4, A4) of A, {B x {c;,}, B x{ci,}, -+, B x {ci, }} is a <"-chain
of AxC. m

Example 3: A partition II' of a nonempty finite set F is a set of nonempty disjoint subsets
of F whose union is E. A subpartition II of a set E is a set of nonempty disjoint subsets of
E. Thus if E; C E and II; is a partition of F;, then II; is a subpartition of E. We refer
to an element N; of a subpartition II as a block of II. The collection of all subpartitions
(partitions) of E is denoted by SPg (Pg). We define a partial order <5F on SPg by
defining IT, <5F II, if and only if each block of II, is contained in some block of II;. The
least (greatest) element of S Py above (below) II; and II, in the partially ordered set SPg is
denoted by II; VII, (II; ATl,). We should notice that II; A Il does not always exist for two
arbitrary subpartitions II;, II,. However, by defining {#} <57 I € SPg and {0} <5F {0},
SPr U {{0}} forms a lattice with <°F. .

Let § # By C E; C --- C E, C E. Then {Pg,,Pg,, -, Pz, } is a <V-chain of SPg U
{{0}}. - o

We denote by AL¢ the set of all <V-chain of L. Let z, be the minimal element of L and
Lc € ALc. Foragiven L, € Lg and ¢ € L, if ¢ # z. and Z, = {#1,22, -+, 2z} C L—{z.}
satisfies

(b.1) 21 VzV---Vz =ua,

(b.2) i,je{l,?,---,k},i#j:ziAzjéw*, .

(b.3)  For each z;, there exists sublattice L7 of L such that z; € L7 =V [,
(Note that L’ need not be contained in L¢),

then we call it a decomposition of z. One may notice that {z} is a decomposition of . We
define that {z.} is the decomposition of z.. We denote by D, the set of all decompositions
of z. f Z, € D, and |Z| < |Z,| for all Z € D,, we call Z, a finest decomposition of x. We
denote by F'D, the set of all finest decompositions of z.

Let V : L — R be a function. For any L;, L; € L¢, suppose

(c.1) . is the minimal element of L; (i.e., 2\ < = (z € L;)),
(c.2) &€ L;and V(&) = mingep, V(z),

(C3) Zz € FD;, '

(c4) §€L;and V(§) = minger, V(y),

(C5) Li jV L]'.

The following conditions characterize a special class of functions on L.

Condition 1: If 3, € Z;, then V(§) + V(2, Vi) > V(G V (3, Val)) + V(§ A (3, V2i)).
(Note that 2, V2t € L;.)

Condition 2: For a given 2, € Z;, if x € L; and = < 2, V z', then V(2, V 2') < V(:z;)
Condition 3: V(§A &) = V(&) = s ez, VI A (2aVal) = V(v al)}

If a function V : L — R satisfies above three conditions for every Z; € FDj, then we call
V a V-function with respect to L¢.
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Let E be a nonempty finite set. A function f: 2% — R is called a submodular function
on 2F if
fX)+/Y) 2 f(XUY)+ f(XNY) (2.1)

for all X,Y C E. (If —f is a submodular function, we call f a supermodular function.) For
a subpartition II of E, we define f(Il) = ¥y £(X).

An example of V-function: Let us reconsider Example 3. A subpartition whose blocks
are all singletons of N C E is denoted by IIo(N), ie., IIo(N) = {{e} |e € N}. We show
that f : SPz U {{0}} — R is a V-function with respect to {Pg,, Pg,, - - -, Pg,} satisfying
0+ FE, CE,C---CE,CE when f is a submodular function on 2F.

Let 1 < p,q < n. Note that {#} is the minimal element of SPFU{{0}} and {{e} | e € E,}
is the minimal element of Pg,. Let I, = {N;, Ny,---, N} and Il be partitions in Pg,, Pg,
such that f(Il,) = minpepy, f(II) and f(Il;) = minpep,, f(IT). We may assume that
0 # E, C E, without loss of generality. Note here that L;, L; in the definition of V-function
correspond to Pg , Pg, in this =<V-chain {Pg,, Pg,, -, Pg,} and II,, II, correspond to z,
g. Then {{Ni},{Nz},---,{N,}} is the finest decomposition of II,. For i = 1,2,--- 7,
define Iy, = {N;} vV {{e}|e € E,} = {N;,Ilo(E, — N;)}. (More precisely, if r = 1, then
define Iy, = {N;}.) Since f is submodular, an elementary calculation yields the following
inequality (cf. Corollary 3.3 of [3]).

FL) + F(Ily,) > J(I, V Iy,) + F(IL, A TLy,). (2:2)

Hence, f satisfies Condition 1.

