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A bstract A syst.em such as missiles and spare parts of aircrafts has to perform a normal operation in a 
severe environment at any time when it is used. However, the system is in storage for a long time from the 
transportation to the usage and its reliability goes down with time. Thus, a system in storage should be 
inspected and maintained at a periodic time to hold a high reliability. But, we do not wish to inspect a 
system too often because each inspection involves a cost and sometimes degrades it. Therefore, we have to 
establish an optimal inspection policy for such a storage system. 

This paper considers a periodic inspection policy for a storage system with unit 1 and unit 2: Unit 1 is 
inspected and maintained at each inspection, however, unit 2 is degraded with time and at each inspection. 
Three hazard rate functions of the system are defined and its reliability is derived. Using this results, 
the mean time to failure and the expected number of inspections before failure are computed. Further, the 
expected total cost until the detection of failure is obtained and an optimal policy to minimize it is discussed. 
Numerical examples are finally given. 

1. Introduction 
A systcm such as ll1issiiPs and spare parts of aircrafts is in storagf' for a long timf' from the 
transportation to tlw usage and has to kef'p a high mission reliability at any tinw whf'11 it is 
nSf'd. Howf'w'r. its reliability goes down with tinw[l--!] and it is impossible to check whether 
a systf'm can opf'rate normally or not. \~'(' lWf'd 10 inspf'ct and maintain a systf'rn in storage 
at a suitable time to hold a high reliability[5-8]. Bnt. we do not wish to inspect a system 
too oftf'n bf'("ause each inspection involves a cost and sonwtirnes c1egradf's it[5]. Thereforf', 
we have to establish an optimal inspf'dion polic~; for such a storage system. 

Barlo,," and Prosdmn[9] summarized the optimal inspection policy which minimizes the 
('xpf'cted total cost until tlw detection of failure. Luss and r--:ander[10] and Zacks and 
hnske[ll] f'xtf'ndecl to much rnorf' complicatf'd systf'ms. Shima and :\akagawa[U] discussed 
t he inspection of Cl machine wit h protect i \'e de\·ice. :\Iart illez[ n] considered the pel'iodic 
te~t of an electronic equipment in storage for a long period. and showed how to cOlllpute its 
reliability after 10 years of storagE'. 

\Ye have already considered the inspection policies for a storage system which is rt-'quired 
to haw' a higher reliability than a prespecified \'il[ue q[l 1]. To keep its reliahilit~·. a s~'stem i" 
illspectf'd and maintained at a periodic time and oyerhauled if the reliability becomes lower 
1 han q. 

C sua I storage units are degraded gradually IIY the pOWf'r on-off c.\"cle~ during inspection 
i Ilterval[!)]. This paper considers periodic inspect ions of a storage s.\"stem wit h two unit s. 
where unit 1 is checked and maintained al tinlf' .\"T(S == 1.2,···). and ullit:2 is df'graded with 
time and at each inspection. For such a generalized inspection model. we deri\"(' the following 
two rdiabiJit.\" quantities: (i) The mean time to ';~'stf'Ill failure and (ii) the expected Ilumber 
of inspections before failure. 

{"sing these quantities. we ohtain the eXlwctt'd total cost C(T) until tllf' detection of 
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failure and discuss an optimal inspection time T* which minimizes C(T). :\umerical examples 
are given when reliahility functions are exponential and vVeibull ones. 

2. Analysis of model 
Consider the following inspection policy for a storage system which has to operate when it 
is used at any time: 
1) The system is new at time O. and it is checked and maintained if necessa.ry at periodic 

time NT (N = 1. 2, ... ), where T(> 0) is constant and previously specified. 
:2) The system is mainly consisted of two independent units, where unit 1 is like new after 

every inspection. however, unit 2 does not become like new and is degraded with time 
and at each inspection. That is, unit 1 is a general term for some parts in the system 
whose functions can be certified by inspections, and unit 2 is for the other parts whose 
functions can not be done. As a typical example of a storage system. we give a schematic 
diagram of missiles in Figure 1. 

:3) Fnit 1 has a hazard rate function hlo which is given by hj(t - NT) for ;VT < t ~ (JV + liT. 
because it is like new at time NT. 

4) F nit 2 has two hazard rate functions h2 and h3, which are the hazard rates of system 
degradations with time and at each inspection, respectively. The hazard rate h2(i) remains 
undisturbed by any inspection. Further, since unit 2 is degraded by the power on-off 
cycles during this interval[5], h3 increases by the constant rate A3 at each inspection, and 
is defined as 

for NT < t ~ (S + liT . 

. 5) The hazard rate function h(t) of the system is. from 3) and 4). 

(2.1) 

for NT < t ~ (N + l)T. 
Under the assumptions above, we obtain the probability that the system does not fail 

until time t. i.e., the reliability of the system at time t. 
The cumulative hazard function H(t) of the system is. from (2.1), 

H(t) == t h(u)du 
lo . 

