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Abstract This paper is conceraed with a bicriteria minimum-cost circulation problem which arises in
interactive multicriteria dec131on making. It presents a strongly polynomial algorithm for this problem,
which runs in O(min{n® log® n, n%(nlog n+m)log® n}) time, where n and m are the numbers of vertices and
edges in a graph respectively. It is achieved by making use of the parametric characterization of optimal
solutions and a strongly polynomial algorithm for the single objective minimum-cost circulation problem.
This idea is then extended to a minimum-cost circulation flow problem with one additional linear constraint
and a strongly polynomial algorithm for this problem with the same running time is derived.

1 Introduction

Given a directed graph G = (V, E), where V and E denote the sets of n vertices and m
edges respectively, the minimum-cost circulation problem (MCP) can be written as follows.

(1) MCP : minimize Y c(e)z(e)
e€E
subject to {>_ z(e) | e= (u v) € E} =
(2) > z(e') (vyw) € E}forveV
(3) a(e) < ( ) < b(e) fore€ E .

Here a(e),b(e) and c(e) are given integer numbers. a(e) = —oco and b(e) = +oo are
allowed. This problem has been extensively studied (for example see Ford and Fulkerson[6],
Edmonds and Karp[5], Lawler[16], Papadimitriou and Steiglitz[24], Tardos[29], Fujishige[8]
and Galil and Tardos[10]).

This paper! considers the case in which there are two objective functions f; and f,
defined by
(4) filz) =3 cile)z(e) and fo(z) = Y cale)z(e) .

e€E e€EER

Here c;(¢) and cz(e) are given integers. For example, this problem arises in the following
situation. Given two distinct nodes s and ¢t in G = (V, E), which are called a source
and a sink respectively, we want to seek to obtain a flow from s to ¢ that minimizes the

1Preliminary version of this paper was presented in the Proceedings of the IIASA International Work-
shop on Methodology and Software for Interactive Decision Support, (to appear in Springer Verlag), 1987.
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Bicriteria Circulation Problem 421

total cost required and maximizes the total amount of flow from s to t simultaneously.
Since these two objectives cannot simultanecusly be optimized in general, we need to
find a solution satisfactory for a decision maker. It is easy to see that when we consider
only the first objective (resp. the second objective), the problem becomes the minimum-
cost flow problem (resp. the maximum flow problem), both of which are special cases of
problem MCP. Notice that when the total amount of flow from s to ¢ is fixed, the problem
becomes the conventional minimum-cost flow problem. On the other hand, when the total
cost is fixed, the problem becomes the maximum flow problem with one additional linear
constraint (whose general case has been treated by Brucker[2]).

In general, the problems with more than one objective has been treated in the context
of multiobjective programming, and it is quite natural that for our case a decision maker
chooses as his or her decision an efficient flow, where a flow z is called efficient if there
is no other flow y such that (a) fi(y) < fi(z) and fa(y) < f.(z) hold and {(b) at least
one inequality strictly holds. Since it is shown by Ruhe [25] that the number of efficient
flows is exponential in the input size in worst case, it is not practical to obtain all efficient
flows. In view of this, we take the following alternative approach, which has been used in
interactive multicriteria decision makings. It solves the following problem BMC P instead
of enumerating all efficient flows.

(5) BMCP: minimize max {a; fi(z) + Bi}
subject to the constraints of (2) and (3),

where o; and f; are positive and real constants respectively, which are computed based on
the information supplied by the decision maker and/or the decision support system.

o; and f; are typically determined in the following manner by the reference point
method, which is one of the well known methods used in interactive multicriteria decision
making (see [17] for the survey of reference point methods). This method requires the
decision maker to specify the aspiration level ¢; and the reservation level r; for each ob-
jective f;. The values of ¢; and r; are respectively interpreted as the desirable outcome for
i-th objective that the decision maker would like to attain, and the maximum allowable
outcome for ¢-th objective. Then the degree of the achievement of a given flow z for an
i-th objective is measured by

(6) pi(gi i, fiz)) = (r = fil=))/(ri — @0).
The aggregated degree of the achievement for z is then measured by

(7 s = min pi(gi, i, fil®))

The method solves the following problem:
(8) maximize {s | z satisfies (2) and (3)},

and provides its optimal solution z* to the decision maker. If z* is not satisfactory for the
decision maker, he or she may respecify the aspiration and/or reservation levels and the
above process is repeated until a satisfactory solution is obtained. At each round of this
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422 N. Katoh

iteration, we need to solve problem (8). Letting oy = 1/(r; — ¢;) and £ = —ri/(ri — @),

we have
o fi(z) + Bi = —pilai, i, filz)) .

Therefore, the problem (8) is equivalent to problem BMCP.

Some other modifications and generalizations of this achievement function have been
proposed by several authors, i.e., Nakayama [20, 21, 22], Steuer[27], Steuer and Choo [28],
Sawaragi, Nakayama and Tanino [26), Wierzbicki [30, 31](see also [17] for general discussion
about achievement functions). Many of those achievement functions have the form similar
to the one in (7). Define
(9) g.(z) =a,‘fi($)+ﬂ,‘, =12,

Problem BMCP is then rewritten as follows.

(10) BMCP : minimize max{gi(z),g2(z)}
subject to the constraints of (2) and (3).

