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Abstract This paper discusses a stationary departure process from the M/G/1/N queue. Using a Markov
renewal process, we examine the joint density function fi of the k-successive departure intervals. In Section
2, we discuss the covariance of departure intervals. The departure intervals are statistically independent in
case of N = 0 or N = 1, but not in case of N = 2 or N = 3. In Section 3, fy in the M/M/1/N is shown to
be a symmetric function of arrival and service rates, and we find that cov(d;, di) is not dependent on lag k,
for k < N + 1. Further, we prove that the covariance of departure intervals in the dual (reversed) system is
equal to one in the original system, for any lag k.

1. Introduction

In this paper, we discuss the departure process of a queueing system. In order to examine
the covariance of departure process, we consider the joint density function of the k-successive
departure intervals in the M/G/1/N queue.

Many papers have been published on this subject. Burke [1] and Finch [6] have proved
that the departure process in the M/M/1 queue is again a Poisson process. Jenkins [9] has
discussed the covariance of departure process in the M/FE)/1 queue. For the M/G/1/N
queue, Daley [2] and Daley & Shanbhag (3] have analyzed the departure process. Disney et
al. [5], Magalhaes & Disney [11], and Simon & Disney [15] have studied the joint distribution
of departure intervals by using a Markov process. Moreover, King [10] has shown that: (1)
cov(dy,dr) = 0 for k > 2, in the M/G/1/0 and M/D/1/1 queue; (2) cov(d;,d;) = 0 for
k > 3, in the M/G/1/1 queue. For the M/M/1 queue, Hubbard et al. (8] have noted that a
probability P(j,¢) is a symmetrical expression with regard to an arrival rate A and a service
rate p, where P(j,t) =Pr{exactly j customers depart from the system during a time interval
[0,¢)}. Saito [14] has analyzed the departure process in an M/G/s/0 queue. Makino [12]
has discussed a loss probability for the M/M/1/N — /M/1/1 tandem queue. Furthermore,
Daley [4] and Reynolds [13] have surveyed the departure process.

Using a Markov process, we examine the joint density function fi(zy, z2,- -, zx) of the k-
successive departure intervals in the M/G/1/N queue. In Section 2, we discuss the covariance
of departure intervals of lag k. The departure intervals are statistically independent in case
of N=0or N =1, but not in case of N =2 or N = 3. Especially, in the M/G/1/2 queue,
we find that the covariance of departure intervals of lag k are represented as a geometric
progression: cov(di,dy) = f‘scov(dl,dg), for k > 3, where 31 =Pr{exactly one customer
arrives at the system during a service time}.

Furthermore in the M/M/1/N queue, for k£ < N 41, we can see that: (1) fi is symmet-
rical with regard to an arrival rate A and a service rate p; (2) cov(di, di) does not depend
on lag k. Lastly, for any lag k, we find that the covariance in the dual (reversed) system is
equal to one in the original system.
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2. The Stationary M/G/1/N Queue
2.1 The joint density function
We consider a single server queueing system with a Poisson arrival process with rate A,
i.e. the density function a(z) = Ae=*?. The service times are independently and identically
distributed random variables with an arbitrary probability distribution B(z). Suppose that
the distribution B(z) has density function b(z); b(z) = dB(z)/dz. Let us denote the mean
o0

. 1 . .
service time by: ; = /0 zb(z)dz. Further, let p == — be the traffic intensity, and the queue

has a capacity N (excluding in service), that is, ‘Ml/LG/ 1/N. If an arriving customer finds
the queue is full, then he does not enter into the system. The steady state exists either for
N <o0(0 < p<oo)orfor N=oo(0 <p<1).

Let 7¢ denote the epoch of departure of the {-th customer and let d; denote the departure
interval: d¢g = T¢—1e_1({ = ---,-1,0,1,--+). Further, let Q¢ denote the number of customers
in the system just after the £-th customer departs.

Let us introduce some notations as follows:

Pr{z <d¢ <z+dr,Q¢=Qe_1+5—2< N | Qe 1 >0}/dz = G__l_l_)_!()\x)f-le-*zb(w)
=Jx) (j=172a"'aN)a
j—1
Pr{z < de <zr+dz,Q¢=N | Qe_1= N+2—j}/dz = b(z) - Z bi(z)
k=1
=.B]'(.’E) (j=2,3,---,N+1),
Priz < de < z+dz | Qe_y = 0}/dz = /0 a(z — £)b(t)dt
= ¢(z)
Pr{c <d¢ <z+d2,Q¢=j— 1| Qe_y = 0}/dx = /0 a(z — t)b;(t)dt
=C]‘(.”L') (j:l,?,-",N),

and

N
Pr{z <d¢ <z +dz,Q¢ = N | Qe_q = 0}/dz = c(z) — D cx(2)

=en+1(2).

