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Abstract This paper considers a nunpreemptive priority queue with two classes of customers. Customers
in each priority class arrive to the system according to a Markovian arrival process (M AP). Since the
M AP is weakly dense in the class of stationary point processes, it is a fairly general arrival process. The
service times of customers in each priority class are independent and identically distributed according to a
general distribution function which may differ among two priority classes. Using both the generating function
technique and the matrix analytic method, we derive various formulas for the queue length and waiting time
distributions. We also discuss the algorithmic implementation of the analytical results along with numerical
examples.

1. Introduction

In many situations, customers impose different requirements on the system. In order to
provide a solution which satisfies the particular requirement for each customer, a priority
mechanism must be employed. Thus, the priority queue is one of the fundamental models
in queueing theory and there exist a number of papers which study priority queues, e.g.,
[10, 18, 24, 25]. Recently, broadband integrated services digital network (BISDN) has
emerged as an important field in which the priority mechanism is expected to be employed.
Namely, BISDN is expected to provide services to such diverse traffic as video, voice and
data. These traffic types have very different needs as far as quality of service is concerned.
One of the promising ways to provide services is to implement a priority mechanism among
traffic classes [27].

Most of the existing works on priority queues have assumed that the arrival process of
customers in each priority class follows a Poisson process. The Poisson process, however,
may not be suitable to describe bursty traffic such as video and voice, where there exists a
fair amount of correlation and variation [6, 9]. This paper studies a priority queue under
the assumption that customers in each priority class arrive to the system according to a
Markovian arrival process (MAP) which was introduced in [14]. The MAP includes as
special cases the Markov modulated Poisson process (MMPP) and the superposition of
phase-type renewal processes. Recently, Asmussen and Koole have shown that the MAP is
weakly dense in the class of stationary point processes {2]. Therefore, the MAP is a fairly
general process and has a capability of representing the correlation inherent in bursty traffic
such as video and voice.

More specifically, we consider a nonpreemptive priority MAP/(G/1 queue with two pri-
ority classes of customers. The system consists of a single-server and a buffer of infinite ca-
pacity to accommodate arriving customers from both priority classes. The service times of
customers in each priority class are independent and identically distributed (i.i.d.) accord-
ing to a general distribution function (DF) which may differ from one another. Customers
are served under the nonpreemptive priority discipline [25]. The nonpreemptive priority
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A Nonpreemptive Priority MAP/G/I Queue 267

discipline is also called the head-of-the-line priority [10].

Let us review the related works. Machihara [17] and Sugahara et al. [23] have studied
priority queues with two priority classes assuming correlated arrivals of high priority cus-
tomers and Poisson arrivals of low priority customers. Takine et al. [28] have studied a non-
preemptive priority MAP/G/1 queue with many priority classes, where a common service
time distribution among different priority classes is assumed. Also Takine and Hasegawa
have studied the workload process in the MAP/G/1 queue with state-dependent service
times and the results have been applied to characterize the waiting time distribution in
the preemptive resume priority MAP/G/1 queue [26]. Discrete-time priority queues with
correlated arrivals have also been studied in [8, 11, 22, 27]. In all of those four papers,
the service times of customers in all classes are assumed to be constant and equal to the
slot size. As a result, the performance of high priority customers can be evaluated without
considering lower priority customers.

Queueing systems with MAP arrivals have been analyzed through the matrix analytic
method developed by Neuts [19]. Readers are also referred to [20, 15, 16]. Note that the
matrix analytic method allows no more than one random variable to have the countably
infinite space for the description of system dynamics. However, the model considered in
this paper requires two mutually dependent random variables, each of which is defined in
the countably infinite space (i.e., the number of customers in each priority class). Thus, a
straightforward application of the matrix analytic method does not help solve the model. In
this paper, using both the generating function technique and the matrix analytic method,
we derive various formulas for the queue length and waiting time distributions in each
priority class. We also discusses the algorithmic implementation of the analytical results
and provide our experience in computing various quantities of interest.

The remainder of this paper is organized as follows. In section 1, the queueing model
and some preliminary results are described. In sections 2 and 3, we analyze the queue
length and waiting time distributions of high priority customers and of low priority cus-
tomers, respectively. In section 4, the algorithmic implementation of the analytical results
is discussed, along with numerical examples. Finally, in section 5, we provide concluding
remarks.

2. MATHEMATICAL MODEL AND PRELIMINARY RESULTS

There are two priority classes of customers. High priority customers arrive to the system
according to a MAP (Markovian Arrival Process) with representation (Cg, Dg), where
EH and BH are My x My matrices. My denotes the number of states in the underlying
Markov chain which governs high priority arrivals. Also, low priority customers arrive to
the system according to a MAP with representation (Cp,Dy), where Cp and Dy are
My, x My, matrices. As for the details of the MAP, readers are referred to section 2.1 of
[14]. In Appendix, we reproduce the definition of the MAP from [14]. Let Ay (resp. Ar)
denote the mean arrival rate of high (resp. low) priority customers. We then have

(2.1) /\H = frHﬁge, /\L = erl’sLe,

where e denotes a column vector with all elements equal to one and # g (resp. #1) denotes

a1l x My (resp. 1 x M) vector which satisfies
%H<EH+5H) = 0, Tge = 1,
ﬁ'L(CL-{—DL) = 0, e = 1.

We assume that all customers arriving to the system are accommodated in the buffer of
infinite capacity.
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268 T. Takine

There is a single server who serves customers according to the nonpreemptive priority
discipline. Thus once the service for a customer starts, it will proceed to completion.
The service times of high (resp. low) priority customers are independent and identically
distributed according to a DF Hy(z) with mean hp (resp. Hp(z) with mean Ap). Let
pr (resp. pr) denote the utilization factor of high (resp. low) priority customers, i.e.,
pa = Aghg and pr, = Aphr. Furthermore, let A denote the overall arrival rate Ay + Ap
and p denote the overall utilization factor py + pr,. We assume that all customers arriving
to the system are eventually served, i.e., p < 1. The service times and the arrival processes
are assumed to be mutually independent.

Before proceeding to the analysis, we consider the superposed arrival process of two
independent MAPs with representations (CH, DH) and (Cp, Dyp) [28]. Let M be My M.
In order to distinguish high priority arrivals from low priority arrivals, we introduce the
following M x M matrices:

Dy=DyoI,, D,=I;%D;,

C=Cy®Cp, D=Dy+Dy.

where ® (resp. @) denotes the Kronecker product (resp. the Kronecker sum) [5], and Iy
(resp. I1) denotes the identity matrix of the same order as Dy (resp. Dp).