Recently Tardos [29] discovered a strongly polynomial algorithm for solving Problem
MCP, the existence of which was an open problem since Edmonds and Karp [5] proposed a
polynomial time algorithm for it. An algorithm that solves a problem whose input consists
of n real numbers is strongly polynomial if

(a) it performs only elernentary arithmetic operations (additions, subtractions, com-
parisons, multiplications and divisions),

(b) the number of operations required to solve the problem is polynomially bounded in
n, and

(c) when applied to rational data, the size of the numbers (i.e., the number of bits
required to represent the numbers) that the algorithm generates is polynomially bounded
in n and the size of the input numbers.

Based on Tardos’s result, Fujishige [8], Orlin [23], Galil and Tardos [10] proposed more
efficient strongly polynomial algorithms. Among them, the one given by Galil and Tardos
[10] is the fastest, which runs in 0(n*(m+n log n) log n) time, wheren =| V' |and m =| F'|.

The major goal of this paper is to propose a strongly polynomial algorithm for solving
Problem BMCP, which runs in @(min{n®log®n, n*(nlog n+m)log®n}) time. Notice that
that Problem BMCP can be equivalently transformed to the following form.

BMCP': minimize z
subject to  (2), (3) and
(11) gi(z) <2, i=12

Such reformulation has been used in the more general setting in order to solve problems like
BMCP’ (see Chapter 7 of the book [26]). This approach may not be recommended in case
the feasible set has a good structure, since the new constraints (11) added to the original
{feasible set may destroy its good structure. In our problem, we cannot guarantee any more
the total unimodularity of the constraint matrix associated with the constraints (2), (3)
and (11) for the above problem BMCP’, while the original constraint matrix associated
with the constraints (2) and (3) is known to be totally unimodular (see the books by Lawler
[16] and Papadimitriou and Steiglitz [24]), which enables us to develop efficient algorithms
for Problem MCP.

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



Bicriteria Circulation Problem 423

The algorithm proposed here, on the other hand, does not use the above formulation,
but takes full advantage of the good structure of the constraints (2) and (3). It employs
as a subroutine the strongly polynomial algorithm for solving Problem MCP by Galil and
Tardos [10], and finds an optimal solution of Problem BMCP in O(min{n® log®n, n*(m +
nlogn) log® n}) time. The techniques we use are related to Megiddo [18, 19]. The problems
treated in (18, 19] are, however, different from ours. Our result implies that the basic ideas
developed by [18, 19] can be utilized to solve a class of problems which have the objective
function such as BMCP.

Our problem is also related but not equivalent to the minimum cost circulation problem
with one additional linear constraint, which was studied by Brucker [2] (see also [14]). The
algorithm proposed by [2] is, however, not strongly polynomial. The techniques developed
here can be directly used to improve the running time of Brucker’s algorithm to have a
strongly polynomial algorithm whose running time is the same as the one for BMCP.

This paper is organized as follows: Section 2 gives some basic results. Section 3 presents
an outline of the algorithm for solving Problem BMCP. Section 4 gives the detailed de-
scription of the algorithm which runs in O(n(nlogn + m)?log® n) time. Section 5 im-
proves the running time of the algorithm explained in Section 4 to O(min{n®log® n, n*(m+
nlogn)log® n}), based on the idea given by Megiddo [19], which employs the idea of paral-
lel combinatorial algorithms to speed up the running time for many types of combinatorial
optimization problems not including our type of problem, though in fact we do not need
any parallel processor but simulate the parallel algorithm in a serial manner. Section 6
discusses an extension of our approach to the minimum cost circulation problem with one
additional linear constraint.

2 Basic Concepts and Properties

Let X C R™ denote the set of m-dimensional vectors z satisfying (2) and (3), i.e., X is
the feasible set, and let f(z) = (fi(z), fo(z)) : R™ — R? denote the function that maps
z € X to the objective plane R%. Define

(12) Y ={(fi(z), fa(2)) | s € X},

which is called the admissible outcome set. Notice that set Y is a convex polygon since
X is a convex polyhedron and both fi(z) and f,(z) are linear. A vector y = (y3,%2) €Y
is called nondominated if there does not exist y' = (y;,v5) € Y such that y/ < y holds
for ¢ = 1,2 and at least one inequality holds strictly. A set of all nondominated vectors
is called the nondominated set, which we denote Yy, A vector y = (y1,y2) € Y is called
weakly nondominated if there does not exist y' = (y],45) € Y such that y/ < y; holds for
each : = 1,2. An z € X such that f(z) is nondominated is called an efficient flow. The
sets Y and Y; are illustrated in Figure 1 as the shaded area and the thick piecewise linear
curve, respectively.

The following auxiliary problem with nonnegative parameter A plays a central role in
our algorithm.

(13) P(}) : v(}) = minimize fi(z) + Afy(2)
(14) subject to (2) and (3).

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.
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It is well known (see [11] for example) that the function v()) is piecewise linear and
concave in ), as illustrated in Figure 2, with a finite number of joint points A1y, A2y, ..., A(v)
with A1) < A@g) < ... < A(y). Here N denotes the number of total joint points, and let
Aoy =0 and Ay41) = oo for convenience. Define for each A € [0, 00)

(15) X*(A\) = {z € X | z is optimal to P()\)} .

zY), f2(z1)) ob_]e4 ne

Y

fa(z)

(1

(f1(z?), fa(2?

(fi(a"*), fo(a™*))

0 f](.’l})

Figure 1. Ilustration of sets Y and Yj.

d N

0 Ay A A@y

Ay

Fig. 2 Illustration of v(})
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Bicriteria Circulation Problem 425

The following lemma is well known in the theory of linear parametric programs (see Gal [9]
for the survey of this topic). In what follows, for two real numbers a, b with a < b, (1, b)
and [a, b] stand for the open interval {¢ | a < ¢ < &} and the closed interval {t | a <t < b}
respectively.

