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Abstract Two variants of the partial proximal method of multipliers are proposed for solving convex
programming problems with linear constraints, where the objective function is expressed as the sum of
two convex functions. The iteration of each algorithm consists of computing an approximate saddle point
of the argumented Lagrangian. The global convergence is established under an approximation criterion for
computing the saddle point. In particular, for the convex programming problem with multiple set constraints
and the traffic assignment problem, one of the proposed algorithms can effectively be implemented on a
parallel computer. ' '

1. Introduction
With the development of computer science, parallel and distributed computation has been
extensively studied (e.g. [2]). For convex programming problems, many researchers have
proposed parallel algorithms based on the method of multipliers [13], the proximal point
algorithm [4, 14, 15, 21], the splitting algorithm (7, 9, 20], the alternating direction method
of multipliers [6, 8] and the modified trust region method [10]. On the other hand, Ha [12]
presented a modification of the proximal point algorithm, in which only some of the variables
are involved in the proximal term. This partial proximal method has been further analyzed
by Bertsekas and Tseng [3], who particularly show that partial proximal minimization algo-
rithms are closely related to some parallel algorithms in convex programming.

Let F : R* — RU {+oo} be a closed proper convex function, A an m x n matrix and b
an m-dimensional vector. Consider the following convex programming problem:

minimize F(z)

subject to Az =b. (1.1)
The Lagrangian function £ : R"*™ — RU {+oo} is defined by
K(Z,p) = F(Z) - <p>AZ - b>> (12)

where (-,-) denotes the inner product. It is well known [18, Theorem 28.3] that, under
appropriate conditions, a saddle point (z*, p*) of the function £ is a pair of optimal solutions
for problem (1.1) and its dual.

Among other things, we shall in particular be interested in the case where the objective
function F is separable in two groups of variables, i.e.,

F(z) = F(z,y) = f(z) + g(y),

where z = (z,y) (x € R™, y € R™, ny +ny = n) and the function g is strongly convex with
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214 S. Ibaraki & M. Fukushima

modulus (3, that is, there exists a positive constant 3 such that

o((1= )y +39) < (1= N)g(v) + Aa(y/) ~ 56M1 = Ny ~ ¥/ (13)

(1.4)

where A = (41, As).

The purpose of this paper is to propose two variants of the partial proximal method of
multipliers for problem (1.4) and prove their global convergence. In particular, for problems
with separable structure, one of the proposed algorithms can be shown to incorporate the
separability and effectively be implemented on a parallel computer.

The paper is organized as follows. In Section 2, we review the method of multipliers and
the proximal method of multipliers for problem (1.1). In Section 3, we propose two variants
of the partial proximal method of multipliers designed to solve problem (1.4). In Section 4,
we give some basic results. In Section 5, we establish convergence theorems for the proposed
algorithms. Moreover, we apply one of the proposed algorithms to the convex programming
problem with multiple set constraints and the traffic assignment problem in Sections 6 and
7, respectively.

2. Preliminaries

A variety of methods have been developed for finding a saddle point of the Lagrangian
function ¢ defined by (1.2). In particular, the method of multipliers (MOM) generates a
sequence {(z!*),p")} converging to a saddle point of £ by the following iterative scheme:

(214D, p# V) % arg min {max L(z, p; ', 7"”)} : (2.1)
zER™ | pER™

where {y")} is a sequence of positive numbers and L, is a convex-concave function defined
by
. 1 .
La(espi B 7) = Uz,p) = oo = 9P, (2:2)
where | - | denotes the Euclidean norm. Note that (2.1) means that the point (z(#+1), plrtd)
is an approximate solution of the min-max optimization problem on the right-hand side.

Since the function L; is quadratic in p for any fixed z, the inner maximization in (2.1) is
equivalent to computing p by

p=p" — 4y M(Az — b). (2.3)
Substituting (2.3) into (2.1), we have
A0 7 arg min (29", 9"), (2.4)

where

¢1(28,7) = max Ln(z,p;$,7) = €(,5) + %IAZ —bJ%

Note that the computation of p by (2.3) can be carried out exactly, while the minimization
in (2.4) to compute z(**1) can generally be carried out only approximately. The method of
multipliers [1] may be stated as follows:
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Partial Proximal Method of Multipliers 215

Algorithm MOM

Step 0: Let {y(")} be a sequence of positive numbers. Choose p(?) arbitrarily. Set p := 0.
Step 1: Compute z#*1) by approximately minimizing ¢;(z; p'*), y#).