We denote by Np; (resp. Np;) the number of high (resp. low) priority arrivals in (0,¢]
and by S; the state of the underlying Markov chain of the superposed arrival process
at time t. Let IN(ny,ns,t) denote an M x M matrix whose (z,7)th element represents
Pr{Ny; = ni,Nps = n2, Sy = j | So = ¢}. The matrices N(ny,nz,t) (ny,ny > 0, ¢ > 0)
satisfy the forward Chapman-Kolmogorov equations:

d

EN(?'Ll,ng,t) = N(nl,ng,t)C —+ N(?’Ll - 1,n2,t)DH + N(Tll,nz - l,t).DL7

where N (0,0,0) = I, N(—1,n,,t) = 0 and N(n;,—1,t) = 0. Let N*(z,w,t) denote the
matrix generating function (GF) of N(nq,ns,t). For 2| <1, |w| <1 and ¢ > 0, we have

N*(z,w,t) Z Z N(ny,nq,t) n2 e(C+ZDH+WDL)t.

n1=0no=0

The mean arrival rate Ay (resp. Ar) of high (resp. low) priority customers given in (2.1) is
now expressed as
)\H Tl'DHe /\LZTI'DLC,

where 7w denotes a 1 x M vector whose jth element represents the stationary probability
of the underlying Markov chain of the superposed arrival process being in state j. Note
that 7 is given by

=7y QT,

and it satisfies

7 (C + D) =0, we = 1.

In what follows, we shall provide some preliminary results given in [26], which have
analyzed the workload process in the MAP/G/1 queue with state-dependent service times.
As explained in [26], the arrival process considered in this paper is characterized by a MAP
with state-dependent service times. Therefore, in the rest of this section, we summarize
results in [26], which will be used later in this paper.
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We define Q as an M x M matrix which represents the infinitesimal generator of an
underlying Markov chain obtained by excising busy periods. Namely, if we observe the
system only when the server is idle, the dynamics of the observed underlying Markov chain
is governed by the generator Q. The matrix Q satisfies

(2.2) Q=C+ Dy /Om e dHy(z) + D, /0°° Q7 qH, (2).

Note here that ¢9® denotes the transition probability matrix of the underlying Markov
chain during the first passage time to the idle state of the server given that the first
passage time starts with the amount z of the initial work. Let x denote a 1 x M vector
which satisfies

kQ =0, ke = 1.

Furthermore, let V'(s) denote a 1 x M vector whose jth element represents the Laplace-
Stieltjes transform (LST) for the amount of work in the system (i.e., the sum of the
unfinished work of both priority classes) when the underlying Markov chain is in state j.

We then have
(2.3) V(s)=(1—p)sk[sI +C + Hy(s)Dy + H}(s)Dr] ™", Re(s) > 0,

where H;(s) (resp. Hj(s)) denotes the LST for service times of high (resp. low) priority
customers. The recursive formula for the derivatives of V (s) evaluated at s = 0+ is found
in [26]. In the analysis presented below, we assume the system is in equilibrium.

Remark 2.1. & is the stationary probability vector of the underlying Markov chain given
that the server is idle [26].

3. ANALYSIS OF HIGH PRIORITY CLASS

In this section, we consider various quantities of interest with respect to high priority
customers. In section 3.1, we study the distribution of the number of high priority cus-
tomers in the system immediately after departures of customers in any priority class. In
section 3.2, we study the number of high priority customers at a random point in time.
Finally, in section 3.3, we study the waiting time distribution of high priority customers.

3.1. Number of High Priority Customers at Departures

In this subsection, we first consider the joint distribution of the numbers of high and
low priority customers immediately after departures of customers in any priority class. We
choose the time instants immediately after departures as imbedded points. Let Ny (resp.
Np) denote the number of high (resp. low) priority customers at imbedded points and S
denote the state of the underlying Markov chain. We define P*(z,w) (|z] < 1, |w| < 1)

as a 1 x M vector whose jth element P?(z,w) is given by P;(z,w) = E [ZNHwNLI{Szj} ,
where I,y denotes the indicator function of the event x. We then have

3.1) P (z,w) = [P*(z,w) — P*(0,w)] A*(z,w)/z + [P(0,w) — P*(0,0)] B*(z,w) /w
+ P(0,0)(—C)"' [Dy A*(z,w) + D B*(z,w)],

where, for |z| <1 and |w| <1,

(32) A (Z w) _ /oo €(C+ZDH+wDL)deH(I),
0

(33) B*(Z,w) _ /00 e(C+ZDH+wDL)deL(x)-
0
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270 T. Takine

Note that the (¢, 7)th element of matrix A*(z,w) (resp. B*(z,w)) represents the double GF
for the numbers of high and low priority arrivals during a service time of a high (resp. low)
priority customer when the underlying Markov chain is in state j at the end of the service,
given that the underlying Markov chain is in state : at the beginning of the service. (3.1)
is interpreted as follows. The factor [P*(z,w) — P*(0,w)] represents the vector GF of the
joint distribution of the numbers of high and low priority customers when a high priority
service starts at an imbedded point, while the factor [P*(0,w) — P*(0,0)] represents the
vector GF for the number of low priority customers when a low priority service starts at
an imbedded point. Note that in the latter case, there are no high priority customers
in the system. The factor P*(0,0)(—C)"'Dy (resp. P*(0,0)(—C)~'Dy) represents the
stationary probability vector of the state of the underlying Markov chain at the beginning
of a service of a high (resp. low) priority customer following an idle period which starts
from an imbedded point with no customer. Taking the above facts into account, we obtain
(3.1).

We now consider the marginal distribution of the number of high priority customers
in the system at imbedded points. Let Pg(z) denote a 1 x M vector whose jth element
represents the GF for the number of high priority customers in the system at imbedded
points when the underlying Markov chain is in state j. By definition, we have

Py(z) = P*(z,1), |z| <1,
and therefore, it follows from (3.1) that

(3.4) Py(z) = [Pu(z) — P*(0,1)] Ag(2)/z + [P*(0,1) — P*(0,0)]By(z)
+P(0,0)(—C) " [DgAp(z) + Dy By(z)],
where, for |z| <1,
Ag(z) = A%(z,1), By(z) = B*(z,1).
Note here that Ag(z) and By(z) are given by (see (3.2) and (3.3))
‘AH(z) = [T

(CH+ZDH)deH(CIZ), BH(Z) — /oo e(CH-l-zDH)deL(:E),
0 0

where
Cy=C+ Dy,

We now rewrite (3.4) as

(3.5) Py(2) [zl — Ag(z)] = P*(0,1)[zBy(z) — An(z)]
+ ZP*(O, 0)(—0)_1 [DHAH(Z) + CHBH(Z)] .

