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Abstract There are n neighboring cells in a straight line. An object is in one of all cells. It is required to
determine a strategy that will minimize the expected cost of finding the object. A probability of overlooking
the object is equal to zero, when the right cell is searched. Associated with the examination are a traveling
cost dependent on the distance from the last cell examined and a fixed examination cost. A procedure for
finding an exactly optimal strategy is given.

1. Introduction

This note gives an example of a model treated in [6] (Also see pp. 264-265 of [1], and
Section 4 of this note). But a special model in this note still generalizes the model which
was treated in [3] and mentioned below (Also see discussions at pp. 1-2 in [5]), in that the
examination cost of each cell depends on the location of the cell and distances between cells
are different but still additive. We have a procedure which leads to exactly optimal strategies.
This procedure applies to the model in [3]. Consequently it is shown that strategies given in
[3] as approximately optimal strategies are exactly optimal.

Gluss [3] considered a model in which there are n + 1 neighboring cells in a straight line,
labeled from 0 to n in that order. An object is in one of all cells except for Cell 0, with a
priori probabilities py,-- -, pp. At the beginning of the search the searcher is at Cell 0 that is
next to Cell 1. It is required to determine a strategy that will minimize the expected cost of
finding the object. A probability of overlooking the object is equal to zero, when the right
cell is searched. Associated with the examination of Cell ¢(1 < ¢ < n) is the examination cost
that consists of two parts: (i) a traveling cost d]i — j| (d > 0) of examining Cell ¢ after having
examined cell j, and (ii) a fixed examination cost ¢ > 0. (i) means that the examination
cost varies through the search and is a function of which cell was last examined.

The only difference between his model and the previous one (See [2], p. 90) is that while
a traveling cost as well as the fixed examination cost is considered in the former (See [3]),
ounly the fixed examination cost is considered in the latter. On the other hand, a probability
of overlooking the object is kept in mind in the latter, while it is equal to zero in the former.
The model in [2] is clearly analysed by using a technique of interchanging two adjacent cells
in an optimally ordered list (See [2], pp. 67-68). But it does not apply straightforwardly in
the former since the cost function depends on the location of the searcher.

Gluss treated two cases: p; > --- > p, and p; < --- < p,. He showed that the former
case is trivial, that is, the searcher should examine each cell in the order of 1,2,.--,n, and
in the latter case he found approximately optimal strategies when p; = 2i/[n(n + 1)].

In [4], this problem was approached from the game theoretical point of view, assuming a
hider instead of the object. He solved a two-person constant-sum game. Another variant of
the model of [3] is in [5], where the searcher is at the cell that locates at the center of all cells
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Search with Traveling Cost 437

at the beginning of the search. 7] and [9] are surveys on the search theory. [8] is a text on
two-person games. It introduces many interesting problems, some are already solved, others
are still open.

In Section 2 the model is stated and the procedure for finding an optimal strategy is
given as Theorem 2. Section 3 is spent for the proof of Theorem 1. Finally, a comment on a
condition in [6] is added as a remark. In this note, the examination cost of each cell depends
on the location of the cell and the distances between cells are different but still additive. On
the other hand, in [6], the distances satisfy more general condition, i.e., triangle inequalities.

2. The Model and Results

There are n + 1 neighboring cells in a straight line, labeled from 0 to » in that order.
An object is in one of all cells except for Cell 0, with a priori probabilities such that

n
pi>0,ali=1,---,n and Zp.‘:l. (2.1)

=1

01 i n-1) n

Figure 1

At the beginning of the search the searcher is at Cell 0 that is next to Cell 1. 1t is
required to determine a strategy that will minimize the expected cost of finding the object.
A probability of overlooking the object is equal to zero, when the right cell is searched.
Associated with the examination of Cell 7 (1 <7 < n) is the examination cost that consists
of two parts: (i) a traveling cost d(7, j) of examining Cell ¢ after having examined Cell j,
and (ii) a fixed examination cost ¢(i) > 0. We assume

d(i,7) + d(j, k) = d(i, k) for all 4, j,k such that 1 <i < j <k <n,

d(i,j) = d(j,:) for all ¢,j such that 1 <¢,j < n,i# j, and (2.2)
d(¢,7) > 0 for all 2,7 such that 1 <i¢,5 <n,t#j.

