Journal of the Operations Research © 1991 The Operations Research Society of Japan
Society of Japan
Vol. 34, No. 4, December 1991

A SEARCH GAME WITH TRAVELING COST

Kensaku Kikuta
Toyama Universitly

(Received July 16, 1990; Revised June 28, 1991)

Abstract There are n neighboring cells in a straight line. A man selects a cell, hides in it and stays there.
The searcher examines each cell until he finds the hider. Associated with the examination are a traveling
cost dependent on the distance from the last cell examined and an examination cost which varies from cell to
cell. The searcher wishes to minimize the expectation of cost of finding the hider, whereas the hider wishes
to maximize it. The problem is formulated as a two-person zero-sum game and it is solved.

1. Introduction

In this paper, it is pointed out that the results in [6] can be generalized to the case
where the examination cost of each cell depends on the location of the cell and the distances
between cells are different but still additive (See (2.1) below). An optimal strategy for Player
1 is unique in spite of the varieties of examination costs and distances. If the examination
cost of each cell is a rational number and if each cell can be subdivided in any way, then
our model can be reduced to the model such that the examination cost of each cell does not
depend on the location. In such case, the significance of the first generalization, i.e., the
dependence of the examination cost, may decrease. But in the case that each cell cannot be
subdivided for physical or other reasons, it is still meaningful. This is discussed in Case 1 of
Section 3. The proof of the main theorem has become shorter and more elegant than that
of [6], by the uses of the induction on the number of cells and a recursive relation between
the values of games.

Gluss [4] analyzed a model in which there are n + 1 neighboring cells in a straight line,
labeled from 0 to n in that order. An object is in one of them except Cell 0 with a priori
probabilities py, - - -, pn. At the beginning of the search the searcher is at Cell 0 that is next to
Cell 1. It is required to determine a strategy that rainimizes the statistical expectation of the
cost of finding the object. Associated with the examination of each cell is the examination
cost. The only difference between his model and the previous one (See [1]) is that while the
cost is constant in the latter, it varies through tirue, that is, a traveling cost is added in the
model by Gluss (See [4]). Gluss treated two cases : py < --- < p, and p; > --- > p,. He
showed that the latter case is trivial, the searcher should examine each cell in the order of
1,2,---,n, and in the other case he found approximately optimal search strategies when p;
is proportional to i. These strategies are represented by a parameter.

While Gluss treats a one decision-maker problem, in Kikuta [6], we assumed a hider with
his will in place of an object and took the game theoretical point of view. Thus, there are
a hider and a searcher. While the searcher wishes to minimize the cost of finding the hider,
the hider chooses a cell so as to maximize it. We nave a two-person zero-sum game.

The unique optimal strategy for the hider obtained in [6] can be compared with an a
priori probability in Gluss [4]. The latter is proportionally increasing and the former is
hyperbolically increasing as the label of a cell becomes large.
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Another variant of the model of Gluss is in Kikuta [5] (Also see [7]), where the searcher
is at the central cell at the beginning of the search. But, it is, still, a one decision-maker
problem. In Chapter 5 of [8] search games on graphs are treated. The game in this paper is,
in a sense, a search game on a complete graph. A point which must be indicated seems to
be how are the cost functions. Search games in [9] consider overlooking probabilities. Again,
the cost functions must be compared.

In the next section our model is stated as a two-person zero-sum game in detail. In
Section 3 some strategies are defined and our main theorem is given, which states they are
optimal. Section 4 is devoted to proving the theorem. In Section 5 some remarks are given.

2. The Model and Notation

There are n + 1 neighboring cells in a straight line, labeled from 0 to n in that order.
Player 1 (the hider) selects a cell except Cell 0, hides in it, and stays there. Player 2 (the
searcher) examines each cell until he finds Player 1.

0 1 i n

Figure 1.

Associated with the examination of Cell ¢(1 < i < n) is the examination cost that consists
of two parts: (i) a traveling cost d(z,j) > 0 of examining Cell ¢ after having examined Cell
J, and (ii) an examination cost ¢(z) > 0. (i) means that the examination cost varies through
the search and is a function of the cell which was last examined. We assume

d(i, ) + d(j, k) = d(i, k) for all 5, j, k such that 1 <i < j < k < n,
d(i,j) = d(4,1) for all 7,5 such that 1 <¢,j < n,i# j,and (2.1)
d(i,7) > 0 for all ¢,j such that 1 <4, <n,i #j.

For convenience, we let d(z,7) = 0 for all i : 1 < ¢ < n. There is no possibility of overlooking
Player 1, given that the right cell is searched. It is assumed that at the beginning of the
search Player 2 is at Cell 0. Before searching (hiding) Player 2 (Player 1) must determine a
strategy so as to make the cost of finding Player 1 as small (large) as possible.

A (pure) strategy for Player 1 is to choose an element, say ¢, of N = {1,2,---,n},
which means he determines on hiding in Cell :. This is denoted by i( € N). The set of all
strategies for Player 1 is denoted by N = {1,2,---,n}. A strategy for Player 2 is defined by a
permutation on N. The set of all permutations on N is denoted by M = {1,2,---,m}, where
m = nl. Thus under a strategy j, Player 2 examined Cells j(1),7(2),---,j(n) in this order.
In particular, 1 expresses the identity and m expresses the permutation m(:) = n—:+1 for
i=1,---,n. Welet j(0) =0 for all j € M.

