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Abstract This paper describes nonconvex minimizazion approaches for the problem of determining an
economic ordering pclicy for jointly replenished items. After reducing the object function in the problem to a
single-variable nonconvex function, two methods are proposed for solving the problem. One is the Successive
Underestimation Method which utilizes effectively the properties of the function A/t + Bt. Another is a
modification of the Relief Indicator Method. Different from other heuristic methods ever proposed for the
problem, the methods developed in this paper can obtain a global approximate solution within any prescribed
error bound as we like. Results of computational tests show that both of the proposed methods perform
equally well for many test problems.

1. Introduction

In this paper we will develop two methods for the problem of determining economic
ordering frequencies of jointly replenished items by applying nonconvex minimization tech-
niques. The problem is encountered when an unpackaged product is packaged into several
sizes right after manufacture. These items, each representing a pariicular type of container,
are said to be jointly replenished. The problem has been a matter of considerable interest for
researchers over the last 20 years; see Doll and Whybark (1], Goyal [2],[3],[4],[5], Goyal and
Belton [6], Shu [12], and Silver [14]. It has a close connection with the problem of determining
economic ordering frequencies of items procured from a single supplier. For details of the
latter problem refer to Graves [7], Muramatu and Yanai [8], Roundy [10], Starr and Miller
(15], and Schwartz [11].

The problem we will treat in this paper is originally investigated by Goyal [3],[4]. It is
to determin ordering frequencies minimizing the associated annual cost which consists of:

(a) cost of manufacturing set-ups,

(b) cost of packaging set-ups, and

(¢) cost of holding stock for packaged items.

Although a number of methods have been developed for the problem, almost all the
approaches are heuristic and only local optimum solutions are obtained. Moreover, good and
sensible error bounds are not evaluated. Only ore method that guarantees optimality would
be that of Goyal[4]. However, his method is rather enumerative. It requires evaluating all the
candidate solutions between the lower and the upper bounds of decision variables which will
be defined in the following section. Therefore the number of solutions to be evaluated will
be enormous as the size of the problem n, which is the number of container types, becomes
large.

The purpose of this paper is to develop such methods for the problem as guarantee the
error of the solution obtained to be less than a prescribed tolerance £ > 0. In order to accom-
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plish this, we first reduce the original problem to a single-variable nonconvex minimization
problem and then apply two methods for the reduced problem. One is a successive underes-
timation method and the other is the Relief Indicator Method which was developed recently
by H.Tuy and one of the authors [16]. The latter was originally a general method for the
global minimization of a multivariable constrained nonconvex function. In this paper we will
adopt it with some modification to our problem. Numerical experiments show that both of
our methods perform well with reference to our purpose.

In both methods, especially in the successive underestimation method, a function of the
form f(t) = A/t+ Bt plays a central role as an appropriate underestimator for the nonconvex
function under consideration. Such a function naturally has applications in other fields, but
we will describe the underestimating techniques with reference to obtaining an economic
ordering policy for jointly replenished products.

This paper consists of 6 sections. In section 2, we will give the formuation of the original
problem and the conversion to a single-variable nonconvex minimization problem. In section
3 the successive underestimation method will be developed. Section 4 is for the application
of the relief indicator method. Section 5 is for the numerical experiments. Section 6 contains
an extension and conclusions.

2. Problem formulation and its reduction to a single-variable nonconvex mini-
mization
In this section we will introduce a mathematical formulation of the problem. We use the
following assumptions and notations.
Assumptions:
(1) rate of demand for each packaged item is constant with time,
(2) no shortages are allowed,
(3) time horizon is infinite, and
(4) rate of packaging is infinite.
Notations:
C : average annual cost,
S : set-up cost of each manufacturing run,
n : number of container types,
t : time interval between manufacturing set-ups (continuous variable),
and for the i-th item
D; : annual demand,
hi : holding cost per unit per year,
S; : set-up cost of packaging,
k; : ratio of the time interval between packaging set-ups to ¢ (integer variable).
All these variables and constants are positive.
Now the minimization problem of the average annual cost C can be expressed as follows

(see Goyal[4]):

(2.1) minimize C(t,k):=(S+ Y Si/k:)/t + Y hiDikit/2
i=1 i=1
sttt >0 k > 1Vi.
We will introduce a single-variable function F(t) defined by
(2.2) F(t) ;== min { C(t, k) | k; : positive integer, i =1,2,...,n }.

