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Abstract This paper studies interdeparture time distributions of an M/G/1 queue with server vacations
provided a class of schedules for vacations. Parametric and ordering properties of the distributions and its
perturbations are studied concerning the adopted vacation schedule and the length of vacations. We also
discuss the results in view of the performance evaluation of a token-passing LAN.

1. Introduction

In a packet-oriented network, the departure processes of queues sometimes directly char-
acterize the network performance. This is because the network congestion influences the
communication quality through the arrival process of a packet stream at the destination ter-
minal and because the arrival to the destination is sometimes directly given by the departure
process of a queue. Such an example can be seen in token-passing LANs [1] as described
below. In view of studying how transmission schedules affect the arrival process to the desti-
nation terminal in the LAN, this paper studies interdeparture time distributions of M/G/1
queues with vacations [4].

First we note how the arrival process at the destination characterizes the communication
quality. In an individual communication between terminals, the quality is determined by
the number of packets which arrive within a fixed time. For example, in case of data
transfers between computers, if the number of the packets is less than a threshold then
the destination terminal requires a retransmission of packets and the transfer slows down.
In the cases of digitized voice transfers between telephones, each break of the threshold
induces non-negligible noise. Thus, the less variability of the arrival process implies the
better communication quality.

Let us describe how the departure process of a vacation model arises with the LANs.
Consider a data transfer between terminals with text files, graphics, or voice messages in
a lightly loaded token-passing LAN with a moderate speed. The arrival process at the
destination terminal coincides with the departure process of the queue placed at the source.
Therefore, the arrival process to the destination can be modeled by the departure process
of an individual class of customers in polling models [13]. At the same time, we may often
assume that such large amounts of data are not transported simultaneously. Thus, the packet
stream for this data transfer can be assumed to perform the most of the traffic flow in the
LAN, whereas the stream is loaded at the source terminal. Consequently, the arrival process
to the destination may be modeled by the departure process of a vacation model with short
vacation times.

We here consider the comraunication quality of the LAN concerning the adopted trans-
mission schedule through the departure process of a vacation model, in which the transmis-
sion schedule corresponds to the schedule for vacations. We assume that the vacation model
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On a Set of Interdeparture Time Distributions 207

is an M/G/1 type. Asfar as M/G/1 type queues with schedules are concerned, the previous
works seem to consider departure processes under a fixed schedule. Nain [9] derives the
interdeparture time for individual classes of customers for M/G/1 priority queue under the
preemptive-resume service schedule, whereas Stanford [11] derives the distributions under
the non-preemptive service schedule. Because there are various transmission schedules, we
consider the set 7T of interdeparture time distributions given by changing the schedule for
vacations, and then study the parametric and ordering properties of 7 and its perturbation
{7} near the ordinary queue. The parametric property will describe how changes of sched-
ule can vary the interdeparture time distribution in the set of all probability distributions on
non-negative real numbers, whereas the ordering property will describe how the variability
of the interdeparture time depends on the schedules and on the length of vacations. These
results may be qualitatively applied to the variability of the number of packets in a time
interval and may give guiding information for studying LAN performances. This is because
the interdeparture time distribution is one of the most natural one-dimensional characteris-

tics of the departure processes. Disadvantages of this approach will be mentioned in Section
5.

This paper is organized as follows. Section 2 describes the vacation model. A class of
vacation schedules is fixed. Section 3 presents the parametric property of the set 7. We show
that T is given by a segment (1-simplex) in the space of probability distributions on non-
negative real numbers. Section 4 considers the convex ordering on 7 and on the perturbed
sets | T°. The set 7 with convex order is shown to be identical to the interval [0,1]

€ near 0
with the standard order. This result implies that the change of a vacation schedule which

increases the number of customers in the system reduces the variability of the interdeparture
times. We also study the increasing convex ordering along the perturbation {7°}.>¢ near
an ordinary M/G/1 queue. We show that when vacation times are short, the variability
of the interdeparture time decreases if the vacation time increases, except for such case
as the exhaustive schedule. Section 5 interprets the results to discuss the performance of
token-passing LANs.