Lemma 1 (i) For any A € (Ax—1), Ax)), k = 1,..., N + 1, we have
(16) X*() € X*(Aony) and X*(3) € X*(ge) |

(1) For any two distinct A, X € (Ax=1), Aw)), £ =1,..., N + 1, we have
(17) X*(A) = X*(\) .
(i11) For any A € (Ax—1), Ax)) and any X € (Auy, A1), k=1,.., N,
X'(Aw)={pz+(1-p)z' |0<pu<lzeX* (M) ande' € X*(X)}. D
Letfor k=1,..,N+1
(18) Xe={z€X |z € X"(}) for all A € [Ax-1), Ay]} -

By Lemma 1, X; = X*()) holds for all A € (Ax—1), A(x)). The following lemma is known
in the theory of parametric linear programming.

Lemma 2 (i) For any two z,z' € X; with 1 <k < N +1,
fi(z) = f1(z') and fa(z) = fa(a")
hold.
(i1) For any = € X3_, and any 2’ € X; with2< k< N +1,
filz) < f1(2') and fao(z) > f2(z")
hold. O
Lemma 3 (i) For any A > 0 and any z € X*(}), f(z) 1s weakly nondominated.
(11) For any A > 0 and any z € X*(}), f(z) is nondominated.
(i11) For anyz € X§, k=1,2,..,N +1, f(z) is a vertex of set Y.

Proof. The proof of (i) is given by Dinkelbach [4] and Bowman [1]. (ii) is proved as
follows. Suppose that there exists ' € X such that f;(z') < fi(z), 1 = 1,2, hold and at
least one of inequalities is strict. In any case, by A > 0, it implies

fi(z") + M fa(2') < filz) + Ma(2),

contradicting that z is optimal to P(}). (iii) is proved as follows. Since f(z) is nondomi-
nated, f(z) is on the boundary of set Y. If f(z) is not a vertex, it can be represented by a
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426 N. Katoh

convex combination of two vertices. That is, there exist z/,2" € X and p with 0 < u < 1
such that
(19) z = pz' +(1—p)z" .

Since z is optimal to P(A) with A € (Ax—1), Ax)), it follows that
fila") + Af2(2") = fi(=") + A (") = fiz) + Afa(2)

since otherwise fi(z') + Af2(2') < fi(z)+ A fa(z) or fi(z") +Afa2") < fi(z)+ A fa(z) holds
by (19), contradicting the optimality of z to P(A). Therefore, both z' and z” are optimal
to P()) and by Lemma 2 (i} fi(z) = fi(z') = fi(z") and fa(z) = fa(z') = f2(z") follow.
This contradicts that f(z), f(z') and f(z") are distinct points in the objective plane. O

By Lemma 3 (iii) f(z) = (fi(z), f2(z)) maps all £ € X} to a unique nondominated
vertex in Y, and it is easy to see that such mapping from X;, £k = 1,..., N + 1 to the set
of nondominated vertices is one to one. Therefore we use the notation z* to represent any
z € X{ in what follows. As k increases from 1 to N + 1, the corresponding nondominated
vertex moves from top-left to bottom-right in the objective plane (see Figure 1). The
edge connecting two consecutive nondominated vertices corresponding to X and X},
respectively corresponds to all optimal solutions of P{A)). The following lemma gives a
basis for our algorithm.

Lemma 4 (i) If g1(z') > g2(z?), then 2! is optimal to Problem BMCP.
(i) If g1(zV*1) < go(zN 1Y), then =¥+ is optimal to Problem BMCP.
(iii) If nesther (i) nor (ii) holds, there ezists k* with 1 < k* < N such that

(20) gl(zk") < gz(l‘k') and gl(z"'“) > gz(zk‘+1)

hold. Letting u* be the solution of the following linear equation in u

(21) ug1(z*) + (1= w)gi(a**) = uga(=*") + (1 — p)ga(z*"*1)
then
(22) JI* — Mu-zk‘ + (l = ,uw-)xk‘+1

1s an optimal solution of BMCP.

Proof. (i) If z! is not optimal to BMCP, there exists £ € X such that fi() < fi(z')
and fo(z) < fi(z') hold. fi1(2) < fi(z") implies that z' is not optimal to P(0), but z!
is optimal to P(0) by Lemma 1 (iii). This is a contradiction. (ii) is proved in a manner
similar to (i).

In order to prove (iii), first note that by Lemma 2 (ii) and by definition of g;(z), there
exists k* such that 2** and z*"*! satisfy (20). In addition, by Lemma 2 (ii), the linear
equation of (22) in u has a unique solution satisfying 0 < 4 < 1. z* defined by (22) is
then optimal to X*(A\-)) by Lemma 1 (iii), and f(z*) is nondominated by Lemma 3 (ii).
It follows from (21) and (22) that

91(z”) = ga(z™)

holds. Since f(z*) is nondominated, thereis no z € X such that f,(z) < fi(z*) and f,(z) <
f2(2”) hold. Thus there is no z € X such that g;(z) < ¢1(z*) and g2(z) < g2(z*) by (9) and
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ai, oy > 0, implying that there is no z € X with max{g;(z), g2(z)} < max{g:1(z*), g2(z*)}.
O

To illustrate the situations corresponding to Lemma 4(i), (ii) and (iii), it is useful to
consider the set

Z = {(9:(2), 92(2)) | = € X}.