Generally, F(t) is continuous but not convex and it may have many local minima (see
Fig.1). So our problem will be reduced to the problem of seeking a global minimum of the
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Fig.1. F(t) and local minima for an example of two items.

nonconvex function F(t) over t > 0. The upper and lower bounds of ¢ and the upper bound
of k; can be estimated respectively as follows (see Appendix):

o= (AS+YS/k)/ S kD),
S/(F(ty) - Zn:(ZS-‘h-'De)l/Z) ,

1=1

ku, [(2S:/(hiD))' ?Jt) -1 fori=1,2,...,n.

97

3. Successive Underestimation Method
Let us recall our problem:

(P) minimize F(t), st. tp <t<ty,

where t;, and ty are positive numbers and

(3.]) F(t) = S/t + Z Il’lln{S,/(]C,/t) + h,‘D,‘k,‘t/Q | 1 <k; < k‘U',, k; : integer }
=1

In this section we present a successive underestimation method suitably applied to the
problem (P). A general scheme of the successive underestimation method is the following.
First, we replace the objective function F in the problem (P) by another function F; which
underestimates F' on [tz,ty], i.e.,

(32) Fj(t) S F(t) VtG[tL,tu],

so that it may be easy to handle its minimizer. [nstead of solving (P) we solve the relaxed
problem:
(p;) minimize F;(t), s.t. teftr,tu].

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



112

T. Tanaka, P.T. Thach & S. Suzuki

Let ¢; be a solution of (p;). From (3.2) it is obvious that if F;(¢;) > F(¢,), then ¢, is optimal
for the problem (P). Otherwise, i.e., if F;(¢;) < F(t;), we construct a new underestimator
F; 4y of F which is better than F}, i.e.,

Fi(t) < Fa(t) < F(t) Vit to],
Fi(t;)) < Fin(t;) = F(ty),

and enter a new iteration for solving the new relaxed problem:
(pj+1) minimize Fy1(t), st telty, to].

In the case where F is Lipschitzian on [t1,ty] and its Lipschitz constant is effectively
estimated, the underestimators F; (j = 1,2,...) will be taken in a class of piecewise linear
functions (see Piavskii [9], Shubert [13]).

In our case, an upper bound of the Lipschitz constant of F' on [t7,{y] may be computed
rather easily, but it will be very large (perhaps very far from the actual Lipschitz constant of
F on [tg,ty]). This means that the solution method in Shubert [13] (or in Piavskii [9]) can not
be effectively applied to the problem (P). We will provide another class of underestimators,
based on which the successive underestimation scheme will be effectively implemented.

For the vector k = (ki1, ks, ..., k,) of integer variables let us denote
Ak) = S + Y Si/ki,
=1
B(k) = Y hiDik;/2.

i=1
From (3.1) we have
(3.3) Ft) = mkm{ A(k)/t + B(k)t },
Thus, we see F(?) is a pointwise minimum of a finite family of functions of the form:
(3.4) Alt + Bt.

Let us describe some basic properties of functions of the form (3.4) which will lead us to
a suitable underestimator for the problem (P).

Proposition 3.1 Let [t;,¢,] be a segment ont > 0. f A >0, B> 0, and ¢; < /A/B < t,,
then the function (3.4) has its minimum value 2V AB at t = \/A/B. Otherwise, either ¢; or

t, must be the minimizer of the function (3.4).