For convenience we let d(i,i) =0 for all ¢ = 1,---,n. We also assume
p1/c(1) < -+ < pa/ec(n) and (2.3)
J j'
S pe/d(3,5) < Y pr/d(i,j') whenever i < j,i’ < ;' and i <. (2.4)
r=i+1 r=i'+1

While (2.3) means the a priori probability to the fixed examination cost increases, (2.4)
means the a priori probability to the unit distance increases, as the distance from Cell 0
becomes large. (2.4) may or may not be relaxed since it is applied only once in the proof of
Theorem 1. In the case of [3] both (2.3) and (2.4) reduce to p1 < p2 < ... < pg.

A (pure) strategy for the searcher is defined by a permutation on N = {1,2,---,n}.
The set of all permutations on N is denoted by M = {1,2,---,m}, where m = n!. Thus
under a strategy j, he examines Cells j(1),j(2),- -, j(n) in this order. This is expressed as
j =1[i(),--+,j(n)]. We set j(n + 1) = j(0) = 0 for convenience.
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438 K. Kikuta

For a strategy j € M, let k = l'_l(i). Assuming that the object is in Cell ¢, the cost of
finding it, written as f(1, j), is:

k
f@@,7) = d(0,5(1)) + d(5(1), j(2)) + - - - + d(i(k — 1), () + ; e(i(r)).  (25)
Thus the expected cost under an a priori probability p = (p1,...,pa), written as f(p, j), is:
D=2 pif(i,3). (2.6)
=1

A strategy j € M is called optimal if it minimizes f(p, j) subject to j € M. Our problem is
to find optimal strategies.
For any j € M, define pj € M by

pj=jn+1—d)foralli=1,. (2.7
pj reverses the order of examination under j. Thus, if j = [j(1),7(2),---,j(n)], then pj =
[i(n), -+, j(1)]. We can assume j is as follows:

J(0) < j(1) < 4(2) <--- < j(n),
J) > ja +1) > -+ > j(i2),
_1_(22) < J_(Zz + 1) < < 1(i3),

iGizn—1) > jlizho1 +1) > -+ > j(n) > j(n + 1).

Thus, j has h peaks and we say j is an h-peaked strategy. If j € M is h-peaked then pj is
also h peaked. In particular 1-peaked strategies are interesting since less traveling costs are
required under them. Thus let M be the set of all 1-peaked strategies of the searcher.

Theorem 1. If j € M is optimal then j is 1-peaked.

The proof of this theorem is given in Section 3. From this theorem, we see it suffices to
solve:
Minimize f(p, ) subject to j € M;. (2.8)

Hereafter, we consider only strategies in M. For¢ = 2,-..,n, let

2(1) = pi—1/[pi + ... + px) and
b(i) == c(i — 1)/[2d(i — 1,n) + (i) + - - - + c(n)). (2.9)

Theorem 2. Assume 2(i) # b(¢) for all ¢ = 2,..- n. Let

{t =1:2(2) > b(1)} = {t1,---,14s}- (2.10)
where ¢ < 73 < --- < 5. Then a unique optimal strategy is a 1-peaked strategy such that
it first examines Cells ¢3,- - ,14,7n, in this order, then examines the others.
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Proof: Let J_ € M;. Represent this as j = [j(1),--+,j(n)]. Since j is 1-peaked, n — 1
is next to n in j. Suppose j(¢) = n —1 and j(i +1) = n. Deﬁne] € M, by ] =
(1), j(E = 1), 4 (i +1),4(2),3(i + 2),- -+, j(n)]. Then by (2.5) and (2.6),

f®.9) = f(p,§') =pa-1f(n —1,5) +pnf(n 3) = po1f(n—1,5') -

Pnf(n .7,)
1+1
—pnald(0,n — 1) + Elc(:(w))]+pn[d0 n)+ il ()
141
 pacaldO.n) + = 1)+ 32 (i)
~ pald(0,m) + le (3 () + (GG + 1))