2. A queue with server vacations

We describe here a vacation model refining the definition given in [4]. A sever of a queue
is said to be on vacation when it stops serving, regardless of whether there are customers
waiting in the queue or not. Consider an M/G/loo queue with server vacations. We call
the time when a vacation starts a vacation epoch. The schedule by which vacation epochs
are determined is called a wvacation schedule. so as not to confuse it with schedules for
service order, which we call service schedules, such as FIFO and LIFO. The length of a
vacation is called vacation time. The vacation time sequence is assumed to be i.i.d.. The
arrival process, the service time sequence, and the vacation time sequence are assumed to
be mutually independent. Let us specify classes of vacation and service schedules for which
we study the interdeparture times of customers:

Assumption 2.1.

(i) The vacation schedule is assumed to be non-preemptive and multiple in the following

sense:

Non-preemptive. A vacation can only start just after the completion of a service or a
vacation.

Multiple. A new vacation starts if there are no customers waiting just after the
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208 S. Shimogawa & Y. Takahash:

completion of a service or a vacation.

(ii) The service schedule is also assumed to be non-preemptive.
(ili) The available information for vacation and service schedules, at time ¢, is contained in

the histories of

- the queue length up to ¢,

- the arrival times of customers up to ¢,

- the lengths of the service and the vacations which started before ¢,

- processes which are independent of the arrival process, the vacation time sequence,

and the service time sequence.
(iv) At least one customer is served if there are customers waiting just after the end of a

vacation.

Note that assumption (iii) requires that the service and the vacation schedules do not
refer to the service times of the waiting customers. Let V denote the set of all vacation
schedules satisfying (i) through (iv) in Assumption 2.1. The probabilistic structure of the
departure process is determined by quadruplet (A, pg, pv, €) where

A: the arrival rate,

pr:  the service time distribution defined on (0, +00),

p#y:  the vacation time distribution defined on (0, +00),

& the vacation schedule contained in V.

The following notation will be used:

R, : the set of all non-negative real numbers,

h: the mean service time,

v9):  the j-th moment of vacation time,

v: = v (the mean vacation time),
p: = Ah (traffic intensity),
o' = fn, eV pv(dz),

The parameters A, h, v(j)(j =1,2,--) are assumed to be strictly positive and finite. More-
over, the quadruplet (A, pg, pv,£) is assumed that the queueing behavior of this model is
stable in the ordinary sense that the departure rate is the same as the arrival rate. A suf-
ficient stability condition under which the queue-length processes with vacation schedules
£ € V are simultaneously stable can be given by

Av

(21) i——p < 1 and p < 1.

This sufficiency condition can be shown by combining the well-known stability result for the
1-limited vacation schedule (e.g., [8]) and the sample-path comparison of the queue-length
processes such as in {14].

3. A parametric property of the distribution set 7

Consider a triplet (A, ug, uy) satisfying the simultaneous stability condition (2.1) and
fix this triplet. Let ur be the interdeparture time distribution in the steady state. We denote
by Q[£] the value of a quantity @ under schedule £ € V. This paper is mainly concerned
with the following set of interdeparture time distributions:

T = {urlé] | € € v}.

From here on, we use the notation
do: the Dirac measure supported on {0},
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On a Set of Interdeparture Time Distributions 209

*: the convolution operation on probability distributions.
In addition, the integration of a function ¢ with respect to a measure u is denoted by

/R+ o(z)n(dz) = (o, )

Let us begin with a renewal argument. Consider a renewal process {T;}o<j<co With
7o = 0 and the inter-occurrence time distribution uy. Let N(t) := sup{j : 7; < t} for t > 0.
Let I be a non-negative exponentially distributed random variable with mean 1/A. The
variable I is assumed to be independent of the renewal process {7;}o<j<oo- Let pg denote
the probability distribution of the random variable 7y(1)41. Let V*(s) denote the LST of
uy. The LST of the probability distribution pg is given by

Lemma 3.1 (e.z. [13]).