Proof: Proposition 3.1 is obvious since the function (3.4) on t > 0 is either linear (in case
of A = 0), strictly concave (in case of A < 0), or strictly convex (in case of A > 0). O
It is easy to check the following results.

Proposition 3.2 Let (4, fi) and (tu, fu) be arbitrary two points in R? such that 0 < #; < 2.
Then a function of the form (3.4) which involves both of those points is uniquely determined
as

A(th fl)tua fu)/t + B(tlafl)tu;fu)t)

where

(fulta = Af)/(1/(t)* = (1)),
(futs = fit)/((t)* = (1)?).

A(tl) flatu)fu)
B(tl;fl)tuafu)

]

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



Nonconvex Minimization for Joint Replenishment 113

Corollary 3.1 Let fi(t) = A;/t + Byt and fo(t) = A2/t + Byt be two different functions
defined on ¢ > 0. They intersect mutually at most at one point over ¢t > 0. O

To see that f; and f; do not contact but intersect mutually, we can check that their derivatives
are different at the point where they have the same value.

Now we can introduce an underestimator for the problem (P) by taking advantage of the
form A/t + Bt.

Proposition 3.3 Let ¢; and ¢, are two points such that 0 < ¢; < t,,. The function
(3'5) f(t) = A(t11 F(tl)atu; F(tu))/t + B(tla F(tl)’tu) F(tu))t

is an underestimator of F on [t,,1,].

Proof: By the definition of F (see (3.3)) and Proposition 3.2, one has

flt) = Ft) = inf{ A(k)/t + B(k)ti },

f(t.) = F(t.)
Then, by Corollary 3.1 one has

inf { A(k)/ta + B(k)t }.

f) < inf{AR)/t + BR)L} = F(t) Vtcft). O

Suppose that we are given an ordered set 7' which consists of a finite number of points
in [ty,ty] such that
T D {tr, tv}.

Let us define the following function on [tr,ty].
(3.6) Fr(t) = A(ta, F(ta),ts, F(t,))/t + B(ta, F(ta), ts, F(t,))t

for t,<t<t,, tat,eT, ty4: predecessor of t,.
Proposition 3.3 immediately gives the following result.
Corollary 3.2 Fr is an underestimator of F on [tf,¢y]. O

By Proposition 3.1 it is easy to handle a minimizer of Fr.

We are now ready to present a successive underestimation method for the problem (P)
in each iteration of which an underestimator will be taken in the class of functions of the
form (3.6).

Algorithm 3.1
Initialization: Set j « 1, Ty « {t1,ty}, Fi(t) «— Fr,(t) , and € «— a positive small value.
Iteration j: Solve the relaxed problem:

(p;) minimize Fj(t), st t, <t<ty,

and let t; be the solution obtained.
If the stopping criterion

(3.7) Fi(t,) > F(t) - ¢

holds, then stop. Otherwise, set Tj41 «— T, U {t;}, Fj41(t) < Fr;,, ().
Go to iteration j after setting j — j+ 1. O
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t ty tv
Fig.2. Illustration of Algorithm 2.1.

Fig.2 shows stepwise procedures of the algorithm up to the 2nd iteration.
In the rest of this section we will prove that the Algorithm 3.1 terminates in finite
iterations.

Definition 3.1 For a given tolerance ¢ > 0, a point ¢* € [t;,ty] is called an ¢ — optimal
solution of the problem (P) if

F(t*) S lan(t) + e Vie [tL,tu].
It is obvious that 0 — optimal solution is the exact solution of the problem (P).
Proposition 3.4 F and Fr are Lipschitzians on [tz,ty].

Proof: The function (3.4) is Lipschitzian with Lipschitz constant max{A/(¢1)?, B} over
t >t > 0. So, by (3.3), F is a pointwise minimum of a finite family of Lipschitzians of
the form (3.4), and by (3.6), Fr is a piecewise Lipschitzian of the form (3.4). Thus, one has
Proposition 3.4. O

Theorem 3.1 If ¢ > 0, Algorithm 3.1 terminates after a finite number of iterations yielding
an ¢ — optimal solution.