=c(j(9))pn — [2d(n — 1,7) + c(7 (2 + 1))]pn—1
=[2d(n — 1,n) + (4 (2 + 1))lpa[b(r) — 2(n)].

If b(r) > z(n), then f(p,j) > f(p,j'). j' is preferred to j. If b(n) < z(n), then j is preferred
Thus define

M(p,n) ={j € My : 7 (n = 1) < j~'(n)} if b(n) < 2(n), and
GeM ) 1(n—1)>1 “(n)} if bn) > z(n).

Let j € M(p,n). Suppose j(z) = n—2, and {j(i+1),7(i+2)} = {n—1,n}. Since j is 1-peaked

n — 2 is next to {n — 1, n} in j. Define j' € M(p,n) by ](z)_-](z+1),](2+1)—](2+2)
and j'(i + 2) = j(¢), and j'(w) = j(w) for w # 2,i -+ 1,7 + 2. Then

f(.3) = f(p, §) =pn—2f(n —2,5) + pa—1f(n = 1,5) + paf(n, j)

— Pn— Zf(n_2 j’)_Pn lf(n—l,l'l)—pnf(n,ll)

=pn—2[d(0,n — 2) + Z J(w)) )]+ e(n = 2)[pa—1 + pnl

142
~ pa—2[d(0,n) +d(n,n —2) + 3 c(j(w))]

w=1

=¢(n = 2)[pn—1+ pn] — [2d(n = 2,n) + c(n — 1) + c(n)]pn—2
=[2d(n = 2,n) + ¢(n = 1) + c(n)][pn—1 + pa](b(n — 1) — z(n — 1)].
If b(n — 1) > z(n — 1), then j' is preferred to j. If b(n — 1) < z(n — 1), then j is preferred
Thus define
M(p,n—1)={j € M(p,n): j7}(n — 2) <min{j~'(n - 1),

J “1(n)}} if b(n — 1) < 2(n - 1),
{1eM(p,n):y 1(n—2)>max{l Y(n-1),

7

i)} if b(n — 1) > 2(n — 1).
In the same way we can continue and define M(p,n —2),---, M(p,2) inductively. But by the
assumption that z(i) # b(s) for all ¢, we have ||[M, || = 2"~ 1| M(p,n)|| = 2"~2,---, || M(p, 3)}|
= 21 and ||M(p,2)]] = 2° =1

. Hence finally one element in M, is specified, which is
optimal.

Q.E.D.
This theorem gives a procedure that calculates an optimal strategy

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited



440

K. Kikuta

Procedure

1. Calculate 2(¢)’s and b(z)’s in advance by means of (2.9) since they depend on only p;’s,
c(z)’s and d(z,7)’s.

2. Determine the set in (2.10). Suppose it is {i1,...,15} and 23 < ... < i,

3. Examine Cells i1,...,i5 in this order. Then examine Cells k1, ..., kn_s in this order,
where {k1,...,kn—s} == N\{?1,...,45}, and k1 > ... > kn_s.

Of course, the assumption in Theorem 2 can be taken away. Then the uniqueness will
be lost. But the procedure is still valid. In example 3 the check of this procedure is left to
the reader.