For a strategy pair (4, j)(i € N,j € M), let k = j7'(i). Then the cost of finding Player
1, written as f(z,j), is :

k

£, 3) = 2oMd(i(r), j(r = 1)) + (4 (r))]. (2.2)

r=1

Thus we have a two-person zero-sum game, which is denoted by (f; N, M). Since both N
and M are finite sets this game is expressed by a matrix whose (z, j)-component is f(z,)( €
N,j € M). The numbers of rows and columns are n and n! respectively. We find that this
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Search Game with Traveling Cost 367

matrix does not always have a saddle point, by seeing the case of 2-cell. Let n = 2. Let
and 2 be the identity permutation and the other one. Then f(1,1) = ¢(1)+d(0,1), f(L,2)
d(0,2) +d(1,2) + c(1) + ¢(2), £(2,1) = d(0,2) +c(1) +¢(2), and f(2,2) = d(0,2) +c(2). Thi
2 x 2 matrix has no saddle point. Thus, we need to have the mixed extension of (f; N, M
in order to have a solution for any game. Let T' = (f; P,Q) be the mixed extension. The
elements of P and Q are called mized strategies, or simply, strategies, without confusion.
For a strategy pair (p,q) € P x @, f(p,q) is the expected cost of finding Player 1.

In this note we fix ¢(1),---,c(n — 1) and ¢(r). For k = 1,---,n, consider a case that
there are k + 1 neighboring cells in a straight line, labeled n —k,n—k+1,n -k +2,---,nin
this order. Player 2 is at Cell n —k at the beginning. The examination-cost function and the
distance function are naturally restricted. In the same way as in the n-cell case we have a two
person game, which is referred to as ['¥. The value of I'* is denoted by vF Unless otherwise
specified, the superscript, k, corresponds to I'*. The payoff function of I'* is denoted by
f¥. The sets of strategies are denoted by P* and QF. N = {n—k+1ln—k+2- n)
and M* is the set of pure strategies of Player 2in I'’*. Thus f* = f,P" = P,Q" = Q,

i p—a

nIJ

\_/

and T" =T. Welet & = (¢(n - k+1),---,¢(n),s* = c(n —k+1)+--- + ¢(n), and
b = e(n—k)/[2d(n —k,n) +s*] for k = 1,--- ,n -- 1. For convenience, we let b0 +00. For
convenience and simplicity, we often use the notatlon r=n—k+rforr=0,---,kin [¥

Note that (r — €)' = r' — ¢, and (r + €)' = r' + £ as long as these make sense.
Our problem is to solve I'".

3. Optimal Strategies.

The purpose of this section is to give optimal strategies and examine their properties.
Define a k-vector pk for k =1,---,n inductively as follows:

pk = 1/[1 + bk-l](bk—l7pk_l)ak = 2a' o ,n,and pl = (1) (31)

For each k,1 < k < n, p* is a probability vector. All components of p" are positive. The
following proposition gives properties of p”, which are referred to later.

Proposition 1.
(i) o" = 1pr /(1 4 6" = b""p?+1 fori=1,--.,n—2and p*_, = b'p"
(i) Suppose j € MF, and j(a') = 1" for some z. Then

p’f,[Zd( (@' -1), )+ Z clg(s Zp](,,),
=1

where we let j(0') = 1' for convenience.

(iii) p/e(1) < p3/e(2) < --- < pp/eln).

Proposition 1 (iii) means the probability to the examination cost ratio increases as the
distance from Cell 0 becomes large. Proposition 1 (ii) is, in a sense, an inverse inequality.
For example, let k = n, and j be such that j(1) := 2 and j(2) = 1. Then from Proposition
1(ii), we have p}/c(1) >p2/[2d (1,2) + ¢(2)].

Proof: (i) From (3.1),fori=1,---,n —1,

.on—t
PP =" [I1L+ 6 and p} = 1/T7,01 + 677 (3.2)
r=2
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From these, b"~"=1p? = pn~i[1 + b ~*~1]p? ; for i = 1,---,n — 2, and pi_;, = b'p:. These
are just (i).
(i1) By induction on k. When k = 2, it suffices to check

p}/e(1) = p3 /[2d(1',2) + e(2'))-
Let k& = 3. It suffices to check

pi/e(l') 2 max{[p} + p3]/[2d(1,8') + ¢(2) + (3],
Py /[24(1,2') + ¢(2')], 3 /124(1', 3') + (3)]}-

These are shown by (8.1) for £ = 2,3 and the definition of b*. Assume the inequalities are
true for 2,---,k — 1. We check the case of k. Suppose j(y') = 2'. First assume 3’ < z'.