V*(s) - V*(s+ A)
1-V*s+A)

(3.1) Elexp(=sTn(n41)] =

It is well known that the idle probabilities measured at arrivals, at departures, and at
an arbitrary time are the same for the M/GI/1/oo queues whose schedule never refers to
the ‘future’ (e.g. [3]). Then, let p denote the idle probability measured at the customer
departure epochs. We use e[resp. 1{] € v to denote the exhaustive [resp. 1-limited] vacation
schedule [7]. Recall that the exhaustive schedule means that the server continues to serve
waiting customers until the queue becomes empty, while the 1-limited schedule means that
the server starts a new vacation just after each service completion. The goal of this section
is to prove the following characterization of 7.

Proposition 3.2. The set 7 of all interdeparture time distributions pp[¢],£ € V, can be
characterized as follows:
(i) The set Tis given by a segment with vertices {ur[L], ur(€]}, i-e.,

(3.2) T = {(1 = Jurlll) + eprle] [0 < c < 1.

(i) The ratio ¢ for schedule £ € V is given by

el plil

(53) 0 = B,

where

(3.4) plll] = (é - 1) (I—;v—” - :;), ple] = (iii’/%f)—l‘—”).
(i) The vertices {pr[1l], ur(e]} are given by

(3.5) pr(ll] = g+ (1= p[1)py + p[1ur),

(3.6) prle) = pa + (1 - ple])éo + plelur).-

Remark 3.3. Equalities (3.4) and (3.6) are seen in the literature and not new (see {13]).
The emphasis of Proposition 3.2 is laid on the geometric property (3.2) and the relation
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210 S. Shimogawa & Y. Takahashi

(3.3) between the ratio ¢ and the idle probability p. This result means that the parametric
structure of the distribution set 7 is quite simple. Moreover, the vacation schedule is seen
to influence the interdeparture time distribution only through the idle probability.

Proof of Proposition 3.2. Consider an arbitrary customer A. The interval between the
departures of customer A and the subsequent customer (called B) consists of the closed
interval J beginning with A's departure and ending with the starting epoch of B's service.

that B's service time and the length of J are mutually independent. Thus

(3.7) HT = jLg * []

Let us determine p;. There are three disjoint cases at A's departure:
Case 1. The server begins to serve B.
Case 2. A new vacation starts and the server leaves behind the customers which have
not been served.
Case 3. The system becomes empty.
The probability of Case 3 is given by p. Let ¢ denote the probability of Case 2. The interval
J consists of, respectively,
Case 1, one point (A's departure time),
Case 2, the interval of the new vacation,
Case 3, the idle period and the remaining interval of the vacation which is detected by
B at the arrival.
Here, we note that Assumption 2.1-(iv) implies that only one vacation occurs in interval J in
Case 2. Now we must determine the length of J in Case 3. According to the assumption (iv),
interval J consists of the vacations started just after A’'s departure and before B's arrival.
Assumption 2.1-(iii) implies that the idle period (the interval beginning with A’s departure
and ending with B's arrival) is exponentially distributed with mean 1/}, and is independent
of the i.i.d. sequence of vacations. Hence the length of J in Case 3 is distributed with up.
Thus

(3.8) py=(1—p—q)bo+ quv + pur,
ie.,
(3.9) pr = g * (1 = p— q)bo + quv + pur).