Note that (3.5) contains two unknown vectors P*(0,0) and P*(0,1).

Theorem 3.1.  The vector P*(0,0) is given by

L - p)r(=C)

(3.6) P(0,0)= L2k

Proof. Note that the total number of customers in the system is a step function with
unit jumps. Thus, the distribution of the total number of customers immediately before
arrivals is the same as that immediately after departures [4]. Since the server is idle with
probability 1—p, the jth element of the vector (1—p)k represents the stationary probability
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that the server is idle and the underlying Markov chain is in state 7 at a random point in
time (see Remark 1). We then have

(3.7) P*(0,0)e = (1 ;%’ZDG _ (= p)f;(—C)e'

On the other hand, & is expressed as

P(0,0)(-C)!
(3.8) P0,0)(_Cyle

The key observation in (3.8) is as follows. Given that the server is idle, the probability
that the underlying Markov chain is in state j at a random point in time is given by the
ratio of the mean amount of time spent in state j during an idle period to the mean length
of idle periods. Note that (7, j)th element of (—C)~! is the mean amount of time spent in
state j, starting from state ¢, before an arrival [12]. Taking these into consideration, we
obtain (3.8).

It follows from (3.8) that

(3.9) P(0,0) = P*(0,0)(—C) 'ex(—C),
from which, we obtain
(3.10) P*(0,0)e = P*(0,0)(—C) 'ex(—C)e.

Comparing (3.10) with (3.7), we have
1—
(3.11) P*(0,0)(—C) e = —X‘B
(3.6) follows from (3.9) and (3.11). ]
Next we consider P*(0,1). To obtain P~(0,1), we need the following lemma.
Lemma 3.2. P~(0,1)e is given by

A 1—
(3.12) P*(0,1)e = TL + ——#Due.
Proof. The probability that an arbitrary departuring customer is of high priority is equal

to Ag/A. Thus we have

(3.13) | — P*(0,1)e + P*(0,0)(~C)~'Dye = Ag /A,
from which, it follows that

(3.14) AP*(0,1)e = Ay + AP*(0,0)(—C)"' Dye.

Finally, we obtain (3.12) from (3.6) and (3.14). o
In order to derive the unknown vector P*(0,1), we construct another imbedded Markov
chain. Among departure points of all customers, we remove points at which high priority
customers exist. As new imbedded points, we select only departure points at which there
are no high priority customers in the system.
Let ¥ = (v, %y, ..) denote the stationary probability vector of the newly constructed
imbedded Markov chain, where ), is a 1 x M vector whose jth element represents the
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272 T. Takine

stationary joint probability of having ¢ low priority customers in the system and the un-
derlying Markov chain being in state j at imbedded points. Furthermore, let ¥(w) denote
the vector GF of the stationary vector %;:

¥(w)= Zd)iwi, lw| < 1.

From the definition of the newly constructed imbedded Markov chain, we have
¥(w) = P*(0,0)/P*(0,1)e,

from which, it follows that

(3.15) ¥(0) = P*(0,0)/P*(0,1)e, ¥(l) = P*(0,1)/P*(0,1)e.

Note that ¥(0) has already been obtained (see (3.6) and (3.12)).

We now consider the state transition from an imbedded point to the next imbedded
point. Let Gg(w) (Jw| < 1) denote an M x M matrix whose (7, 7)th element represents
the GI for the number of low priority arrivals in a busy period of high priority customers
when the underlying Markov chain is in state j at the end of the busy period given that
the underlying Markov chain is in state ¢ at the beginning of the busy period. To obtain
Gy(w), we introduce Ay (w) (Jw| < 1) which satisfies

(3.16) ;iAk(W)Zk = A*(z,w).

That is, A(w) denotes the matrix GF for the number of low priority arrivals in the service
time of a high priority customer when & high priority customers arrive in the service time.
Using Ax(w), we have

(317) GH(W) = j;j Ak(w)GH(w)k.

The key observation in (3.17) is that the number of low priority arrivals in a busy period
of high priority customers is given by the sum of the number of low priority arrivals in
the first service of the busy period (which is represented by A;(w)) and the number of
low priority arrivals in k busy periods following the first service time (which is represented
by Gg(w)¥) when k high priority customers arrive in the first service time. Similarly, we
define Bj(w) (|w| < 1) which satisfies

52 B (w)2F = B*(z,w).

Note that Bji(w) represents the matrix GF for the number of low priority arrivals in the
service time of a low priority customer when & high priority customers arrive in the service
time.

Using G'i(w), we have the following equation for ¥(w):

¥ (w) — ¥(0)

w

(318) #(e) - | I3 BuoGato

+ !I/(O)(—C)_l <DH i Ak(w)GH(w)k + DL io: Bk(w)GH(w)k> .

k=0 k=0
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With (3.17), (3.18) becomes
(3.19) ¥(w)[wl — G(w)] = ¥(0) [w(—C)—l {DyGg(w)+ D Gr(w)} — GL(w)] ,
where G1(w) is defined as

(3.20) Gp(w) = i_o: B (w)Gx(w)*, lw| <1.

Setting w = 1 in (3.19) yields
where Gy = Gg(1) and G = G(1). Note that Gy corresponds to the state transition

matrix of the underlying Markov chain during a busy period of high priority customers.

Thus, G satisfies (see (10) of [14])
Gy = / " CatDuGr)z gy ().
0

Also, G, satisfies
GL = /oo G(CH+DHGH)IGZHL($).
0

Let gy denote the invariant probability vector of the transition matrix Gz, namely,

9y =95Gu, gpe =1
Note that g ;G = gy [14]. Adding ¥(1)egy to both sides of (3.21), and observing that
I — G}, + egy is non-singular, we obtain

(322)  @(1) = gy +¥(0)(—C) " DG + CuGilll — Gy + egyl™

where we use the equality ¥(1)e = 1. Finally, using (3.15) and (3.22), we have the following
theorem.

Theorem 3.3. The vector P*(0,1) is given by
(3.23) P*(0,1) = P*(0,1)egs + P*(0,0)(=C) ™' [DyGy + CyGi)[I — Gp + egy]™",
where P*(0,0) and P*(0,1)e are given in (3.6) and (3.12), respectively.

Thus Pp(z) is completely determined by (3.5), (3.6) and (3.23). In what follows, we
provide the recursive formula for the derivatives of Py(z) evaluated at z = 1. Since the
derivation of this formula is routine (see [19]), we omit the proof.