The set Z is obtained from set Y by (9) and is similar to Y in shape. Set Z is illustrated
in Fig. 3 as the shaded area. The thick piecewise linear curve in Fig. 3 corresponds tc the
nondominated set Yy. Figures 3 (a), (b) and (c) respectively illustrate the set Z in which
Lemma 4 (i}, (ii) and (iii) hold. The straight line passing through the origin in Figs. 3(a)
~ (c) separates the set Z into two subsets; one in which g;(z) < ga(z) holds and the other
in which g;(z) > g,(z) holds. If Lemma 4(i) holds, all (g;(z*), g2(z*)),k = 1,..., N + 1, lie
below the straight line (see Fig. 3(a)) among which (g;(z!), g2(z!)) is nearest to the line
and hence z! is optimal. The case of Lemma 4(ii) is similarly illustrated in Fig. 3(b). If
Lemma 4(iii) holds, the problem is reduced to find k* such that (g;(z*"), g.(z*")) is above
the straight line and (g;(z*"*'), go(z*"*1)) is below it. An optimal solution z* is the one
such that (g;(z*),g2(z*)) is the intersection point of the edge connecting (g1 (z*"), go(2*"))
and (g:1(2* 1), g2(2*"*1)) and the straight line (i.e., g;(z*) = ga(z*)).

92()

45°

/

Fig. 3(a) Illustration of the case in which Lemma 4(i) holds.
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g2(z) :
: Z
z'))
. 01(2)

Fig. 3(b) Illustration of the case in which Lemma 4(ii) holds.

g2(z)

), 0" L

7

(0:(27*1), galz 1))

45°
0 91(z)

Fig. 3(c) Illustration of the case in which Lemma 4(iii) holds.
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By Lemma 2 (i), the condition of Lemma 4 (i) (resp. (ii)) is tested simply by taking
any A with A < Ay (resp. A > A(w)) and obtaining an optimal solution z of P(}). If
neither the condition of Lemma 4 (i) nor (ii) holds, we need to find k* satisfying (20). For
this, we only have to know A(x+). Once Az is obtained, z*"and z*"*! are obtained by
solving P(A(xsy — €) and P(A») + €) respectively, where ¢ is a sufficiently small positive
number satisfying A(x+) — Ags—1) < € and Agze41) — Ax+) < €. The following lemma is useful
for finding A with A < Aq) or A > A(w) and for estimating the above e.

Lemma 5 Let

ay =max {max{|a(e)||e € E, a(e) is finite}
(23) max{|b(e)|| e € E,b(e)is finite}} .
(24) a; = max{| ci(e) || 1 =1,2, e€ E},
and
(25) M = (n+ 2m)maja, .
Then 1
(26) Ay > e Ay S M
and
(27) Aeany — Ay = 1/M? k=1, N -1
hold.

Proof. (26) is proved by showing that for any A € [0, co)
(28) max{| fi(z)||z € X"(A),i=12} <M

holds. After proving this, (26) follows by Lemma 9.2 in the paper by Katoh and Ibaraki
[12]. Note that P()) for a fixed X is a linear program and the constraints (2) and (3)
of P(X) can be written in the form AZ = b by introducing 2m slack variables for 2m
inequalities of (3), where A is (n+ 2m) x 3m matrix, Z is a 3m-dimensional vector and b is
a (n + 2m)-dimensional column vector each of whose element is either 0,a(e) or b(e). It is
well known in the theory of linear program that there exists an optimal solution z of P())
such that z is a restriction of £ to nonslack variables where Z is a basic feasible solution
of Az =b. % is written by

29 F= Blb= Dt

(29) TEE YT B

where B is a (n + 2m) X (n + 2m) nonsingular square submatrix of 4, B~! is the inverse
matrix of B, B°% is the adjoint of B and det(B) is the determinant of B. It is well known
(see Chapter 4 of the book by Lawler [16] or Chapter 13 of the book by Papadimitriou and
Steiglitz [24]) that matrix A is totally unimodular , i.e., every square submatrix C of A has
the determinant of either 0,+1 or —1. Hence det(B) is equal to either +1 or —1. Each
element of B®%, is, by definition, equal to an determinant of (n + 2m — 1) x (n + 2m -- 1)
submatrix of A, which is also equal to either 0,41, or —1 by the total unimodularity of A.
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Since each element of A is also equal to either 0,+1 or —1, Z is an integer vector and the
absolute value of each element of Z is at most (n + 2m)a,. Therefore

| Z ci(e)z(e) |€ (n+ 2m)maiay, i=1,2
e€E

follows. This proves (26), since by Lemma 2(i) the value f;(z),7 = 1,2 is the same for all
z' € X*())if Xis not a joint point, and by Lemma 1 (iii) it is represented by the convex
combination of f;(z*) and f;(z**?) if ) is a joint point A).

Now we shall prove (27). For k which 1 < k < N — 1, consider z*, z**! and z*+?, all
of which can be assumed to be integer vectors as proved above. Since z*,z**! € X*(\x))
and zF*1, 2%¥%? € X*(\(x41)) hold by Lemma 1 (i), it holds that

Fi(z*) + A £2(2*) = f(@F) + Ay faa*H)
and
HEY) 4+ Ay f2(25Y) = fi(2*?) + M) fo(2F77).
Thus, we have
f1($k+2) . fl(zk+1)
fz(mk“) - fz(mk“).

f1($k+1) - fl(zk)
fa(z*) — fo(zk*?)