Step 2: Let pt#tY) := p) — 4W(Az(+D) _ ), Set p:= p+ 1 and go to Step 1.

Rockafellar [19, Theorem 4] shows the convergence of algorithm MOM under the following
approximation criterion for (2.4):

2
)
¢1(z(ﬂ+1);p(u)’7(u)) _ irzlf¢1(2;p(“),’7(”)) < ( ) (2.5)

where {¢!®} is a sequence of positive numbers such that ¥.°2 ;) < co. Generally speaking,
it is difficult to check (2.5), because the exact minimum value irzlf¢1(z;p(‘”,fy(“)) is usually
unknown.

On the other hand, assuming that the function F' is strongly convex with modulus 3,
Kort and Bertsekas [16, Proposition 4] show the convergence of MOM under the following
approximation criterion:

7](#)

dist(0, (21171 p, 1)) <

where {n{*)} is a sequence of positive numbers such that /¥ < 28. In (2.6), ¢1 denotes
the (set-valued) subdifferential of the convex function ¢; and dist(0, S) denotes the distance
between the origin and a set S. The criterion (2.6) is easier to check than (2.5) in that the
former does not contain an unknown quantity.

The proximal method of multipliers (PMOM) is a variant of MOM, which generates a
sequence {(z*),p™)} by the following iterative scheme:

(z(IH-l),p(lH-l)) /R arg min {max Lz(z,p; z(”),p(“),’Y(”))} ) (2'7)
z€R™ (peR™

where {7(")} is a sequence of positive numbers and L, is a convex-concave function defined

by
. 1 P A
Lo(z,p;2,5,7) = £(2,p) + é;lz — 2] - %Ip ~ % (2.8)

Like the case of L;, the exact maximizer of L, in p is given by (2.3). Thus, by (2.3) and
(2.7), we have
St1) oy arg 12}?2 $2(2; z(ﬂ)’p(g)’ 7(#)),

where
.oy . 1 .
¢a(2; 2,8,7) = max Lo(z,p; 2,p,7) = £(z,P) + glz — 27+ %IAZ —b*.

pe RTII

To sum up, the proximal method of multipliers [19] may be stated as follows:
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216 S. Iharaki & M. Fukushima

Algorithm PMOM

Step 0: Let {y*)} be a sequence of positive numbers. Choose z(®) and p{®) arbitrarily. Set
we=0.

Step 1: Compute z(#*1) by approximately minimizing Ba(z; 2 M), p) W),
Step 2: Let p®+) = p#) — 4 (AFD) —b) Set p:= p+ 1 and go to Step 1.

The convergence of algorithm PMOM is established by Rockafellar [19, Theorem 7], under
the following approximation criterion:

el

dist(0, 3¢2(z(;z+1); z("),p("), 7(#))) < (2.9)

_:)/“(—;)‘a

where {e(“)} 1s a sequence of positive numbers such that 377 e < 0o. Like (2.6), criterion
(2.9) does not contain an unknown quantity. Moreover, the strong convexity of the function
F is not required unlike algorithm MOM with (2.6).

3. Algorithms

In this section, we shall focus our attention to problem (1.4). The Lagrangian ¢ for problem
(1.4) may be written as

Uz,p) = (z,y,p) = f(z) + g(y) — (p, A1z + Ay — b). (3.1)

Let us consider the convex-concave function
L(z,9,5:8,5,7) = €(2,9,p) + |z — & — —[p — p’ (3.2)
) ) bl ) ) ) ) 27 27 - .

Notice the difference between this function and the functions L; and L, defined by (2.2) and
(2.8), respectively. Since the function £ is strongly convex in y by assumption, the function
L is strongly convex in (z, y).

Using the function L, we develop two algorithms that belong to the class of partial
proximal method of multipliers (PPMOM). The first algorithm, called PPMOM;, generates
a sequence {(z®,y* p)} by the following iterative scheme:

(a1, y® 0 plt) xarg  min {maxL(x,y,p;w‘“),p‘“),v“")}, (3.3)
(m,y)eRnlﬁL"z pER™

where {7(#)} is a sequence of positive numbers. Like (2.3), the exact maximizer of L is given
by
p=p" — 4" (A + Azy - ),
so that
($(u+1) (p+1)

YY) varg min o é(a,y;a,p ), (3.4)

where
¢(z,y;&,p,7) = max L(z,y,p;Z,p,7)
peER™

. 1 .
= €($>yap) + '2":)/'|$ —" l‘|2 + %[All“ + Azy — b’z

Algorithm PPMOM; may be formally stated as follows:
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Partial Proximal Method of Multipliers 217

Algorithm PPMOM,

Step 0: Let {y®} be a sequence of positive numbers. Choose z(®) and p'® arbitrarily.
Set u:=0.