Let us determine ¢. From Lemma 3.1, we have

v

(3.10) /R+ zur(de) = 1

-0

Substituting (3.9) and (3.10) into the balance equation
dz) =1/),
/R+ zpr(de) =1/

we have

(3.11) q= -
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On a Set of Interdepurture Time Distributions 211

Now, (3.4) follows form (p + ¢){1!] = 1,¢[e] = 0, and (3.11). Hence (3.5) and (3.6) follow
from (3.4), (3.9), and (3.11). From (3.4), (3.5), (3.6), (3.9), and (3.11) for all £ € V,

(1 - B2y gy (BB ) = g

ple} — p(11] ple] - p(1]]
Comparing the coefficients of g in the both sides of this equality, we have,
plé] - p[11] _

ple)—pl1l] =
Hence, we have (3.3) and

T c{(1 - c)pr[U] +curle] |0 <c <1}

To complete the proof, we must show that for a given, ¢,0 < ¢ < 1, there exits a schedule
& €V satisfying

plé] = pl11]
= ple] =1}

This is accomplished by the Bernoulli schedule [10]. Let us describe the schedule. Consider
again A's departure. If the system becomes ernpty (Case 3), the subsequent service process is
uniquely determined by Assumption 2.1-(iv). Now, consider the complementary case. The
occurrences of Case 1 and Case 2 are determined by the vacation schedule. A Bernoulli
schedule chooses these two cases according to a Bernoulli sequence. Let 5,0 < b< 1, be the
probability that Case 1 is chosen. The idle probability under this schedule is given by

1 —ple]
o+ (1-o)b’

(3.12)

which is monotonically increasing in b. The value of the right-hand side at b = O[resp. b = 1]
is equal to p[l{][resp. ple]]. Hence, for a given ¢,0 < ¢ < 1, there exists ,0 < b < 1, such
that (3.12) holds with £; assigned to the Bernoulli schedule with parameter b. Thus we have

TS {(1-cur(ll]+curle] |[0<ec<1}. D

Remark 3.4. For a stationary and stable G/GI/1/co queue with i.i.d. vacations, the
above argument is available except for the idle time distribution. That is, let I be the idle
time measured at a customer departure. The equalities

(3.13) HT = By * ((1 —p—q)bo + quv + p(8o — pv) * FGWV)),
l—p r
.14 = __
(3.14) 7 Av vp’

can be obtained similarly, where
Fg(z) := Pllg < 1,
(Fenv)(dz) := Fg(z)nv (dz)
ri= / z((80 — pv) * (Fgnv))(dz),

nv : the measure on R associated with the renewal process {7 }o<j<oo

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



212 S. Shimogawa & Y. Takahashi

defined by
(3.15) nv((s,t]) = E[N(t) - N(s)] for each 0 < s <t < 400,y ({0}) = 0.

The idle time distribution seems difficult to characterize in general and seems sensitive to
the vacation schedule ¢ if the arrival process is not Poissonian. The parametric property in
Proposition 3.2 is a consequence of the insensitivity that the idle time is independent of the
schedule ¢ if the arrival process is Poissonian.

4. Ordering properties of the distribution set 7

This section investigates the ordered structure on the set 7 to describe how the variability
of interdeparture times depends on the vacation schedule and the length of vacations.

Let us recall the notion of the ordering of probability distributions (see e.g. [12]). Let
Fezlresp. Ficz] be the set of all convex (measurable) functions [resp. increasing and convex
functions] on non-negative real numbers R;. Let 4 and v be probability distributions on
R. The distribution g is said to be larger than v in the convex order [resp. increasing
convex order], denoted by p <., v[resp. g <icz V], if and only if {p,u) < (p,v) for all
© € Feglresp. ¢ € Fiz|, where, for divergent cases, the inequality means that if (¢,v) =
+oo[resp. (g, u) = —oo] then (p.u) = +oofresp. (p,r) = —o0].

The following theorem describes how the variability depends on the vacation schedule.

Theorem 4.1. For a given triplet (A, pg,py) satisfying the simultaneous stability
condition (2.1),
(4.1)
(1—c)ur[1)+crprle] <ew (1—c2)ur[l]+capr(e] if and only if ¢ < ¢z for all ¢1,c2 € [0,1].