Corollary 3.4. We define forn >0
dn dn dn
PW =lim—Py(z), AW =lim-—Agx(z), BY =lim

21 2" z—1 dzn z—1 dz"
where P(}?) = Py(1), Ag{)) = Ag(l) and Bg{)) = By(1). Then Pgl) is recursively obtained
by :

zy) = P (0,1)(BY — AR) + P*(0,0)(-C)™ [Dy AP + CyBY)],
PO =n+ 201 AV + en],
zy) =P (0,1)(BY + By — A})

+ P*(0,00(-=C)™ [Du(AR + AY) + Cu(BY + BY)|,

BH(Z),
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and forn > 1,

1 m n n n
zi+ = Z (H )PH AT 4 P, 1)(BF 4 (n 4+ 1)BY — AGHY)

+ P*(0,0)(~C) ! [D(AF + (n + 1)AR) + Cr(BET + (n+1)BY)],

(n+1)
Pg)e _ ZH €
(n+1)(1 = px)
1 _
1o (25 ~nPG(I - AP (1 - AR + em] ' AYe,

PG = P{len + (25 — nPY™ (1 — A)| [T - AR + ex] ™",

Next we consider the probability mass function of the number of high priority customers
immediately after departures of any priority class. Let p (k= 0,1,...) denote a 1 x M
vector which satisfies "

przk = Ppy(z).

k=0
Note that the jth element of pff denotes the joint probability of having k& high priority
customers and the underlying Markov chain being in state 7 immediately after departures
of any priority class. Furthermore, let AF and BY denote M x M matrices which satisfies

ZAkz = Ay(z), ZBkz = Bpy(2).

k=0

We then have the following theorem.

Theorem 3.5. The vector pif (k=1,2,...) is obtained by the following recursion:

k—1
- [P*(O, B 4 P*(0,0(~C)" (DuAl + CuBl) + Y pﬁ’Zﬁl_n}

n=1

-(IJA‘f)'l, k> 1,
g . —H —H .
with py = P*(0,1), where A, and B are given by

—H 0 n— —H = n—
A, =Y Al (Gn)™", By =Y. BI(Gu)"".
n=k n=k
Proof. It is clear, by definition, that pf’ = P*(0,1). The recursion for pf (k > 1)
is obtained by observing the system only when the number of high priority customers is
equal to or less than k at departures and by considering the transition to the state having

k high priority customers. Since a very similar recursion is well known (see [21]), we omit
the details of the proof. a

3.2. Number of High Priority Customers at a Random Point in Time

In this subsection, we derive various formulas for the number of high priority customers
at a random point in time. To do so, we first consider the number of high priority customers
immediately after departures of high priority customers. Let & = (2,2 ...) denote

the stationary probability vector of the number of high priority customers immediately
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after departures of high priority class, where ¥ denotes a 1 x M vector whose jth element
represents the joint probability of having & high priority customers in the system and the
underlying Markov chain being in state j immediately after departures of high priority
class. Furthermore, let X (z) denote the vector GF of the stationary vector @

o0

XH(Z):Z:ui{zk, || < 1.
We then have the following theorem.

Theorem 3.6. X (z) is given in terms of Py (z) by

(3.24) Xp(z) = XA;} [Pu(z)— {P*(0,1) + P*(0,0)(~C)"'CHx} Bu(2)] .

Proof. By the definitions of X (z) and Pg(z), we have

_ [Pu(z) = P*(0,1)]Au(2)/z + P*(0,0)(=C)"' Dy An(z)

X2 = [py(1) =P (0, 1)) An(1)e + P(0,0)(~C)- D An(l)e’

Noting Ax(l)e = e, Py(l)e =1 and (3.13), we have

A

Xp(z) = E

[{Pr(z) — P*(0,1)}Ap(2)/z + P*(0,0)(~C) ' Dy Ag(2)] .

Finally, using (3.5), we obtain (3.24). 0
The followings are direct conclusions of Theorem 3.6.

Corollary 3.7. Let X(;) (n > 0) denote the nth derivative of X p(2) evaluated at z =1,
where X;?) = Xy(1). Then, forn >0,
A

x®m = g [P —{P(0,1) + P(0,00(-C)"'Cy} BY] .

Corollary 3.8. The vector & (k > 0) is given by

o : : -
of = = [pf = {P7(0,1) + P(0,0)(-C)'Cu} BY].
H
Let Ypy(2) (Jz] £ 1) denote a 1 x M vector whose ¢th element represents the GF for
the number of high priority customers in the system at a random point in time when the
underlying Markov chain is in state ¢.

Theorem 3.9. Y py(z) and X y(z) are related by
(325) YH(Z)(CH+ZDH) = /\H(Z—l)XH(Z).

Proof. (3.25) is a special case of the result in [29], which has shown the relationship

between the stationary queue length distributions at a random point in time and at de-

partures in the stationary queue with batch MAP arrivals. Besides, we can show (3.25) by

using an approach similar to [28]. ‘ 0
According to the discussion in [14], we have the following results.
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Corollary 3.10. Let Y(f?) (n > 0) denote the nth derivative of Y gr(z) evaluated at z =1,
where Yg) =Yy(l)==w. Then, YSL?) (n > 1) is obtained by the following recursion:

Yie=XPe+n (X5 -Y " Dy/\y)(ex — Cq— Du)™" Dpe,
Y =YWer+n(Y§ Dy - \gXGV) (ew — Cy — D).

Corollary 3.11. Let y (k> 0) denote a 1 x M wvector which satisfies

nyzk =Y y(z).

k=0

Then, yi (k > 1) is recursively obtain by

Yo
yl = [pilaDn + 2w (@ - 2f)] (O, k2L

3.3. Waiting Time of High Priority Customers

In this subsection, we consider the waiting time of high priority customers. For |z| <1
and Re(s) > 0, let Ag(z,s) (resp. Bg(z,s)) denote an M x M matrix which represents the
matrix GF/LST of the joint distribution of the number of high priority arrivals during the
backward recurrence time of a high (resp. low) priority service and the forward recurrence
time of the service time. By definition, we have

~ xdH e d
AH(Z, 3) = /0 i___hf{izl/o _‘%y_e(CH+zDH)ye_s(xﬁy).

After some calculations, we obtain

A — Hi(s)I
Ap(z,s) = ) hy il [sI + Cy + 2Dy,

where H};(s) denotes the LST of the DF Hpy(x). Similarly,

By(z) — Hj(s)I

BH(Z’S): hL

[sT4+ Cg +2Dy|™",

where Hj(s) denotes the LST of the DF Hy(z).