A 1-peaked strategy is characterized by a subset of N Indeed, let S = {il,.. is} C
N\{n}, where i; < ... < 1,. Let N\(SU {n}) = {3y ta_s_1}, where i > - > (A
Define a 1- peaked strategv J by ](t) =gyfort=1,---,5 j(s+1)=n ](t) = 4y_4_4 for
t=5+2,---,n. Hence write j as jo. Then pj = ]N\(Su{ % Gluss(3] considered 1-peaked
strategies such that S = {1,2,---,s} or S = {s+ 1,---,m — 1}. Thus define a subclass of
1-peaked strategies, written as G, by G = {1#,---, (n — D)4, pl#,- -+, p(n — 1)#} where
fors=1,---,n—-1,s#()=1if1 <i<s,and s#(1)=n—-i+s+1ifs+1<i<n By
the definition, G C M;. The next numerical example shows that the minimum is attained
by an element in M;\G.

Example 3. Let n = 4. Let p = (15,17,28,80)/140. Let c(1) = ¢(2) = ¢(3) =
c(4) =1, and d(z,3) = |t — j| for all 4,5 = 1,2,3,4. G = {1#,2#, 3#, p1#, p2#,p3#}.
M\G = {j,pj}, where j = [1,3,4,2]. By (2. 6), we have f(p, 17) = 904/140,f(p, 2#) =
910/140,/(p, 3%) = 906/140,£(p, p1) = 916/140, £(p, p2#) = 910/140,1(p, p34) = 914/
140,f(p,7) = 900/140, f(p,pj) = 920/140. From Theorem 1, the minimum is f(p,j) =
900,/140.

This example suggests that the approximation by Gluss[3] does not generalize to the
case in this note. But the results in [3] and the next corollary to Theorem 2 give an exact
solution to the model in [3].

Corollary 4. Assume p; = a + bi for i = 1,---,n. Here a = 1/n — b(n + 1)/2, and
0 < b < 2/[n(n—1)]. Assume ¢(i) = c for i = 1,---,n, and d(¢,5) = |t — j| for all
t,7 = 1,---,n. An optimal strategy is in G.

Proof: 2z(i) > b(i) becomes 2 — [2a + 2b(n +1)]/(bt + bn +2a) > ¢/(2+c) fori = 2,--- | n
The left hand side of the last inequality is monotone in 7. From this and Theorem 2, we have
the desired result.

Q.E.D.

3. Proof of Theorem 1

In this section we give the proof of Theorem 1. It must be noted that Lemma 5, Corollary
6, Lemma 7, Lemma 7, and Corollary 8 correspond to Lemma 3, Corollary 1, Lemma 4,
Lemma 4, and Corollary 2 of [4] respectively. The assumptions of (2.3) and (2.4) are critical
here, while the assumption of p; < ps < -+ < p, was important in [4].

Lemma 5. Let j € M be a 2peaked strategy such that j = [§(1),---,j(41),3(i1 +
1),--+,3(i2), 5 (32 + 1), g2 + 8),--+,4(43), j(83 + 1),---,j(n)]. Let ;' € M be a 2-
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peaked strategy such that j' = [j(1), - ( 1),J01 + 1), -+, j(51 + 1), 52 + ), (¢
1)7""i(i2)’l.(22+1‘ ,](23) .7(23+1) ( )‘ When]( )<.1(i3)7 and 1l=[i s
(1), 40t + 1), -, 56 + 1), (53 — 1), J(Zl T 1),-++,7(i2), ) (52 + 1), -+, j(43), j (i +
l)a Tt 71(”)] When J(Ll) > .7(23) Then f(p7 ) > f(p’J )

Proof: Assume j(i1) < j(3). Suppose j(i2 +s) < j(i1) < j(é2+s+1) and s > 1.