)‘(k) = and )\(k+1) =

Then
Ak+1) = Aky =

(AG) ~ AEDUE) = HE) = () = A () ~ HE)
(f2(z*) = fa(@*+1))(fa(z*H) — fo(z*+?))
Since fi(z) and f,(z) take integer values if z is an integer vector, and f;(z*) < fi(z**!) <

f1(z**?) and f5(z*) > fa(z**1) > fo(2**?) hold by Lemma 2 (ii), the numerator is not less
than 1. Since

—-M < fo(z*7?) < fo(z*) < (=) <M
holds by (26),
(fa(z*) = fo(** )N (fo(=*) = fo(2**?)) < M?

follows. This proves Ax41) — Ay > 1/M? . O

By Lemma 5, it is easy to test whether the condition of Lemma 4 (i) or (ii) holds. For
this purpose, we have only to solve P(}) for some A with 0 < A < 1/M and for some
A > M. If the condition of Lemma 4 (iii) holds, we must find k* satisfying (20), z*", 2*"+!
and p of (21) to compute 2> by (22). One possible approach to do this is to employ the
binary search for determining A € (Axe—y), Aky) and A’ € (Aq»), Ax+41)) over the interval
[A, ] where A and X are appropriate numbers satisfying A < 1/M and X > M respectively.
By Lemma 5, such binary search may be terminated until the interval length is reduced
to less than 1/M? (though the details are omitted). Therefore such method requires
O(n?*(m+nlogn)logn-log M) time. This is polynomial in the input size because log M is
polynomial in the input size by (25). However, it is not strongly polynomial because of the
term log M. The following section alternatively presents a strongly polynomial algorithm
for finding A4~y with £* satisfying (20). Once it is obtained, z** and z*"*! are computed
by solving P(Axx=) — €) and P(A~) + €) respectively for e satisfying 0 < ¢ < 1/M?. This
is justified since (27) implies /\(k*) — €€ (:/\(k‘—l), /\(k')) and /\(k‘) +c€ (A(k-), >‘(k'+1))'
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3 The Outline of the Algorithm

As discussed at the end of the previous section, it is easy to test whether the condition
of Lemma 4(i) or (ii) holds. Thus we assume in this section that the condition of Lemma
4(iii) holds and we shall focus on how to compute A¢+) with k* satisfying (20).

The idea of the algorithm is similar to the one given by Megiddo [18] which was devel-
oped for solving fractional programs. The similar idea was also used by Gusfield [11] to
determine the curve of the objective cost for parametric combinatorial problems. We apply
their ideas to find A(x»). The algorithm applies the algorithm of Galil and Tardos (the GT-
algorithm) to solve P(Aw)) without knowing the exact value of Axs). The computation
path of the GT-algorithm may contain conditional jump operations, each of which selects
proper computation path depending upon the outcome of comparison of two numbers.
Notice that the GT-algorithm contains arithmetic operations of only additions, subtrac-
tions, multiplications and divisions, and comparisons of the numbers generated from the
given problem data, and that when applying the GT-algorithm to solve P(Axx-)) with A(-)
treated as unknown parameter, the numbers generated in the algorithm are all linear func-
tions of Ay or constants not containing Ax.:. Note that comparisons are necessary at
conditional jumps. If a comparison for a conditional jump operation is made between two
linear functions of Ax+) , the condition can be written in the form of

(30) /\(k') > 5\, )‘(k') = S\ or )\(ka) < 5\

for an appropriate critical constant X, which can be determined by solving the linear
equation in A« constructed from the compar(’d two linear functions. Here } is assumed

to be positive since otherwise A < A(k+) is clearly concluded.

An important observation here is that condition (30) can be tested without knowing
the value of M- . For this, solve P(X — ¢), P(}) and P(} + ¢) by the GT-algorithm,
where } is now a known constant, and ¢ is a positive constant satisfying € < 1/2M?2. Let
z, 7', z" be the obtained solutions of P(} — €), P(}) and P(} + ¢) respectively. First we
test whether ) is a joint point or not, based on the following lemma.

Lemma 6 Let z,2' and z” be those defined above. Then ) is a joint point if and only if
the following linear equation in A has the unique solution X' equal to A.

(31) fi(z) + Afa(z) = fi(z") + Afa(2")

Proof Iflisa joint point, say Ax,, X — € and ) + ¢ lie in the intervals (Ak=1) Mky)
and (Ax), Ak+1)) respectively, by Lemma 5. Thus, from definition of a joint point, f;(z) +
Afa(z) (resp. fi(z") + Afa(z")) defines the value v(}) of (13) for A € [A_1), A)] (resp.
Ay, /\(k+1)]) Thus (31) has a unique solution A = Ag,).

If A is not a joint point, let  belong to (Ak—1), Axy) for some k with 2 < k < N + 1.
The following five cases are possible.

Case 1. A\x-1) < A—eand A+e< Axy- In this case fi(z) = fi(z") and fo(z) = f2(z")
hold by Lemma 2, and (31) has no unique solution.

Case 2. A — € < A1y and A + € < Axy. By € < 1/2M? and Lemma 5, A — ¢ > Ak-2)
holds and the equation (31) has the unique solution A’ = A(x_;) which is not equal to X
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a

Case 3. A — ¢ > A1) and Ate> Ak). This case is treated in a manner similar to
Case 2. A R
Case 4. A — e = Ag_1) and A+ € < ). = satisfies

fa(z) < falz")

since v(}) of (13) is concave. If f5(z) < f2(z"), the equation of (31) has the unique solution
XN = Mpeny # A I foe) = folz ) (31) has no unique solution.