Remark 4.2. Together with the parametric property in Proposition 3.2, Theorem 4.1
means that the ordered space (7, <.;) can be naturally identified with the standard interval
([0,1], ). Hence, the order <., is total (i.e., all pairs (g,v)p,v € T are comparable) and

prill} =inf T, prle] =supT.

~ex

Moreover, let e(k)[resp. g(k)] € V be the k-limited exhaustive [resp. gated] vacation schedule
[7]. Note that e = e(o0), 1l = e(1) = g(1). It is shown that for k¥ =1,2,3,---,

(4.2) ple(k)] < ple(k + 1)), plg(k)] < plg(k +1)], and [p(k)] < ple(k)]

in a manner similar to Tedijanto [14] (by which the first assertion was treated). From (3.3),
for k =1,2,3,---,

”T[e(k)] <er /v‘T[e(k + 1)]7/‘T[g(k)] <ez ﬂT[g(k + 1)],.}1]‘[_(](16)] <ez ,UT[e(k)]v

and consequently, for £ =1,2,3,..-,
Crle(k)] < Crle(k + 1)}, Crlg(k)] < Crlg(k + 1)), Crlg(k)] < Crle(k)],

where Cp denotes the coefficient of vacation of the interdeparture time.

For convenience, the following notation will be used

expy(z) := e,
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On a Set of Interdeparture Time Distributions 213

My(dz) := Ae™*dz.

Proof of Theorem 4.1. Put I'(¢) := (1 — ¢)pr[ll] + cprle] for 0 € ¢ < 1. Let ¢, ¢ € [0,1].
Because the ordered space ([0,1], <) is total and the mapping T" : [0,1] — T is bijective from
(3.2), it suffices to show that I'(¢1) <¢z T'(ez). Put I(c) := (1 — ¢)us[Ll] + Cuyle] (see (3.8))
for 0 < ¢ < 1. From I'(¢) = pg * II(c), we have

(0, T(c)) = (p(o + @), nm ®TI(c)),

where (e + ¢) denotes the function (z,y) — w(z + y). Note that the function y — {¢(y +
o), 1t} belongs to Fcp. Now, it suffices to show II(c;) <¢r II(c2) which is equivalent to

(4-3) <¢7H(Cl)) S ((Pa H(C‘Z)>7 for all ¢ € Fo,.

Here, we may assume ¢(0) = 0. From (3.4),(3.5), and (3.6), we have

(. T1(e) = TI(en)) = (2 = e0)(plel ~ pl10) (o, 0m) = Tl 0) ),

l—-0

for all ¢ € Fy satisfying ¢(0) = 0. Hence (4.3) is reduced to the inequality

(4.4) (@, R) 2 (@, pyv), for all ¢ € F,; satisfying ¢(0) = 0.

l1—-o¢

For convenience, we consider fjy := 8 + ny. From the renewal theory (e.g. {2]), fjv is
characterized by

(4.5) v = 6o + uv * v,

and hence

(4.6) (expayiiv) = —

4. €. = -,
XPsy MV 1— V*(S)

From (3.1), (4.6) implies
(4.7) pr = (expyiv) * (1 — expy)uy ).
On the other hand, as the derivative of ¢ is monotonically increasing,

(4.8) ez +y) 2 ¢(z) +o(y)

Hence,

{2, kR) = (s (expaiiv) * ((1 — expa)p))  (by (4.7))
> [ o, (P o) (da)(1 e Muv(dy)  (by (48))
= {wexpx, v )(1 — expy, uv) + {p(1 — expy), uv ) {expa, i)

From (4.6), we have

~ 1 1
(4.9) (o, 1r) 2 (1= o){pexpy,iv) + T——(p(1 —expy), uv)
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214 S. Shimogawa & Y. Takahash:

Substituting (4.5) and ¢(0) = 0 into (pexpy, V), (4.8) also implies

(wexpy, v) = (pexpy, v * (expruv))
> (expy, uv ){wexpy, iv) + (expy, v ){pexpypv)