For |z| <1 and Re(s) > 0, let ITy(z,s) (resp. IT(z,s)) denote a 1 x M vector which
represents the vector GF/LST of the number of high priority customers and the forward
recurrence time of the current service when a high (resp. low) priority customer is being
served.

Lemma 3.12. ITg(z,s) and IT1(z,s) are given by

(3.26) ITy(z,s)=py- X/—\; [PH(Z) - P*(0,1) 4+ zP*(O,O)(—C)—lDH} Ag(z,s),
(3.27) IIi(z,8)=pr- :\/—\L— [P*(O, 1) — P*(0,0) + zP*(O,O)(—C)'lDL} Bp(z,s).
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Proof. The above equations are derived from the following observation. The probability
that the server is busy for a high (resp. low) priority service at a random point in time
is given by py (resp. pr). Given that the server is busy for a high priority service, the
joint GF/LST for the number of high priority customers and the forward recurrence time
of the current service is given by the product of the vector GF for the number of high
priority customers immediately after the beginning of the current service (which is given
by M{Px(z) — P*(0,1)+2P*(0,0)(—C) ' Dg}/Ag) and the matrix GF/LST Ag(2,s) for
the number of high priority arrivals during the backward recurrence time of the current
service and the forward recurrence time of the service time. These observations yield (3.26).
(3.27) is also derived from very similar observations. ]

Remark 3.13. The vector GF Y g(z) of the number of high priority customers at a
random point in time is given by

(3.28) Yu(z)=(1-pk+ slir& ITy(z,8) + slir& I (z,s).

After some calculations with (3.28), we can verify (3.25).

Let Vi (s) (Re(s) > 0) denote a 1 x M vector whose jth element represents the LST of
the virtual waiting time of high priority customers when the underlying Markov chain is
in state j.

Theorem 3.14. Viy(s) is given by

(329)  Vils) = [(1 - p)sw + {1 — Hy(s)} {(AP*(0,1) + (L - p)RCr}]
[sI 4+ Cx+ Hy(s)Dul ™.
Proof. By definition, we have
(3.30) Vir(s) = (1 - )i+ Ia(Hir(s), )/ Hig(s) + T o(Hi(s), ).
The substitution of (3.26) and (3.27) into (3.30) and some straightforward calculations
yield
Vir(s) = (1= p)s + A [{1 = H(s)}P"(0,1) = P*(0,0)(=C) ™ {H;(s) Dy
+ Hi(s)CyY [sI +Cy+ Hy(s)Dg] ™.

Finally, using (3.6), we obtain (3.29). a
We define for n > 0

n

v = (=)™ lim —Vx(s),

s—0+ ds™
with V}(})) = Vg(0+) =m and for n > 1,
n . dn n . dn
R = (=1)" lim — H5(s), R = (1) lim — Hj(s).

s—0+ ds” s—0+ dgn

(

We provide the recursive formula for V' ) without proof.
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Corollary 3.15. V}}‘) (n > 1) is obtained by the following recursion.
ZW = bV (AP*(0,1) + (1 - p)sCx} + (1 — p)&,
z0 =3 (”) VPR Dy + R (AP*(0,1) + (1 — p)eCx}, n>2,

m=2
AGRP
(n+1)(1 = pu)
By _
+—2— [nVg ™V (b Dy — I) + 2™ (ew = C — D)™ Dye,
1 —pu
V}I”) = g‘)eﬂ' + [nVI(Jn_l) <hg)DH - I) + Z(")} (ew —C —D)™".

V}(I")e:

Let Wi (s) (Re(s) > 0) denote a 1 x M vector whose jth element represents the LST
of the actual waiting time of high priority customers when the underlying Markov chain is
in state j immediately after arrivals. By considering the state of the underlying Markov
chain upon high priority arrivals, we have the following theorem.

Theorem 3.16. Wy(s) is given by
Wy(s) = Vu(s)Du/Au.
Corollary 3.17. Vy(s)e and Wg(s)e are related by

1 — Hj(s) 1 — Hy(s)
ShL + PH ShH WH(S)G.

(3.31) Vi(s)e=1—p+pL

Proof. Post-multiplying both sides of (3.29) by [sI + Cy + Hj;(s)Dpgle and noting (3.6),
(3.12) and
(3.32) A[P*(0,1) + (1 -p)kCpyle = Ap,

[sI + Cy + Hj;(s)Dygle = se — {1 — Hi(s)}Dye,
we obtain (3.31). O

4. ANALYSIS OF LOW PRIORITY CLASS

In this section, we consider various quantities of interest with respect to low priority
customers. In section 4.1, we study the distribution of the number of low priority customers
in the system at imbedded points introduced in section 3.1. In section 4.2, we study the
number of low priority customers at a random point in time. Finally, in section 4.3, we
study the waiting time distribution of low priority customers.

4.1. Number of Low Priority Customers at Imbedded Points

To analyze the low priority class, we first consider the number of low priority customers
immediately after departures given that there are no high priority customers at those
instants. Recall that W¥(w) is defined as the vector GF for the number of low priority

customers immediately after departures given that there are no high priority customers.
We rewrite (3.19) as

T ()l — Gr(w)] = w¥(0)(—C) ! [DrGr(w) + CrGr(w)] + (w — D F(0)GL(w).
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We define for n > 0

dr dr d"
™ = lim ¥(w), G(H) = (w), GS:

w—1 dw w—1 d w—1 dw

(w),

with ¥ = w(1), GSL?) = Gg(l) and G}, © = G(1). We provide the recursive formula for
™ without proof.

Corollary 4.1. ¥ (n > 0) are recursively obtained by
ZP = w(0)(-C) ! [Dy (GR + GY) + € (GY + GY)| + w(0)GY,
7y =% ( )W MG 4 (0)Gy

m=2

+(0)(~C) [Du (nGG 7V + GP) + Cu (nGYTV + G|, n>2,

n n+1 n n— -
B = [ 7 ey (20 - nw Y (1 GP)} (I - Gt egy) G

/(1-0468"e).

o) = §Wegy + {2 @D (1 - GP) NI~ G +egy)™",

where W© = W(0) is given in (3.22).

Let G and GE denote M x M matrices which satisfy

io: Gif k= GH(CU), i Gf k = GL(U)).

k=0 k=0

According to the consideration similar to the proof of Theorem 3.5, we have the following
theorem for the recursive formula to compute the coefficient vector ;.

