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Abstract We present a greedy algorithm for minimizing a separable convex function over a finite jump
system (E,F), where E is a nonempty finite set and F is a nonempty finite set of integral points in Z%
satisfying a certain exchange axiom. The concept of jump system was introduced by A. Bouchet and W.
H. Cunningham. A jump system is a generalization of an integral bisubmodular polyhedron, an integral
polymatroid, a (poly-)pseudomatroid and a delta-matroid, and has combinatorially nice properties. The
algorithm starts with an arbitrary feasible solution and a current feasible solution incrementally moves
toward an optimal one in a greedy way. We also show that the greedy algorithm terminates after changing
an initial feasible solution at most
D {ule) — l(e)}

ecE
times, where for each e € E
u(e) =maxz(e),  I(e) = minz(e).

1. Introduction

A. Bouchet and W. H. Cunningham {3] have recently introduced the concept of jump system.
A jump system is a pair (£, F) of a nonempty finite set £ and a nonempty set F of integral
points in ZF satisfying an exchange axiom (a precise definition will be given later). We call
a jump system (E, F) finite if F is finite. For a finite jump system (E,F), it is known ([3])
that the convex hull Co{F) of F is a bounded bisubmodular polyhedron, i.e., for a given
finite jump system (E, F) there exists a bisubmodular function f : 3 — Z such that

Co(F)={z|r e RE,V(X,Y) € 3¥ . z(X) - 2(Y) < f(X,Y)} (1.1)

(the precise definition of bisubmodular function will also be given later). However, the set
of integral points of Co(F) is not necessarily equal to F. Some non-extreme integral points
of Co(F) may be missing in F. Therefore, a jump system is a proper generalization of an
integral bisubmodular polyhedron (3, 4], which is the set of integral points of a bisubmodular
polyhedron defined by an integral bisubmodular function. Hence, it generalizes an integral
polymatroid [6], a pseudomatroid [4] and a delta-matroid [2]. An interesting example of a
jump system arises from matchings in graphs (see [3, 5]).

Recently, we presented a greedy algorithm for minimizing a separable convex function
over an integral bisubmodular polyhedron ([1]). We show in this paper that the algorithm
given in [1] also works over a finite jump system (E,F). Our algorithm starts with an
arbitrary initial feasible point and repeats coordinate-wise augmentations and /or exchanges
in a greedy way. In our previous paper [1] we did not give an estimation of the number
of the required transformations of feasible solutions but by examining the behavior of the

362
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greedy algorithm we will show that the greedy algorithm for a finite jump system (&, F)
terminates after changing an initial feasible solution at most

>_{u(e) ~1(e)} (1.2)

e€E
times, where for each e € £
u(e) = r;lea}(x(e), l(e) = min z(e). (1.3)

2. Definitions

Let E be a nonempty finite set. Denote by 3% the set of all the ordered pairs (X,Y) of
disjoint subsets X and Y of E. Let f : 3 — Z be a function from 3% to the set Z of
integers such that f(@,8) = 0 and for each (X;,Y;) € 3% (i=1,2)

f(X1,1) + f(X2,Y2)
> f(X1UXp) —(Y1UYR),(1UYs) — (X1 U X))+ f(X1NXp,Y1NY,).  (2.1)

We call such an f a bisubmodular function, which was first considered by Chandrasekaran
and Kabadi [4]. Define a polyhedron

P.(f)={z|z € Z® V(X,Y)€ 3" :2(X) - x(Y) < f(X,Y)} (2.2)

associated with f, where £(X) = ¥ cx (e) for any X C E and z € ZE. Note that z(@) =0
for any = € Z¥. We call the polyhedron P.(f) an integral bisubmodular polyhedron.

A {0,+1}-vector with a unique nonzero component is called a step. For any z,y € ZE a
step s from x toy is a step such that ¥ g |z(e) + s(e) —y(e)| = T.cr |2(e) —y(e)] — 1. We
denote by St(z, y) the set of all the steps from z to y. A jump system on E is a pair (E,F)
of a nonempty finite set E and a nonempty F C ZZ which satisfies the 2-step aziom:
(2-SA) For any z,y € F and s € St(x,y) with z + s ¢ F there exists t € St(z + s,y) such
that

c+s+teF. (2.3)

We see from a result in (3] that an integral bisubmodular polyhedron satisfies the axiom
(2-SA). However, it should be noted that F does not always constitute of all the integral
points of its convex hull (see [3]).