Case 5. A — ¢ > A\ 1y and X + € = A\(x). This case is analogous to Case 4.

Note that the case of ) — ¢ < A1) and X +e > A@) is not possible because of
Ak) — Mg—-1) > 1/M? by Lemma 5 and ¢ < 1/2M? by assumption. O

After computing z, z' and z" defined above, the algorithm proceeds as follows. If one
of z,z' and z" (say, ) satisfies

(32) (91(2) =)an f1(2) + Pr = 22 f2(E) + Ba(= 92(2))

% is an optimal solution of BMCP since f(£) is weakly nondominated by Lemma 3 (i) and
hence there is no z € X such that fi(z) < f1(&) and fo(z) < fo(2) hold. So, assume
in what follows that none of z,z’, 2" satisfies (32). Depending upon whether A is a joint
point or not, consider the following two cases.

Case 1. ) is not a joint point. We then compare the two values g;(z') and g,(z'). Two
subcases are possible.

Subcase 1A. g;(z') < ga(z'). Then A* > } is concluded, and the algorithm chooses
the computation path corresponding to A* > A

Subcase 1B. g;(z') > g2(z'). Then \* < ) is concluded, and the algorithm chooses
the computation path corresponding to A* < X.

Case 2. ) is a joint point. Then we consider the following three subcases.

Subcase 2A. g;(z") < g2(z"). By Lemma 2 (i), g1(2z) < g2(z) follows. This implies
A* > A+ ¢ and the algorithm chooses the computation path correspondlng to A* > A,

Subcase 2B. g;(z) > gz(z). Similarly to Subcase 2A, g;(z") > go(z"”) follows. This
implies A* < X — ¢ and the algorithm chooses the computation path corresponding to
A <A

Subcase 2C. g;(z) < g5(z) and g,(z”) > ga(z”). Then A is the desired joint point
A(k+) by Lemma 4 (iii). By Lemma 5 and 0 < e < 1/M? z € X}. and 2" € X}.,, follow.
Therefore, by Lemma 4 (iii), an optimal solution z* of BMCP is found by (21) and (22)
after letting z¥° = z and z*"+! = 2.

With this observation the algorithm starts with the initial interval (), }), where A and
X are typically determined by A = 1/(M + 1), X = M + 1, and every time it performs
the conditional jump operation, the critical value } is computed, and P —e), P(}) and

(A + ¢€) are solved. Depending upon the cases explained above, the length of the interval

may be reduced in such a way that the desired joint point M.y exists in the reduced
interval. It will be shown in the next section that Subcase 2C always occurs during the
course of the algorithm, which proves the correctness of our algorithm. Since the GT-
algorithm requires O(n?(nlogn + m)logn) jump operatlons and at each j Jump operation
at most three minimum cost circulation problems, ie., P(A — ¢), ()\) and P() + €), are
solved by calling the GT-algorithm, the entire algorithm requires O(n*(nlog n+m)?log? n)
time in total.
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4 Description and Analysis of the Algorithm

The algorithm for solving Problem BMCP is described as follows:

Procedure SOLVEBMCP

Input: A directed graph G = (V, E) with costs c;(e), c2(e), lower and upper compaci-
ties a(e) and b(¢) for each e € E, and the weights a1, a2, ; and f; with o, a2 > 0.

Output: An optimal solution of Problem BMCP.

Step 0:[Initialization]. Compute M by (23), (24), (25). Let A=1/(M+1), =M +1
and € = 1/(2M* + 1).

Step 1: [Test the conditions of Lemma 4 (i) and (ii)]. Compute optimal solutions z’
and z" of Problems P()) and P(}) respectively by applying the GT-algorithm. If z’ (resp.
z'") satisfies g1(z') > g2(z') (resp. g1(2") < g2(z")), output z' (resp. z"”) as an optimal
solution of BMCP and halt. Otherwise go to Step 2.

Step 2: [Test the condition of Lemma 4 (iii)].

(1) Follow the GT-algorithm applied to P{A(-)) treating A(x~) as unknown constant
satisfying A < Ag+) < A. If the GT-algorithm halts, go to Step 3. Else at the next
conditional jump operation, do the following.

(i1) Let the condition of the jump operation given by

(33) P1(Ak)) < p2(Akn)), P1(Akmy) = P2(Agey) of P1(Axey) > p2(Aixe))

where p;(Ax+)) and p2(A@+)) are linear functions in A-). Solve equation

(34) p(An)) = p2(Axe) -

(iii) If equation (34) has no solution A* satisfying A < A* <}, i.e., p1(3*) < p2(2*) (or
p1(X*) > pa(A*)) holds for all such A*, then choose the corresponding computation path at
the current conditional jump operation. Go to (viii).

(iv) If equation (34) holds for all \* with A < A* < X, choose the proper computation
path corresponding to p;(A*) = p2(X*) , and go to (viii).

(v) If equation (34) has the unique solution ) such that A\ < A < 7}, the conditions of
(33) are transformed to

Ay < M(resp. Age) > 2), Age) = A Or\(kry > A(resp. Ay < ) .

Solve P(A —¢), P(}) and P(} + ¢) by applying the GT-algorithm, and let z,z' and z” be
optimal solutions of these problems respectively.

