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Abstract  We consider a global minimization problem: min{c'z+d"y |z € X,y € Y\U}2, G», (z,9) €
F}, where X and Y are polytopes in R™ and R"2, respectively; F is a closed convex set in R™*+"2; and
Gy (h = 1,---,my) is an open convex set in R™2. We propose an alogorithm based on a combination of
polyhedral outer approximation, branch-and-bound and cutting plane techniques. We also show that the
out-of-roundness problem can be solved by the algorithm.

1 Introduction
In this paper we consider the following minimization problem:

min ¢ z+d'y
s.t. zeX,
1.1 m
() yev\ o
h=1
(z,y) € F,

where X and Y are polytopes in R™ and R™, respectively; F is a closed convex set in
R™*m2: and G, (h=1,...,my) is an open convex set in R"2; the vectors c and d are in R™
and R™, respectively. In many applications the constraints in (1.1) are usually given as a
system of inequalities, then we assume in this paper that

X = {z|Aiz<a},
Y = {y|Boy <o},
F = {(:E?y)le(x?y)SOvzzla7m1}’

(12) Gh = {ylgh(y)<0}?h:1""7m27
ma
G = U Gy,
h=1
W = {(z,9) | (z,y) e X xY)NFy¢G}.
where Ag, By and ag, by are matrices and vectors of appropriate sizes; f; (i = 1,...,my)
and g, (h=1,...,m,) are convex functions. Obviously, the constraint y ¢ Uy, G}, can be

rewritten as gn(y) > 0 for h = 1,...,my. The constraint gy(y) > 0 is often called reverse
convez constraint (see, e.g., Horst and Tuy [9]). By setting

f(ZL', y) = Imax lfi($7 y)?

i=1,....,m
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Multiple Reverse Convex Conslraints 357

Problem (1.1) is equivalent to the following noncanonical d.c. problem:

min c'z+d'y
st. ze X,yey,
f(z,y) <0,
gh(y)zoa hzl,"'amZ'

(1.3)

Note that f(-) is a convex function.

Problem (1.3) includes several important classes of global optimization problems, such
as a special d.c. programming problem, a class of problems with multiplicative terms [7].
Moreover it certainly contains the canonical d.c. programming (see, e.g. Horst and Pardalos
[5])-

Recently several algorithms [4, 7, 10] are proposed for solving a special case of (1.3) in
which only one additional reverse convex constraint is considered. Since a single reverse
convex constraint is not available to represent the set defined by multiple reverse convex
constraints, their algorithm is not directly applicable to Problem (1.3). The general branch-
and-bound algorithm is a sole method for solving Problem (1.3) (section X.2 in [9]), which
however does not make use of the structure of the problem. Since Problem (1.3) possesses
a special structure that the reverse convex constraints are defined only on the y-space, we
devise an algorithm which takes advantage of this specific structure.

Our new algorithm is based mainly on a combination of polyhedral outer approximation
method and conical branch-and-bound in which the partition is made only in the y-space.
Since only linear programming problems are solved in each step, it should not be costly to
determine a solution for subproblem even if adding a new cut changes the feasible region.
Therefore we can incorporate the cutting plane method whenever a cut is available. The
algorithm can be regarded as a generalization of the first algorithm proposed in [7].

To use polyhedral outer approximation and conical subdivision we assume that
(A1) int (X xY)NF) #0.

(A2) N2, G # 0 and a point y° € N2, G, is available.

Furthermore we require that the reverse convex constraints are essential, i.e.,

(A3) there exists a point (z*, y*) such that (z*,y*) € (X xY)NF,y* € G and ¢'z*+d y* <

c'z+4d'y for any (z,y) € W.

The remainder of this paper is organized as follows. Section 2 describes a partition of R®11"2
based on a conical partition of R™>. We also show how to find the lower and upper bounds
in Section 2. Section 3 gives the algorithm and proves its convergence. In Section 4 we show
that the out-of-roundness problem [1, 11} can be formulated as Problem (1.3) and describe
the details of the method for obtaining the lower and upper bounds for this specific problem.

2 Branching and bounding operations

We establish a subdivision underlying the branch-and- bound algorithm in this paper. Owing
to the special structure of the problem we first subdivide the subspace R™ and then build
the subdivision on the whole space R™*"2., We use a conical partition as the subdivision
of the subspace R™. The bounding operations are carried out by solving a series of linear
programming problems.

2.1 Conical partition

Let 4%, 2¢ (i = 1,...,m5) be ny + 1 affinely independent points of R?>. We call the convex
polyhedral cone {y € R™|y = Y22, X (2* — ¢°) + 4%, A* > 0} the cone generated by
points 3%, 21, ...,2™. The cone has exactly n, edges emanating from point y°. Without
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358 Y. Dai, J. Shi & Y. Yamamoto

loss of generality, we assume that all 2¢ are on the surface of the unit ball B(y°) = {2z €
R ||| z—4° || <1} with center at y°.