Proof: Since F; is an underestimator of F' and ¢, is a minimizer of F;, F;(t;)4+¢ < inf F(t)4¢
holds. So, if the stopping criterion (3.7) holds for any € > 0, i.e., F(¢;) < Fj;(t;) + ¢, then
F(t;) < infF(t) + ¢ . Therefore, by Definition 3.1, t; is an € — optimal solution. Let us
assume that the algorithm is infinite, i.e., it generates an infinite sequence {¢;}, 7 =1,2,---.

We are going to prove that

Suppose that (3.8) is not satisfied. Since F(t;) > Fj(t;) for any j, it follows that there is a
subsequence {t;,} such that

(39) F(t]',) - Fj'(tj,) > 8 >0 Vs.
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Since F and Fj are Lipschitzians on [t;,ty], one has

|F(t5,) — F5, (8, |F(t;,) = F5,(t,.0) + F,(,.,) = Fj,(t5,)]

< R @) = Fiu(t, )l + 1B (4G,00) = Fiu @)

= |F(t,) = F( )| + B, (4,2,) — F(4,)]
(Note that F;,(t;,) = F(¢;,) Vr <s)

< Llltj, — t]',_ll + Lzltj.-x - tj.l

< (Ly+ La)lty, —t5,.0,

where L; and L, are the Lipschitz constants of F' and Fj, respectively.
Since |t;, — t;,_,] = 0 (s — o0), this conflicts with (3.9). Thus, we have (3.8). O

4. Relief Indicator Method

In this section we present another method to minimize F(¢) on [t1,ty]. The method is
a modification of the relief indicator method developed recently by H.Tuy and one of the
authors (see [16]) for multivariable, constrained nonconvex minimization problems.

We will start with introducing the basic idea of the relief indicator method which will
reduce the problem to a parametric minimization problem of a d.c. function (a function

which can be written as a difference of two convex functions).
Choose a point ¢; in [t ty] and let 8; = F(¢,). Then, define

(41) SJ = { ¢ | F(t) S 6JJ ’ te[tLatU] };
(4.2) di(t) = inf |t = a| Vieltr,to],
(4.3) 9;() = Sl;p{ 2t + di(y) — v* | F(y) > 6; yelto,tv] },

where d;(t) denotes the distance from each point tefty, ty] to the set S;. g;(t) is a convex
polygon formed along the quardraric curve ¢? (see Fig.3).
As seen form Fig.3, one has

(4.4) g;(t) > t* < F(t) > 0,

i

(4.5) g;(t) 2 <= F@t) = 9;,

(4.6) g;(1) < t? <= F(t) < 0,

(Proof: see Proposition 3.1 in [16]).
We call ¢(6,t) := g(t) — t? a relief indicator of F(t). From (4.4), (4.5), and (4.6) it follows
that if min¢(6,,t) = 0, then ¢; is a minimizer of F(¢). This means that the minimization
of F(t) can be reduced to the parametric minimization problem:

(Q) findt; such that min{ ¢(8;,t) | te[tz,ty]} = 0.

We will employ this approach with some modifications.

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



116

T. Tanaka, P.T. Thach & S. Suzuki

S

5
Fig.3. Relations among F, S,6, g, and ¢2.

To check if ¢, is optimal, we solve the subproblem:
(q9) minimize g;(t) — * s.t. tety,ty] .

Unfortunately, S; and then g;(t) are usually not available. So, we underestimate g;(¢) by
a piecewise linear convex function h;(t) such that h;(t) < g,(t) Vte[tr,ty]. We can indeed
construct such underestimator h;(t) depending on the threshold 8, as we will state later. At
first we solve the following subproblem (H) instead of solving the subproblem (gq) .