O
start | aap
ii2) h
iip*s) ii3)
O
goal
Figure 2

t

Foi) =t 3 piod0,360) + di(e), i) -3 i

t=i1+1 wel
i2+8 ‘
+ t_ZH pi{d(0,5(i1)) + d(j(i2), 1(i1)) + d(5(t 2_:
11-+r
f(Pa]) -+ EJIPJ t){d(o 2(i1)) +d(4(t )+ Zc(]
t=1,+

+ Pirey (00, 562)) + (i + 5),(00)) + i (i(w)) + eljiliz + 5))}

+t ; Hp,(t){d(O ,3(01)) + d(j(t )+ Z c(j(w)) +c(i(iz + 5))}
i2+s8~1
+ t_ZH Pip{d(0,5(11)) + d(j(i2), (51)) + d(5(¢), 5 (i2))
+ Z_jl c(J(w)) + c(i(iz +5))} +---
Thus,
ia+s—1
f)) = F(p i) = =i +3)) 3 piy + {2d(5 (62 + 5), j(i2))
t=t;+7r+41
fa+s—1 o
+ 2 e(i(w)IPigira)
w=t;+r+1
=2d(3(32 + $), 1(12))Pj(ir +s)
i2+s—1
+ E {cli(1)Pj(ia+s) — e(i(i2 + 8))pj(1y} > O,
t=t)+r+1

by j(i2 +s) > j(22), j(ia +s) > j(t) forall t :é; +r+1 < ¢ < iz +s—1, and (2.3).
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Assume j(23) < j(#1).

% . e .« ge
start i +rtl) iy +n) i)

i) N

iis -0}id3)

o
goal

Figure 3

foj)=-+ t_ilpi(t){d(o’i(il)) +d(j(8),1(1)) + Z e(g(w))}
13—1

+ > piw{d(0,5(1)) + d(7(32), (1)) + d(j(¢ Z

t=iy+41
1147

fpd) =t S (A1) + A, 46) + Zl e(i(w))}
t=1+ w=
147
+ iis1y (00,301 +7) + d(ilia = 1), (0 +7) + 3 e(i(w)) + elslia - 1)}
w=1
¥ t-.'ziﬂpﬂt){d(o,l'(il)) (0 40)) + 3 el ) + il = 1)
i3—2

+ 22 piw{d(0,4(i1)) +d(5(i2), j(11)) + d(§(2), 5 (i2))

t= 12+1

3 eli(w) + cilia — 1)} +-+-

w=1
Thus,

i3—-2
fD) = f(p, i) = —c(ilis=1)) Do piyy + {2d(i(5s — 1), 3(22))
t=i+r+1
is-—z

+ 2 c(l(w))}pl(ia—l)
w=i+r+1
i3—2

=2d(j(13 — 1), J(22))Pj6,-1y + Do {e(i())ps(i;—1) — e(G(is — 1))pjn)}
t=t1+r41

>0,

since j(i3 — 1) > j(v2), j(é3 — 1) > j(t) forall ¢ : é; +r +1 <t < i3 —2, and (2.3).
Q.E.D.

Corollary 6. Let j € M be a 2-peaked strategy such that j = [j(1),---,7(é1),j(i1 +
1),---,j(22), j(224+1), - - -, j(32+5),- - -, 4(3), j(#3+1), -+ -, j(n)]. Let] be a 2-peaked strategy
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such that l" = Lj_(l),- .. ,i(i]),i’(il-i-l), . -,1’(i2—i1+3—1),1(i2),1(i2+s+1), cee ,l’(is),__j_(igﬁ-
1),- ,_l(n)] where {l’(il + 1),- --,ll(iz — 11 + s — 1)} = {l(l] + 1),~~,j_(i2 — 1),l(i2 +
1),---,1(i2 + s)} and i’(il +1) > - > )_"(iz — 11 + 5 — 1) when j(21) < j(i3), and let
j = [.7(1) ,j(il), ,j(il +T) j’(il +7'+1)7"',.il(i3_2)a1(i2)a1(i3)’1(i3+1)""’._];(”)]’
where {] Gr+r+1),--, 43 =2)} ={j(l1 +7+1),---,j(l2 = 1),5(E2 + 1),-- -, j(i3 — 1)}
and 1(11 +r+1)>- > l( 3 — 2) when j(i1) < j(i3). Then f(p,j) > f(p, ).