Step 1: Compute (z(**V, y(#*1)) by approximately minimizing ¢(z,y; 2™, p#), 4#)),

Step 2: Compute p#+1) := p) — yW(A, 20+ 4 Aoy — ). Set p:= p+ 1 and go to
Step 1.

As an approximation criterion for the inexact minimization in (3.4), we use .

/3(#)6(#)
,)/(”)

dist(0, 5¢($(u+1)7y(u+1);x(u)’p(u)’,y(u))) < , (3.5)
where {¢)} is a sequence of positive numbers such that Yoro€e® < oo and f*) = min{1,

B}, (B is the modulus of strong convexity of g.) The subdifferential of ¢ used in (3.5) is
given by

0¢(z,y; 2,5,7) = 0=0(2,y; &, B,7) X 0y(z,y; %,9,7) (3.6)
with ' )
and

Note that, like (2.6) and (2.9), criterion (3.5) does not contain an unknown quantity such as
the exact minimum value of a convex function. Note however that, owing to the quadratic
term (7/2)[Aiz + A2y — b|?, the function ¢ to be minimized in Step 1 does not enjoy the
separability that the given problem possesses.

From this point of view, we propose another implementation of the partial proximal
method of multipliers, which we call PPMOM,:

(m(u+1),y(u+1),p(u+1)) ~ arg max min L(:c, Y, p; m(u),p(u)ﬁ(u)) , (3'9)
PpER™ | (z,y)eR*1t72

where {7*)} is a sequence of positive numbers. The difference between (3.9) and (3.3)
consists in the order of min- and max-operations in computing the saddle point of L. The
idea of reversing the order of min- and max-operations has also been considered by the
authors [14] for the primal-dual proximal point algorithm. .

Since the function L is separable in z and y, the inner minimization in (3.9) can be
separately carried out in z and y. For any fixed p, let (X(p; Z,7),Y(p)) be the exact
minimizer of L, i.e., :

X(p; 2,7) = argxgllizgl{f(w)—<p,A1w>+%iw—il2}, (3.10)
Y(p) = arg min {g(y) — (p, A2t} (3.11)

Since L is strongly convex in (z,y) because of the partial proximal term 1/(2v)|z — £
and the strong convexity of g, X(p; &,7) and Y(p) are uniquely determined. Note that the
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218 S. Ibaraki & M. Fukushima

minimizer X (p; &,7) in (3.10) depends on the iteration while Y(p) in (3.11) does not. By
(3.9), (3.10) and (3.11), we have ’

p!*Y A arg max (p; !, p, ), (3.12)
where
5 H — 3 L . 5 m
¥(p; £,5,7) in (z,9,p; £,9,7)
= L(X(p; 2,7), Y(p),p; ,5,7)- (3.13)

The second version of the partial proximal method of multipliers, algorithm PPMOM,, may
then be stated as follows:

Algorithm PPMOM,

Step 0: Let {y*)} be a sequence of positive numbers. Choose z(® and p'® arbitrarily. Set
©=0.

Step 1: Compute p**!) by approximately maximizing % (p; "), pt#), 4(1).

Step 2: Put (zW+D) ytD) .= (X (plr+D); 2B W) Yy (pr+1))) Set y:= p+ 1 and go to
Step 1.

Note, in particular, that the function v defined by (3.13) is differentiable and its gradient is
given by

o 1 . .
Vi(p; &,5,7) = —;(p =) — (A X(p; £,7) + AY (p) —b). (3.14)
We use the following approximation criterion for the inexact maximization in (3.12):
(1) (n)
T(pD; a9, g0, 4] < 2 — (3.15)
Y

where {€/"} and {3®)} are the same as in (3.5). The convergence of these two algorithms
will be established in Section 5.