(Hy minimize h;j(t) — 2 s. tefts,ty],
and obtain a soluton of it denoted by t;,,. From (4.5), (4.6), and h;(t) < g,(t), the following
three cases are possible with respect to ¢;4; (see Fig.4).

Case 1: hj(tj41) =t2,,, ie, 6, = F(tj41) = min F(t).

Case 2: 9(6;),t,41) < 0 and h;(t;41) < t2,,, ie, F(t;41) <6,

Case 3: 'lp(gj,t].,.]) Z 0 and hJ(t]+1) < t?+1’ i.e., F(t]+1) > 9]'.
In Case 1, t; and t;4, are optimal. In Case 2, t; is not optimal and we get ¢;;; which is
better than ¢;. In Case 3, we find ¢; is better than ¢;,;.

Now we proceed to construct a more accurate underestimator h;41(t). Using the solution
t;+1 of the subproblem (H) with h;(t) , we first prepare an improved threshold 6;,; by

9]+1 = min{F(tj+l)79j} )
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i tis1
Case 2 Case 3
Fig.4. Three cases of solutions of subproblem (H).

and arrange a set of points Tj;; such that

{tL) tU) tj+1 } C C1—‘J'+1

Then construct h;4q(¢) through the following routine R1 so that it may satisfy the next
conditions:

(4.7) hivi(t;41) > hj(tj41),

(4.8) g]'+1(t) > hJ'.H(t) > hj(t) th[tL,tU].

Routine R1: Construct the underestimator Fyr,, of F(t) defined upon Tj;; as in the last
section (ref. (3.6)). Let u be the largest value of {(< ¢;4,) such that Fr,, (1) = 6,4. If there
is no such ¢, set u — t;. Let v be the smallest value of #(> ¢;41) such that Fr () = 6,4,.
If there is no such value, then set v « t; (see Fig.5).

Construct a linear function o + [ by setteing «« — u + v, § «— —uv so that it may satisly
the condition :

(4.9) at + B > t2Vteluv], at + B < 2Vt & [uv],
then construct the piecewise linear convex function
(4.10) his1(t) := maz{ h;(t), ot + B }. 0

Thus we obtained a new underestimator h,.;(t) of g;4+1(t) depending on the threshold
0,41 (< 0;). Then we solve again the subproblem (H) with hj4y(t).
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Sj+1 u 141 v
Fig.5. Determination of u and v used Fr.

To see that hj4(t) is a underestimator of g;41(t) better than hj(t), it is sufficient to
prove that h;.,(t) satisfies the conditions (4.7) and (4.8). The proof is as follows:

Condition t2,; > hj(t;41) always holds in Cases 2 and 3. Since we set u < ¢;47 < v in the
routine R1, (4.9) gives at;41 + B > t2,,. Moreover,(4.10) implies hj41(t;41) > otjh1 + B

Combining those facts, one has
hisi(tin) 2 otier + B 2 17, > hi(tia).
Thus, condition (4.7) holds. Next, by the definition (4.2) one has
dalef)= gl Jaf2 = 2| > it af2 = 2| = (v = w2

Hence, from F(«a/2) > 6,4 and (4.3), we have

(4.11) ot + 3 = 2af2)t + ((v — u©)/2) — (af2)?
< 2e/2t + diy(e/2) — (/2)?
< 51y1p{ 2yt + d?+1(y) ~ 2 | F(y) > 0,41, yeltr, tv) }

gi+1(t) Vieftr,ty].

]

On the other hand, h;(t) is the underestimator of g;(t) depending on the threshold ;. Hence,
g;(t) > h;(t) holds. By (4.3), 6;41 < 0, gives g;41(t) > g;(¢). Hence, from (4.10) and (4.11)
one has

gi+1(t) > max{at + B, g;(t)} > max{at + B, h;(t)} = hj41(t) > h;(t).

Thus, (4.8) holds. O

To effectively improve the threshold 8; we can use Goyal’s method for finding a stationary
point (see [5]) as follows.