E= pl’[zd(]z_la] -I-EC(] ]——Cl)ZpJ(‘

=1
z—1
= ppld(l',5(1) + 2; d(§ (' = 1), 5(i")) + d(j(z' - 1),1") + (Z): e(3 ()]
- 22
—e(1') Y piay +c@)ph ~ c(1)ph
iGn#e -~

z—1
= phld(2, (1) + 2 d(i(i’ — 1), (") + (G’ = 1),2) + 3 ()]
i=2 i@

-1y Y pf(;,) + ¢(2)pk, — c(1")pk + 2d(1',2')pt..
in#2

Here from y' < 2!, we have

z—1 z-1
d(2', (1) + Z:z d(j(@' - 1),5() + d(j(z' - 1),2') > ; d(j'(i" - 1), §'(i")),

where j' is defined by : j'(0') = 2/,;/(a' ~ 1) = 2,7/(4') = j() for 1 <i < y—1 and
5'(") = j(i' + 1) for y < i < z — 2. Furthermore, by (3.1), p§, = b71(1 + s¥=2)ph, /b¥ -2 =
c(1')2d(2', k') + s*1

o(2) 24(17, k) § h-1P2- Hence
e(1') 2d(2', k') + sF-1 , =]
> , —
@) Gaqr ¢ P A - DI J(,%;Z, ()
o 2d(2’ k')+sk 1 , (2: k')-l-sk 1 :
+2d(l’2)2d(1' 1)+ 5517 Pyt (2)2d(1’,k')+ =P
E p](;’) 2)p2'}
1()#2
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By the induction hypothesis,

o(1') 2d(2, K') + s "
2 22 24T, B) 7 o1 re?) ](,%,,,pi(")

2d(2', k') + sF1
2d(1, ) + sF-17%

24(2, k) +s*1
(1, )4 e e 2
—e(?) Y Py —c(@)p5}
sy~

(1) 2d(1',2') Nk
= —={- =) XD Py

o(2) " 2d(V, K) + 5105
2d(2', k') + sF1

+2d(1',2)

2d(2', k') + sF-1

+2d(1'a2')W ph + (“’)W b — o(2)p5)
c(l) 2d(ll 2,) Y] - ’
- c(2 ){2d(1' kY + sF- 1[(2d(2ak)+5k g — c(2) (%2’1’101
2d(1,2')

= 2, By 1 c(2)ph}.

Here by (3.1),
(2d(2, k') 4+ s*~1)pk = c(2")/[1 + b*~1],and

1 1
Y P S TTREITIRT
(i A 1+5b 1+
Hence
(2d(2, K') + s*~1)ph. — ¢(2') ) Pf(,'/)
it
(2,) / 1 1 _ Nk
= 1 + bk 1 6(2 )1 + bk_.] 1+ b);._z - 6(2 )p2"
Thus,
(1) 2d(1,2) ’ 24(1",2') Nk
> § — ——— 1 = U,
E-— ( ){2(1(1’ k’)+ k—1 (2 )p2 2d(1’,kl)+3k_16(2 )Pz} 0

Second assume y' > z'.

T T z—1
B = ph3 i = D,4() + X i) = o) X

1=1

= phld(2,5(1)) + Zdj(l = 1),j(1) +d(j(=' - 1),2) + Z e(3())

1=2

z-1
— (') Y Py +2d(1,2)pf.
I'=l -
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c(1)2d(2', k') + sF—1
o(2) 2d(1, F') + sF- TP

Hence

By (3.1), ph = 8¥1(1 + 8~2)ph /b5 =

L T L T >)+Zd (i = 1), 50")

+d(j(a' — 1),2 +2 () 1-c2’>§:pl

2d(2', k’) + sk v

Py}

) Yt kA AL N,
+24(1, )Qd(l’,k’)+s’°—1 2

Applying the induction hypothesis,

c(1') Zd(2lak,)+3k_1 ' = k ' = k
> { —c(2') > pin — c(2) D piir
o(2) 2d(V, F) + 1 ; 2) 2 4
2d(2', k') + sk-1

el

(1) 2d(1',2") , k

= 0(2’){_2d(1’ k) + k—lc(2)§pi(i')

+2d(1',2)

o 2d(2 K + sF-1
+2d(1,2) g TP

C1' 2d(1',2 o ke NS

Again applying (3.1), we have

o) 24(1',2)
>
o(2) 2d(1, &) + s

o(2")pk > 0.

(iii) Since (i) holds and since b! = c¢(n — 1)/[2d(n — 1,n) + ¢(n)], we have pZ_,/c(n —
1) = blpt/e(n — 1) = pt/{2d(n — 1,n) + c(n))] < py/e(n). Furthermore, pi'/c(z) = n+

n—i—111n—i N pn—ie 2d(i+1,n) + s, ) n . .
b l]b pH—l/[C(Z)b l} = Q(d(i,n)-f)-sn—i pi-}-l/c(z + 1) < pi_H/C(Z + 1) for 1 =

1,---,n—2. Q.E.D.

For any j € M, define pj € M by
pi(i)=jn+1—d)forali=1,---,n (3.3)

pj reverses the order of examination under ;. Thus, if 7 is expressed as an n-vector, that is,
7 =10(1),4(2), -, j(n)], then pj = [j(n),---,j(1)]. We can assume j is as follows :

(1) <j(2) < <J(11),
i) > i+ 1) > - > j(32),
i(i2) < jlia +1) < --- < j(3s),

J(tan—1) > j(igp—1 + 1) > --- > j(n).
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Search Game with Traveling Cost 371

Thus, j has h peaks and we say j is a h-peaked strategy. We set j(n + 1) = j(0) = 0 for
convenience.