Here, it is well known that the bivariate process {(d¢, Q¢)} is a Markov renewal process with
a kernel: U(z) = [ujj(z)] (1 <i<N+land1<j<N+1),

where for ¢ = 1;

'U,]j(l’) = C]'(:l‘.) (] = 1127' ) N)7
EN_+,1(13) (] =N + 1)’
fort=2,3,---,N +1;
u;'j(fl?):—]'_,'_{,‘g(l') (]‘_‘2_1’7‘771\[)7
by +3-i() (J=N+1),
and for ¢ = 3,4,.--, N 4+ 1;
uij(z) =0 (j=1,2---,1—-2).
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So we have a transition probability matrix: U = [u;;J(1 <¢< N+land1<j <N +1),
o0 .
where Uij =/0 uij(z)dz.

Let ¢gn, denote the probability of n customers in the system at the departure epoch in
the steady state, i.e., g, = flirn Pr{Q¢ = n}. That is, the imbedded probability distribution
—00

{gn} (the stationary system-size of the departure process) is the stationary distribution of
{Q¢}. The imbedded distribution {¢s} is a solution of the equilibrium equation:

TQU =T_‘Zv (Where Tﬁ = [q()a q1,- ", QN])

In general, the above imbedded distribution {g,} is not equal to the stationary distribu-
tion {p,} at an arbitrary point of time. The relation between ¢, and p, is given by:

pnchn (n:O,l,---,N),

1-C (n=N+1),

where C = ! >’ (see §5.1.8 in Gross & Harris [7]).

Moreover, the matrices U(z) and U have the following properties:

N+41
(2.1) Ule)e = e1c(z) + 3. eib(a)
1=2
= ey[e(z) — b(z)] + eb(z),
U_ =€,
i+l
(22) U(JJ)Q_] = Qlcj(x) + Z gt'bj-f'?—l'(z) (] = 17 2’ et ,N)a
1=2
and
) N+l
(2.3) Ulz)en+1 = eiensi(z) + > ebnya—i(z),
where ¢ is a column vector each of whose elements are unity; e :T[l, 1,---,1] and ¢, is the

Jj-th fundamental vector; ¢; =To,0,---, 0,(1)’ 0,---,0].
j

Let fx(z1, 2, -+, z)) be the joint density function of the k-successive departure intervals,
at the stationary:

fk(xla Ly ,:ck)d:rldzz .. ‘dl‘k
= £lirn Pr{z; <deyy < 21+ de1, 23 S deyy < z2 +dag, - 2p < degx <z + dzg )
—+00

In the stationary M/G/1/N queue, fi can be expressed using a matrix form:

fi(er, 2, zk) =T qU(z1)U(z2) -+ Uz,

(see Disney et al. [5] and Simon & Disney [15]).
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2.2 The Covariance of lag k

Let us denote the marginal density functions by:

00
fk+l(.7z1ax21"'1zk)=[) fk:+l(ya$1’1'27"',$k)dy
and
0o
fk+l(w17$2a"'axk,.)=A fk:+1(371,-732,"‘,$k,y)d3/

By the stationary assumption we can write:

fk+n(. L .,zlax2a"'axlca...) = fk(zl,x%“'axk)-

In the stationary, we abbreviate d¢, d¢ 1, dey2 and dgyy, to d,dy,dz and di, respectively.
Let fi(z), E(d) and V(d) denote the density function, the expectation and the variance of
d, respectively:

fi(z) =T qU(e)e
= b(z) + qo(z),

1 1 1
E(d) = — 4 qo~ and V(d) = ‘/b + —2q0(2 — qo)
i A A
where a(z) = ¢(z) — b(z) and V; = [§° z%b(z)dz — .51,
Let us dentoe the degenerative density function by:

o oo o0
fre(zr, zp) = /0 /0 /0 Si(zr,@g, -z )dzodes - - - drgy
=T qU(z))U2U(zr)e (k> 2).
Furthermore, let us denote the covariance of lag k by:
cov(dy,dy) = E(dy1,di) — E(dy)E(dy)
(o ¢] o
= [7 [ nmdnatena) (k2 2),

where dy1 k(z1, 7x) = f1,x(21, 2 )dz1dzi — fi(z1) f1(zr)dz1dzy.