3. A Greedy Algorithm
Let w : RF — R be a separable convex function given by

w(z) = ) we(z(e)), (3.1)
eeFE
where for each e € E w, is a convex function on R.. Consider a discrete optimization problem

described as
P: Minimize Y w.(z(e))
ecE (32)
subject to x € F,

where (F,F) is a finite jump system, i.e., a jump system with a finite 7. We describe a
greedy algorithm for solving the above problem P. The validity is shown in the next section.
Denote by S the set of all the steps in Z~.
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A greedy algorithm
Input: a finite jump system (F,F), a separable convex function w : E — R and a vector
2% e F.
Output: an optimal solution z of Problem P.
Step 0: Put z « z°.
Step 1: If neither of the following two conditions is satisfied, then stop (x is an optimal
solution).
(1) There exists a step s € S such that z +s € F and w(z + s) < w(x).
(2) There exist steps s,t € S such that z+ s ¢ F,z + s+t € F and
w(z +s+1t) <w(z).
Step 2: Put

w, « min{w(z + s)|step s satisfying Condition (1) in Step 1}, (3.3)
wy « min{w(z + s) |steps s,t satisfying Condition (2) in Step 1}, (3.4)

where the minimum over the empty set is defined to be +o0.
Put & «— min{w;, ws}.
If we have @ = wy, let § be the step s that attains the minimum of (3.3), put £ — z+3
and go to Step 1.
If & # wi, let 5 and ¢ be the steps s and ¢ that attain the minimum of (3.4), put
T+ x4+ 5+t and go to Step 1.

(End)

It should be noted that in (3.4) not w(z + s +t) but w(z + s) is minimized and that
each step s in the above algorithm is chosen in a greedy way.

Denote by z* the current x obtained after the kth execution of Step 2 of the greedy
algorithm. During the execution of the greedy algorithm, if the current z* is not an optimal
solution, then z* is changed into either z¥+! «— z* 45 or 2¥*1 ' z* 4+ 54 in Step 2. Denote
such steps § and £ by s* and t*. Then, we have

Remark 3.1: For any s € S such that z¥ + 5 € F,
w(z®) — w(zk + 5*) > w(z*) — w(z* + ). (3.5)
O

Remark 3.2: Forany s,t € S such that z*+s ¢ F, z¥+s+t € F and w(z*) > w(z*+s+1t)
we have
w(z®) — w(zf + 5*) > w(z*) — w(z® + s). (3.6)

]

4. Validity of the Greedy Algorithm

In this section we prove the validity of the greedy algorithm. It should be noted that the
algorithm terminates in finitely many steps since F is finite and the value of the objective
function is reduced every time Step 2 is executed. For each step s € S let e(s) be the
element e of E such that s(e) =1 or —1.

Theorem 4.1: The greedy algorithm described in Section 3 finds an optimal solution of
Problem P.
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Proof: Let x be the solution found by the greedy algorithm when it terminates.

Claim: Suppose that z is not an optimal solution of Problem P. Then, there exists an
optimal solution r*(# x) that satisfies the following three conditions:
(i) If s € St(z*,x) and z* + s € F, then w(z*) < w(z™ + s).
(ii) If s € St(z*,z), t € St(z* + s,2), 2" +s ¢ F and z* + s+t € F, then
w(z*) <w(z*+s+1).
(iii) There exists some s € St(a*, z) such that w(z*) < w(z* + s).
(Proof of Claim) We can easily find an optimal solution z* that satisfies (i) and (ii) (see the
similar argument in the proof of Theorem 4.1 in [1]).
We will show that this z* also satisfies (iii). On the contrary, suppose that z* does not
satisfy (iii), i.e., for any s € St(a™, z)

w(z™ +s) < w(z™). (4.1)

We will prove that this leads to a contradiction.

Since F satisfies (2-SA) and z* satisfies (1), for any s € St(z*, ) we have z*+s ¢ F and
there exists s’ € St(z* + s, ) such that 2"+ s + s’ € F. Let s be an element of St(z*, z)
that satisfies

w(z™) —w(z* +s) = emax w(z™) — w(z* +1)}, (4.2)

and choose s’ € St(z* + s, z) such that 2* + s+ s’ € F.
Let us consider the following [Case a] and [Case b).