Example 2. The next illustration is a 3-peaked strategy when n = 14. j = f1,2,5,10,6,
3,8,4,9,11,14,13,12,7].

12 5 10

o 1

start 3 1 6 3 n=14
4 9 11 14
1

Lo » 2

goal 7 12 13
Figure 2.

Ifj € M is h-peaked then pj is also h-peaked. In particular 1-peaked strategies are interesting
since less traveling costs are required under them. Thus let M; be the set of all 1-peaked
strategies of Player 2. The number of all elements of M, is 2"~!. Define a 2¥~1.vector ¢*
for £k = 1,-..,n inductively as follows : For k =2, - ,n,

¢ = (/[ +a* (@ 1¢* 1, ¢*), and ¢' = (1), (3.4)

and fork=1,.--,n—1,

2d(0', k') + sk 24(1' K') + s* o N
1+ a* T 14k +d(0’1)+6(1)m3’
and a° = +o0. (3.5)

Extend a 2F~1.vector ¢* to a k!-vector ¢** by adding the zero-vector of dimension k!-2%-1,
That is, ¢** = (¢¥,0). Here the components in the first half and in the second half of ¢*
correspond to 1-peaked strategies such that j(1') = 1’ and pj(1') = 1’ respectively. The
zero-vector corresponds to other strategies (See (3.8) below).

Our main result is :

Theorem 3. p" is the unique optimal strategy for Player 1. ¢*" is an optimal strategy for
Player 2. The value v" can be calculated by the recursive relation : For k =1,--- n,

oF = d(0',1') + c(1') + o* /1 + bk, (3.6)

or alternatively,
oF = oF 1 4 d(0', 1) + e(1)a*1/[1 + aF 1. (3.7)

Theorem 3 gives only an optimal strategy for player 2, and it says nothing about the set
of all optimal strategies for Player 2. Let n = 3. Let 1 = [1,2,3] and 2 = [1,3,2]. Assume
c(1) = ¢(2) = ¢(3) and d(z,i +1) = 1 for 1 = 0,1,2. All optimal strategies for Player 2 are
tl+(1/2 = )2+ (1/2 — t)p2 + tpl for 0 < ¢t-< 1/2.
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372 K. Kikuta

It is interesting to give properties of p” and ¢*". From (3.4) we have for j € M* and
k=2,.--.n,

. k_l .
d= II <&/ TIa+d). (3.8)

3TN O<H(R) =1

Casel. c(i)=cforali=1,---,n.

From (3.5) we have a¥ = 1 for £ = 1,.--,n — 1. Hence q = 1/27=1 for all j € M,. By
(3.2), if ¢ — 0, then p™ -+ (0,0,---,0,1). p*/c — 1/[2d(i,n)] for i = 1,---,n — 1, and
pl/c = 400 as ¢ — 0. If ¢ = 400, then ¥* — 1/k for all k, and p® — (1/n,---,1/n).
Further if d(i,:+1) = d for i = 0,---,n — 1, then the model reduces to the case in [6]. From
(3.6), vF = d(0', k') + (k+ 1)e/2 for k=1,---,n.

c c 2d(1,3) +2¢ 5
2d(1,3) + 3¢ 2d(1,3) + 3¢ 2d(2,3) + 2’73 T
Cells 1 and 2 merge into one cell. Renumber two cells from 1 to 2'. how should we evaluate
the examination cost of Cell 1’ in order that p?, = p} + p3?

Conversely let n = 2,¢(1) = 2¢,¢(2) = ¢,¢ > 0. Suppose Cell 1 is divided into two cells,
1" and 2' so that ¢(1') = ¢(2') = ¢. Renumber Cell 2 as 3'. Then by letting d(1',2') = 0, we
have p? = p3, + p3,, and p} = p3,. The last argument extends to the n-cell case.

1—p}—p3. Suppose

Letn = 3. p} = s =

Case 2. ¢(i) — +oo for some 3.

If1 <i<n-1,then b¥ - 0for k >n—i+1and 5" — 4oo. Thus by (3.2), p% — 0
if i # 4, and p! — 1. Il i = n, then b* — 0 for k¥ > 1. By (3.2), p* — (0,---,0,1).
By (3.5), a®*' — 400 and af — 0 for all k > n — ¢+ 1. By (3.7), q; > 0 implies

j_"l(i -1) > ]_‘“l(n),--',l"l(l) > Z_l(n) and ]_'_l(i) < l_l(n). Consequen‘cly—q;1 > 0 implies
J(1) =i since j is 1-peaked. From (3.6), v¥ - oo fork>n—i+1.

Case 3. d(i,7+ 1) — +oo for some 3.

b* — 0 for k > n —i. Hence p® — (0,p"*), where 0 is the i-dim. zero-vector. By (3.5),
a* — 1 for k > n —i. Hence by (3.4), q; = gy if j(z) = j'(z) for z =i+ 1,---,n. From

(3.6), v¥F = 400 for k > n —i.