Theorem 4.2. The vector ¥, (k > 1) is obtained by the following recursion:

vo= [w-0) (Dul + DY) + S w G| (-8 e,

n=1

with ¥, = ¥(0), where

Gl =S Glg*, G/ =Y GtavF,

n=k n=k

and

- / T Q24 ().
0

4.2. Number of Low Priority Customers at a Random Point in Time

In this subsection, we derive various formulas for the number of low priority customers
at a random point in time. To do so, we first consider the number of low priority customers
immediately after departures of low priority customers. Let @ = (25, 2L, ...) denote the
stationary probability vector of the number of low priority customers immediately after

departures of low priority class, where &% is a 1 x M vector whose jth element represents
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the joint probability of having k low priority customers in the system and the underlying

Markov chain being in state j immediately after departures of low priority customers.

Furthermore, let X ;(w) denote the vector GF of the stationary vector @f:

Xp(w)=) xlok, lw] < 1.
k=0

Let Br(w) (Jw] < 1) denote an M x M matrix which represents the matrix GF for the
number of low priority arrivals during a service time of a low priority customer. Note that

Bi(w) = /Ooo e(CL+‘”DL)deL(:E),

where C', is given by
Cr=C+ Dy.
Theorem 4.3. X (w) is given in terms of ¥(w) by

(41)  Xpw)= P70 Ve [(#() - #(0)} fu+ F(O0)(~C)" D] Byfe).

Proof. By definition, X (w) is given by

{#(w) -~ ¥(0)} /w + (0)(=C) ' D] Br(w)

Xi(w) = 1 —¥(0)e + ¥(0)(~C)'Dye

Multiplying the numerator and denominator by P*(0,1)e and noting (3.15) and (3.32), we

obtain (4.1). ®
We define for n > 0

dn n

X (w), B =lim d

w—1 dwn

X = lim

w1 doon BL(w)a

with X(LO) = X (1) and B(I?) = Br(1). The followings are direct conclusions of Theorem
4.3.

Corollary 4.4. X%n) (n > 1) is obtained by the following recursion.

n n— )\ *
XM= —p x4 2P0, 1)e

AL
: [Z (Z) v BY™ 4 w(0)(-C) (CuBY + nDLB(L"“l))} .
m=0

Corollary 4.5. af (k> 0) is obtained by

A ) k+1 3
Q?jli = /\_LP (0, 1)6 [Z ¢mB£+1—m + d’o(_C) lDLBi} )
m=1

where BY (k> 0) is an M x M matriz which satisfies

e}

3" Biw* = Br(w).

k=0
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Let Y(w) (Jw| < 1) denote a 1 x M vector whose jth element represents the GF for
the number of low priority customers in the system at a random point in time when the
underlying Markov chain is in state j. Applying the result in [29], we obtain the following
theorem.

Theorem 4.6. Y (w) and X (w) are related by
YL(w)(CL +wDL) = /\L(w — 1)XL(LU).

Since the above formula takes the same form as in Theorem 3.9, the derivatives of Y 1 (w)

evaluated at w = 1 in terms of XS—:L) and the coefficient matrices of Y p(w) in terms of

&L are obtained by the same recursion as in Corollaries 3.10 and 3.11, with appropriate

changes of notations.

4.3. Waiting Times of Low Priority Customers

The waiting time distribution of low priority customers in the nonpreemptive priority
queue is identical to that in the counterpart of the preemptive resume priority queue. Since
the waiting time distribution in the preemptive resume priority queue has been analyzed
in more general settings than in this paper [26], we only provide the results from [26].

Let wy(z) denote a 1 x M vector whose jth element represents the probability that the
amount of work in the system is equal to or less than z immediately before an arrival of an
arbitrary low priority customer when the underlying Markov chain is in state j immediately
after the arrival. We denote the LST of w(z) by w7 (s):

W (s) = / T et dwy(z),  Re(s) > 0.
0o -
Note that w7} (s) is given in terms of V*(s):
w(s) = V*(s)Dr/Az,
where V (s) is given in (2.3). We then have the following theorem [26].

Theorem 4.7. The LST wj(s) for the waiting time of low priority customers is given
by

w? (s) :/Om dwL(2)eQ %, Re(s) >0,

where Q7 (s) is an M x M matriz which satisfies
(4.2) Q% (s) = Cy — sI + Dy / T e y(z),  Re(s) > 0.
0
Let kg denote a 1 x M vector which satisfies

KpQy =0, Kye =1,

where
Q= sl_i’%}r Qy(s) =Cy+ DyGy.
Note here that
Ky =4dg-

Using the result in [26], we have the following result.
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Corollary 4.8. The mean waiting time E[wg] of low priority customers is given by

Elw wD N _
Blwy] = 208 | 7Dn | dwi(@)e?s | [(e ~ By)gy — € — D] e,

1 — PH /\L 0

where
Elwg] = = lim —wl(s)e, By =hrDrye,

and \

/ dw (2)e?* = = [P*(0,1) + P*(0,0)(~C)™' Cii]

L

5. ALGORITHMIC IMPLEMENTATION AND NUMERICAL EXAMPLES
In this section, we first consider the algorithms of the essential quantities in computing

various performance measures obtained in this paper. Next we discuss the numerical

implementation of these algorithms. Finally, we show some numerical examples.

5.1. Algorithms

We note that Q, Gy, Gy, Af, Bf, Gf and Gf are the essential quantities in com-
puting the queue length distributions. In this subsection, we provide the algorithms to
compute these quantities.

As for the computation of @, we combine the algorithm in [26] and the linear extrap-
olation proposed in section 3 of [7]. That is, the approximation Q*[N] to matrix @ is
computed in the following way. Starting with Q[0] = 0, we compute for N = 1,2...

Q[N]=C + Dy /0 © QW g () + Dy, /0 T QN g (),
Q*[N] = Q[N] + IV (QIN] - Q[N — 1)),

where J%) is a diagonal matrix so that every row sum in Q@[N] becomes zero.

As for the computation of Gy, the detailed descriptions of the computational algorithms
are provided in [15] and [28]. We follow the algorithm in [28]. Namely, the approximation
G7;[N] to matrix Gy is obtained by starting Gg[0] = 0 and computing for N =1,2,...,

(5.1) Gy[N] = {2 V14071 (Cr + DyGyN - 1))|",

n=0

Gy[N] = Gu[N] + JQ (Gu[N] — Gr[N - 1)),

where Jﬁ) is a diagonal matrix so that matrix G’[N] is stochastic and

o 0 n
On = max(~[Crlu), 752/0 e—nggH—x)“dHH(m)-

n!