Routine R2: Let 8, := F(t;) be the current threshold. We first minimize C{t,, k)(see (2.1))
with respect to variable k, obtaining k’. Then minimize C(t, k') with respect ¢, obtaining ¢'.
if t; = ¢, then t; is a stationary point. We use §; as the threshold. Ift; # t'| then we have
F(t') < 6; and repeat this procedure by setting t; — t'. O

Before describing our algorithm, we will introduce some concept about an approximate
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solution. From the definition of g;(¢), one has
g(t) — & = —inf{ |t — yP? |F(y) > F(;), yeltr,to] } Vi| F(t) < F(t;)
(see Proposition 3.1 in [16]). Then, if
inf{ g;(t) — ¢ [teltr,tu] } > inf{h;(t) — @V teltr,tv] } = hy(t;) — 2 > ¢
there exists a point t'e[ty, ty] such that

(4.12) F(t') > F(t;) and |t — t| < eVte[ts, ty].

)

We call ¢; an e — approzimate solution if (4.12) holds for every te[t;, ty]. It is obvious that
a 0 — approzimate solution is exactly optimal. Thus we have

Theorem 4.1  1If hj(t;) — tf > —¢?, then ¢, is an € — approzimate solution . O
Now we are led to the following algorithm.

Algoriths 4.1
Initialization: Set hy(t) :=0, Ty — {tr,ty}, 6, — min{F(t5), F(tv)},
j <1, and € « a positive small value.
Iteration j:
j-a.: Solve the subproblem

(H) minimize hi(t) — 2, s.t. te[ty,ty]

obtaining an optimal solution t;41 of it.
If
hJ(tJ'H) - (tj+l)2 2 —¢? )
then stop. t;;, is an € — approzimate solution.
Otherwise go to step j.b.
j:b: If F(t;j41) < 6,, then improve F(t;4;) by routine R2.
Set 9j+1 — min{F(tj.H), 93}, T7+1 & ’T'J U {tj+1}, and FJ+1 R FT;’+1'
Construct h;41(t) by routine R1.
Set j « 7+ 1. Then, go to step j.a. O

By the analogous arguments as in Theorem 6.2 in [16], one has the following convergence
property of our approach.

Theorem 4.2 If ¢ > 0, then Algorithm 4.1 terminates after a finite number of iterations
yielding an € — approzimate solution. O

5. Numerical experiements

In this section we report the computational results of G4: Goyal’s method [4], G5: Goyal’s
method [5], SUM: the Successive Underestimation Method, and RIM: the Relief Indicator
Method on over 240 test examples. G5 is a method for finding a stationary point with a
heuristic initial point and the rest are methods for finding a global optimal solution. Input
data were generated randomly. The computational results are given in Tables 1,2,3, and 4.
Notations in the tables are as follows:
n: number of items
m: number of test problems
R: average of ratios of ty to i,
N1(%): percentage of test examples in which G5 gives a global optimal solution
E1(%): average of relative errors by G5
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T1(s): average of computational times by G5

N2: average of numbers of local minima to be examined in G4

N3: maximum of numbers of local minima to be examined in G4

T2(s): average of computational times by G4

N4: average number of iterations by SUM

N5: maximum numbers of iterations by SUM

e1: parameter which gives the tolerance e := ¢1- F(¢;)/100 in the stopping criterion of SUM

T3(s): average of computational times by SUM

N6: average number of iterations by RIM

N7: maximum number of iterations by RIM

E3(%): average of relative errors by RIM

E4(%): maximum relative error by RIM

€2: parameter which gives the tolerance €? := e2(t;; —t1)/2 in the stopping criterion of RIM
The programs were coded in BASIC(compiler) and ran on a PC(16bit/12MHz). The

results in Table 1 and those in Table 2 correspond to two different random distributions of

data.