Case 4. (i) — 0 for some i # n.

b*=* — 0. Hence p? — 0 by (3.2).

4. Proof of the theorem.

In this section we prove the theorem by the induction on k.
Lemma 4. Fork=1,---,n, and for all p € P¥,

2d(1', k") + s*

FH(p.g™) = d(0',1) 4 eU)a* ! 1+ b

(4.1)

Proof: First we note that (4.1) holds when k' = 1, observing the right-hand side of (4.1)
is d(n — 1,n) + ¢(n) by (3.5). We show (4.1) for k, assuming (4.1) for k¥ — 1. For i € NN such
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Search Game with Traveling Cost 373
that 2 <7 <k,

fieH = Y DS

jeM?
= X FEE DT+ e
l ](11) 1/ =
Y AT i+
] l(kl) 1’ =

= A0, 1) +e(l)+ 3 DG+

jeMy:i(1)=1

-+ {d(ol’ 1/) + Z fk——l(il,ll)qzl—l}/[l + ak—l]

jeMs: (k=1
= a*Hd(0', 1) + (1) + FE1( gD+ @b + {40, 1)
+ N ¢TI+
=d(0',1") + a¥Ye(1)/[1 + &Y 4+ [2d(1, &) + s*)/[1 + oF Y

by the induction hypothesis and (3.5). Here j' € M¥~! is defined by : j'(2') = j(2') for all
2 <z < kwhen j(1') =1, and j'(2') = j((z = 1)') for all 2 < z < k when j(k') = 1'. Next
let ¢ = 1. - - -

Al ef = 3 d Tl A, ) + (1)) +a*
M.) ](ll) v -
+ 2 g A0 k) + (K 1) + c(1) + -+ + o(K)]
](k’) 1 -
/[1+a’° g

= d(0',1') + ¢(1") + [2d(1', K') + e(2) + - + e(K))/[1 + a7
=d(0',1") + a* L1V /[1 + aF 1) 4+ [24(1, &) + $F)/[1 + a*Y).

Q.E.D.
Lemma 5. Fork=1,---,n,and for any j € M’f,
P ) = do, 1) + e(1)
k—1 z
+Z [d(z',2' +1) 4+ c(2' +1)] H (4.2)

+bkr

Proof: First we note that (4.2) holds when & = 1, observing the right-hand side of
(4.2) is d(n — 1,n) + ¢(n). We show (4 2) for k, assuming (4.2) holds for k — 1. Let

7= [t1,- 0y, ty41, -] and 7y = K. Ep,, (z/,7). Suppose i} < 7' < ipq4
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374 K. Kikuta

for some h,0 < h < y. Here ig = 0'. Assume first ¢; > 1’ and ¢’ > 2'. Then
.y h
fk(i',.i) — d(O', kl) + d(i,, kl) + 3n+l—-| + Zc(ir)
. h
= d(0',1") + d(1, k') + d(&', k') + 5™ + 37 c(s,)
r=1
=d(0151) fk 1( )a

where j'(2') = j((z — 1)) for2 < 2 < k,and §' € M*=1, Furthermore, it is easy to see for

,T=0a""y+19
FFGrr§) = d(0', 1) + 271Gy §1).
Thus

k
ok 5) = b AL 1) + o pE A, 1) + A /0 + 6

1=2
k
= ph A ) = {d(0, 1) + b AN )11+ 8
1=2
= bFd(0', k') + d(1', k') + 5}/ + 651 4 {d(0', 1) + AR )

/1 + 6]
=d(0', 1) + c(1') + f1 M 1) /1L + 841,
By the induction hypothesis,
fk_l(pk_l,j_,) — d(l’,2’) +C(2,)
—1 z
1
! ! /
Hence
f"(lﬂ'c 7)) =d(0,1) + (') + {d(1',2') + (2')
1 _
Z_: 2,2 4+ 1)+ (¢ +1]HW}/[1+M 1

=d(0', 1) + c(1') + [d(1',2) + ¢(2)]/[1 + 8%}

k-1

HHE S+ 1) + ol +1)]Hiﬁ}/[l+bk‘l]
k-1 1

=d(0',1') + ¢(1") +z_zl[dz 2+1)+c(z+1]H1—_—+_—I;E—;.

Next assume 7; = 1',¢ > 2 and ¢, <4’ < 244;. Then

k h
PG D) = AR+ K)o )+ 3 eli) + ()

___d(ol’ll)+c(1l)+fk—l(il’l-l),

where l"(z') =j(2') for 2 < z < k, and J € M’f_l.
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Furthermore, forr =1,---,y + 1,
g 3) = d(0, 1) + c(1') + f*7 15y, 1)-
Thus
N D =ph AL D) + Zp “Hd(0,1) + (1)

1=2

+ AU 0+ 6
= ph R, 5) + (d(0, 1) 4 (1) + FE1 (PR, 5N /L 4+ BF

k-1 z
=d(0, 1) + (1) + Y _[d(=', 2 + 1) + (' + V] I] _——11:— -
z=1 r=1 14 6%

Q.ED.