For a subset Y’ C R™ a collection C of finitely many cones { Ci, ..., C; } defined above is
called a conical partition (see figure 1) of V" if Uf_,C; = Y” and int C; Nint C; = 0 for i # j.
We also call a collection D = { Dy, ..., D, }, where D; = R™ x Cj, a conical partition of
Rm xY'.

Let C and C’ be conical partitions of R™2. Conical partition C’ is said to be a refinement
of C if for any C' € C’ there exists a cone C € C such that C' C C.

In our algorithm we repeatedly refine the conical partition of R™ to yield a sequence
{Cy }x=12,. of conical partitions. The refinement process is called ezhaustive if for every
strictly nested sequence { Cy }r=1,2,.. satisfying Cy € Cx and Cy;1 C Cy for every k, there
exists a vector Z on B(y°) such that

lim z; =2z forall i=1,..,n,.
k—oo

Figure 1: Conical Partition

2.2 Lower and upper bounds

Let P be a polytope containing all optimal solutions of (1.3), e.g., one can take X x Y
as P. Then we can assume without loss of generality that P is contained in X X Y. Let
D ={D,,...,D;} be a conical partition of R™*"2. We consider how to compute a lower
bound L; of c'z +d'y over (PNW)ND; = (PNW)N(R™ x C;) for j =1,...,t. For the
sake of brevity, we omit the subscript j and let D = R™ x C denote a cone of the conical
partition D = { Dy, ..., D, } throughout this and next subsections.

Assume that the polytope P is defined by the following system of inequalities:

Az + By < b,

where A, B, and b are matrices and a vector of appropriate sizes. Note that P does not
necessarily contain the whole set (X x Y') N F. We propose a procedure for calculating the
lower bound L of ¢"z + d"y over the set PNW N D.

For the cone C determined by 3°, 2%, ..., 2", let © = 2max{#|y® +0(z —y°) € Y,z €
B(y°) } and let

(2.1) 6" = min{ ©, sup{f|y° +6(z* —¢°) € G» }}
for : = 1,...,ny. And define for every G, (h = 1,...,m,) a set of ny points
(2.2) v = o0 + 0 (2* — o).
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We denote by 6" the np-dimensional vector (6'*,...,6"*)T, U the ny x ny-matrix (v'* —
y°,...,v™" — y0). Define a half space H" in R™ as

H' = {ye R |y=y"+UM\F "N > 1},

where e = (1,...,1)T. From the choices of y° and v'*,...,v"2* U™ is a nonsingular matrix,
then H" can be written as

H* = {yeR™[e" (UM (y—y°) >1}.
Then the intersection of H" and the cone C is written as
(2.3) H'nC={ye R |y=4"+ UM\ e"A" > 1,A" > 0},

and for every point (z,y) € P N (R™ x Np2,H*) N D, there exist nonnegative vectors
M= (A A2M)T for b = 1,...,my, such that e" M > 1 and

(2.4) (z,y) = (0™, yO) + (z, Uh’\h)'

Lemma 2.1 For every (z,y) € PN (R™ x Np2, HM) N D, AP in (2.4) is bounded for
h = 1, ooy M.

Proof. Let h be an arbitrary index of {1,...,m,}. From (2.4) point y with (z,3) € PN
(R™ x N2, H*) N D is written as

y =y + U,
that is
A= UMy - o).
Then we obtain
I <O Il y =9 |,
which is bounded since y is in the polytope Y. O

Let

L = min{c'z+d"y|(z,y) € PN(R™ x NP2, HNYN D}
(2.5) | = min{c'z+d y|Az + By < b;y = y° + U\P,
e N>, M >0 h=1,..,my}.

The following lemma shows that L is a lower bound of ¢"z + d "y over the set PNW N D.
Lemma 2.2
(3) If PN (R™ x My2,H*) N D is empty, then the optimal solution of (1.3) is not in
PnwnD.
(i) If PN (R™ x Np2, H*) N D is not empty, then

L<min{c'z+d"y|(z,y) e PNWND}.

Proof. From the definitions of H", C and G, we see that {y |y ¢ G}NC C ("™, H"NC,
then

PAWND=PNWN(R™ xC)C PN(R™ x (N2, H*NC)) = PN(R™ x N2, H*) N D.
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360 Y. Dai, I. Shi & Y. Yamamoto

Therefore we obtain (#i). Moreover if PN (R™ x N2, H*) N D @, then PNW ND=§.
It implies (7). il

From the above lemma, it seems that we have to solve a linear progfa,m with a lot of linear
constraints when mo is large. However from Lemma 2.3 below, it is likely that we can
remove many of such constraints of H* N C in computing (2.5).