4. Basic results

A pair of optimal solutions (z*, y*) and p* to problem (1.4) and its dual, respectively, satisfies
the Kuhn-Tucker conditions

0€of(z") — ATp*, 0 dg(y*) — Alp*, Ajz* + A" =b. (4.1)

In addition, (m*,y*,p*) is a saddle point of the Lagrangian function ¢ defined by (3.1).
Suppose that problem (1.4) has an optimal solution (z*,y*) and satisfies the constraint
qualification

ri(dom(f) x dom(g)) N {(z,y)| A1z + Ay = b} # 0,

where ri(-) and dom(-) denote the relative interior of a convex set and the effective domain of

a convex function, respectively. Then there exists a vector p* satisfying (4.1) [18, Corollary
29.1.4].
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Partial Proximal Method of Multipliers 219

Associated with the Lagrangian ¢ is a point-to-set mapping Ty : R™ "2 *t™ — RMitnztm
defined by

Ti(z,y,p) = {(v,v,3)|u€ dul(z,y,p), vEOz,y,p), s€—0,(z,y,p)}
= {(u,v,s) |u € df(zx) — ATp, v e 8g(y) — ALp, s = Ajxz + Ay — b}(4.2)

Since the convex-concave function £ is closed and proper [18, pp. 362-363], the mapping T}
is maximal monotone [18, Corollary 37.5.2]. In view of the definition (4.2) of T}, the zeros
of Ty satisfy the Kuhn-Tucker conditions (4.1), and hence they solve problem (1.4) and its
dual. Notice that since the function g is strongly convex with modulus 3, T, is strongly
monotone with modulus § with respect to the second component y, i.e.,

((mvyap) - (‘rlv ylypl)) (u,v, S) - (u’,v’, Sl)> Z ﬁ|y - yll2) (43)

for all (u,v,s) € Ty(z,y,p) and (v',v',s') € Ty(z', v, p).
Consider the following parametrized problem perturbed by (u, v, s) € R™tm2+m:

(g;i)réilggliggz f(2) +g9(y) — (u,z) — (v,9) (4.4)

‘subject to Az + Ay = b+ s.
Then we can show the next result.

Proposition 1 Suppose that, for some constant A\ > 0, the parametrized problem (4.4) has
an optimal solution, whenever max{|u|, |v|, |s|} < A\. Then we have

0 € int im(T%), (4.5)

where int(-) and im(-) denote the interior of a convexr set and the image of a mapping,
respectively.

Proof. Let V(s) denote the set {(z,y) | A1z + A2y = b+ s}. It suffices to show that
ri(dom( f) x dom(g)) NV (s) # 0, (4.6

)
for any vector s such that |s| < A. Because, then, for each (u, v, s) such that max{|u|, |v|, |s|}
< ), there exists a Lagrange multiplier vector p associated with an optimal solution (z,y)
of (4.4) satisfying

u € 0,4(z,y,p), vE Il z,y,p), s€ =0z, y,p),

ie.,
(u,v,s) € Ty(z,y,p),

which implies (4.5).
To show that (4.6) holds for any s such that |s| < ), we assume to the contrary that
there exists some vector s’ such that |s'| < A and

ri(dom(f) x dom(g)) NV (s") = 0.
Under the hypothesis of the proposition, it is obvious that

(dom(f) x dom(g)) NV (s) # 0 (4.7)
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220 S. Ibaraki & M. Fukushima

for any vector s satisfying |s| < A. Therefore, we have
(dom(f) x dom(g)) N V(s') C tb(dom( f) x dom(g)),

where rb(-) denotes the relative boundary of the set. Then there exists a hyperplane H C
R™*™ containing V/(s) such that (dom(f) x dom(g)) ¢ H*, where H* is a half space
defined by H. Let H~ be another half space defined by H and choose (,9) € int(H ")
arbitrarily. Then, letting 3 = A1 + A2y — b € R™, we have V(s' + 6(5 — §')) Cint(H ) for
any 6 > 0. Since (dom(f) x dom(g)) C H™, this implies that, for all § > 0 small enough,

(dom(f) x dom(g)) NV (s'+ 6(5 — &) = 0.
Since |¢'| < A, this contradicts (4.7) and the proof is complete. O

The hypothesis of Proposition 1 can be regarded as a constraint qualification for problem
(1.4). We may expect that it usually, if not always, holds when the original problem (1.4) has
a solution and the feasible set of problem (1.4) has a nonempty intersection with dom(f) x
dom(g) provided that the perturbation s is small enough.

Recall that each iteration of both algorithms PPMOM; and PPMOM, consists of finding
a saddle point of the function L defined by (3.2). Any saddle point (z,y,p) of L satisfies

. 1 . .
0€ 0L(z,y,p; ,p,7) = 0z, y,p) + ;(m —£,0,—(p—p)).
From (4.2), it follows that

(£,0,p) € (2,0,p) + vTe(z,y, p). (4.8)

Let IT: RmMtmetm  Rritnet™ denote the projection mapping onto the space of variables
and p, i.e.,

I(z,y,p) = (2,0,p), ¥(z,y,p) € """
Then (4.8) can be written as

(2, 9,p) € (+T)(z, 9,p),

or equivalently,

(z,y,p) € (I +4T¢) ' 1I(2, §, ). (4.9)
Thus the set of saddle points of the function L may be formally expressed as the right-hand
side of (4.9).