= o{pexpr, iv) + 7——{wexp, wv)-
Hence,
. 1
(4.10) (expy, fiv) 2 m(@exp,\aﬂv)-
Substituing (4.10) into (4.9), we have
(1-o0) 1 1
> e —{p(1 - = X
(1) 2 G lpexpaiv) + = (elL = expa),av) = 7= (0,v)

This completes the proof of (4.4). O

In view of the application described in Section 1, the vacation time may be short. In
this case, we can describe how the variability depends on the length of vacation with the

2

aid of the infinitesimal calculus. For a given triplet (A, g, uy), we consider a perturbation
(X, g, #5) with a small € > 0 from the ordinary M/G/1 queue characterized by (A, ug).
That is, we define u§, by

(o, ny) = /R e(ca)py (dz).

+

For a quantity @ defined for (A, pg, py), Q° denotes the corresponding quantity defined for
(A pg,p§). For e = 0,u% = puy + (1 — p)uy * My, which is the interdeparture time
distribution of the ordinary M/G/1 queue. Let a be the probability that the server leaves
behind no customers at an arbitrary vacation epoch. For a schedule £ € V, consider the
expansion

(4.11) af =1~ - dve 4+ o(¢), as € — +0.
For the schedule with 8[¢] = 0, we further consider
(4.12) a® =1 —~y(hve)? + o(e?), as € — +0.

Since o® < 1, we have 3,7 2> 0. Let py denote the recurrence time distribution of the
vacation time defined by py (dz) := %uv[x, oo)dx, and let C* denote the set of all functions

¢ on strictly positive real numbers having a continuous k-th derivative ¢¥) and a limit
©®)(04). We now present how the variability depends on the length of vacations.

Proposition 4.3. For a quadruplet (A, p g, py,€), the perturbations {y5}.>0 are compa-
rable for small € in the following sence: for ¥ € Fio; N C? with

(W + ',y * My x p) + (o, v * up) < oo,
(1) if B[£] > 0, then there exits a > 0 such that

(4.13) (&, 7 [E]) < ($,pF[€]) for all 0 < ey <1 <,
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. 2
(i1) if €] = 0 and ’3;(1)——3)- - (;—f;)-) < [resp. >]v[£], then there exists a > 0 such that

(4.14) (¢, uP [€] < [resp. 2(¥, pF[€]) for all 0 < e < &1 < a.

We note that the assumption for % is used to apply Lemma 4.5, where the condition is used
to guarantee convergences of the terms produced by the integration by parts.

Remark 4.4. For the typical vacation schedules, the coefficients in the expansions (4.11)
and (4.12) are given by

00

(4.15) Blel = 0,7[e] = 0,8[g] = > (1 — uz) and B[1I] = i-f—p’

n=0

where g € V denotes the gate schedule characterized by g = g(00), the sequence {un}3% is
defined inductively by ug := H*(A),un := H*(A — Aup_1) for n = 1,2,3--. (see [6]). More
generally, from (4.2) and p = (1 — p)(1 — o)a/Iv ([6)]),

(4.16) Ble(k +1)] < Ble(k)], Blg(k + 1)] < Blg(k)] for k=1,2,3- -
3 )] 2
Because of Schwartz’s inequality, '3’(0) — ‘2’—(:-) > 0(if v® < o0). Thus Proposition 4.3
implies for all ¥ € Fie, N C3 with (3, s * My * py) < oo
(4.17) (%, 1r(U]) < (b, urlg)) < (0, 17) < ($, urlel),

if the vacation times are very short. The range of vacation times under which (4.17) above
hold may depend on the function .

To prove Proposition 4.3, we need the asymptotic expansion of the integration (p, u%)-

Lemma 4.5. If ¢ € Fic; N C3 with ¢(0) = ©'(+0) = 0, and (¢ + ¢, py * My) < 00, then
(le],ngz) <ocoforall 0 <e<1and

(2 3

(4.18) (o, 1R) = (c,o,M,\)( 507 —Ave + m(z\vsf) + o(e?),as € — +0.