Lemma 2.3 For hy,hy € {1,...,my} if 6" > 8" then H» N C C H™ N C.

Proof. Let y be a point of H™ NC, then there exists a vector A** > 0 such that e" A" > 1
and

y = ¢°+ UMM
—_ yO + (,Ulh]_ _ yo, el vnzhl _ yO)(Alhl’ el Anghl)T
= P+ (=08 (2 — gD (AL AT

Let t* = §%"1 /62 which is well defined by 82 > 0, then #* > 1 and we obtain

y = yO + Kzl - yO)glhgtl, N (Zn2 — y0)0"2h2tn2} (/\lhl, e /\nzhl)T
PO+ (21— 08, L (2 — y0)arehe] (AR g Aneh)T

Note that t*A™ > 0 for all s and ¥ ¢\ > 1. This means y € H? N C. o

The following lemma is derived from Assumption (A3).

Lemma 2.4 Let (z*,y*) be a global optimal solution of (1.3), then y* is on the bound-
ary of G.

Proof. Suppose that the optimal solution (z*,y*) of (1.3) is not on the boundary of G.
Then gn(y*) > 0 for any h € {1,...,ma}. Let (z(A),y(A)) = (A(z*,y*) + (1 — N)(z*,y*)) for
(z*,y*) of Assumption (A3). Then for any A € (0, 1]

*

c'z(A) +dTy(\) <c'z*+d y"

Therefore ¢"z(A) +dTy(X) < ¢"z* +dy* for some A € (0,1] and ga(y(X)) > 0 for all h. By
the convexity of X,Y and F, we also see that z()) € X,y(A) € Y and (z(A),y(A)) € F. It
implies that (z(A),y(A)) is a feasible solution of (1.3). This is a contradiction.

After solving the linear programming problem of (2.5) we obtain an optimal solution (Z, )
and the corresponding objective function value L. If the point (Z,7) liesin PNW, it is an
optimal solution of min{c'z +d"y|(z,y) € PN W N D}. Then the currently considered
D need not be subdivided further. Moreover, L serves as an upper bound of the optimal
value of Problem (1.3).

If (z,9) ¢ PN W, then we possibly find a feasible point of (1.3) by moving from (Z, j)
along some specific direction. A possible choice of the direction is (c,d). Let

(2.6) F=min{2max{7|g+7d € Y} sup{r|g+7d € G} },
and define a point (£, §) by

(2.7) (2,9) = (2,9) + #(c, d).

If (3

) € W, then the value ¢'z + d "9 is an upper bound of the optimal value of (1.3). If
¢ W, then it is difficult in general to find a feasible point of (1.3) by moving (%, 3). The

(#,9)
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following technique, however, works well, for example, for the case of the out-of-roundness
problem in Section 4. Namely we fix § and search a test point. Let

(2.8) i =argmax{c'z|Ar <b— Bj}

and let A = sup{\| [(£,9), (& + A& — £),9)] N (X xY)NF =0}, where [-,] stands for a
closed line segment. If A < 400, then we let the test point (Z,9) be determined by

(2.9) F=2+ A& — ).

Lemma 2.5 If A < +o0, then (%,§) € (X xY)NF.
Proof. Suppose (Z,§) ¢ (X x Y) N F. Then we have

[(2,9), (@& PN (X xY)NF)=0.
By virtue of compactness of (X x Y) N F, there exists ¢ > 0 such that
[(2,9), (@ + (A +e)(&—2),9)]N (X xY)NF)=0.

It contradicts the definition of \. O

2.3 Polyhedral cuter approximation and cutting plane

At the beginning of the algorithm, we take the polytope X x Y as an initial polytope P;
containing (X x Y)N F. The algorithm generates a sequence of polytopes { P |k = 1,2, ...}
such that P, O P,--- and each Py contains an optimal solution of (1.3).