Proof: Assume j(¢1) < j(¢3). Suppose j(iz + ) < j(i1) < j(i2+s+1)and s > 1.

O
start i)
T ¥V S—
i7)
ii2 +1) (i +s) P i(i3)
(o)
goal
Figure 4.

Apply the first half of Lemma 5 s times, starting with j(i2 + s), then j(i2 +s—1),-- .
Next assume j(i1) > j(43). Apply the second half of Lemma 5, (13 — iz — 1) times,
starting with l’(ig — 1), then 1(23 —2),---.
Q.ED.

Perhaps Corollary 6 and the following lemma can be merged and shortened. But the
proof will be complicate in notation if we merge. Thus we do not. Further Corollary 6 in
itself says a property of a strategy for the searcher.

Lemma 7. Letj € M be a2-peaked strategy such that j = [j(1),---,j(41)," - -, (d2), J(F2+
1),--+,3(3), -~ ,l'(i3+s), e ,J_(n)] where j(41) < !(22+1) and](z3+s) > ](11 2_(13+3-+ 1).
Let §' = [5(1),---,3(11), j(i2+1) -, J(23), - ,J(23+3) J (13+S—22+21+1) j'(n)]

where {] (13+3—z2+11+1) z_( )} ={ja1+1),- l( 2),J(13 +s+1),- _(n)}and
j'(is+ s —ig 4 i1+ 1) > j'(n). Then f(p,7) > f(p,j').
Proof:

4(12 -1) 4(11 +r) J(ip +r-1) i) +2) 4(11 +1) P iGiq )

o L T T
VNI IV B T
Figure 5.
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Let w = 22 — 7;. Observing that for t with ¢t > 13 + 1,

4(0,3(11)) + d(4(12), (21)) + d(j(13), j(i2)) + d(§(t), 5 (13))
= 2d(5(71), j(%2)) + d(0,n) + d(n, 1 (2)),

Fod) =+ 3 pyodd(0,3(0) +d(i(0), i(0n)) + > (i)

t=11+1

+ 'Zs Pin{d(0,5(11)) + d(j(32), 5 (i) + d(j(£), 1(32)) + 3 (j(w))}

t=1,+1 w=1
t3+s t
+ t > lPl(t){Qd(l(il)al(iQ)) +d(0,n) + d(n, (1)) + Zl c(j(w))}
=134 w=

u t3t+s+ki+...+k, . o ]
+> > Pin{2d(5(21), 7(32)) + d(0,n) + d(n, 5(t))
r=1t=ia+s+ki+..+kro1+1

+ 2—:1 e(j(w))} +---.

On the other hand, seeing that ;' is 1-peaked,

fo )=t Y pld0,i®)+ 3 )+ X (w))
t=1,+1 w=1 w=13+1
1348 I3t 1
+ 20 P {d0,n) +d(n, j() + X c(fw) + > c(3(w))}
t=13+41 w=1 w=iz+1
u i3+s+ki+...+ky i1
+> > P {d(0,n) + d(n, j(t)) + ) c(j(w))
r=1t=i34s+k1+...4+kr_1+1 w=1
t 1471 u
+ 2 1 fw)+ 3 1 c(j(w))} + Z;pl'(m}){d(om) +d(n,j(i1+7))
w=t2+ w=s+ r=
1 tat+s+ki+..+kr i+r
+ > e(j(w) + Y )+ X e(f(w)}

w=1 w=1p41 w=t+1

Hence,

f(p3l) - f(p’]_’) = A+Ba
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where