Furthermore, the approximation G [N] to matrix G, is computed by

(52) G1[N] = 3 +E [T + 05 (Cr + Dy GulN])|"

n=0

Gi[N] = GL[N] + IR (GL[N] — G¢[N — 1)),
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where JS\?) 1s a diagonal matrix so that matrix G7[N] is stochastic and

(5.3) 752/000 6-—€Hx(0HI) dHL( )

n!

Next we consider the computation of matrices AY and B, We follows the algorithm
in (28] for these quantities. Namely, matrices AY and B are computed by

(54) AY =3 FY, B =3 4 FP,

where k£ > 0 and matrices F,(lk) (n=0,1,2,...,k=0,1,...,n) are given by the following
recursion with Fgo) =1

FOI +05'Cy) = (I +05'Cy)"t, k=0,
Fili =1 FOI+65'Cy) + FE (05 Dy), 1<k <n,

FM (05 ' Dy) = (05 D)™, k=n+1.

Once the matrices A and BY are obtained, the moment matrices A% and BY are
k k H H
computed by

m_s~_k v pwm_~§ K o
AR =2 oA H “}é(k—n)!Bk'

Next we consider the computation of the coefficient matrices GE and G¥ of Gy (w) and
Gr(w).

Lemma 5.1. Gg(w) and Gr(w) satisfy the following equations.

(5.5) Gr(w) = /°° o(C+Du G D)z (o)

0

(56) GL(W) = /Ooo e(C+DHGH(w)+wDL).’L‘dHL(x)‘

Proof. According to a discussion similar to section 2 of [26], we can show that the matrix
GF for the number of low priority arrivals during the first passage time, (governed only by
high priority arrivals) to the idle state with the initial work z is given by

e(C+DHGH(w)+wDL)J:

from which, (5.5) and (5.6) follow. For brevity, we omit the details of the proof. ]
We now consider the computation of G&. We rewrite (5.5) as

(5.7) Z FI+67(C+ DyGr(w) +wDyr)]",

where

0 = max(—[C]l;;), ;Yf:/ooo _91(9::) dHyg(z).

1
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Let @g“) (n >0, k> 0) denote an M x M which satisfies
(5.8) f &Yw = [I+67(C + DyGg(w) +wDy)|".
k=0
We then have from (5.7) and (5.8)
(5.9) GE =Y 518 k>0
~0
Note here that

(5.10) S bk =3 Pk 1407 (C + DpGr(w) + wDp)]

=Y @V [I1+07C|w* + Y 607 Dy Gy (w)wt

k=0 k=0

+ i Mo~ Dywht,
k=0

Comparing the coefficient matrices of w* in both sides of (5.10), we obtain for n > 0

&), = [I+67(C+ DyGY)],

k
&), =) [1+67'C|+ Y @0 DyGL, + 897Dy,
’ m=0
with 8 = I and &% = 0 for £ > 1. |
Therefore, the approximation Gf [N] to matrix G¥ is obtained by starting with GH0) =
0 (k> 0) and computing for N =1,2,...,

(5.11) G{[N] = e,

where @éo)[N] =1 @ék)[N] =0 (k>1) and ®P[N] (n > 1, k > 0) are recursively
computed by

(5.12)  SLLIN] = @V(N][I+067* (C+ DyGHIN - 1))],

k
&[N = 8PN [I+67C| + 3 #I[N9 Dy GE [N 1]

m=0

+ ¢ VINO D,

Once the approximations G§ [N] to matrices GF are obtained, the approximation GL[N]
to matrix G is computed by

(5.13) GIN] = S ALaB[),

n=0
where

= [ et b (2.

n!
(n)

Furthermore, the moment matrices Gy’ and GE;”) are computed by

<l < R
(n) _ : H GM =Y gL,
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5.2. Stopping Criteria

In computing matrix @ by the algorithm described in the preceding subsection, we need
a criterion to stop the recursive computation of matrices Q[N]. Since Q[N] is entrywise
nondecreasing and Q[oo] is the infinitesimal generator of a positive recurrent Markov chain
[26], we adopt the following scheme in computing matrix Q. First we set ey such that
0 < eg < 1. Then we stop the computation of Q[N] when the following stopping criterion
is satisfied for some N = N*

m?X[—Q[N*]e]i < €g.

We then use the approximation Q*[N*] to matrix Q.

Next we consider the computation of matrix Gg. In the algorithm described in the
preceding subsection, we need to truncate the infinite sum in (5.1) at some positive integer
value TH. Furthermore, we need a criterion to stop recursive computation of matrices
Gy [N]. We adopt the following schemes in computing the approximation to matrix Gg.
First we set two parameters €5 and € such that 0 < eg < €, < 1. Then we choose the
truncation index T4 in such a way that T4 is the minimal integer value which satisfies

H
TG

Z’nyl—éc;.

n=0

Further we stop the recursive computation of Gi[N] when the following stopping criterion
is satisfied for some N = N*:

min[Gy[N*]e]; > 1 — €.

We then use the approximation G [N*] to matrix Gp.
In computing G7[N], we need to truncate the infinite sum in (5.2) at some positive
integer value T%. We choose the truncation index T in such a way that T is the minimal

value which satisfies i
T
G

Z’yﬁZl-—eg.

n=0
We then use the approximation G} [N*] to matrix Gp,.

Next, we consider the computation of matrices AY. We need to truncate the infinite
sum in (5.4) for each k and stop computing matrices A at some k. We follows the scheme
in [28]. Namely, we first set a parameter €4 (0 < €% < 1) and we choose the truncation
index T4 in such a way that T4 is the minimal value which satisfies

Ty
YAl >1-¢,

n=0

Then the approximation AZ* to matrix A is obtained as
Ta
A =3"JFFP, k=0,1,...,Ty,

and AF* = 0 for k > T4 + 1. Note that the approximation A¥* satisfies the following
inequality [28]:

Ty
(5.14) min [Z Af*e} >1-¢,.
k=0 .

[3
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Since Ag(1) = 3232, Af is stochastic, we scale up each row of matrices A7* in such a way
that matrix Ag(1) becomes stochastic.

Similarly, in computing the approximation BE* to matrix Bf | we follow the above
scheme with the truncation index Tg in such a way that Tg is the minimal value which
satisfies

Tp
S >1-e

n=0

The rest is the same as in computing AZ*.