At the kth iteration, we construct a conical partition over some cone D chosen in the (k-
1)st iteration. By solving linear programming problem (2.5) for all cones in the partition,
we obtain several lower bounds. We also obtain several, possibly no, feasible points of
(1.3), which are generated by solving (2.5) or by (2.7)-(2.9). After bounding operations (see
Section 3 for the details) we choose a point with minimal lower bound to obtain a point
(Zx, k), which is an optimal solution of (2.5) for some cone of D. If we find some feasible
points, then choose one of them, say (£, y) having the smallest objective function value. We
can take the inequality
(2.10) c'z+dy<ci+dy

as a cutting plane if the value ¢'¢ + d'g is less than the current upper bound. Adding
(2.10) to the constraints of P, will not cut off the optimal solution of (1.3). Moreover, if
(Zx, k) ¢ F, compute a subgradient S(Zx, 7x) of f at (Zk, Jx) and let

(2.11) W(z,y) = [(z,y) — (Zk, Ge) S (Tk, Ge) + F(Zk, Tr)-
Then the inequality
(2.12) L(z,y) <0

will cut off the point (Zx, Zx) but no feasible points of (1.3) in P;. Therefore we can define
the polytope Py for the next iteration by

P = P {(z,9) | lI(z,9) <0, c'e+d y<c'a+d g},

However, on the situation that only one of the cutting planes (2.10) and (2.12) or no cutting
planes can be constructed, Py, is defined by adding the corresponding cutting plane to P
or by Py,1 = Py, respectively. The latter occurs if (Zx, k) € F N G.
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3 Algorithm

Based on the above discussion we propose an algorithm for solving Problem (1.3) as follows.

Algorithm
begin
Construct a polytope P, : P, O W and a conical partition C of R"?;
M, :=C;v:=+400; k=1,
while M 7é 0 do
begin
for each C € M; do
begin
Solve linear program (2.5);
(2(C),§(C)) := the optimal solution; L(C) := ¢"Z(C) + d" §(C);
if (2(C),35(C)) €e W and v > L(C) then
begin
v = L(C); (&, 9) := (2(C),5(C))
end
else
begin
Compute (£,7) by (2.7);
if (£,9) € W and v >c'2+d"j then
begin
yi=c'g+d'y; (&,9):=(279)
end
else
begin
Compute (Z,9) by (2.8) with (2.9);
if (2,9) e W and v > c'Z +d'j then
begin
yi=cTd+dTg (& 9) = (3,9)
end
end
end
end; A
if {CeM;|L(C)<~y}#0then My :={C e M;|L(C)<~y}
else goto Out_of_while ;
Choose a set C' € My satisfying ¢'Z(C) +d" §(C) = min{ L(C) |C € M1 };
Cr :=C; (Ze, k) := (Z(Ck), §(Ck));
if v is updated then Py, := PN {(z,y)|c'z+d y <~}
else Pk+1 = Pk;
if (Zx,7x) ¢ F then
begin
b= [(z,y) — Tk, Gx) 1S (Zk, Te) + £(Zk, Gx) < 0;
Pei1 = Pepi N {(z,y) | le(z,y) <0}
end
Construct a conical partition C;, of Cy;
My = Mk+1\{Ck}UCk; k:=k+1
end
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Out_of_while ;
if 7 := +oo then writeln(’ The problem is infeasible )
else writeln(’ The solution is ’, (&, 7))

end.

3.1 Proof of the validity of the algorithm

If the algorithm terminates within a finite number of iterations and y < +o00, then clearly
we obtain an optimal solution of Problem (1.3). If it terminates with v = 400, we see that
the problem has no feasible solution.

Theorem 3.1 If v = +00 when the algorithm terminates, the problem (1.8) has no
feasible solution.

Proof. Note that the algorithm terminates only if Mj, becomes vacant and that it has
two steps where M is updated:

(31) Mk+1 ZZ{CGMk IL(C) <’)’}
and
(3.2) My = Mea \ {Ck} ucC.

Since My does not become vacant at Step (3.2), we conclude that
(33) L(C) > 7 = +oo,

meaning (2.5) is infeasible for any C' € M. Suppose (1.3) has a feasible solution, say (z, y).
Then it is feasible for (2.5), and hence L(C) is finite if and only if the corresponding cone
C contains y. Since v = +o00 throughout the execution of the algorithm, M, keeps a cone,
say C' containing (z,y). This implies that L(C") is finite, which contradicts (3.3). O

Suppose that an infinite sequence { (Zx, Jk) }x=1,,.. is generated by the algorithm. Since the
sequence is in compact set X XY, and hence bounded, it has a cluster point (z*,y*) € X xY.
We see that the conical partition Ci consists of finitely many cones, therefore there exists
at least one cone of Cy, containing infinitely many points of (Z, 7). Consequently, we can
choose a subsequence { (Z,, ,) }q=1,,.. of the above sequence and a sequence {Ck, }¢=12,..
of nested cones such that (Zx,, 7k,) € Ch,-
The following two cases can happen.

Case(1) there exists a g such that for all ¢ > g, (Z,, ,) € F;

Case(2) for any g there exists ¢ > ¢ such that (Zx,, %,) ¢ F.