In this paper, we have assumed B(z) has a density. However, this assumption is not
essential. If B(z) has not density, then we can derive similar results for the joint cumulative
distribution function Fj:

Fiy(z1,72,---,74) = flim Pr{0 < dgyy < 21,0 <deyo < 22,-+-,0 < dggp < 7}
— 00

*

2.3 Examples
(1) N = 0. Clearly we have: g0 = 1, U(z) = ¢(z), fi(z) = (),

k
fk(mlax2) o 'azk) = H fl(xi) and d’)/l,k(xlawk) =0 (k 2 2)

=1

In this M/G/1/0 case, the departure intervals are statistically independent and the interde-
parture process is a renewal process.
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(2) N = 1. It is easily to see that:
_ _ [al=) (=) _[B 1-5
q0 = Bo, 1 =1 - By, U(x)—[bi(:v) -Bz(x)]’ U_[,Bg l—ﬂg]’

dm2(z1,22) = [gear(z1) + qubi(z1) — qga(:cl) — qob(z1)]a(z2)drdzs,

and

1
cov(dy, dz) = —5(pbo — B),
where 3 = Pr{exactly j customers arrive at the system during a service time}
00
- /0 bj41(z)dz
w .
=/(; cjy1(z)dz (G=0,1,--).
In this case the matrix U satisfies U = ng, so that we have:
fa(er,23) =T qU(e)UU(23)e

=T qU(z1)(eTQ)U(x3)e
= fi(z1) fi(zs)

and
dm 3(z1,23) = 0.

In the same manner we have:

(2.4) fie(zy, ze) = Az filze) (k2 3),
and
(2.5) d’)’l,k(xla .Z‘k) =0 (k > 3).

The above (2.4) and (2.5) imply that the separate intervals are statistically independent in
the M/G/1/1 queue.

If the service times are constant, then Sy = e™# 81 = pe~? and cov(d;, dz) = 0. So the
departure intervals are statistically independent and the interdeparture process is a renewal
process in the M/D/1/1. The above conclusion of N = 0 and N = 1 have been already
shown by King [10].

(3) N = 2. In this part we have:

1 1 1
9 = ifﬂ—lﬂg, Q= 1T[gﬂo(l —Bo), 2= m(l = Bo = B,

ci(z) exz) T(z) Bo B 1-Po—p
U(z) = | bi(z) ba(z) b3(2) |, U=|[Bo B 1-Po~Pu|,
0 b] (:E) bg(x) 0 ﬂO 1- ﬂO

dv1,2(z1, 72) = —[gge(z1) + qob(z1) — qoc1(z1) — qib1(z1)]a(z2)dz1dxs,
and )
cov(dy, dy) = —ﬁ[qg + pgo — qo(Bo + B1) — a1 B
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The matrix U can be represented as U = RAR™! where

1-Bo—H 1 ﬂl—ﬂ0+/33} B
R = 1-56o—pF 1 —ﬂo—i-ﬂg andA:l:O
—Bo 1 B3 0

[y
[l o]

So that we obtain:

fip(z,zx) =T qU(z1)U*2U 2y )e
=T qU(z1)RA* 2R W (zx)e (k> 3),
dyi (21, 2k) = —BF3dK (z1)a(zr)dzy (k> 3),

and

cov(dy, dy) = f’3c0v(d1,d3) (k> 3),

where
dK (z) = {g§a(z) + qob(z) — Bolgo(c1(z) + ea(x)) + q1 (b1 () + ba()) + @2ba ()]} de,
and
cov(dy, d3) = _"/\}5{‘13 + pgo — Bolgo(Bo + 261 + 2B2) + q1 (1 + 2B2) + @241} }-

In general, we see that the departure intervals are generally not independent. The results
are summarized as the following theorem.

THEOREM 1. In the stationary M/G/1/2 queue, the covariances of lag k are given
as follows:

1
cov(dy, dp) = —F[q[‘)’ + pg0 — q0(Bo + 1) — 1Bl

cov(dy,ds) = —Xlg{qg + pgo — Bolgo(Bo + 261 + 262) + q1(B1 + 262) + 2511}
and cov(dy, dy) = B¥Scov(dy, d3) (k> 4).