[Case a]: s # 5.
As in the proof of the claim in Theorem 4.1 in [1], we can show that

w(z"+s+8") <w(x). (4.3)

This contradicts the fact that z* satisfies (ii).
[Case b]: s =
From (ii) we must have
w(z") < w(z™ + 2s). (4.4)

Since
—s € St(z,z" + 5) = St(z,2"), (4.5)

by the separable convexity of w we have
w(z* +25) — w(z" +35) < w(z) —w(z —s). (4.6)

It follows from (4.1}, (4.4) and (4.6) that
0 < w(z*)—w(z*+s) < w@ +2s)—w(z*+s) < wz)—wlz-s). (4.7)

Since z is the solution found by the greedy algorithm when it terminates, we have t—s ¢ F.
So, from (4.5) and (2-SA) there exists —t € St(z — s,z*) = St(z, z*) such that

r—s—teF. (4.8)
We have from the separable convexity of w

w(z —t) —w(z) < w(z") — w(z" +1t) (4.9)
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and from (4.2)
w(z™) - w(z™ +t) < w(z") —w(z" + s). (4.10)
If s # ¢, then we have from (4.7), (4.9) and (4.10)
w(z) ~wlx—s—1) = {w(z)—wlr-s)}+{wz)—wz-1t)}
{u(a") - w(a” +8)} — {w(") - w(z” +1)}
0, (4.11)

vV Vv

where the equality is due to the separability of w. If s = ¢, then from the separable convexity
of w, (4.5) and (4.4) we have

w(x) - w(z — 2s) > w(z™ +2s) — w(z™) > 0. (4.12)

Both (4.11) and (4.12) contradict the assumption that x is the solution found by the greedy
algorithm when it terminates.
(The end of the proof of Claim)
Now, suppose that z is not an optimal solution of Problem P. Then, we can choose an
optimal solution z*(# z) that satisfies the conditions (i}~(iii) of the above claim.
Let s be an element of St(z*, x) that satisfies
w(z® +s) —w(z*) = max {w(z*+1t)— w(z")}. (4.13)

teSt(z*,x)

As in the proof of Theorem 4.1 in [1], we have

r—-s¢F, (4.14)
w(z™) < w(z” + s), (4.15)
w(z) — w(x —s) >0, (4.16)
w(z —s—1) > w(z), (4.17)
where —t € St(z — s,2*) such that z — s —t € F.
Let us consider the following [Case 1] and [Case 2].
[Case 1]: s =t.
From (4.16) and (4.17) we have
w(z — 2s) > w(x — s). (4.18)
Since —s € St(z — s,z*), it follows from (4.18) and the separable convexity of w that
w(z*) - w(z” +s) > w(x —2s) —w(z —s5) >0, (4.19)
which contradicts (4.15).
[Case 2]: s #t.
As in the proof of Theorem 4.1 in [1], we can show
w(z™) —w(z* +t) > wiz —t) - w(z) >0, (4.20)

and there exists t’ € St(z* +t,z) such that z* + ¢t +t' € F.
[Case 2] is divided into [Case 2-1] and [Case 2-2].
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[Case 2-1]: t #£1.
As in the proof of Theorem 4.1 in [1], we have ¢’ € St(x*,x) and

w(a® +t') — w(a®) > w(a™ + s) — w(z*). (4.21)

This contradicts (4.13).
[Case 2-2]: t =1t
From (ii) of the above claim and (4.20) we have

w(x”™ + 2t) > w(z* + t). (4.22)
Since t = t' € St(z* + ¢, z), it follows from the separable convexity of w that
w(z) —w(z —t) > w(a" +2t) —w(x" +1t) >0, (4.23)

which contradicts (4.20). This completes [Case 2].
From the arguments for [Case 1] and [Case 2] x must be an optimal solution of Problem P.
O

Now, we give a characterization of optimal solutions of Problem P in terms of a local

optimality. A-vector z € F is called a local optimal solution of Problem P if the following

two hold:

(L1) For any s € S such that x4+ s € F, we have w(zr) < w(z + s).

(L2) For any s,t € S such that z+s ¢ F and r+ s+t € F, we have w(x) < w(z +s+1).
From Theorem 4.1 we have the following.