Lemma 6. Fork=1,.--,n,and forall j € MF,
R0 2 d(o’ 1) + (1)

+Z[d(z 2+ 1)+ +1)]H1+bk -

Proof: First we note that Lemma 6 holds when k = 1, observing both sides become
din—1 n) + ¢(n). We show Lemma 6 for k, assuming it holds for k — 1. For j € MF let

i(@') =
TACE _Zk:pf:f’“(z”, 7)
1',])+Zpk RE DI B
—pyf’“(L,JH{Z PiHd(0, 1) + £ 1)

+ Z PO, ) + d(j(a’ ~ 1), j(«")) + d(§(@"), j(=" + 1))
z=z+1

—d(j(z' = 1),3(=' + 1)) + (1) + F51E, IO/ + 651,

where 1’(2’) = l'(z’) ifz<z—1,and =j(z' +1)if 2 > z.
Here, note that

f'“(l',j) = d(0', 1) + (1 )+fk WG - 1), 1) + d(i(=" - 1), ("),

ZP z/fkl 7.7 + szfk 1( ) fk 1( :)»
i(z) 3(2")

z=z+4+1
k
k—1 k—1 _
zz::lp]_'(z:) + z=§:+1 Pi(,,) =1, and
=61+ 8T
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Thus,
FE@, 5) = d(0, 1) + F R /0 + 0 (1)

+pb A G - 1), 1) + d(i( - 1), 5(2"))]
r—1

—o(V) 0 pE 11+ B
z=1 =~

k
+ 2 pf(;})[d(i(xl - 1),5(z") + d(j(='), j(z' + 1))
z=z+1 ~

—d(j(a' = 1), 3(<’ + 1))/ + 651
By Proposition 1(ii),

PRI - 1), ) + d(i(a’ ~ 1), ()] - e Zm@ﬂLM“W

> 0.
Hence, noting (2.1),
fk(Pk,j) > d(0', 1) + 1 M )+ 6 4 (1)

+ Xilp,(,,) i(z —1),4(2)) +d(j(z), j(z + 1))

—d(j(z = 1), j(z + D))/[L +8*7]
> d(0', 1)+ fFH (" /(L4 05+ (1),
By the induction hypothesis,
PP 2 d(1,2) + e(2)

k-2
1
o] el 6 8
Hence,
k-1
Zd(0/,1')+c( ++Z[d2 Z+1)+C(Z +1]Hﬁ-‘b—k—;
z=1
Q.E.D.
Corollary 7. Fork=1,.---,n,
k 1
=d(0,1 )+c(1)+1+bk 7, and
k-1
k a C(l) -
v zd(O’,l')_*__HT-}-‘U
Proof: From Lemma 4 and Lemma 5, letting p = pF,
2d(1', k') + s*
Y n_ k-1 k-1 ’
d(o’, 1)+c(1)a /[1+a ]+—T_r;k—_r“
=105 a*) = X gt et
Mk
k-1 1
=d(0’,1) 1)+Z[dl Z+1)+CZ+1]HT—+——[,T—_1
z=1
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From this and Lemmas 4, 5, and 6, we see p* and ¢** are optimal strategies. The value of
the game is :

k-1
1
F=d(0,1) +e(1) + S22 +1) + 2! ~}—1]]:[1 e
z=1 +
2d ! !
= (0, 1) e()at 1 4 o) 4 2K 2
a
From these we have recursive relations on v*. Q.E.D.

Lemma 8. Let j[r] = [1,---,r = L,n,n — 1,---,7)(1 < r < n) be l-peaked strategies
for Player 2. Let A, be an n-by-n matrix whose (s,t)-component is f(t,j[n — s+ 1]) for
s=1,---,nand t = 1,---,n. Then the rank of A, is equal to n.

Proof : We show the rank of A, is n, by basic transformations of matrices. For each
x = 2,---,n, subtract the first column-vector from the zth column-vector of A;. Then
make a matrix A,_1 by sweeping out the first column and the nth row by the pivot element
f(L,7[1]). The (s,t)-component of A,_; is :

P jln=s+1) = ftjln—s+ 1) = f(Ljln —s+1]) +af7!

fors=1,---,n—1andt=2,---,n. Herefort =2,..- n,

f(1,4[2])

at ™l = [d(1,t) + (1) + -+ + et — 1) ===
Here, note that f(1,7[2]) = --- = f(1,7[n]). The (n,l)-component of A,_1 is 1 and the
others are 0’s. For each x = 3,---,n, subtract the second column-vector from the z-th

column-vector of A,_j. Then make a matrix A,_; by sweeping out the second column and
the (n — 1)st row by the pivot element f"~1(2,(2]). The (s,t)-component of A,_5 is : For
s=1,---,n—-2andt=3,---,n T
i —s+ 1) = M jln— s+ 1)) = 772, 5n = s +1]) + a7
= f(t,jln — s + 1)) - [d(0,2) + c(1) + ¢(2)) + [af ! — af '] + 0}~
Here for ¢t = 3,---,n,
n—1 n—-1 .
_2.’ f i 2 TR 1 /e TNt
= Uil - 7 D s o