Proof of Proposition 4.8. Consider again the equality ur = pgy * py as describe‘d in the
proof of Proposition 3.2. Because (¢, ur) = (¢¥(e + @), pg ® uy), it suffices to show (4.13)
and (4.14) for (1o, u5) instead of (¥, u5) where

Yo(y)

:<"/)( +y) /—‘H)E-riczncsa
1G = pSo + (1 — p) M)

Note that
(o + Yo,y * My) + (o, pv) < oo.

Put (z) := 1o(z) — 10(0) — ¢h(4+0)z. Then p € Fiex N C3,0(0) = ¢'(4+0) = 0, and

(e +¢,my * My) + (p,py) < 00
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The equality

{0, 17) = (%o, u7) — %0(0) — Yo (+0)(1/A — h),
implies that | (1, u7) |< oo (Lemma 4.5) and that it suffices to compare (p, 45). From the
Fuhrmann-Cooper decomposition [6], p = (1 — p)(1 — o)a/Iv. Then we have

0(2) v®

=(1— p)( oM + S (dwe) )(1 — Brve — v(Mve)?) + ofe?),

= (1 - p)(B + yAve) + o(e).

Therefore,
{2, 15) = ¢ (o, u¥) + 2% (0, u7)
= (1 = p)(B +vAve + o(€))o(e) + p* (o, nR)
v(2)
=(1-p) (1 S5 Ave + ——(/\ve)z)(l — Blve — 'y(XvE) e, uR)
+ Bo(e) + 0(:—:2).

From Lemma 4.5, we have

(4.19) (6,5 = (o, Ma)(1 = p)(1 = B Dve) + ofe),

as ¢ — +0. If B[¢] =0,

(4.20) (o, u5) = <<,o,MA>(1—p)(1+(§f) (;‘5;)2-7)-%)2)“(62),

,,(s)

as € — +0. Assume 3[€] > 0 or - g(—;;) < [resp. >]7[€]. There exists a > 0 such that

(@, %) is non-increasing [resp. non-decreasing] in € € [0,a]. This completes the proof. O

Proof of Lemma 4.5. Consider the renewal process {7j}o<j<oo used for the definition of
g Forz > 0, let 05 denote the time shift defined by 7508z = 7y (;)4;—z for j =0,1,2,-
By definition

(4.21)

(prun) = Bl = Elf, o) Ma(@do)) = BUf, o(mi 0 0; +z)My(do)]

Note that ¢, ¢’ > 0 because ¢ € Fic, and ¢(0) = ¢'(0) = 0. Let us first show (p, u%) < oo.
From integration by parts, :

E /R+ (1 00, + )My (da)] = lim (Aze™*) (1 /z /0 " Elp(r1 06, + y)]dy)
+ A lim /Ou(/\a:e_’\x) (1/a: /(;I E[p(r1 00y + y)]dy)d:l:

By the ergodicity of the renewal process and Theorem 1.3.12 in [5], the first term is given by

Jim Oee™) (172 [ Blp(ry 0 0y +y)ldy) = Jim \e™2) [*(ip(u + ),y (du))dy

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



On a Set of Interdepariuve Time Distributions 217

The right-hand side is finite (it converges to 0) as (@', py * M)y) < oo. Similarly, the
convergence of the second term is identical to the convergence of the integration

A lim Oz(/\e_’\z)(/(]z(c,o(u n y),yv(du))dy)dz

= — Jlim (e ™) [“(p(u + ),y (du)ldy + (o, g * Ma).