Corollary 4.2: Every local optimal solution of Problem P is also an optimal solution of
Problem P. |

5. Properties of the Greedy Algorithm

During the execution of the greedy algorithm the current z*, if not optimal, is changed
into either z**! « z* + 5 or 2**! «~ 2% + 5+ ¢ (2* + § ¢ F) in Step 2. Recall that such
steps § and ¢ are denoted by s* and t*. The main purpose of this section is to show the
following theorem, which is crucial for the estimation of the number of steps required by

our algorithm.

1

Theorem 5.1: If t*~! is changed into x* and further z* into x*+1 successively by the greedy

algorithm, then
w(e™h) —w(@* + 547 2 w(ah) ~w(at + 54). (5:1)
(]

If F is the set of integral points of an integral polymatroid and the starting point ° is
the origin 0, the greedy algorithm carries out only augmentations and hence (5.1) becomes

w(l‘k_l) _ w(xk) > w(zk) _ w(l'.k‘H). (52)

This is a fundamental property of the incremental greedy algorithm of Federgruen and
Groenevelt [7].
First, we show basic properties of our greedy algorithm as Lemmas 5.2~5.6.

Lemma 5.2: If ¢! = 2 4 s 4 5 then

w(z® + %) < wiak +tb). (5.3)

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



368 K. Ando, S. Fujishige & T. Naitoh

Proof: It suffices to consider the case when e(s*) # e(t¥). If z* + t* ¢ F, then from
Remark 3.2 we have (5.3). If z¥ +t* € F, (5.3) is due to the definition of Step 2. a

Lemma 5.3:
w(z*) > w(zk + s*). (5.4)

Proof: If z*t! = z* 4 s* then (5.4) is trivial by the definition of Step 2. Suppose z¢+! =
Tk + s* 4tk
Let us consider the following two cases (note that t* # —s*).
[Case 1]: tF # s*.
Since w(z**+!) < w(z*), we have

0 > w(z®+ s +1*) —w(z) (5.5)
= {w(z* +s*) — w(z®)} + {w(z* +t*) — w(zF)} )
> 2uet+ ) - w(ah)}, (57)

where (5.6) is due to the separable convexity of w and (5.7) to Lemma 5.2.
[Case 2]: t* = s*.
From w(z**+!) < w(z*), we have

w(z® + 25%) < w(z). (5.8)
From (5.8) and the separable convexity of w we have (5.4). i

Lemma 5.4: If
e(s*71) # e(s"), (5.9)
sk ¢ F, (5.10)
st ler (5.11)

and

w(z®) — w(z* + s*) = w(zF1) — w(@F' + s*), (5.12)

then we have (5.1).
Proof: We have

’w(l‘k_l + Slc + Slc-l) _ w(.’l}k—l)

= {w(z"F ! +55) —w(z* )} + {w(z*! + 557 —w(2k 1)) (5.13)
= {w(z* + %) — w(z*)} + {w(z* ! + 57 — w(z*1)} (5.14)
< 0, (5.15)

where (5.13), (5.14) and (5.15) are, respectively, due to (5.9), (5.12) and Lemma 5.3. Then,
from Remark 3.2 we have

w(a* ™) - w(e* !+ 54) < w(e) —w(@t !+, (5.16)

Inequality (5.1) follows from (5.12) and (5.16). m
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Lemma 5.5: Suppose xF = z*=1 4 sk=1 4 ¢b=1  [f

e(s*71) # e(s*), e(t*™1) # e(s*), (5.17)
e(s*71) £ e(t* ), (5.18)
st ¢ F (5.19)
and
o* 4 F bl e F (5.20)

then we have (5.1).
Proof: It follows from (5.17) that

w(a) — w(zk + %) = w(ab!) — w(z*! + 55). (5.21)

If w(z*~! 4 s* + t*~1) < w(z*~1), then (5.1) follows from Remark 3.2. Therefore, suppose
w(z*~1 4 5% + t*71) > w(z*~1). Then, we have from e(s*) # e(t*"!) and the separability of
w

w(zF ) —w(@f !+ 5%) < widb 4 tFY) —w(akh). (5.22)