Note that f"'l(z_,ﬂ{i]-) == f"_l(z,M). The (n,1) and (n — 1,2)-components of A,_,
are 1’s and the others are 0’s. Continue with this process. We will finally have for s = 1,2
andt=n-1,n,

il =s+1) = Pt jln—s+1) - FP(n=2,jln—s+1]) +af
= f(t,jln —s+1]) = [d(0,n ~2) + ¢(1) + -+ - + ¢(n ~ 2)]
+laft —alTl +[af P — ol 4+ [af — ad s + ol (4.3)

Furthermore foru =2,---,n—landt=n+1—u,---,n,

u _ [rudl : u+1 . f"+1(11_:_2,j["—“+1])
ay = [f + (n—u,][n—u]) - f M (i’]_&l__-_l‘:l)] fu+l(u,j[n—u])
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n-u+l . e n

Figure 3

We show inductively that for u=2,---,n —1,
@M f*(n— u,jln —u] > oy jp—u+1) = = o (n— u, jn]).
[ (o=, jln —u+1))
frri(n—u,j[n — u])

(I) af =[d(n —u,t)+c(n —u)+ -+t — 1))

fintl=2jn+2—2])
x I -7 .
r=ut2 f(n+1—2,][n+1—z])
fort=n—-u+1,-

(I1D) f (t][n—s-{—l])— ( Jin—s+1])—[d(0,n —u) + (1) + - + c(n — u)]

)a

+ E [af —a’fl—u] +a;‘ >0
z=u+1

fors=1,---,uandt=n—-u+1,---,n

First, let u = n—1. (I) By the definition of f", f*(1, j[1]) = d(0,n)+-d(n,1)+c(1)+---+c(n).
(L gR2D) = -+ = (L jln]) = d(0,1) +¢(1).

) . (1, 402])
(1) af = = [f*(1,5[1) - f (t,J[ll)] (L, 00))
i (L 42)
= (1,0 + ell) + - elt = D) s,

by the definitions of a?~! and f*.

() Fors=1,---,n—land t =2,---,n,
P~ s+ 1) = [t jln — s +1]) — [d(0,1) + (1)) + a7 ™' >0

since f™(t,j[n — s +1]) > d(0,1) 4+ ¢(1) and af~* > 0 by (2.2) and (II) for u = n — 1.
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Assume (1), (II), and (III) hold for u + 1,---,n. We check (1), (II), and (III) for u.
(I) From (III) for u + 1, we have

f P r—wjn—s+1])) = fflo—u,jln-s+1) = [dO,n —u—1)+c(1)+---

n—1
ten—u—1]+ X [af_y —af_yq] +anty

z=u+2
for s =1,.--,u+ 1. Here by the definitions of f" and jjn — s +1],
fflozujin—ut1]) == fM(n=u,jnl)

=d(0,n —u)+c(l)+ -+ ¢(n —u), and
fMn=u,jln —u]) =d(0,n) + d(n,n —u) + ¢(1) + - - - + c(n).

These imply (1) for u.
(IT) From the definition and (III) for u + 1, we have

[ (n =y, j[n —u+1))
feti(n—vu,j[n —u})

ot = [f'u-H(n _ u,j[n _ u] fu+1( [ri _ u])]

= {f"(n —u,j[n —u] - (% j[n — u])]

f“*l(n —u,jln —u+1))
b Y e, -0

z=u+1

From (II) for z =u+1,---,n — 1,
. . [t n=zjlr—2+1)

Appey — O = — fz+1(n~z2[Lj_z]_)
frlatlorjn+2—r)

X H (1- f’(n+1 r][n-f-l ]))[d(n

—u,t)+e(n—u)+---+c(t— 1)

r=z+42
Summing these for z =u+1,---,n — 1,
n-—-1
Yy —df]l=—ldn —u,t) +e(n —u)+ -+ ¢(t = 1)]
z=u+1

L S (n=2,jln -z +1]) fI (,  flatl=rjln+2-1)
w1 [P =z il —2) 2, flatlorjntl-r)

)-

379

Noting that f*(n —u,j[n —u]) = f*({,jln —u]) =d(n —u,t) +c(n —u) +---+c(t — 1) by

the definition of f, and also by elementary algebra,

=l fitl(n — 2z, ifln—2+1]) = fflntl=r,jln+2-r1))
1~z=2u;}-1 f#i(n—z,j[n - 2]) r_ll_‘(l_ f'(n+1—r,j[n+l—r]))
_ 1"_[ (1 - fflntl-1r r][n+2~r])

reu-t2 fflntl=r,jin+1 —r])
we have
S (=, jln —u + 1))
feri(n=u, jln — u])

af =[d(n —u,t) +e(n —u)+---+c(t - 1)]

i frintl—r,jn+2—r])
* r:l—uI+2( - f"(n_—}-_l__—_r,][_n-f_l—_r]))
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(I11) By the induction hypothesis,

S —s+1]) = U jIn = s+ 1) - [ =y, jln — s +1]) +af
= f"(i,i_[n__—_f_j'_l]) —[d0,n —u—1)+c(1)+ - +c(n—u-1)]

n—1
+ 3 lof —af_uy] +af™!
z=u+2

(=, jln — s+ 1) — [d(0,n —u—1) + (1) + - + c(n — u — 1)]

n—1
+ 3 lah_,—ai_y ] +aitl} +af

z=u+2
n—1
=Mtiln—s+ 1) - ffla=ujln—s+1)+ > [of —a;_,]+ai.
z=u+1

Here note that f*(n —u,jln —s+1]) =d(0,n —u) +¢(1) + - -+ ¢(n — u). Thus it remains
to prove f*(t,j[n — s + 1]) > 0. By the definition of a¥,

f* n—u,jln —u+1])
fe¥i(n—u,jln —u])

af = (" (o= jln — u]) - f**(L jln = u))]