We show some properties of the mapping @ = (II + v7})~* in Proposition 2, and then
show some properties of P = QII = (II + 4T,)II in Proposition 3.

Proposition 2 Let Q = (II + ~vT,)"'. Suppose that dom(T;) # 0. Then we have the
following:

(i) The mapping Q is single-valued on R™*72+™,

(ii) For any (z,y,p), (', v,p') € Rmtmt™

1Q(z,y,p) — Q(z', ¥, p)] < I(fc y,p) — (¢, 9,0'), (4.10)

/8/
where ' = min{1, Bv}.
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Proof. (i) By [5, Theorem 2.7], it is sufficient to show that the mapping (II+~T}) is maximal
monotone and coercive.

First, we derive the maximal monotonicity of (Il + v7%). By [5, Proposition 2.10], vT%
is maximal monotone for any vy > 0, since so is T;. Therefore, by [5, Theorem 2.3], the
mapping (II + 7}) is maximal monotone, because

dom(7TZ) Nint dOIll(H) = dom(n) N Rﬂ»1+n2+7n # m

Next we show that (II 4+ «T}) is strongly monotone. For any (u,v,s) € Ty(z,y,p) and
(u/7vlv S’) € 712(1"/) Z/I,Pl)y we have

(2,0,p) +¥(u,v,s) € (T +T¢)(z,y,p)

and
(2,0,p") +y(u',v',s") € (M+AT) (", 9, p"),
respectively. Then, by (4.3), we have

((z,9,p) = (&, ¥/, P), (2,0,p) +7(u,v,5) = {(2,0,p) +v(«, 7', s')})
=lz -2+ |p - P> +1((z,9,0) - (¢, ¥/, 7)), (w,v,5) — (', ¥, 5))
>z -2+ p - 2>+ Byly - ¢)?
> B'l(z,y,p) = («',9,0)I%,

where 3 = min{1, 8y}. This implies that (Il + 7}) is strongly monotone. Since the strong
monotonicity implies the coerciveness, we have proved (i).

(ii) For any (z,y,p) € R™*™%™ let (z4,y4,p+) = Q(z,y,p). (Note that the existence and
the single-valuedness of Q(z,y, p) are assured by (i).) Then, it follows from the definition of
Q that

(ajyy’p) € (H +7T£>(‘T+7y+>p+)7
or
(z,9,p) = (24,0, p4) + y(uy,v4,54) (4.11)

for some vector (uy,v4,s4) € Ty(z4,y4,py). Similarly, for any (¢/,¢/,p') € R®T"t™ we
have

(', 4,0") = (¢!, 0,0 ) + v(u!, v, 8, (4.12)

where (2',,7/,,p,) = Q(z',%,p') and (v, ,v',s,) € To(«',, ¥, 9" ). By (4.11) and (4.12), we
have

1 .
(U—HU-{—’ $+) - (ul—+—7'01+7 $I+) = ;{(x’yﬂj) - (mlaylyp,) - ($+>0>p+) + (37/+70,P/+)} (413)

Since Ty is strongly monotone with respect to the second component (c.f. (4.3)), we have

<(u+7v+7 5+) - (ul+7vl+a 5/+)7 ($+,y+,p+) - (xl+7yl+apl+)> Z ﬂ|y+ - y;—'Q (414)
It follows from (4.13) and (4.14) that
((z,y,p) = (&, ¥,0), (@ 94,04) — (2,94, P))

> oy — 2 P+ Bylys — ¥ 1P+ oy — Pl
> Bzt y4,p4) = (2, ¥, P
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222 S. Ibaraki & M. Fukushima

where ' = min{1, 8y}. Therefore we have

i(mayap) - (:El)y”pl)‘ Z ﬁ’\(m+ay+7p+) - (mgvyl-{-apl-{-)\
= /BIIQ(:Eyyyp) - Q(‘I:,)y,vpl)'v

which completes the proof. O
From Proposition 2, we obtain the following results immediately.

Proposition 3 Let P = QII = (Il + vT;)'I1. Suppose that dom(T;) # . Then we have
the following:

(1) The mapping P is single-valued on R™+"2 4™,

(it) For any (z,vy,p),(z',y,p’) € RMtm2tm,

/ 1 o
|P(5373/7P) - P(Q:I:y,’p )[ _<.. E'(map) - (21,‘ )p)l’ (415)

where ' = min{1, 8v}.