By the definition of the greedy algorithm we have w(z*=1 4 s*=1 4 t¢71) = w(z*) < w(a*Y),
and hence, from (5.18) and the separability of v we have

w(z* ™+t —w(aF ) < w(ab ) ~ wztt 45571, (5.23)
From (5.21), (5.22) and (5.23) we have (5.1). o
Lemma 5.6: Suppose 2%t1 = z* + sF 4 t*. If
el sk g F (5.24)
Flpsf 4 the (5.25)
w(z®) — w(zk + s%) = w(ab1) — w(z* ! + s*) (5.26)
and
w(zFt + 5 + %) — w(z* ) = w(z® + & + t5) — w(z*), (5.27)
then we have (5.1).
Proof: We have
w(z® ! 4 s + %) —w(zF1) <0 (5.28)

from (5.27) and the definition of the greedy algorithm. The same argument as in the proof
of Lemma 5.4 applies to the rest of the proof, and hence, we have (5.1). O
To show Theorem 5.1 we consider the following five cases, each of which is treated as a
lemma as indicated below.
(1) e(s*71) = e(s*) (Lemma 5.7).
(2) e(s*71) # e(s*).
(2-1) zF = ¥~ + s¥~! and 2**! = 2* + s* (Lemma 5.8).
(2-2) 2% = 2! 4+ s*~1 and 2**! = 2 + s 4 t* (Lemma 5.9).
(2-3) z* = %' 4+ s* ! + ¢5! and 2F! = 2% + s* (Lemma 5.10).
(2-4) 2% = 21 4 %71 + ¢5-1 and 2F! = 2% 4 5% 4+ t* (Lemma 5.11).
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Lemma 5.7: Suppose that t*~! is changed into z* and further z* into z**! by the greedy

algorithm. If e(s*7') = e(s*) holds, then we have (5.1), i.e.,

w(z*™Y) — w(z* ! 4 571 > w(ak) — w(a® + s*). (5.29)
Proof: Suppose s* = —s*~! and let e = e(s*~!). Then, from Lemma 5.3 we have
w((«1 4 8571)(e)) < we(2*7(e)), (5.30)
w.((z* — sF71)(e)) < we(z¥(e)). (5.31)
Furthermore, from the greedy algorithm we have
|z%(e) — 2¥71(e)] < 2. (5.32)
From (5.30) ~ (5.32)-and the convexity of w,. we obtain
= aF g 2skt (5.33)
Therefore, we have
w(zh) —w(e® +s*) = w(a*) - w(a" 1)
= w(z*) —w(z* ! + 5
< w(z* ) —w(zb 4 1) (5.34)

as required.
Also, if s* = s*~1, we have (5.1) from s*~! € St(z*~!,z*) and the separable convexity of
w. O

Lemma 5.8: Suppose that 2*~! is changed into z* = 251 4 s¥~1 and further 2* into
zFtl = 2% 4 s* by the greedy algorithm. Then, (5.9) implies (5.1).

Proof: From (5.9) and the separability of w we have (5.12). If 2*~! + s* € F, then from
Remark 3.1 we have (5.1). Otherwise, since x¥*! = 2F=1 4 s#=1 4 ¢k € F we have (5.1)
from Lemma 5.4 . ]
Lemma 5.9: Suppose that ¥~ is changed into ¥ = z¥~' 4+ 51 and further z* into
okl = gk 4 sk 4 % (2% + sk ¢ F) by the greedy algorithm. Then, (5.9) implies (5.1).
Proof: From (5.9) we have (5.12).

First, suppose t* = s¥~1. Then, we have zFt! = %=1 4 s* 4 25%~1 Hence, s* €
St(z*=1,z%*+1) and sF7! € St(z*7! + s*,2F*1) = {s*71}. So, if 21 + s*¥ ¢ F, then from
(2-SA) we have z*~! + s¥ + s¥~1 € F, which contradicts z* + s* ¢ F. Therefore, we have
z*~1 4 sk € F and (5.1) follows from Remark 3.1 and (5.12).

Next, suppose t* = —s*~}. Then, 2*t! = ¥ + s* — s¥7! = ¥l 4+ s* € F and (5.1)
follows from Remark 3.1 and (5.12).

Therefore, we can suppose e(s¥~1) # e(t*). Let us consider the following two cases (i)
and (ii).

(i): 21+ sk e F.

In this case, Remark 3.1 and (5.12) give (5.1).

(ii): ¥t 4 sk ¢ F.