In order to prove the convergence of the algorithm we first prove (z*,y*) € F. If case (1)
happens, then clearly (z*,y*) € F. Therefore we only consider case (2). For simplicity we
assume that the points (Z,, x,) does not belong to F for every g by taking a suitable subse-

quence of { (Zx_, Zx,) } if necessary. For a positive € let us introduce a closed e-neighborhood
P(e) of P, i.e.,

P(e) = {(z,y)| there exists (z',y') € Py, || (z,y) — (',¢') || < e}.

Then P, CintP(e).

Lemma 3.2 The cutting plane functions { g, }q=12,.. are uniformly equicontinuous on
P.
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Proof. From the compactness of P(¢) we see that the convex function f(z,y) is bounded
on P(e), i.e., f(z,y) < M for some M. By the definition of subgradient

f(x,y) 2 [(m’y) - (‘fkq’gkq)]s(ikq’gkq) + f(fkq’gkq) for all (x,y) € P(E)a

and consequently

(3-4) [(2,9) = (Zk,, Tr,) 1S (Zhys Bk,) < M

holds for all (z,y) € P(e) and for all k. Suppose that {S(Zx,,%,) ¢ = 1,2,..} is
unbounded, then there exists at least one unbounded component of S(Zy ,%r,). We as-
sume without loss of generality that the first component of S(Zj_,%,) is unbounded. By
(Zk,» Ur,) € P1, we can take a point (z,y) € P(e) such that (z,y) — (Zx,, k,) = (%¢,0,...,0).
By choosing an appropriate sign of €, we have [(z,y) — (Zk,, Uk, ) ]S (Zx,, Uk,) > M for a suf-
ficiently large g, a contradiction to (3.4). Therefore { S(Zx,,%,) | ¢ =1,2,... } is bounded.
Let M;, M> and Mj be sufficiently large numbers such that || (z,y) — (Zx,, %,) || < M1,
|| S(Zk,, Tr,) || < M and |f(z,y)| < Mj; hold for all (z,y) € P; and for all g. Then
I, (z,y)| is bounded by MM, + M; for all (z,y) € P, and for all g. Therefore, both
sup{ I, (z,9) | (z,y) € P, ¢=1,2,...} and inf{l; (z,v) | (z,y) € P, ¢=1,2,... } are finite.
The desired result follows from Theorem 10.6 of [13]. O

Since {l,(z,y)|(z,y) € P1, ¢ = 1,2,... } is bounded, by Theorem 10.8 of [13], lk,,lk,, ...
converge uniformly to a continuous function I, i.e.,

lim sup [l (2,5) — U(z,y) | = 0.

g0 (z,y)EP,
We have
Lemma 3.3 qanolo Uy (ZThgy Tr,) = U(z™, y").

Proof. Since I}, converges uniformly to I, we have that for every € > 0 there exists ¢; such
that

sup |l (z,y) —U(z,y)| <e/2 forallg> ¢
(ﬁi,y)EPl

From qlirglo(fkq’ Uk,) = (z*,y") and the continuity of /, we have qli)rgxo UZk,, Tr,) = U™, y7), Le.,
for every € > 0 there exists gy such that

| U(Zr,, r,) — U(z*, y") | <e/2 forall g > go.
Then we have for all ¢ > max{q, ¢ },

| Uk, (Zhys Try) — U™, 9%) |

< kg (Zhgs Try) — UZhygs Ory) |+ 1 U(Zkys Tr,) — U™, y") |
< sup |l (z,y) — Uz, y) | + [U(Zk,, Tr,) — U(2", 97 |
(z,y)eP,
< €/2+¢/2
= . O

Lemma 3.4 If l(z*,y*) <0 then (z*,y*) € F.
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Proof. Note that I (z,y) = [(z,y) — (Zx,, T, )|S(Zx,> Tr,) + F(Zrys Ui, )
}Lr&lkq(x,y) =l(z,y) and (}3& f(Zx, x,) = f(z*,y%).

By the boundedness of S(Zy_, %k,), we can find a subsequence of S(Zy_, Jk,) converging to a
vector S. Therefore

U(z,y) = [(z,y) — (" y)IS + f(z*,y"),
implying f(z*,y*) = l(z*,y*). By the definition of F, we have the lemma.

B

Lemma 3.5 qli)x& I, (jkq+l,gkq+l) = i(z",y").
Proof. By qll)rgo Ik, (Zr,> Ur,) = U(z™,y") and l}-iﬁlo(zkwg’“q) = (z%,y"), we see that for every
€ > 0 there exists q; such that
Uz, y") = Uiy (Zrgs Tr,) | < /3 forallg > q
and for every § > 0 there exists go such that
| (z*,y*) — (Zx,, 9x,) || <& forall ¢ > go.