(4) N = 3. In this case we have:

‘ — 1
61 ::,B]+\l,30/327 62=B1_\/'B_0B2’ H:m

g =HB3, 1 = HBY(1 — o), g2 = HBo(1 — Bo — 1), a3 =1~ HBo(1 — p1),
dyi2(z1, 22) = [goci(z1) + qibi(z1) — qofi(z1)]a(z2)dz dzy,

1
cov(dy,dz) = ﬁ[%(ﬂo + 61) + 181 — qo(q0 + p)]
and for k > 3,

dyk(z1, 21) = [65=2 Hy vy (z1) + 6572 Havg (1)) oz )dz 1 dzy,

1
cov(dy, di) = X[es{°—2HlE(ul) + 652 H,y B(v2)]
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where
1

2(6; = 1)(8i — B1)s;
vi(e) = B3 fi(z) + qolkic1(z) + hizea(e) + higes(2)]

+ bi(z)[g1hi1 + q2hi2 + g3his) + ba(z)[qrhi2 + gohis] + b3(z)qi ki3,
E(v;) = -;"{,33(40 + p) + qolhi1(Bo + B1) + hi2(B1 + 2B2) + hi3(B2 + 363))

+ Bilqihig + q2hi2 + g3his] + Ba[qrhiz2 + g2his] + Baqihi s}
hi1 = hiz = Bo(6; — 1)(Bo — Br + &), hiz = PE(6i —1) (fori=1,2).

H; =

3. The Stationary M/M/1/N Queue
3.1 The joint density function

In this section we derive a closed form for fi(z1,z2,---,zk) in the case of exponential
service times i.e. b(z) = pe~#*. We temporally suppose that p # 1, but this assumption is
not essential. Here, we have:

(3.1) gn = (1- p)Hnp" (n=0,1,---,N),
1 R
bi(2) = 5= 0 Oy e G G=1,2-.N),
(3.2) b(a: ) =b(z) - Zb (1 =2,8,--- N +1),
=1
(3:3) o(2) = 7= a(e) - ph(z)),
(3.4) cj(z) =a x)p" Zb p’”’l—' (j=1,2,---,N),
. N
(3.5) (@) = elx) = 3 5(2)
]=
a(z) N L) k
= ¢(z) - IT(I — ")+ 20 k()
p j=1k=1

1
a(e) = T la(z) - (=)}

(3.6) filz) =T qU(z)e
— Hyla(z) - PV +1b(a)),

B(d) = iHNa — o),
V(d) = S H@ (1 — p"*%)? — 25V +1(1 - p)?)]
and

(3.7) fa(z1,22) =T qU(21)U(z2)e
= Hyla(z1)a(z2) — p" *1b(z1)b(z2)],
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where

Hy = —F—

N l_pN-H

N+1
N+ _ \N+1°

Now, we prepare two lemmas.

Lemma 1. Forj=1,2,---, N, we have:
(3.8) TqU(z)e; = gj-10(z).

Proof: Using (2.2), (3.1) and (3.4), it is easy to show:

J+1
TqU(2)e; =T glerci(z) + Y eibjya—i(z)]
1=2
j+1
= (IOCJ + E Gi— 1b]+2—:($)
1=2
j+1 Jj+1
= (1 - p)Hy[a(z)p’~ Z P bitai(@)] + X gic1bjaz-i(a)
1=2
= g;—1a(z) (j=1,2,---,N).
Lemma 2. For j = N + 1, we have:
(3.9) TgU(x)gN_H = gqnc(z).

Proof: Using (2.2), (2.3) and (3.1) - (3.5) we have:

N+1
TqU(z)en 11 =" glesthi(z) + Z ebyy3-.i(z)]
N1 B
= qoen+1(2) + D Gi1bn43-i(%)
)
N J
= (1 - p)Hn{[c(z) ~ ——(1 —Ma(z)+ 2 kE bjs1-k(<)p*]
J=1k=1
N+1 N42—i
+ 3 k() bi(z)]}
1=2 7=1
= (1- p)Hn{e(a) - —1—,,(1 - p¥)la(z) - pb(a)]
N+1-k

+ZP[Z”:+1 k() — Z bi(<)l}
=1

= (1 - p)Hn[c(z) = (1—p )C(fv)]
= gyc(z).
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From the above lemmas we obtain the following theorem.