Since s € St(zF~1, 2F+1), St(xk-1 + 5% 2FH1) = {51 ¢*} and 21 455 + 551 ¢ F(2-SA)
implies 2571 4 s* 4+ ¥ € F. Also, since e(s*~!) # e(s*) and e(s*~1) # e(tF), we have (5.27).
Hence, by Lemma 5.6 we have (5.1). a
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Lemma 5.10: Suppose that t*~! is changed into x* = 2%~1 4 sk=1  th=1 (gh-1 4 gk=1 ¢ F)
and further x* into 2F+! = z* 4 s* by the greedy algorithm. Then, (5.9) implies (5.1).
Proof: Suppose ¢(s*) = e(t*~!). We have s* # —t*~1 since otherwise we have a contradic-
tion: F F 2*1 4 sk=1 = k! ¢ F. Hence, we have s* = t*~1. Since e(s*~!) # e(s*) (i.e.,
e(s*71) # e(t*~1)), from Lemma 5.2 and the separable convexity of w we have

0 <) w(:Lk)—w(r + 5%)
< w(af —s%) —w(a®)
= w(z t’c 1 — w(z¥)
= w(at k Y w(zkt 4 st 4t
= w(e 1) w(z~ l+tlc—1)
< w(ab ) - w(@* !+ 571 (5.35)

as desired.
Therefore, we can also suppose e(t¥~1) # e(s¥). Then, we have (5.12). Let us consider
the following two cases (i) and (ii).
(i): ¥t + sk e F.
In this case, from Remark 3.1 we have (5.1).
(ii): 51+ s* ¢ F.
Since s* € St(z*~!, 2F+!) and St(a*~! + s*,2%t1) = {51 51} from (2-SA) we have the
following two subcases.
(ii-1): 2* '+ 5+ s e F
In this case, (5.12) and Lemma 5.4 yield (5.1).
(ii-2): 2* 1+ s* + ¢l e F
If t*~1 = s*~1 Case (ii-1) applies. Therefore, suppose e(t*~1) # e(s*~1). Then, we have
(5.1) from Lemma 5.5. a

Lemma 5.11: Suppose that 2! is changed into x* = =1 4+ s5~1 4 k=1 (gh-1 4 sk-1 ¢ T)
and further x* into 2F+1 = 2% 4 s* 4 ¢ (2% + ¥ ¢ F) by the greedy algorithm. Then, (5.9)
implies (5.1).

Proof: If s* = t*~!, then by the same argument in Lemma 5.10 we have (5.1).

Moreover, if s* = —t*=1, it follows from the greedy algorithm that
w(zk) —w(zk +s*) = w(a:k) - w( -t
= w(z* 4 5t (e 4 R
< w(zF ) — w4+ 557 (5.36)

as desired.
Hence, we can also suppose e(t*~!) # e(s*), which gives (5.12). Let us consider the
following two cases (i) and (ii).
(i): et 1+ sk e F.
In this case, from Remark 3.1 we have (5.1).
(ii): ak-! 4+ s* ¢ f
Since s* € St(z*1, z¥*1) and St(x*" + s, 28 *1) C {sF71, 471 tF}, from (2-SA) we have the
following two sub(:a,ses.

(ii-1): a* T+ sF + 571 e Forab~l 4 sF + 51 e F.
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We have (5.1) by Lemma 5.4 or Lemma 5.5 as in Case (ii) in the proof of Lemma 5.10.
(ii-2): 21+ ¥ +tf € F.

If t* € {s*=1 t*~1}, then Case (ii-1) applies. If t* = —s*~! then z**! = 2F + % — sk-1 =
okl p gk 4 ¢b-1 If tF = —t*~1 then 2Ft! = 2% 4+ sF — tF1 = 251 + 5% + 551, Hence,
if t* € {—sF~1 —t*=1} then again Case (ii-1) applies. Therefore, we can also suppose that
e(t*) # e(s*!) and e(t¥) # e(t*~!). Then, we have (5.27) and hence, we have (5.1) by
Lemma 5.6. |

From Lemmas 5.7 ~ 5.11 we have Theorem 5.1.

6. The Main Result
For each e € F let

lle) = Irrgjrrlx(e) (6.1)
and
u(e) = I;lea}_(a:(e). (6.2)

We will show the following theorem, which gives an upper bound of the number of the
required transformations of feasible solutions.

Theorem 6.1: The greedy algorithm executes Step 2 at most
> {u(e) - U(e)} (6.3)
ecE

times. O

This theorem can be shown by using the following two lemmas. Suppose that starting
with an initial solution z°, the algorithm terminates with . Recall that z* is changed into
ol gk sk or gFtl - gk 4 sF Hth for 0 < k < n.