From Lemma 3.2, we see that { I, (z,y) } is equicontinuous at (z*,y*), i.e., for every € > 0
there exists § > 0 such that

if || (z,y) = (z",9") || < 6 implies

llkq($*a y') — lkq(ﬂf,y) | <e/3 for all q.

Therefore for every € > 0 we have that for ¢ > max{ ¢, ¢, }

[ U(z", ") = kg (Thgis Trgsr) |

|l($*,y*) - lkq(i.kq’ gkq) I + llkq(x*7y*) - lkq(ikqa gkq) |

kg (2%, 4") = ley (Zryy 1 Trgsr) |

< €/3+¢/3+¢/3

= €. , 0

IN

Theorem 3.6 (z*,y*) € F.

Proof. Note that kg1 > k,+1. Then by the definition of (Zx_, ,, Jk,,.), we see (Tx, .1, Uk sr) @
Pi,yy © Proy1, meaning I (Zx,, ., Jk,,,) < 0. Therefore {(z*,y*) < 0 by Lemma 3.5. Then
Lemma 3.4 proves the assertion. O

We have proved that every cluster point of the sequence { Zx, 7y } generated by the
algorithm belongs to F'. Moreover, from Py C X x Y for k = 1,2... we have (z*,y*) €
(X xY)NF.

Theorem 3.7 Suppose the conical partitions generated by the algorithm are exhaustive.
If v < +o0 then every cluster point of the sequence {(Zk,Jx) } is an optimal solution of
Problem (1.3).

Proof. Let (z*,y") be a cluster point of { (Zx, %) }. Assume that {(Zx,,7,)} is a sub-
sequence of { (Zx, Jx) } converging to (z*,y*) such that (Zky, Ur,) € Di, = R™ x Cy, for a

nested sequence { Cy, } of cones, i.e., Cy,,, C Ck, for all g.
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First we show y* ¢ G. From the assumption that { Cy, } is exhaustive, there exists a
vector Z € R™ such that y* is on the ray {y|y = y® + 6(z — ¥°),0 > 0}. On the other
hand, by the definitions of (Zx,, Zx,) and Cj,,

(3.5) Ok, = ¥° + UL AL, = 0"+ (o = 9% 02" = ") (R0, 02T,

where eT/\h >1and /\h > 0. From the definition of Uk in (2.2) ( where index k, is omitted
) we see that

oy = 4+ B, 47 AR — O AT

By Lemma 2.1, we have that {/\ﬁq |h =1,..,ms,q = 1,2,... } is also bounded. Taking a
subsequence if necessary, we obtain that

lim 0”‘ = gk, qli_{{.lo )\“: =X for i=1,..,ny and Z;\ih > 1,2 > 0.

300 Tka
Hence
y = lim g, = 3+ [0M(2 -y, 0 - ) J, L AT
= y°+[(‘~y°),...,(z- ) (BPAMR, .., Grahymah)T
(3.6) = P+ (z-y Zel’wh for all h.

Suppose y* € G, then there exists at least one hq such that y* € G,. We will show that
(3.7) Y + 6" (z — y°) € 8G, for some i.
Suppose that y° + 6%0(z — y°) ¢ OG}, for all i. Note that 6}:0 is taken either as © in (2.1)
or such that y° + 0};’;0(z};q —4°) € 8G4,. Then for sufficiently large ¢
Oy = ©,

which implies

giho = @ for all i.
Therefore from (3.6) we obtain

(38) y* — yO + Zelho/\zho _ y + @Z /\zho

2=]1

From the definition of ©, (3.8) contradicts the fact that y* € Y. Therefore (3.7) holds true.
Moreover, it follows that from the compactness of 0G},
(3.9) y® + 6" (z — %) € 8G}, while 60 #£ © for all i.
Taking 8" = min ", by virtue of (3.7) and (3.9), we see that y° + 60 (z — ¢°) € OGh,.
From y* € Gy, therefore 3 fo)ito < gho — min . On the other hand, Y @hoxiho >
3 Ghoxito > Gho 4 contradiction. It implies that y* ¢ G.

Combining the above result with Theorem 3.6 we see that (z*,y*) is a feasible solution
of Problem (1.3), i.e., (z*,y*) € W.

Let V* be the optimal value of (1.3). Note that ¢'Zx, + d' Jk, is a lower bound of V*,
therefore we see that

¢zt +dy = lim ¢z, +d' G, <V

It implies that (z*,y*) is an optimal solution of Problem (1.3). O
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4 Out-of-roundness problem
Let P be a set of finitely many points p',...,p™ in R*. The out-of-roundness problem is
formulated as follows.

min R—r

st. |[p—p"||<R, h=1,...,m,
Hp_l_)h HZT, h’:17-"7m,
p e C(P),

(4.1)

where C(P) is the convex hull of the set P.