Proof. (i) Obvious from Proposition 2 (i).
(ii) From (4.10), we have

|P(z,y,p) — P(z',y,p')] |QII(z, y,p) — QII(z', v/, p')|

il

1
S Eln(ma Y, p) - H(xla y’apl)t
1
= E‘(w?p) - (mlvpl),l‘
This completes the proof. a

As mentioned above, each iteration of algorithms PPMOM; and PPMOM; consists of
computing a saddle point of the function L, and hence the formulas (3.3) and (3.9) are
regarded as particular realizations of the scheme

(2D yB+D) )y gy P () ) p(w)y, (4.16)

where P#) is defined by
PW = (T1 + ~WT,) L. (4.17)

Note that the mapping P'* is single-valued by Proposition 3. If I is replaced by the identity
mapping [ in (4.17), the iteration (4.16) becomes
(x(u+1),y(u+1),p(u+1)) ~ P(“)(az(“),y(“),p(”)) =(I+ 7(")Tg)—1(m(”),y("),p“‘)).

This is nothing but the proximal method of multipliers, of which particular realization is
algorithm PMOM described in Section 2.

5. Convergence
5.1. Convergence of algorithm PPMOM,

The purpose of this section is to establish a convergence theorem for algorithm PPMOM;.
First, we show the following proposition.
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Proposition 4 For any (z,y,p) € R™ ™2™ we have
A A oA Y . A oA
|(z,y,p) — P(2,9,P)| < Edlst(O,aaﬁ(m,y; £,5,7)), (5.1)

where P = QI = (I + vT;) 11 and 8¢ is given by (3.6)-(3.8).

Proof. Let us choose an arbitrary vector w = (w1, ws) € d¢(z,y; Z,p,7). From (3.6)-(3.8),
we have

1
wy + _(:% - ZL’) € 812(-%, yyﬁ) + ’YAT(AI:E + A?'y - b)

Y
— 9f(a) - ATp (5.2)
and
wy € Ol(z,y,p)+ 'yAzT(Alx + Ay — b)
= 9g(y) — 43p, (5.3)
where
p=p—v(Aiz+ Ay — b). (5.4)

In view of the definition (4.2) of T}, (5.2)-(5.4) are written as

(Ywr + & — z, Ywa, P —p) € YTe(z,y,p).

Therefore, we have
(vwr + 2, yws, P) € (T +7T2)(z,y,D),
or equivalently,
(z,9,p) = Q(ywr + &, w2, ), (5.5)

where Q = (IT + 4T;)"!. (Note that @ is single-valued by Proposition 2.) From (5.5), it
follows that

l(mayap) - P(£7 gaﬁ)l = l(x,y,p) - QH(£7 A)ﬁ)! = IQ(')/WI + '%7 YWwa, f)) - Q(:%’O’ﬁ)l

By Proposition 2, we have

. . N oA 1 . . Ao
lQ('le + z, Ywa, p) - Q(m10?p)! S E (7(‘)1 + T, YWz, p) - ('T:)O)p)l

7
= b—,|w|-
Since w € 0¢(z,y; Z,p,7) was arbitrary, we obtain (5.1). O

Now, we are ready to show the following convergence theorem for algorithm PPMOM,;.

Theorem 1 Suppose that the hypotheses of Proposition 1 are satisfied. Then the sequence
{(=™), y'#) plk))} generated by algorithm PPMOM, with (3.5) converges to a vector (z*,y*, p*)
satisfying the Kuhn-Tucker conditions (4.1) for problem (1.4).
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Proof. Under the given hypotheses, there exists an optimal solution (z*,y*) of problem
(1.4) together with a Lagrange multiplier vector p*, satisfying the Kuhn-Tucker conditions
(4.1). Hence it follows from Proposition 1 that 0 € int im(7}). Furthermore, by Proposition
4, the approximation criterion (3.5) implies

}($(ﬂ+1),y(u+1)’p(#+l)) _ P(“)(:c("),y(“),p(”)){ < 1)

Then, from Theorem 1 of [12], any of the limit points of the sequence {(z*, 3y p(")} is
a zero of T, and {(z™,p")} converges. Since g is strongly convex, the y-component of
a solution of (1.4) is uniquely determined, which implies that {y'*)} converges. Thus the
whole sequence {(z"), y*) p(M)} converges to a solution of (1.4). 0

5.2. Convergence of algorithm PPMOM,

In this section, we establish a convergence theorem for algorithm PPMOM,. We first
show the following proposition.