Let us consider the following sequence of ordered pairs

c® = (z¥(e(s¥)), s¥) (0 < k< n). (6.4)

For example, if s* = —x., then ¢f = (2¥(e), —x.), where X, is the unit vector with x.(e) = 1
and x.(¢') = 0 (¢ € E — {e}). Denote by C the set of all the ¢* (0 < k < n), i.e,

C={c*|0< k<n}. (6.5)

Then we have
Lemma 6.2:

€1 < 3-f{ute) —U(e)}- (6.6)

eck

Proof: Suppose (a,s) € C. It follows from the greedy algorithm and the separable con-
vexity of w that

(C1) the pair of & and e(s) uniquely determines s, which is either xe(sy O —Xe(s),
(C2) I(e(s)) < o < u(e(s)),
(C3) «a is not a minimizer of we(s) on the interval [I(e(s)), u(e(s))].
Hence, we have (6.6). a

Lemma 6.3: Let0 < j,h <n. If j # h, then ¢ # c*.
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Proof: Suppose that for some ¢ = {«, s) € C and some j, h with 0 < 5 < h < n, we have
a = zl(e(s)) = 2"(e(s)), (6.7)

s=¢ =s" (6.8)

Put e = e(s) and suppose s = x. without loss of generality. We will show a contradiction.
By the present assumption,

(1) when 27 is changed into z7*!, a = z7(e) is changed into 27(e) + 1 (or z/(e) + 2),
and

(2) when z" is changed into z"*!, a = z"(e) is changed into z"(e) + 1 (or z*(e) + 2).

Hence, for some k with j < k < h, when z* is changed into 2**!, we have
(3) 2*(e) = a + 1 is changed into 2**!(e) = a,
or
(3') zF(e) = a + 2 is changed into 2%+ (e) = a,
or
(3") 2*(e) = a4 1 is changed into 2**'(e) = o — 1.
From Lemma 5.3 and the separability of w we have
Wwe(a + 1) < we(a). (6.9)
Let us consider the following three cases.
[Case 1]: (3) holds.
In this case, (6.9) implies
sl = ok sk =af 45— s (6.10)
Also, from the greedy algorithm we have
w(ak + 5% — xo) < wat), (6.11)
ie.,
w(z® = xe) — w(z®) < w(z*) — w(z® + s*), (6.12)

where note that e # e(s*). Furthermore, from (1) and (3), we have

w(z?) —w(@ +57) = w(zi(e)) — we(2'(e) + 1)
= wla)-w(a+1)

= w(x* - xo) — w(at). (6.13)
Therefore, from (6.12) and (6.13) we have
w(z?) — w(a? + §7) < w(z*) — w(=k + s5). (6.14)
This contradicts Theorem 5.1.
[Case 2]: (3') holds.
(3') implies
okl = gk 9y, (6.15)
and
s¥ = —ve. (6.16)
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Also, we have
we(a) < wela + 2). (6.17)

It follows from (1), (3'), (6.16) and (6.17) that

e(2'(e)) — we(a!(e) + 1)

w(z?) —w(a? + s7) (
= we(a) — we(a+1)
(

Il
-~
&

< we(a+2)— wla+1)
= w(z*) —w(a* - x.)
= w(zF) — w(a* + s*). (6.18)

This also contradicts Theorem 5.1.

[Case 3]: (3”) holds.
From (6.9) and the separable convexity of w we have

We(a + 1) < wela — 1). (6.19)

From (3"”) we have
w(z®) < w(zb*?). (6.20)

This contradicts the definition of the greedy algorithm.

From Cases 1, 2 and 3, for any integers j and h with 0 < j <h <n wehave d # ¢*. O
From Lemmas 6.2 and 6.3 we have Theorem 6.1.
Based on the results of Bouchet and Cunningham [3], we have the following theorem.

Theorem 6.4 ([3]): For a finite jump system (E, F) the convez hull of F coincides with a
bisubmodular polyhedron in RE. O

It follows from Theorem 6.4 that for a given finite jump system (E, F) there exists a bisub-
modular function f such that the convex hull of F is given by

Co(F) ={z|x e RE, V(X,Y) € 3F : 2(X) — 2(Y) £ f(X,Y)}. (6.21)
By the use of such a bisubmodular function f we can also express the upper bound (6.3)

given in Theorem 6.1 as
S {f({e}.0) + £(0,{eh)}. (6.22)

ecE
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