Observations: Although G5 is very good in many examples, sometimes an error by this
method is rather large (= 7%). Furthermore, even if we obtain a very good solution by this
method we do not know how good it is. On the other hand, SUM and RIM can control
their errors within any tolerance as we like. Additionally, from the computational results
we see that they are not so expensive even when the number of items becomes large. The
computational times of G4 are much larger than those of SUM and RIM when the number
of items becomes large. For the cases of the same number of items, the computational time
of G4, compared with SUM and RIM, increases quickly as the ratio R:= ¢y /t;, increases.

6. Conclusions

In this paper the problem of determining an economic ordering policy for jointly re-
plenished items has been reduced to the problem of minimizing the single-variable noncon-
vex function F(t) over ¢ > 0. We proposed two methods: the Successive Underestimation
Method in Section 3 and the Relief Indicator Method in Section 4. Different from the con-
ventional approaches of seeking a local optimal policy, the proposed methods can obtain a
global approximate solution within any prescribed error bound as we like.

As was observed in Section 5 both of the proposed methods performed equally well for
many test problems. To evaluate the performance we have numerically tested our methods
and Goyal’s methods [4],[5]. The computational time of Goyal’s method [4] for a global
optimal solution was much larger than those of the other tree methods and increased quickly
as the number of items n becarne large and as the ratio R:= ty/t; became large even for a
small n. Goyal’s method [5] which is supposed to be the best heuristic method ever developed
was the fastest but sometimes gave a large relative error over 7% to the solution. Moreover
it cannot provide an error bound for a local optimum solution obtained. Our methods are
slower than Goyal’s method [5], but this will be justified by more accurate results obtained
by our methods in most practical situations.

In the course of development of the methods described in Sections 3 and 4 we have
realized that the approaches employed there can be used in a class of problems, for example
the problem:

minimize (c1z) - (cpz) s.t. Az =b, z>0.

We will merely indicate such an approach and leave the detailed development to another
paper.
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Table 1. Computational results of four methods for the first rundom distribution of data.
Goyal [5] Goyal [4] SUM (el = 0.01) RIM
n m R| N1 E1 E2 Ti N2 N3 T2| N4 N5 T3] N6 N7 E3 E4 €2 T4
) (%) (%) (s (s) (s) (%) (%) (s)
5 20 40| 60 0.54 4.06 0.2 15.8 9% 05] 6.0 10 1.0} 53 11 1E-05 4E-04 0.01 0.7
10 20 3.5 50 0.52 592 0.3 276 132 1.1] 68 15 1.2+ 5.7 13 0.004 0.06 0.01 1.5
15 20 8.5 50 042 587 1.0} 121.7 722 3.9|11.0 25 30| 86 16 5E-05 9E-04 0.01 2.8
20 20 14.5) 25 1.19 7.51 13| 269.5 2160 9.5|153 40 521 9.3 13 0.002 0.03 0.01 4.4
25 20 256| 15 0.84 434 2.1 | 648.5 3624 253|265 47 11.1|16.5 24 0.009 0.06 0.001 8.7
30 20 34.7 0 097 230 2310399 3885 44.0|34.7 60 17.1]16.5 19 0.01 0.05 0.001 11.3
Table 2. Computational results of four methods for the second rundom distribution of data.
Goyal [5] Goyal [4] SUM (el = 0.01) RIM

n m R|{ N1 E1 E2 Ti N2 N3 T2| N4 N5 T3 | N6 N7 E3 E4 €2 T4

%) (%) (B () (s) (s) () (%) (s)

5 20 375) 75 0.08 1.13 03| 1988 991 4.1}17.8 23 251163 20 0.004 0.07 0.002 3.2

10 20 32.5] 40 0.33 1.77 06| 2784 1063 7.21206 29 46| 12.7 16 0.01 0.08 0.002 3.5

15 20 40.3] 50 0.16 1.01 0.8 | 577.1 3281 17.0}229 33 651123 16 0.01 0.08 0.002 4.6