Figure 2: Out-of-Roundness Problem

The problem is to find a pair of concentric balls one of which contains all the points
P, ...,P™ and the other contains none of them such that the difference of two radii is
minimized. If the objective function R — r is small enough, we can conclude that the given
points p!,...,p™ lie on the surface of a ball.

There are several algorithms [1, 11] dealing with the problem. The proposed algorithms
[1, 11] can solve 2-dimensional out-of-roundness problems in O(m?) time. To the authors’
knowledge there are no algorithms developed for solving problems with dimensions higher
than two. The algorithms in [1, 11] are based on constructing the nearest and furthest
neighbor Voronoi diagrams. However, constructing the nearest neighbor Voronoi diagrams
alone needs O(m!"3"1) time, which increases exponentially with the dimension n (see [2]).
Moreover, whether the approaches in [1, 11] can be generalized to solve problems with n > 2
is not clear. In the remaining part of this section we show that the out-of-roundness problem
can be formulated as Problem (1.3), where the structures of X,Y,F and G of constraint
sets are rather simple. By taking advantages of the structures, we show that the algorithm
proposed in the previous section can be applied efficiently to the problem.

We consider the problem (4.1) with the last constraint p € C(P) dropped, i.e.,

min R—r
(4.2) st. |p—p"||<R, h=1,...,m,
lp—7*||>r h=1,...,m.

In practice the given points ', ..., p™ represent the location of sample points on the surface

of an almost round object. Therefore it is very likely that the solution of (4.2) lies somewhere
in the convex hull of P. Let us set an assumption as follows:
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Assumption 4.1 The optimal solution of (4.2) is in the convez hull C(P).
The out-of-roundness problem is equivalent to Problem (4.2) under Assumption (4.1). Let
1 m
0 ~h
p = - Z D,
m

o = min{(e) P |h=1,...,m}, j=1,...,n,
B3 = max{(e)'p"|h=1,...,m}, j=1,...,n,

where ¢’ is a jth unit vector in R™. Further we define

F = {(Rnp)]|||lp-P"|<R,h=1,...,m},
Ghn = {(rnp)|llp=-0P"|<r}, h=1,...,m,

m
G = |G
h=1
P = max| -7,

{RI0OSR<20},
= {(rnp)|0<r<2, o <p;<f, j=1,...,n}

<
Il

and consider

min R—r
(4.3) st. ReX, (r,p) €Y,
(R,7,p) € F, (r,p) € R\ G.

Note that

Gh:{('rap)lllp_ﬁh -7 <0}, h=1,...,m
is an open convex set. The polytope X is just an interval and the polytope Y is a hypercube
of dimension n + 1. From the nature of this problem the ratio of m/n is usually very large.
Theorem 4.2 Under Assumption /.1 the problems (4.2) and (4.3) are equivalent.

Proof. Let (R*(2),7*(2),p*(2)) and (R*(3),7*(3),p*(3)) be optimal solutions of Problem
(4.2) and Problem (4.3), respectively. Since (R*(3),7*(3),p*(3)) is a feasible point of the
problem (4.2),

(4.4) R*(2) —r*(2) < R*(3) — r*(3).

On the other hand, we obtain p*(2) = Y7, \;p" for some nonnegative A} such that
YA, =1 from Assumption 4.1 and R*(2) = || p*(2) — p™ || for some h; € {1,...,m}.
Therefore

R'(2) = [p(2-p"|
< @) =" |+ p° —p™ |

P VT N B P
h=1

m
< S xl—o°|+ p° - |
h=1

< 20
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Furthermore, p*(2) € C(P) implies o < p}(2) < 7 for j = 1,...,n. Therefore (R*(2),7*(2),p*(2))
is a feasible point of Problem (4.3). Then we have

(4.5) R*(3) —r*(3) < R*(2) — r*(2).
0

From Assumption 4.1 and Theorem 4.2, the out-of-roundness problem is equivalent to
Problem (4.3), which is solvable by the algorithm proposed in Section 3.

To start the algorithm we choose X X Y as an initial polytope P; containing (X X Y)NF,
where (X x Y) N F is defined as before. Take r° to be any value greater than p° =
max | ° — " ||. Then the point (r° p°) belongs to NG}, and can serve as point y° of
the algorithm. ‘

Suppose that we are at the kth iteration of the algorithm, let the polytope Py be defined
by

P, = {(R,r,p)|ayR+asr + Byp < b},

where a*, af and b* are m*-dimensional vectors, and By is an m* x n-matrix. To obtain
a lower bound over a set P, N W N D, let (r!,p'),..., (r"*t1, p"™!) be points generating the
cone C. Since each constraint gn(r,p) < 0 defining the set G, is very simple, a solution of
the equation

k

1p° + 6 (p" = p°) = p" | = (r° + 6% (r" = 1)) =0,
if any yields the value of #**, for which (r®h, ph) = (r0,p%) + 6(r* — r%, p* — p°) lies on the
intersection of 0Gy and the ith ray of the cone C. After computing the set of n + 1 points
(r1h pth), ..., (rPFLR pnFLRY) for every b (h = 1,...,m), we have to solve a linear program
(2.5) to obtain a lower bound and possibly an upper bound. The linear program (2.5) can
be written as

min R—r
st.  af R+ afr+ Bip < b,
(4.6) (r,p) = (r°,p°) + UM\, Vh,
e’ \* > 1, Vh,
X, R, >0, Vh.