={dn—u,t)+e(n—u)+---+c(t-1)
= z z fu+l(n_u’j[n_u+1])
MR N i o2 e )

Hence

fu(iaj[n“s"}' 1]) = fn(i’j[n—3+ 1]) _f"(n_u’j[n—st' 1])
[P (n—u,j[n—s+1])
ftl(n—u,jln —u))

+dn—ut)+ec(n—u)+---+c(t —1)]

ol i (n—u,jln s+ 1]
t 2 el e ey )

Here f"(t,jln—s+1]) = d(0,t) + (1) + -+ c(t), if n —u+1 <t < n—s, and
"t jln = s + 1)) = d(0,n)+d(n,t)+c(1)+- - -+c(n—s)+c(n)+- - -+c(t),if n—s+1 <t < n.
Thus we see f*(¢,j[n —s+1]) > d(0,n—u)+c(1)+---+c(n—u) = fA(n—u,jn —s+1]).
From (II) for u+1,---,n—1, we have aj —a’_, > 0 for z = u+1,---,n—1. From (I) for u+1,
fH o=y jn—u+1])
feri(n—u,jn —ul)
This completes the proof of (I), (II) and (III).

we have 1 — > 0. Consequently we have f*(¢,j[n — s+ 1]) > 0.
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From (4.3)
n—1
=150 = d(n —2,n 1) + c(n ~ 1)+ 3@y — a5o] + a3,
z=3
n—1
A, jln — 1)) = d(n — 2,n) + c(n) + 3_[a; — af_y] + a7,
z=3
fAin=1,5ln—1]) =d(n = 2,n) + d(n,n — 1) + c(n — 1) + ¢(n)
n—1
+ Y lai 1 —ai_o)+al_y,
z=3

fA(n,jln])) = d(n — 2,n) + c(n — 1) + ¢(n +Z[a al_o] +al.

From (III) for u = 2, we have f*(n — 1 Jln=1]) > fin= ) >
f2(n,j[n — 1]) > 0. Hence det(Ay) # 0. Q E D.

Proof of the theorem: By Corollary 7, it remains to prove the uniqueness of the optimal

strategy for Player 1. Suppose p' is an optimal strategy for Player 1. By Lemma 4 and

Corollary 7, f(p',¢") = >_ q;f"f(p',]_') = v" and f(p',j) > v" for all j € M. Hence
JEM,

f(p',j) = v" for all j € M. This, combined with Lemma 5 and Lemma 8, implies p' = p”.

Q.E.D.

5. Remarks.

(i) It is interesting to compare the value of the game with the minimum value of the one-
person problem which is derived from the model here by replacing Player 1 by the nature.
If an object is in one of n cells with a priori probabilities py,-- -, p,, the problem becomes :
Minimize f(p,q) subject to ¢ € Q. If a one decision-maker problem is uncertain (that is, not
risky) the decision-maker may assume the uniform distribution. Thus, let p* be the uniform
distribution on N. That is, p* = (1/n,---,1/n). Then Min{f(p*,q): ¢ € Q} < f(p*,¢*") =
v" by Lemma 4 and Theorem 3. If ¢(1) = ¢(2) = --- = ¢(n) = ¢, then Min{f(p",q) : ¢ €

n

Q) = Min{f(s", 1) 1 € Ma) = Min{(n+ /2 D300 4 - 5 dlim) =

iTHH)257(n)
(n+ )e/2+— Zd 0,7) = f(p",1), where 1 is the identity permutation. On the other hand,

— d0,m) + (4 V)2
Gluss [4] considered the minimization problem : Minimize f(p#,j) subject to j € M.

Here p#; = 2i/[n(n + 1)] for ¢ = 1,---,n. But he assumed ¢(1) = --- = ¢(n) = ¢ and

d(i,i+1)=dfori=0,---,n—1 (See p. 279 of [4], and p. 185 of [6]).

(ii) It is interesting to consider a continuous version of the model dealt with in this note,
in which the interval of [0,1] is given instead of the n-cells. Player 1 chooses one point in
it and hides there. We must define strategies for Player 2 suitably before beginning the
analysis (see [2] or (3]).

Both Fristedt [2] and Gal [3] treated linear search games, in which the cost is the time
the searcher requires to discover the hider divided by the distance of the hider from the
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origin of the real line. Thus it is an interesting problem to solve the case where the cost,
f(%,7), is replaced by f(i,j)/i, and to compare with results by them.

(iit) The second variant is a model in which Player 2 is at the central cell at the beginning
of the search. Kikuta [5] treated a one-person problem in which Player 1 is replaced by the
nature. The analysis of this model has not been done yet.

Acknowledgement. The author wish to thank the referees for their helpful comments
and suggestions.
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