(vi) If one of z, z', " satisfies (32), output it as an optimal solution of BMCP and halt.

(vii) Test whether } is a joint point or not based on Lemma 6.

(vii-a) If A is not a joint point, determine A(xe) > Xor Ay < X according to Subcases 1A
and 1B given prior to the description of the algorithm, and choose the proper computation
path correspondmg to Axsy > X or Arey < X respectively. If Arey > )\ let A = A. Otherwise
let X = X Go to (viii).

(vii-b) If } is a joint point, determine Ax+) > A+€, Axe) < A — € or Ak+) = A according
to Subcases 2A, 2B and 2C given prior to the description of the algorithm, respectively.
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If Aoy > A + € (resp. Agey < A—e),let A=A+¢ (resp X = A —e), choose the proper
computation path according to Agey > A (resp. Agey < ) and go to (viii). If Apey = A,
compute u satisfying (21) and then z* by (22) after letting z*" = z and z*"+! = z". Halt.

(viil) Return to the conditional jump operation of the GT-algorithm in Step 2, from
where it exited to find the proper computation path.

Step 3: Halt. O

The correctness of the algorithm is almost clear by the discussion given in the previous
section. What remains is to prove that the algorithm always halts either in Step 1, Step
2 (vi) or Step 2 (vil). Assume otherwise. Note that Procedure SOLVEBMCP always
halts because it follows the GT-algorithm. Assume that SOLVEBMCP halts in Step 3
and consider the interval (),)) generated when it halts in Step 3. It follows from the
discussion given in Section 3 that A < A.) < X holds. When Procedure SOLVEBMCP
halts, it has obtained a solution which is optimal to P(}) for all A € (), }), since if the
GT-algorithm is applied to solve P()) for any A € (A, X), it follows the same computation
path irrespective of choice of A from the interval (), ). However, by Lemma 2(iii), an
optimal solution of P(X') with A < A < A is not optimal to P()") with Ay < A < X
This is a contradiction.

The running time of the algorithm can be derived in a manner similar to [18]. At each
jump operation, a linear equation (34) is solved and if it has the unique solution X with
A < A < X, three problems P(A — ¢), P(3), P(A + €) are solved. So Step 2 (v) requires

O(n?*(n logn + m)log n) time. The other part of Step 2 is dominated by this. Since the
total number of jump operations in the GT-algorithm is O(n?(nlogn+ m)logn), Step 2 is
repeated O(n?(nlog n+m)logn) times. So, Step 2 requires O(n*(nlog n+m)?log® n) time
in total. Since Step 0 requires constant time and Step 1 requires O(n?(nlogn + m)logn)
time, Procedure SOLVEBMCP requires O(n*(nlogn + m)?log? n) time in total.

Theorem 1 Procedure SOLVEBMCP correctly computes an optimal solution of Problem
BMCP in O(n*(nlogn + m)?log® n) time. O

The algorithm is in fact strongly polynomial, since the running time depends only on
the numbers of vertices and edges in a graph, and if the input data are all rational numbers,
the size of the numbers generated in the algorithm is clearly polynomial in n, m and the
size of the input numbers.

5 Time Reduction

The running time derived in the previous section is improved to O(min{n®log® n, n*(nlog n+
m) log® n}) in the following section by utilizing the idea of simulating the parallel shortest
path algorithm in a serial manner. Such idea of simulating parallel algorithms for the
purpose of the speed-up of algorithms was originated by Megiddo [19]. The application of
his idea to our problem, however, seems to be new.

In order to reduce the running time of Procedure SOLVEBMCP, the following remarks
are useful.

Remark 1. In the GT-algorithm, the shortest path algorithm is applied O(n?log n)
times as a subroutine. Since the best known shortest path algorithm with a single source
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node, which is due to Fredman and Tarjan [7], requires O(nlogn + m) time, the GT-
algorithm requires O(n?(nlogn + m)logn) time in total.

Remark 2. When the GT-algorithm is applied to solve P()), comparisons with two
numbers containing A are made only when the shortest path algorithm is applied.

We modify Procedure SOLVEBMCP in such a way that instead of using O(nlog n+m)
shortest path algorithm, we employ a parallel shortest path algorithm such as Dekel,
Nassimi and Sahni’s [3] and Kulera’s [15] in a serial manner when SOLVEBMCP {follows
the GT-algorithm in Step 2(i). We still use O(nlogn + m) shortest path algorithm in
other parts of SOLVEBMCP such as Step 1, Step 2 {v). The idea of the time reduction
is based on Megiddo [19]. We shall explain how it is attained. Let P denote the number
of processors and let 7p denote the number cf steps required on a P-processor machine.
Dekel, Nassimi and Sahni’s scheme requires P = 0(n®) and 75 = 0(log® n) while Kucera’s
scheme requires P = 0(n%) and 7p = O(logn). We simulate these algorithms serially.
According to some fixed permutation, we visit one processor at a time and perform one
step in each cycle. At each processor, when two linear functions p;(}), p2()) are compared,
we execute Step 2 (ii), (iii) and (iv). If the equation p;(A) = p2(}) has a unique solution
X with A < X < 7, such critical value } is stored and we proceed to the next processor
without executing Step 2 (v), (vi) and (vii). After one step of the multiprocessor, we
have at most P such critical values. Let 1, )y, ..., Ap denote such critical values. We then
compute