Recall UP = [(rth — 70 pth — p0) ... (ro+Lh — 0 prtbh _ p0)] Let

Uh
*~(8)
Up

then
(4.7) r =10+ UM} Vh,
(4.8) p=1p°+ U™, Vh.

Take an arbitrary number of {1,...,m}, for instance 1 and substitute (4.7) and (4.8) with
h =1 for r and p of (4.6), respectively. Then the problem (4.6) reduces to

min R- U -0
s.t. @R+ BFX! > Bk
(4.9) URNE— AL = 0, h=2,...,m,
el AP > 1, h=1,...,m,
AR > 0, h=1,...,m,
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where
sk _ k
a® = —a,,
Rk _ krrl _ k7l
B* = —aU; -a,U,,
b = afr® 4+ af;po — b*,

The above problem has m* + (n + 1)(m — 1) + m constraints and (n + 1)m + 1 variables,
and the number m* grows at each iteration as cutting planes are introduced. Therefore it
is time consuming to solve this problem directly. We deal with this shortcoming as follows.

There are lots of redundant constraints in (4.9). Using Lemma 2.3 we can remove h from
the set {1,..,m} if there exists an h’ such that " < @". Let I be the remaining subset of
{1,..,m} after removing all those h, relabel the elements in I as 1,...,|I|, and relabel also
correspondingly U" and A*. We consider the dual problem of (4.9). Let ¢, 7,...,nFI"1 &
be dual variables of the reduced and relabeled problem (4.9), where ( is a vector of mk*-
dimension, 7},...,n!!I"! are vectors of (n+ 1)-dimension, and £ is a vector of |I|-dimension.
The dual problem is

max (B¥)T¢+eT¢
s.t. (a*)T¢ < 1,
-1
(4.10) (BMT¢- Y W)+ < —(UNT,
(UM T ge < 0, h=2,..,I

Note that the above problem has (n +1)|I| + 1 constraints. It is obvious that solving (4.10)
is less time consuming in comparison with solving (4.9) directly.

The other thing worth mentioning is that the methods of finding possible feasible points
in (2.7) and (2.8)-(2.9) are extremely simple. By solving (4.10) we obtain a point (R, 7, ).
Suppose (R,7,p) ¢ (X x Y) N F. Then -

|p—p"||-F<0 for h=1,...,m.

The value of 7 = sup{7|7d +§ € G} in (2.7), where d = (-1,0), § = (7,p), can be
determined by ’

f=max{F—||p—p"|||h=1,...,m}.
In fact the point (7d 4+ §) = (F — 7, p) belongs to G, since

Hﬁ_ﬁh “ _(f_%) 20, h:]-a"'vma
and at least one equation holds. Then the point (%, §) = (R, #,p) in (2.7) can be determined
by 7A'(C, d) + ('Tv g) = 7’;(1’ ﬁl-a 0) + (Ra T, Z—)) .

If the point (Z,4) = (R,#,p) in (2.8) is necessary, we have to determine first ¥ = R

satisfying (2.9), i.e., to solve the following maximization problem
(4.11) max{ R|a* R + af + BEp < b*}.

Note that (R,7,p) € Py satisfies 0 < R < 2p°. Therefore (4.11) has an optimal solution.
The optimal solution is simply given by

a;

R:min{ﬁ

ai>0,i:1,...,mk},

where a; and b; are the ith components of the vectors a* and b* — af# — Bkp.
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5 Conclusions ,

We have proposed an algorithm for solving the global optimization problem with a set
of reverse convex constraints by means of cutting plane techniques and branch-and-bound
method. The out-of-roundness problem has been discussed as a special case of the problem
considered in this paper. The techniques proposed to find a feasible point in (2.7)-(2.9)
become very simple when applied to the out-of-roundness problem. The proposed method
formulating a computational geometry problem as a global optimization problem is also suc-
cessful for the largest empty sphere problem (see Shi and Yamamoto [3]). This is a concrete
example using continuous approaches to discrete optimization problems (see Pardalos [12]).
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