THEOREM 2. In the stationary M/M/1/N queue, for ¥ < N + 1, the joint density
function can be expressed as follows:

k k
(3.10) fe(z1, 22, -, k) = HN[[] a(zi) — PN I ()]
1=1

=1

1 k k
pV+l — AN+1 [N+ Hl“(xi) — AN+ Hl b(z:)).
t= i—

Proof: We prove (3.10) by the induction on k. From (3.6) and (3.7), for ¥ = 1 and
k =2, (3.10) holds. Assuming its validity for k = h(< N), we shall show (3.10) for k = h+1.
From (2.1) and (2.2) we have:

U(y)e = eb(y) + e1a(y)

and
U(y1)U(y2)e = eb(y1)b(y2) + ex[ey1)b(y2) + c1(y1)a(y2)] + eobr(v1)a(y2).

Thus we can write recursively,
h
U(y1)U(y2) - --Ulyn)e = eb(y1)b(y2) - - - b(yn) + X 5L
i=1

and
Sy, vz, un) =T qU(y1)u(yz) - Ulyn)e

h
=T geb(y1)b(y2) - -b(yn) +T¢ Y ;L
=1

h h
= [ o) + X_ ¢j-1Ln,
1= 1=1

i=1
where each Ly ; is a certain unknown function.
For h < N, using the inductive hypothesis we have:

h h
(3.11) > gi—1Lln; = falyr, vz, un) — 1] b(wi)
j=1 i=1

h h h
= HN[]:I; a(zi) — M T b(=:)] - [T b(=:)
1= =1 1=1

h h
= Hy[[T a(zi) - [To(=)] (R <N).
i=1 =1
Considering the function of the (A + 1)-successive departure intervals =, y1,y2, -, yn, only
h < N, from (2.1), (3.8) and (3.11) we obtain:
(3.12) Frrr(@,y1,92, - un) =T qU()U(u)U () - U )e

h h
=" U e [Lbw) + 2 L)
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=T gleb(2) + e10(2)] H b(y:) + Y‘ gi-1a(z)Lh,;

= [b(z) + goa(2)] H b(ys) + a(-’fv)sz[’_Hl a(ys) - H b(yi)]
= Hy{a(z) H () + (1 = ¥ *1)b(z) - b(2)] H b(yi)}
= Hyla() H a(yi) — p"V+b(z) H b(yi)l

i=1

Obviously, (3.12) is just the same as (3.10) for k¥ = h + 1.

In the above calculations, we need not refer to (3.9) because of ¥ < N + 1. In case of
k> N + 2, we must use (3.9), and for £ = N + 2 we have:

fusa(zi, 32, avg2) =T qU(z1)U(z2) - Uz niz)e
. N+2 N+1
=" qU(z1)le [T (zi) + 22 eilw+1(e2, 23, -, 2N 42)]
=2 i=1
r N+2
=" gqleb(z1) + ero(z1))] II b(z;) + qu 10(z1) Ly
[EEY 1=1
+ane(z1) Ly 41,N 41
N+2 N+2 N+2 4
= b(z1) + aoalan)] ] b(e:) +a(en)Hy( ]] atei) — ] bes)
1=2 1=2 =2

+ gn(e(z1) — a(z1)] LN 41,841
N+2 N+2
= Hy[I] a(zi) — "' T (zi)] + By,
= =1

where

Bnia(z1, 22, 2n42) = qu(e(z1) — a(z1)| L g1, v1 (22, 23, - TN 42)
REMARK 1. In caseof k > N + 2, we have:

k
fe(zr, 22, 2x) = Hy[]] a(zi) - N“Hb )+ Ri(xy, 20, -+, 1)
i=1

where Ry is some unknown function.

3.2 The covariance of the departure intervals

On the basis of Theorem 2, we obtain the following results.
Proposition 1. In the stationary M/M/1/N queue, for k < N + 1 we have:

fue(ey, zx) = Hyla(z1)a(zg) — oY +1b(21)b(z)]
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and
(T, zk) = —H p" P a(z1) — b(e1)][a(zr) — b(z)]-

Proposition 2. In the stationary M/M/1/N queue, for k¥ < N + 1 the covariance

cov(d1, di) is independent of lag k, as follows:
1
—/\—2H1vz(1 — p)?pNH1

A—p 20y \N-
= _[)\N+1 _ ﬂN+1] (Au)™ 7

cov(dl, dk) =

REMARK 2. Supposing that p < 1. Then for arbitrary k, the limit exists:

. . 1 k N+1 u
I}gnwfk($17$2,""$k) —A}gnmm[ga(lz)—P gb(wz)]

k
= [ a(z).
1=1
This conclusion has been already discussed in (1], [6] and [10].