20 20 39.8| 20 0.23 099 1.1} 5835 1353 19.7]|24.1 31 84 (147 16 0.009 0.09 0.002 6.5

25 20 408 20 0.29 143 16| 727.7 1328 28.0|26.0 35 103|149 19 0.01 0.09 0.002 8.0

30 20 734 20 040 145 2.6 |1882.2 5012 79.3|348 44 169|154 23 0.008 0.04 0.002 10.2
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Table 3. Relation between computational times of Goyal’s method[4],
SUM and RIM, and R = ¢y /¢, in case n = 5.

Goyal [4] SUM RIM

m R N2 T2(s)| N4 1 T3(s)| N6 E3(%) e2 T4(s)
20 40| 158 0.5| 6.0 0.01 1.0| 53 1E-05 0.01 0.7
20 128 53.1 121144 0.01 2.0113.3 0.006 0.002 2.5
20 37.5(198.8 4.1(17.8 0.01 2.5(16.3 0.004 0.002 3.2
20 49.9 2994 6.3 [ 18.9 0.01 2.6 |18.1 0.004 0.002 4.0
20 89.3 17271 14.9 1 19.3 0.01 2.8 1181 0.008 0.002 4.1

Table 4. Relation between computational times of Goyal’s method[4],
SUM and RIM, and R = ¢y /t; in case n = 20.

Goyal [4] SUM RIM

m R N2 T2(s) | N4 e1 T3(s)| N6 E3(%) &2 T4(s)
20 14.5| 269.5 9.51153 0.01 5.2 9.3 0.002 0.01 4.4
20 25.5| 355.2 12.1 | 23.2 0.01 8.1715.1 0.01 0.002 6.3
20 39.8| 583.5 19.7(24.1 0.01 8.4 14.7 0.009 0.002 6.5
20 51.2| 767.0 26.0(24.0 0.01 8.4114.8 0.008 0.002 6.8
20 718} 11142 37.7 (247 0.01 8.6 | 15.0 0.02 0.001 7.1
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Appendix

Determination of ty: From Proposition 3.1 and (2.1),

t(k) := \/2(s+ > Silk)] 2o, hiDiks

is the minimizer of C(t, k) with any fixed k := (k1, ks, ..., k»). Noting that (k) is a decreasing
function of k and k; > 1 for all 1 < n, one has

ty = A5+ X, S)/ L0, D,

as an upper bound of ¢ for the problem of minimizing C(t, k).

Determination of tz: From Proposition 3.1, the function Si/kit + hiD;kit/2 ont > 0 has
its minimum value +/25;k;D);. Then, one has

S/t + ﬁj{&/k.-t + hDikit/2}

=1
S/t + S \/2S:h:D; .
=1

C(t, k)

v
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Let ¢’ be the root of the equation:

St + 2 SihD; = F(ty) .

=1

For ¢t < t' one has
F(t) = infC(t,k) > S/t + g\/zs.-hiD;
S/t + Y \/2SikiD; = F(ty).
=1

v

Thus, we obtain
tL = t/ = S/(F(tU) - Z |} 2Stthl)
i=1

as a lower bound of ¢ for the problem of minimizing C(t, k).
Note that F(t.) > F(ty) holds.

Determination of ky,: From Proposition 3.1, ki(t) := /2S5;/h;D;t? is the minimizer of the
function S;/tk; + h;D;tk;/2 with any fixed t > 0. Letting k(t) := (k1(2), k2(2), ..., kn(t)), one
has
C(t, k) = S/t + Y ASi/kit + hiDikit[2} > C(t,k(t)).
=1
Then, noting that &; is a positive integer and k;(*) is a decreasing function of ¢ for all 1 < n,
we obtain the following ky, as an upper bound of k; for the problem of minimizing C(t, k).

ky, = [\/25a/hil7-(tT)2] + 1,

where [z] denotes the integer part of z.
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