(2.2) = N H1(T) + Hdt - .'lfT) + H 2(t) 
N-l 

+ L j A3T + NA3(t - .'1fT), 
j=O 

for NT < t ~ (N + l)T, where Hi(t) == J; h;(u)du (i = 1,2). Thus, the reliahility R(t) of the 
system at time t is 

R(t) = exp[-H(t)J 

(2.3) 
[ ( 

N + 1 )] = exp -NHdT) - Hdt - NT) -lh(t) - NA3 t - -2-T 

for I\'T < t ~ (N + l)T (N = 0,1. 2,,, .). 
Using this result, we obtain the mean time -r(T) to system failure and the expected number 

J!(T) of inspections before failure. 
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The mean time -I(T) is. from (2.:3). 

'I(T) = (" R(t)dt 
Jo 

ex; [. r '\"(S-I) ] 
= ~ exp -j\ HdT) - 2 )..3 T 

:"=0 

x lT exp[-lldt) - H 2(t + .VT) - .V>'3t]dt. 

It is evident that 

(2..') ) )0~ ...,(T) = ['" exp[-Hd t ) - H 2(t)]dt. 

which represents the mean time in the case where the system is not inspected at all. 
The expected number of inspections before failure is 

0C 

/v/(T) = L ,V{R(lliT) - R[(S + I)T]} 

(2.6) N=J 

Evidently, 

(27) 

(2.8) 

lim M(T) = oc . 
T-O 

hm M(T) ,= O. 
T-C'<.-

Furthf'r. we have. from (2.4), 

= [ S('\"-I) .] 
"((T) 2: L exp -,VHdT ) - 2 >'3 T 

."=0 
(2.9) x Texp {-HdT) - H2 [(.V + I)T]- .\')..3T} 

=TM(T). 

00 [. X(.\'-1)] "((T) ~ L exp -.\"H1(T) ---2--->'3T 
.\ =0 

(2.10) x Texp[-H2(ST)] 

= T[Al(T) + 1]. 

since cumulative hazard functions are increasing in time t. Thus. we have the inequality 

(2.11 ) TA1(T) ~ )(T) ~ 1"'\1(T) + 1]. 

which is equal to t he result in [1.5]. 
We have the following three particular case:;;: 

(i) h2 = )..3 = 0 

(2.12) 

(2.1:3) 

The system is like new after every inspection. Then. 

faT exp[-Hdt)]dt 
,(T) = [ ] . l-exp ·-HJ(T) 

"1(T) = exp[-HdTl] . 
1 - exp[--HdT)] 
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which are equal to (:3) and (61 in [1.5]. respectiyely. 
(ii) hl=A3=O 

The system is not changed at any inspection. Then. 

(2.14) 

00 

(2.1.'> ) Af(T) = L t'XP[-H2(}\'Y)]. 
N=l 

(iii) hi =h2 =O 

The system is degraded at each inspection by the power on-off cycles. Then. 

3. Optimal inspection policy 
vVe introduce the inspection costs: A cost Cl is required for one inspection and a cost C2 is for 
time elapsed between failure and its detection per unit time. Having assumed that system 
failure is detected only by inspection, the expected total cost until the detection of failure is. 
from (14) in [15). 

(3.1) 

where -,(T) and M(T) are given by (2.4) and (2.6). respectively. 
We easil~' have. from (2.11), 

, .,(T) 
C(T) ~ CI T ~ c[M(T). 

Thus. from (2 .. 5). (2.7) and (2.8). 

(:3.2) lim ('(T) = lim C(T) = x'. 
T-D T-= 

Therefore, there exists a positive and finite T* which minimizes the expected cost C(T) 

in (3.1). 
Consider two particular cases where the hazard rates functions are exponential and 

vVeibull ones. 
3.1 Exponential case 
When hi(t) = Ai(i = 1.2). the expected cost is 

(3.3) 
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In particular case of A3 = 0, i.e., the system is not degraded at each inspection, 

(3.4) 

which is equal to (19) in [UiJ. In this case. there exists a unique T* which satisfies 

(:3 .. 1 ) 

Further, in the case of Al = A2 = 0, 

(3.G) 

cx; [I\!(V-l) ] 
C(T) = (Cl + C2T ) ~O exp -' . 2 A3T 

{ 
~ 1 { [N (S - 1)] [X (.V + 1) ] } } -C2 .T+ £-;1 NA3 exp - 2 >'3T -pxp - 2 A3T . 

To minimize C(T), we put its derivative equal to zero. Then, we have 

( :3.7) 

An optimal time T* is given by a solution of (:3.7). since equation (:3.7) is a function from zero 
to infinity. It can be easily seen that when A3 = Al + A2, the expected cost becomes C(T) - Cl, 

where C(T) is given by (3.6). Thus, an optimal time T* which satisfies (3.7), is also equal to 
that of the case >':J= Al + A2. 
3.2 Weibull case 
When Hi(!) = Ait"'(i = 1.2), the expected cost is 

C(T) = (Cl + C2T) t exp [-NA1Tn> - A2(NT)m - S('V
2 
-1) A3T] 

N=O 

(3.8) ~ [. \ 'nl .'V I S - 1) ] - C2 L..J pxp -.\ "1 7 - --2--A3T 
N:=O 

('hanging T, we can numerically obtain an optimal time T* which minimizes C(T). 