Secondly, we show that f satisfies Condition 2. Let I’ € Pg,. For N; € II,,, Iy, = II’
implies that II' can be described as {M;, M5, -, M, Io(E, — N;)} where {M;, My, ---, M}
is a partition of N;. Let II = {My, Ms,---, M,}. Since f(IL,) = minqep,, F(IT), from Lemma
3.1 of [3] we have

FU) = f(ln) = 32 f(M;) = f(N) 2 0. (2.3)

M;ell

Finally, we show that f satisfies Condition 3. From the definition of Iy, we derive

> {FM aTy) - F@n)} = 3 {70, A{N}) - F(N)}

N;€ll, N;ell,
= T(Hq A Hp) - T(Hp)~ (2-4)

3. Structure of <V-chain related to V-function minimization

In this section L = (L, V,A) is a finite lattice. A function V : L — R is a V-function with
respect to Lo, where L¢ is a <V-chain of L. The main purpose of this section is to give the
following theorem.

Theorem 3.1: Let LY = {|% € L;, V(%) = minger, V(z)} for L; € Lo. Then L =
{L7|L; € L¢} is also a <V -chain of L.

Proof: It is simple to show that L, satisfies condition (a.l). We establish that L{, satisfies
condition (a.2) by using the similar argument what Narayanan proved Theorem 3.5 of [3].
(The fact that L} is a sublattice of L is obtained simultaneously.) Let z% be the minimal
element of L; and L;,L; € Lc. We assume L; <V L; without loss of generality. First, we
state the following claim for emphasis.
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Claim: Suppose & € L] and § € L}. For 2, € Z; € F'D;z, we have

V(V (v 2h)) = min V(y), (3.1)
yeL;
VA GGV ) = V(E Vi), (3.2
(Proof of Claim) From L; < L; and V/(§) = minyer, V(y), we have
V(§) SV(GV (2 Val)). (3.3)

Moreover, from L; <V L; and Condition 2, we obtain
V(v al) S V(A GV al). (3.4)

Therefore, from Condition 1, (3.3) and (3.4) we have (3.1) and (3.2).
(The end of the proof of Claim)

Let Z; = {21, 25, +, % }. Repeating the application of (3.1) with (§V (3, Vai)V---V(%Val))
and Zpy1 Vzl for h =1 to k — 1, we have
Vv = VGV (Ve VeV (v ed) = min Vo), (3.5)

Moreover, from (3.2) for 2, € Z; and Condition 3, we have V(g A 2) = V(&). These imply
that V& € L; and g AT € L]. a

Let E be a nonempty finite set and f : 2¥ — R submodular. From Theorem 3.1 and
the example of V-function in the previous section we have the following theorem.
Theorem 3.2 (cf. [2]): Let ¢ # E; C Ey C --- C E, C E. LetI; be a partition of E;
and 11; a partition of E; for 1 < i < j < n. If f(I;) = minnepy, f(II) and f(II;) =
minnep,, f(I), then f(II; V I1;) = minnep, f(I1) and f(I; AT1;) = minpep,, f(IT). O
By setting E; = E; = E in Theorem 3.2 we obtain the following theorem.
Theorem 3.3 (Narayanan (3]): Let II; and I, be two partitions of E. If f(II;) = f(II,) =
minmep, T(H), then 7(1—[1 Vi) = 7(1—[1 A1) = minpep, T(H) 0

We consider the case of f(#) = 0. In the remaining part of this section, we define
Py = {{0}} and f({0}) = f(0). Since f is submodular, for each S C E, we have f({S}) =
minnep, f(II). Hence, from Theorem 3.2, we have the following corollary.
Corollary 3.4: If Il € Pg, satisfies f(Il) = f(E,) then f(IL A {E}) = f({E1}) for each
E, CE,. a
The following property immediately follows from the above corollary.

Property 3.5 (Girlich, Schneidereit and Zaporozhets [1}): Let Y be a nonempty subset of
E such that f(Y) = f(Y1)+ f(Y2), where Y, and Y, are nonempty disjoint sets, Y = Y UY,.
Then f(X) = f(XNY])+ f(XNY) for each X C Y. 0
Finally, we refer to a decomposable convex game. Let £ = {1,2,---,n} be a set of
players and (F,v) be an n-person game in characteristic function form where v is a real-
valued function on 2% and v(f)) = 0. A game (E,v) is convex if v is a supermodular function.
Let IT = {X1, Xy,---,X,} € Pg and p > 2. (E,v) is said to be decomposable (with respect
to II) if for each S C E, v(5) = Lx,env(XiNS). Let f = —v. From Corollary 3.4 we
derive the following Shapley’s Theorem.
Theorem 3.6 (Shapley [4]): A convexr game (E,v) ts decomposable if and only if f(E) =
f(X1)+ -+ f(X,) holds for some partition {X1,Xs, -+, X,} of E into p > 2 nonempty

subsets, where f = —v. a
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