Noting that (3.10) is a symmetrical expression with regard to A and u, we consider
M(X)/M(p)/1/N and its dual M(p)/M(A)/1/N. In the dual (reversed) system, let f(xy, z2,
-+, xx) denote the joint density function corresponding to fx(z1, 2, -, zx). Similarly, let
cov(d}, d;) denote the covariance of lag k in the dual system. The relations between the dual
systems are given as follows:

THEOREM 3. In the dual systems, for any k we have:

fl:{(zlal'Zv"'vxk) = fk(wk)xk—l ° '7xl)

and

cov(dy, dy) = cov(dy, dy).

Proof: See Appendix.

For £ < N + 1, from (3.10) we obtain the following relation.

Proposition 3. For £ < N + 1, the two functions fx and f§ equal to one another:
Se(z1, @, zk) = fi(@1, 22,0, Tk).

3.3Incaseof p=1
In this case, the results are given as follows:

1
=N+1 (n=0,1,---,N),

c(z) = )\zxe"\z, a(z) = A(Az — l)e_)",
fHi(z) = gA( Az + N)e“’\z,
1
E(d) = 50(N+2), V()= %qS(NZ +4N +2).

qn
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And for k< N +1:

k
fk(zl,:l:g-,,-- -,zk) = qo[N +1—-k+ /\(xl +zo+4+ -+ :I:k)] H a(a:,'),
=1

dyi k(z1,28) = —q%[)\xl — a(z1)[Azk — 1]a(zy)dz1dzy,

and )
cov(dy,dy) = —-Fqg.
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Appendix
(proof of Theorem 3)
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For the dual system i.e. M(u)/M(A)/1/N queue, let ¢* denote the vector of the imbed-
ded probability, and U*(z) denote the kernel, corresponding to g and U(z), respectively.
Naturally, we suppose p # 1, then we have:

Tg* = Hy(1 = p)[p",p¥ 1, 1]

and

U*(z) = [ufj(z)] (i=1,2,---,N+landj=1,2,---,N+1),

where for 7 = 1;

UIJ(:E) = pl_jzj'f'l(‘z) (.7 = 1,2a vt ’N)a
p~Nenp(z) (J=N+1),
fori=2,3,---,N+1;
ufj(z) = p" b isa(x) (j=1-1,4,---,N),
PN ey g2 i(2) (J=N+1),
and for ¢ = 3,4,---,N + 1;
uZ(m):O (j:1,2,"',i—2).
Let us denote a transform matrix Z by:
Z = [z;] (:t=12,---,N+landj=1,2,--- N+1),
where
2i5 =pi_1 (t1+7=N+2),
0 (otherwise).

It is easy to see that:
Z7=pN2, (T¢")Z = {p"Hy(1 - p)}Te, and p"Hy(1 - p)Z e = ¢.
Here, we note that:
ZTU(z)27 Y = p~N([Z2TU(2) 2);;
= p_NZ.',N+2_;U1v+2-,',N+2--‘($)21v+2_j,,'
= p' T unyojNto—i(T).
Each element becomes as follows.
Fori=1land j=N+1: [ZTU(.T)Z~1]1,N+1 = p_Nul,N.,.](:l:)
= p Ve ()
= uj N 41(2).
Fore=1land1<j<N: [ZTU(JJ)Z—I]U = p"Tuyta_jni1(z)
= p'"bj1a()

= uj;(x).
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For2<i<N+landi—1<j<N:(ZTU(z)Z27Yj = p P unsa-jN+2-i(T)

= p"bj42-i(<)

= uj(z).
For2<i<N+landj=N+1:[2 TU(z)Z_l],',N_._l = p‘_N"lul'N+2_i(:c)
=V eyt i(z)
= u} N41(2).
For3<i< N+land1<j<i—2:[2TU(2)Z7Yij = p T unso—jnt2-i(2)
=0
= uj(z).

Therefore, we get:
U*(z) = ZTU(x) 2.

for any k, we obtain:

fi(zy, 22, 2%) =T @ U (21)U*(z2) - - U* (2 )e
=T (Z2TU(21) 272 TU(z2)27 - (2TU(z) 27 e
=T Z{TU(21)TU(e2) - TU(a1)} 27 "¢
=T e{TU(21)TU(22) - TU(zx)}¢
=T {TqU(ex)U(zk-1) -+ - U(22)U(21)e}
= fk(xka Tk—1y"""5 T2, 3’51).
Using another expression, we have:
Pr{di < z1,d3, < 22, ,dy < 24} =Pr{dy < zp,do < zg_q, -+, di S 11}
and
cov(d], d}y) = cov(dy, dy)
= cov(dy, di).

So the theorem is proved.
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