4. Numerical example 
~ote from [.5J that the degradation hazard rate '\3 at each iuspection is given by 

where Ne is the ratio of total cycles to inspection time, J{ is the ratio of cyclic hazard rate to 
storage hazard rate, ASE is the storage hazard rate of electronic parts. and their numerical 
values are Ne = 2.3 X lO-4, I\ = 270, ASE = 14.88 X lO- 6/ hour from [5J. Hence, A3 = 9.24 X lO-7 / hour. 

First, consider the case where Hi (!) = Aii (i = 1.2). v,,"hen A3 = o. Table 1 gives the optimal 
time T* which satisfies equation (;3..5) and the reslllting cost C(T*) for A = >'1 + A2 = 29.24 X lO-6, 

.")8.48 X lO-6, Cl = 10, 1.5,20.2;).30 and C2 = 1. whpre A is given from [6]. This shows that both T* 

and C(TO) increase when Cl and l/A increase, and that the systpm should be inspected once 
about a month. 
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Table 2 gives the optimal time T* which satisfies (:3.7) and C( r) for Cl == 10. 15, :20, 2.), 30 
and C2 == L when Al == A2 == 0 and A3 == 9.24 X 10-', 18.48 X 10-' /hour. This shows that both T* 

and C(r) increase when Cl and I/A3 increase. 
~ext, consider the case where Hi(t) == Aitm (i == 1,2), A3 == 9.24 X lO-'/hour and 0==0.9. 

Suppose that Al == aA and A2 == (1 - a)A (0 < a < I), where A is the storage hazard rate of the 
system and a is the efficiency of inspection. Table 3 gives the optimal time T* and the resulting 
cost C(T*) for Cl == 10, 1.5, 20, 25, 30, C2 == 1 and m == 1.0. 1.2, when A == 29.24 X 10- 6

• ,38.48 X 10-6
/ hour. 

This shows the same tendency as Tables 1 and 2, however, r's are shorter than those in 
Tables 1 and 2 because the probability of system failure is greater than that of the cases in 
Tables 1 and 2. It is of interest that T*'s in the case of m == 1.2 are much shorter than those 
in m == 1.0 because the system deteriorates with time. Figure 2 draws the optimal time T* for 
variables A3 when A == 29.24 X 10- 6 and m == 1.0. and shows clearly that T* decreases with ).3' 

5. Conclusion 
vVe have considered the optimal inspection policy for a storage system which is degraded at 
inspections. The mean time to system failure and the expected number of inspections before 
failure have been obtained. Using these results. the expected total cost until the detection of 
failure has been derived. Numerical examples have been given when the hazard rate functions 
are exponential and Weibull ones. These examples have shown that the system should be 
inspected much early, compared with the case of no degradation at inspections and that its 
optimal inspection time decreases with the hazard rates. 
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Table 1. Optimal inspection time T* and its associated expE'cted 

cost C(T*) when A3 = 0 and '2 = I 

A 'I T* qT*) 
10 ~;24 834 
15 ](109 1023 

29.24 x 10-6 20 1164 1183 
25 1:0;00 1:324 
30 1423 1453 
10 ::,82 592 
15 i12 726 

.58.48 x 10- 6 20 ~;21 841 
25 [117 941 
;)0 lU04 10:l:3 

Table 2. Optimal inspection time T* and its associated expected 

cost C(T*) when Al = A2 = 0 and C2 = 1 

A3 Cl T* e(T*) 
10 570 843 
15 749 1101 

9.24 x 10- 7 20 898 1:343 
25 1039 1560 
:30 1171 1764 
10 449 672 
15 586 882 

18.48 x 10- 7 20 709 1065 
25 820 1244 
30 922 1407 

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



430 K.Ito & T.Nakagawa 

Table 3. Optimal inspection time T" and its associated expected 

cost C(T*) when A3 = 9.24 X 10-', C2 = 1 and a = 0.9. 

m A Cl T" C(T") 
10 510 603 
15 670 764 

1.0 29.24 x 10-6 20 800 903 
25 920 1027 
30 1020 1140 
10 460 490 
15 590 613 

1.0 58.48 x 10- 6 20 680 718 
2.5 790 811 
30 840 897 
10 430 3ii 
15 540 461 

1.2 29.24 x 10- 6 20 630 .,)31 
25 670 59:3 
30 760 648 
10 350 286 
15 390 347 

1.2 58.48 x 10- 6 20 470 399 
25 510 445 
30 550 487 

Figure 1. Schematic diagram 
of a storage system 
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Figure 2. Optimal inspection time T* 
for A3when A=29.24X10-,6 C2= 1 and 
m = 1.0. 
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