Finally, we consider the computation of G and GE. In the algorithm provided in the
preceding subsection, we need to truncate the infinite sums in (5.11) and (5.13), and stop
computing for some k as well as N. For convenience, we slightly modify the algorithm
as follows. First we set Ty = max(TH,Tk%). Then we compute @[N] (0 < n < Tg) in
(5.12) iteratively for N = 1,2,..., and stop the computation when the following criterion
is satisfied for some N = Nj

max GH N1 = G INg = 1] < eq.

17]

We use the approximation G& [N}] to matrix G5 . And then we compute the approximation
GE[N;] to matrix GE using (5.13), where the infinite sum is truncated at Tg.

Now we suppose we have computed the approximation G¥[N}] and GZ[N;] for 0 <
k<K -1 (K >1). Then, we compute @ff{) [N] (0 <n < Tg) iteratively for N =1,2,...
using

&[N = SN [I + 67 (C + DyGEN;])] + 80N D GIIN — 1]

K-1
+ 3 SN0 DG, [N _,) + 8 V[N 167 Dy,
m=1

and we stop the computation when the following criterion is satisfied for some N = N

max |G [Ng] - GXINE —1]] . < ec.

2

We use the approximation GE[N] to matrix GE. And then we compute the approxi-
mation GL[N}] to matrix G% using (5.13), where the infinite sum is truncated at Tg.
We stop the computation of G and GE for some k = K* when the following criteria are
simultaneously satisfied

K* K*
min {Z GH[Nle| >1—¢, min [Z GE[Nile| >1—¢.
© Lo : [N -

T T

And we set Gi* = GE* =0 for k> K* + 1.

5.3. Numerical Examples

In this subsection, we show some numerical examples assuming the following. The
service times of high (resp. low) priority customers are constant and equal to one (resp.
two). The arrival process of high (resp. low) priority customers is an MMPP with states
1 to My (resp. M) [19]. The underlying Markov chains for high and low priority arrivals
transit from a given state only to its adjacent states. State transition rates for high (resp.
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Fig.1 Mean Waiting Times as a Function of a;ll.

low) priority class do not depend on the current state of the underlying Markov chain
and are denoted by ay (resp. ar). When the underlying Markov chain is in state j, high
(resp. low) priority customers arrive to the system according to a Poisson process with
density jay (resp. jar). In the remainder of this subsection, we assume My = 3, My, = 2,
ar, = 0.1, ag = 0.25, and a7, = 0.1. It is easy to show that the utilization factors are given
by pg = 0.5 and pr, = 0.3, and they are independent of the values of ay and a;. Note
that there remains only one free parameter agy. As apy decreases, the sojourn time in each
state of the underlying Markov chain for high priority class becomes longer, so that the
correlation in high priority arrivals becomes higher.

Fig. 1 shows the mean waiting times as a function of a'. The mean waiting time of low
priority customers increases with the increase of the correlation in high priority arrivals,
while the mean waiting time of high priority customers is not affected so much. This
phenomenon is explained as follows. In the above settings, when the underlying Markov
chain of high priority arrivals is in state 3 and that of low priority arrivals is in state 2, the
traffic intensities of high and low priority arrivals are 0.75 and 0.4, respectively. Thus in
such a period, the overall traffic intensity is greater than one, i.e., the system is overloaded.
As a result, arriving customers of low priority class are accumulated in the buffer during
the overloaded period. Fig. 2 shows the probability mass function of the queue length
distribution in the queue with the above settings. As we expect, the queue length tail of
low priority customers is longer than that of high priority customers.

6. Concluding Remarks
In this paper we studied a nonpreemptive priority MAP/G/1 queue with two classes of
customers, where the service times in each priority class may have a different distribution

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



288 T. Takine

0.1E h pnorlty 125.0) m— .
F %1 prlorlty lf—zo.o —_ 3
low priority ( oy 1=5.0) — ;
L low priority (o3 =20.0
0.01 3 -
0.001 ¢ 5
0.0001 ¢ 5
le-05 F E
le-06 . ! L L | !
0 5 10 15 20 25 30 35 40

number of customers

Fig.2 Queue Length Distribution

from one another. We derived the GF for the queue length and the LST for the waiting
time in each class. Furthermore, as for the high priority class, we derived the recursive
formulas to compute the mass function of the queue length, the moments of the queue
length and the waiting time distributions. On the other hand, as for the low priority class,
we derived the recursive formulas to compute the mass function of the queue length and
the moments of the queue length distribution, as well as the mean waiting time. We also
discussed the algorithmic implementation to compute the formulas in detail and provided
some numerical results.

An algorithmic formula to compute the moments of the waiting time distribution of
the low priority class still remains as an open research issue. The main difficulty lies in
the computation of the high-order derivatives of Q7 (s) given in (4.2). A similar difficulty
has already been recognized in computing the high-order derivatives of the fundamental
matrix G(s) in the MAP/G/1 queue, which plays a central role in the matrix-analytic
method [19]. Alternatively, we would utilize a numerical technique in [3], which enables
us to obtain moments of a nonnegative distribution from its transform. Also, using a
numerical inversion technique in [1], we would obtain the waiting time distribution in each
priority class from its LST. Those numerical techniques, however, are beyond the scope of
this paper.

Appendix (Definition of MAP [14])
We reproduce the definition of MAP from [14]. Consider a Markov chain on the state
space {1,2,..., M +1}, where {1,2,..., M} are transient states and { M + 1} is absorbing.
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Absorption, starting from any state, is certain. The MAP is then defined as follows.
Assume the Markov chain is in transient state 7 (1 <1 < M). The sojourn time in state :
is exponentially distributed with parameter a;. When the sojourn time has elapsed, there
are two possibilities. With probability p;; (1 < j < M), the Markov chain enters the
absorbing state with an arrival and is instantaneously restarted in the transient state j.
With probability ¢;; (1 < j < M, j # 1), the chain immediately enters the transient state
7. Note that

M M

g+ pi=1, for 1 <i < M.
j=1 ]'—]

J#

Equivalently, if we define C and D as M x M matrices whose (4, j)th elements are denoted
by C;; and D, ;, respectively, and for each 7 (1 <i < M), we define D, ; = a;p; ; (1 <j <
M), Cij=uaiq;; (1 <j <M, j+#1)and C;; = —a;, then the elementary probability of an
arrival in an infinitesimal interval of length dt which leaves the Markov chain in state j,
given the Markov chain being in state ¢ is D; ;dt. Similarly, the elementary probability of
a transition to state j without arrivals in an infinitesimal interval of length dt, given the
Markov chain being in state 7 (¢ # j) is C; ;jdt. Thus, the infinitesimal generator of the
underlying Markov chain which governs the arrival process is given by C + D, and when
a transition driven by D happens, an arrival occurs.
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