13 13438
A=2 ) Pjtyd(1(i1), 5 (22)) + 2 > Pid(i(a1),1(12))
t=i+1 1=iz+1

u tats+ki+... 4k, o o % o
+2) > Pi(yyd(3(11), §(i2)) = 2 3 pjGiy 4n)d(3(in), m)
r=1t=iz+s+ki+...+kr_1+1 r=1
1343
=2d(i(i1)’l(i2) E pl t) — 2d 11 "7') Z p](n-{»r)
t=i+1
u t3+s+ki+... 4k o .
+2) > Pipd(i(41),1(32))
r=1t=t34s+ki+...+kr_1+1
u i3+8+k1 ++kr
Z > Piwd(i(i1), 1(i2)) > 0,

Li=igtstki+.tko1+1
y (2.4). Furthermore,

13 u 13+ u

B= 3 piy 2 cia+w)+ > pjey 2 (il +w))
t=1241 - w=1 t=i3+1 - w=1
u ta+s+k+...+ky 12 ) u tat+s+ky+...+kr )
+ > piey 2o c(f(w) = D Pigi+n) > c(j(w))
r=1t=ig+s+ki+..4kro1+1 w=ij+r r=1 ~ w=iy+1
u i3+ u 2 ky
Z Z1 + w) Z 1210 + E Z C(l(w)) El’l’(i3+s+k,+...+kr_1+t)
w=1 t=1,+1 r=1 w=1,+r t=1
1343 . u r s3ts+ki+..+ke .
> i (W) Do Pigiar) — E Pj(ir+r) 2o > c(j(w))
w=iz+1 r=1 t=1 w=13+s+ki+...+ke_1+1
u i3+ 1343
=3 cii+w) X pim~ 2 c(i(w) ZPZ(.'IH)
w=1 t=1,+1 w=i+1 r=1
u u ky
+ Z Z w + 1’1 )Zp](l3+s+k1+ Ak l+t)
r=] w=r t=1
u u ky
Z Y Pidw) 2 (il + s+ k4. ko1 1))
r=1w=r t=1
>0,

y (2.3). Q.E.D.
Lemma 7. Let j € M be a 2-peaked strategy such that j = [j(1),---,j(¢1),-- -, j(%2),
i), j(n)], where j(iy) > j(ia) and (i +8) > j() > (i + s + . Let s -
(1), -+, jin), -+ j (i +),5(is), ' (1 +5+2), -+, j'(n)], where {j' (l1+3+2) ()} =
{1 +s+1),---,4(2),j(i3 + 1),-- -, j(n)} and j(i3) > j'(i3 + s +2) > ( ). Then

(P,_) > f(pa.l)
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Proof: Let u = i3 —¢;. Noting that ¢3 =12 + 1,

flp,3)=---+ Z i {d(0,5(31)) + d(j(),5(11)) + Z c(j(w))}

t=f 4541 w=1

+ pj2+1){d(0,5 (1)) + d(3(32), 5 (i) + d(j(i2 + 1), 1 (i2)) + i c(j(w))}
w=1

u—s—1  ia+1+ko+..+k,
+ X > Pt {d(0,5(21)) + d(7(2), j(i1))

r=0 t=1,4+1+4+ko+...+kro1+1

1
+d(j(iz + 1), (52)) + d(F(1), j(G2 + 1)) + 3 e(j(w))} +

w=1
Ol’l the other hand, seeing tha,t ! iS l-peaked,
J

11+
f(,3") =+ pjiey{d(0, i (1)) + d(j(32 + 1), 3 (1)) + Y e(f(w)) + (g (32 + 1))}
w=]
u—s—1 io+1+ko+...+k,
+y S piold0, ) + d(i(t),3()
r=0 t=141+ko+...+kr_1+1