Hence (g, tr) < 0o. As @ is non-decreasing, this implies (p, %) < oo for all 0 < € < 1 while
the case of e = 0 is trivial. Now, we show the asymptotic properties. Applying Taylor’s
expansion to (4.21),

(422w, u) = (@, Mx) + EE[((ﬁ 0 0(a/e))¥’s Mr)]
+ EB[{(m10000/c)"5 Lo M) + 53E[((/ ¢ (ey + ')%(Tl - y)zdy) 0 O(e/c)s Mi)]-

Let us estimate the second term. Put F(z) := 1 —e™** = 1 — expy(z). Integration by parts
yields

z/e
(m 08¢ Ma) = = [ e [ (71 0 6y)dy( () (@)

Using a similar ergodic argument,

z/e (@
lim € T100y)dy = ——m
0

e—0+ 2v
x v(z)
Put g(z) = -/0 (11 06y)dy — =55 Integration by parts again yields

(1 g, M) = I8 (eg(z/e>+—(—z)( (@)F (@) ds
=M e / Dy @) (@),

lim /R+ [I/E (z)F'(z))"dz = ( lim - / )dy) /R+ z(¢' (z)F'(z))"dx

e—0+
= —(Jm < [ g(y)dy) Jo @ @F@)da = (Jim 7 [ owiy) 0 0) =0,
(‘P,’M/\) = Ay, My).

These equalities yield,

@)
(4.23) eB[((710 8ae))¢'s Ma)] = S (o, Ma)Ave + o(e?).
Similarly,
51 1003 . 5

(4.24) € E[((71°9(./e)) 3#" M) = e —5(p, Ma)(hve)” + o(e%),

. n 1
(4.25) Jim B ([7 €Oy + 9)50n = 9dy) 0 8100, M)

ORI
< (o my * M) + (14 5700 + 55002 ) (6, My) < o0
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Substitution of (4.23) through (4.25) into (4.22) yields (4.18). O

Finally, let us summarize the ordering property on the perturbed sets U 7T¢ where
€ near 0
the set 7¢ converges to one point {4} as ¢ — 0. Theorem 4.1 and Proposition 4.3 can

be combined and represented as Fig. 1. For an increasing convex function 1, consider the
function (p,e): | J 7T°¢3 pu — (3, p). The function (i, e) increases along the directions

€ near 0
represented by arrows in Fig. 1, whereas the function is constant along the dotted curve.

Fig. 1. The increasing convex order of interdeparture time distributions.

5. Concluding discussion

Here, we interpret the results in terms of the LANs. Consider the data transfer between
terminals in the lightly-loaded token-passing LAN as described in Section 1. The maximum
time during which a terminal can transmit packets consecutively is called the token holding
time [1] of a terminal. The number k in the vacation model with the k-limited schedule
may correspond to the token holding time of the source terminal whereas the increase in the
vacation time means that the traffic intensities or the token holding times increase at other
terminals. Based on the studies of the set of interdeparture time distributions, we have the
following consequences.

o The inter-arrival times of packets to the destination becomes less variable if the token
holding time at the source terminal is reduced (Theorem 4.1).

o This effect is accelerated if the traffic intensities or the token holding times increase at
other terminals ((4.16) and (4.19)).

e An increase in the traflic intensities or the token holding times of other terminal makes the
inter-arrival times less variable for most transmission schedules, whereas this effect is accel-
erated if the token holding time at the source terminal is sufficiently restricted (Proposition
4.3 and (4.19)).

Here, the traffic intensities and the token holding times of other terminals are limited to be
sufficiently small values because Proposition 4.3 and (4.19) are asymptotic results. These
results indicate that the variability of the arrival process and hence the communication
quality may behave similarly. Further studies in departure processes are expected to confirm
the quality behaviors.

Finally we note the disadvantages of choosing the interdeparture time distribution as the
characteristic of the departure processes. First of all, we cannot apply those results directly
to the performance under medium, heavy, or bursty traffic environments. This is because the
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inter-arrival times may be correlated so strong under these traffic environments that the inter-
arrival time distribution is inadequate to characterize the number of arrivals in time intervals.
On the other hand, according to the proof of Proposition 3.2, the set of inter-departure time
distribution 7 can be completely parametrized by the Bernoulli schedules. Therefore, the
important differences between the k-limited schedule and the Bernoulli schedules are not
described in this study.
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