Proposition 5 For any (z,y,p) € R™t™*™™  we have

(z,9,0) — P&, 59| < 2 |Vo(p; 2,5,7)], (5.6)

where P = (Il + vT;) I and V) is given by (3.14).
Proof. Put, for convenience, £ = Vi(p; &,p,7). From (3.14), we have

£ = —%(p ~ ) = (Asz + Agy — b),

where z = X(p; Z,7) and y = Y(p). Then, it follows from (3.1) that
€+ ~(p =) = ~(4se + Aoy —b) € Ol(s,1: ). (57
In view of (3.10) and (3.11), it holds that
%(@ —2) € 0,6z, 5,p), 0 € ByL(z,u,p). (5.8)
From (5.7) and (5.8), we have

(& —=, 0, p—p—¢) € vTi(x, y,p),
which implies that
(:Uay7p) = P(ia @a ﬁ - 76)
Therefore, it holds that
|(J",y>p) - P(é}a@)ﬁ)l -~ IP(QE,Q,Z; - 76) - P(‘Iiag)ﬁ” (59)

By Proposition 3, we have

/\

|P(,§,p — 7€) — P(2,5,p)] <
From (5.9) and (5.10), we obtain (5.6). o

Now we state a convergence theorem for algorithm PPMOMS,.
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Theorem 2 Suppose that the hypotheses of Proposition 1 are satisfied. Then the sequence
{(z®), y p)} generated by algorithm PPMOM, with (3.15) converges to a vector (z*, y*, p*)
satisfying the Kuhn-Tucker conditions (4.1) for problem (1.4).

Proof. The proof is similar to Theorem 1. By Proposition 1, we obtain 0 € int im(7}) and,
by Proposition 5,

|($(#+1)’y(#+1),p(#+1)) — p(u)(x(u)7 y("),p“‘))l < M

By using Theorem 1 of [12], we obtain the desired result. O

6. Application to problems with multiple set constraints
In this section, we consider the following convex programming problem:

minimize  ¢(y)

subject to ye€ CiNCyN---NCy, (6.1)

where the function g : R* — RU {00} is closed, proper and strongly convex (with modulus
B) and the sets C1,Cy,...,Cy C R™ are closed and convex. We suppose that each C; is
individually so simple that the projection onto C; is easy to compute. We shall show how
algorithm PPMOM, can effectively be applied to problem (6.1).

Let us reformulate problem (6.1) in the form (1.4) as follows: For each ¢, let f; : R* —
R U {400} be the indicator function of C;, namely

0, ifzx e,
+00, otherwise.

fizi) = {

Then problem (6.1) can be written as

N
minimize Zfz(l'z) +9(y)
=1

(6.2)
subject to =y =z =---=zy = ¥.
Now let A; be the n x n identity matrix I, A; be the Nn x n matrix [-I,—1,---,—I]T and
b= 0. Furthermore, let f : R¥"™ — R U {400} be given by
N
fla) =2 filzs).
i=1

Then, we see that problem (6.2) is represented as problem (1.4). Note in particular that the
function f has a separable structure.
It follows from (3.10) that

X(p; &7) = arg min {f(w) o w>+%iw—:ﬁlz}-

Thanks to the separability of f, each component of X (p; Z,~) can be computed individually
as

1
Xi(pi; 2i,7) = arg;‘é%h {fz(ﬂfz) — (pi, zi) + %‘xz - 531'\2}

= Proj¢, (2 +vpi),
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where p; and #; are the ith components of p and Z, respectively, and Proj,(-) denotes the
projection onto the set C.
On the other hand, we have from (3.11) that

1=1

N

34m=a%£g{ﬂw+§]mwﬁ-

Thus Y(p) is uniquely obtained by minimizing the strongly convex function subject to no
constraints. If the function g is separable in y;, j = 1,2,...,n, then Y(p) can be computed
componentwise. With X (p; Z,7) and Y (p) thus computed, the value of ¥(p; #,p,7) and its
gradient Vi(p; &,P,7) can be evaluated by (3.13) and (3.14), respectively. Therefore, the
maximization of ¥ in Step 1 of algorithm PPMOM, may be carried out using any gradient-
type algorithm such as quasi-Newton methods.