FY )~ S )

w=i1+s+r+1
+ ; Pj(ir+st+r) {d(0,5(i1)) + d(F(i1 + s +7),4(i1))
i2_+1+ko+...+k,_, iz
+ > cfw)) = 3o cGw)}+--

w=] w=314s+r41

Hence,

where

A =Pj(i,+1)2d(1 (02 + 1), 5 (2))
u—3—1 to+14+ko+...+ky

+ ) > Pj(1)2d(j (22 + 1), j(i2)) > 0.
r==0 t=t241+ko+..4+kr_1+1
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Further,
iz\ u—s—1 i2+1+k(:r...+k, is
BSpjery 2. e+ 2 > Py 2. eli(w)
w=i1+s+1 r=0 t=i+l+ko-r.tkr_1+1 ~  w=i1+s+r+l
u—s ta+ko+...+kr1
- Z Pj(ir+s+r) Z c(j(w))
r=1 w=i3
32 u—s
=PiGat) 2. ld(W)) = D Pigis4e4nc(i(i3))
w=i;+3+1 r=1 ~
u~s tat+kot...+kea iz u—s i3 tkototkrs
+2 > Pj(t) > c(j(w)) - Zpl'(i1+s+r) > c(j(w))
r=1t=134+ko+...+kr_2-+1 w=t1+4s+r r=1 we=ia+1
12 u—3s
=Pjtat) 2. cld(W)) = D0 PiGir4s4n(i(is))
w=t;+3+1 r=1
u—38 kp—1 u—g
+ Pj(is+ko+....tkr_2+t) D e(j(i + s + w))
r=1 t=1 w=r
u—3 T kg 1
Z PiGirtosr) 3 O c(glis + ko + ... + ki—p + w))
r=1 t=1 w=1

=Pj(iz+1) Z C(l(w))‘X_:IPL'(:'1+3+T)C(1('L’3))

w=i;43+1
uzsk.1 u—3s
+ Z Pj(is+ko+...4kr—2+t) Z c(z_(zl + s+ w))
r=1t=1 = w=r
u—8 u—8 Ee_s

- Z J(u+s+r) Z ](13 +ko+...+ki_o+ w))

r=t

® .
1
—

U=

= 2 APjGiyelG(in + s + 1) = Pigiy o4y e(i(is))}

r=1
u

|
-

3 kr -8

+ - APjlisthot.thoaryc(i(i1 + 5 + w))
r=1 t=1 w=r

- Pl(i1+s+w)c(l(’3 thot ...+ k2 +1)))

> 0,

447

by (2.3). Q.E.D

Corollary 8. For any j € M\M;, there is ;' € M, such that f(p,7) > f(p, ).

Proof: Suppose j € M is h-peaked(h > 2). Let ;' € M be a 1-peaked strategy which is
transferred from j by repeated operations indicated in Corollary 6, Lemma 7 and Lemma

7. Then f(p, ) > f(p, 7).

Q.E.D

This corollary implies Theorem 1.

4. A Remark
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It is interesting to compare the condition z(z) > b(¢) in (2.10) with the condition p; > v(z)
in Lemma 5.3 of [6]. Let w(m,i) = me(¢) + 2max{d(0,¢),d(s,n)} for ¢ = 1,---,n and
m=1,2,---. Let ¢;, = min{e(s') : ¢ # i} fori = 1,---,n. Define

vm (i) = w(m,1)/[w(m,3) + ¢ ;] and

v(?) = min{vp (i) :m =1,2,---}.

Since vy, (¢) is increasing in m, we have v(i) = vy(z). Assume d(z,j) = |j — ] for all ¢, 7,
and ¢(i) = c for all i. Then, if n > 3, the condition p; > v(1) becomes p; > [c+ 2(n —
1)]/{2¢+2(n —1)]. On the other hand, 2(2) > b(2) becomes p; > ¢/[nc+2(n—1)]. Thus two
conditions are different. (2.1) and (2.3) imply p1 < 1/n since ¢(1) = --- = ¢(n). We have
[e+2(n—1)]/[2¢+2(n—1)] > 1/n. Thus Lemma 5.3 in [6] may not apply at least for i = 1.
In [6] conditions are discussed in a more general setting. Indeed, overlooking probabilities
are kept in mind. This seems to make the analysis more difficult.
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and suggestions.
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