N = max{j\,' | 1<:<P, 5\.‘ < )‘(k')},

N =max{ | 1<i< P\ > Aan),
or in the meantime we may find the desired joint point A¢.y among those critical values.
As explained in [19)], this is done by performing a binary search that requires O(P) time
for median findings in subsets of the set of critical values, and by O(log P) applications of
the GT-algorithm. We explain in more details how ) is computed (the case A" is similarly
treated). Each time the median J; is found from among the remaining critical values, we
execute Step 2 (v) , (vi) and (vii) with ) replaced by ;. In Step 2 (vii), it may happen
that J; is concluded as the desired joint point A+). Otherwise }; < Ay OF Xi > Arey
is concluded, and half of the remaining critical points are discarded. Since the remaining
subset during binary search is halved each time, the time required to find all medians is

O(P+ P/2+ P4+ ---)=0(P),

as shown in [19]. Since we need O(log P) applications of the median finding in order to
find ), it requires
O(n*(nlogn + m)logn - log P)

time. Hence, each step of the multiprocessor requires
O(P + n*(nlogn + m)logn - log P)

time. After A’ and A" are computed, we can choose the proper computation path at each
processor. Since the above process is repeated 7p times in total, each application of the
parallel shortest path algorithm requires

O((P + n*(nlogn + m)log nlog P)7p)
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time. Since the shortest path problem is solved O(n?logn) times as mentioned in Remark
1, the total running time is
O(n?log n(P + n*(nlog+m)lognlog P)7p) .
If Dekel, Nassimi and Sahni’s scheme is employed, this becomes
O(n*(nlogn + m)log®n) ,
while if Kugera’s scheme is employed, it becomes
O(n®log®n) .

Therefore, depending on how dense the graph is, we may choose the better one. We then
have the following theorem.

Theorem 2 The modified SOLVEBMCP solves Problem BMCP in O(min{n®log® n, n*(nlog n+
m)log® n}) time. O

6 Extensions

In this section, we shall show how our approach is generalized to other type of problem
similar to Problem BMCP studied so far. Such problem is the minimum-cost circulation
problem with one additional linear constraint studied by Brucker [2]. This is described as
follows.

(35) SMCPLC : minimize fi(z)
subject to  the constraints of (2), (3) and
(36) fz)<d.

Here, f; and f, are those defined in (4), and d is a given constant. The above problem is
solved as follows. It is easy to see that there exists an optimal solution z* of SMCPLC
such that f(z*) is nondominated. Define z*,k =1,...,N + 1, by

(37) e X;,

as before. If f3(z!) < d, z! is optimal to SMCPLC. If fo(z¥*') > d, there is no feasible
solution to SMCPLC. So assume

(38) f(e"*) < d < fo(a') .

Let

(39) My = min{dg | 1<k <N, fo(z*) < d},
(40) A("z) = max{)\(k) | 1< k < N, f2($k+l) > d}
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Lemma 7 Let u satisfy

(41) pfa(z¥ ) + (1 — ) fo(e®*) =d .
Then
(42) 2% = peF 4 (1 — gkt

is optimal to SMCPLC.

Proof. z* defined by (42) clearly satisfies fo(z*) = d, and f(z*) is nondominated
since f(z*1*1) and f(z***!) are adjacent nondominated vertices by (39), (40) and Lemma
3 (see Fig. 4). Thus, there is no z € X such that fi(z) < fi(z*) and fo(z) < fa(z*) hold.
This proves the lemma. 0O

fa(z)

Y

(Hi(z5%), fuleh+1)
(i(e™), fule™))

(©1(z®1), fa(z**))

Figure 4. Ilustration of the set Y used in Lemma 7.

By the lemma, all what we do is to compute A ) and Aw,). Once A ) and A,y are
obtained, z*¥*! (resp. £**!) are computed by solving P(Ax,) + €) (resp. P(x,) + €),
where ¢ satisfies 0 < € < 1/M?. We shall explain only how A ) is computed (the case of
A(k,) is similarly treated). This is done in a manner similar to the way of finding A+ in
Procedure SOLVEBMCP given in Section 4. Following the GT-algorithm to solve P(A(,))
without knowing the exact value of A ), every time comparison is made at conditional
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jump operation, we compute a critical value A by solving the linear equation in A, ) formed

by the compared two numbers containing Ac,). We first test whether X is a joint point or

not, using Lemma 6. If } is a joint point (say Ax)), we solve P()\ + ¢€) to obtain z**! and

compute fo(z**!). According to whether f,(z**!) < d or not, A > Ak,), or X< A, is
concluded respectively, and the proper computation path is chosen. If Aisnot a joint point,
we solve P(}) to obtain # € X*(}) and compute f5(£). According to whether f5(3) < d
or not, A > Ak, OT A< Ak, is concluded respectively, and the proper computation path
is chosen In any case, by the discussion similar to the one in Sections 3 and 4, we finally
obtain A,). We do not give the details of the algorithm since it is almost the same as
SOLVEBMCP In addition, we can also apply the idea of the time reduction given in
Section 5 and hence the followmg theorem holds.

Theorem 3 Problem SMCFLC can be solved in O (min{n®log®n, n*(nlogn+m)log®n})
time. O

7 Conclusion

We proposed strongly polynomial algorithms for a bicriteria minimum-cost circulation
problem and a minimu-cost circulation problem with one additional linear constraint. We
mention here that similar ideas can be applied to other types of linear programming prob-
lems with special structures that are formulated as Problem BMCP or SMCPLC, e.g.,
Markovian decision process with two objectives or one additional linear constraint (see
Kawai and Katoh [13]).
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