7. Application to traffic assignment problems
In this section, we apply algorithm PPMOM, to traffic assignment problems. Consider a

directed network G = (N, A), where N and A are the sets of nodes and arcs, respectively.
Let

K number of commodities (O-D pairs),

zi; € R: flow of commodity & on arc j,

yj € R: total flow on arc 7, i.e., y; = P Thy,

g; : R — RU {400} travel cost on arc j dependent on total flow y;,
O(7) C A: set of arcs originating at node ¢,

I(i) C A: set of arcs terminating at node 1,

di; € R: demand for commodity k& at node 7.

Then the traffic assignment problem is formulated as follows:

minimize Zgj(yj)
jeA
K
subject to y; = > x5, j €A
k=1
Z Tkj — Z Tkj =dy, k=12,..., K, 1EN
jEO() JEI()
zi >0, k=1,2,...,K, j€ A

(7.1)

Note that the solution of problem (7.1) corresponds to the Wardrop’s user optimal equilib-
rium [17]. |
Let fi: R — RU {400} be defined by

0, if E.’Ek = dk and Tk Z 0,
400, otherwise,

Selae) = {

where E € RWI*I4l denotes the node-arc incidence matrix of G = (N, A), zx = (211, . - - ,:rk|A|)T
and di = (dyy, ..., drn)”. Then problem (7.1) is expressed as follows:

K
minimize Y fr(z) + Y 9;(y;)
k=1 X jeA (7.2)
subject to y; = »_ =z, j € A
k=1
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-Furthermore, problem (7.2) can be reformulated as problem (1.4) in Section 1 with the
following identifications:

Ay =11, I,--- 1], Ap=-I1,b=0,

flz) = kz_:lfk(ﬂik)

and v
g(y) = > 9i(ui);
jeA
where I is the |A| x |A| identity matrix.
Assuming that the functions g;, j € A, are strongly convex with modulus 3, we consider
applying algorithm PPMOM; to the traffic assignment problem (7.1). Since f is separable

with respect to commodities k, X (p; #,7) defined by (3.10) can be computed componentwise
as

A B . 1 o
Xi(p; &,7) = arg min, {fk(:vk) ~ Pz + o fzk — & }

1 2
= i —zp — & |* — =1,...,.K
arg Emkgig;kzo{hlwk &l = {p, m)}, k=1,...,K,
which give rise to K independent single-commodity network flow problems with quadratic
cost. Similarly, Y (p) defined by (3.11) can also be evaluated componentwise by solving |.A|
independent univariate minimization problems, i.e.,

Yi(p;) = arg min{g;(y;) +pjv;}, 5 € A

8. Concluding remarks

For problem (1.4), we have proposed two variants of the partial proximal method of multi-
pliers (PPMOM,; and PPMOM,), which compute in each iteration an approximate saddle
point of the argumented Lagrangian L. The difference between PPMOM,; and PPMOM,
lies in the order of the (z,y)-minimization and the p-maximization in finding an approxi-
mate saddle point. In PPMOM,, the p-maximization of L with (z,y) being fixed is easy
to compute, but the resulting (z, y)-minimization problem becomes somewhat complicated.
In PPMOM,, the (z, y)-minimization is separately carried out in z and y and the resulting
p-maximization problem becomes a differentiable optimization problem. Moreover, when
the functions f and g are in particular separable, both the z- and y-minimizations are done
in parallel (see Section 7).

As briefly mentioned in Introduction, some researchers have studied the partial proximal
method. In [3], Bertsekas and Tseng extensively studied the primal version of the partial
proximal method for convex programming problems. They also consider the dual version of
the partial proximal method and discuss its relation with a decomposition method in convex
programming. On the other hand, Ha [12] established some convergence results for the
partial proximal method. The latter paper, however, only considers a basic iterative method
under the general framework of maximal monotone mappings. It does not give any concrete
procedure like PPMOM,; and PPMOM,, which take into account a particular structure of
the problem to be solved.
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Finally, we mention some other methods related to the algorithms proposed in this pa-
per. For the special case of (1.4), where A, = —I and b = 0, the alternating direction
method of multipliers (ADMOM) have been proposed by Gabay [11] (see also [2, 6, 7]).
Each iteration of algorithm ADMOM consists of three operations; the z-minimization and
the y-minimization of the augmented Lagrangian, followed by the update of the multipiers
p. ADMOM has turned out to be a useful decomposition algorithm for problems with some
separable structure [8, 9]. Tseng [20] proposed an alternating minimization algorithm sim-
ilar to ADMOM for solving (1.4), in which the function g is also supposed to be strongly
convex. This method differs from ADMOM in that the y-minimization is done with respect
to the ordinary Lagrangian and hence, like PPMOM,, makes the most of the separability of
function g the original problem may have.
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