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Abstract The linear programming relaxation of the zero-one optimization problem to schedule » independent
tasks nonpreemptively on m unrelated processors with the objective of minimizing the maximum completion time
is considered. This relaxed problem is solved by mapping tasks into m-1 dimensional unit simplex A,,_1 and by
dividing it into m sub-simplexes (hyper cones), where each processor processes the tasks or the fractions of tasks
whose images locate inside (including boundaries) of corresponded sub-simplex. The properties of the division of
Ap-1 (the associated partition of tasks) which generates the optimum relaxed solution and the existence of such
a division are shown as two Theorems. They are proved, first, abstractly using Duality Theorem, and then directly.
The latter elementary but intuitive proofs give helpful informations to find the optimum division of A,,,_; directly.

Finally applications of these theorems are discussed.

1. Introduction

We are given a set 7 = {T1,Tz,...,Tn} of n independent tasks and a set P = {Py, Py,...,
P} of m unrelated processors. Task T;(i = 1,2,...,n) becomes available for execution
at time zero and requires a positive processing time p;; if it is scheduled on processor
P;(; =1,2,...,m). When processors are identical, then u;; is constant with respect to j
i.e. is equal to r; (processing requirement of task 7;). When processors are uniform, then
wij is expressed by using the notion of processor’s speed (s;) as ri/s;. In general case,
matrix (p;;) has mn arbitrary positive entries. There is no precedence relations among
tasks. A processor can work on only one task at a time, and a task can be worked on by
any (one) processor. Tasks are processed nonpreemptively, i.e., once a task having started

execution it will not be interrupted until its completion.
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234 K. Numata

The problem is to schedule 7 on P so that the maximum completion time is minimized.
Such a schedule is called an optimum schedule. The decision problem of determining
whether 7 can be processed within a given finishing time is known to be NP-complete
even in the case of two(m = 2) identical processors[1,3]. Hence it is unlikely that the
polynomial time exact algorithm can be found to solve the problem. So the investigation
has been directed to heuristic algorithms which provide an approximate solution.

Horowitz and Sahni[4] proposed an e-approximate algorithm of time complexity O(
n?™ [¢) which can generate schedules arbitrarily close to the optimum for general m. Several
heuristics were analyzed by Ibarra and Kim[5]. They also presented an nlogn time §-
approximate (with fixed worst-case performance ratio 1+ 6) algorithm for m = 2 processors
case, which is guaranteed to be at most (14+1/5)/2 times worse than the optimum (6 = 0.6).
Davis and Jaffe[2] presented several heuristics using the notion of efficiency for general m,
and proved them to be at most 24/m ~ 1.5,/m times worse than the optimum. Potts[10]
developed a linear programming based heuristic for general m. This algorithm has a worst-
case performance ratio of 2 for m > 3, and a modified version of it for m = 2 has a ratio
1.5. Lenstra et al.[7] presented an algorithm based on the similar idea to [10] which has
better time complexity and the same error bound. Recently, Numata[9] proposed an e-
approximate algorithms for the case m = 2 which runs faster than [4] and generates more
precise schedules than [5,7,10].

Most of these works, explicitly or implicitly, make use of the linear programming
relaxation in order to determine an initial solution, to estimate errors, or to guide a heuristic
procedure, where inherent properties of the relaxed optimum solution to this problem
plays an essential role. Of course, it is necessary to compute numerical solutions. But
such general methods as simplex method or alternative ones take not a little running time
to find a solution, so fast algorithms based on the special structure of the problem (i.e.
solution) are desired by approximate heuristics which solve relaxed problems repeatedly
many times. From these points of view, few researches are known except for the case of
m = 2.

In this paper we consider the linear programming relaxation problem of the general
unrelated processors system. In section 2 by normalizing m-tuple (@1, ftia, - . -, im ), task
T; is mapped into the m —1 dimensional unit simplex A,,_; in R™ (i = 1,2,...,n). In
section 3 we divide A,,,_; into m sub-simplexes, which correspond to m processors, under a
certain constraint, where the tasks or the task-fractions whose images locate inside of a sub-
simplex are assigned to the corresponded processor, and those on a boundary are shared
at certain ratio by the processors (sub-simplexes) which constitute the boundary. Then,
we present Theorem 1 that asserts the existence of the division which satisfies specified
conditions and Theorem 2 that assures such a division generates the optimum relaxed
solution. In section 4, first, these theorems are proved abstractly using Duality Theorem,
and then directly. The latter elementary but intuitive proofs are helpful to guide the
algorithm which directly determines the (near) optimum division of A,,_;. Applications

of these theorems are discussed in section 5.
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Optimum Relaxed Solution for Scheduling 235

2. Preliminaries

When m = 2, using continuous variable z; in the interval [0,1], which represents that z;
portion of T; is processed by Py and that (1 — ;) portion by P2 (¢ = 1,2,...n), our relaxed

problem is written as follows.

( minimize y

n
subject to Zu,-l-x.- <y
(2.1) i=1

Zuiz-(l—mi) <y

y >0 0<z <1 (i=12,...,n).

In [6], execution times list (1, piz) of T is regarded as coordinates of a point and is plotted
on a plane R®. Then, solution of (2.1) is found by using the slopes of lines connecting the
origin and these points as the index (Fig.1). Instead of the slope, we can use the point
(pin /(i1 + piz), piz/(#i1 + piz)) as an equivalent index. This corresponds to projecting
tasks to points on the segment connecting (0,1) and (1,0) (Fig.2).

M2

0,1

(S (1,0)

]

a,0 4!

Fig.1 point representation of tasks Fig.2 normalized tasks

The solution is to assign points (tasks) to P from the side of (0,1) and to P, from (1,0)
one by one so that the processing times of both processors may become equal, where the
last assigned task may be divided to both P, and P, at some ratio (see Fig.3).

O B
. i

Fig.3 relaxed solution of the case m = 2
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236 K. Numata

When increasing the number of processors to m = 3, we can consider the problem in the
same way by mapping tasks to points on the equilateral triangle (2-dimensional simplex
A;) that consists of three vertices (0,0,1) (0,1,0) and (1,0,0) (Fig.4).

(1,0,0)

0,0,1) r CaLgy, Lhia, 143 )

Cpx,px2,pex3)

Fig.4 case of m == 3 ©.0,1)
/ 1/ 0,:,0

Fig.5 representation in Aj

The mapping (projection) ¢ from 7 to A, is defined as:

. Hi1 Hi2 M43 3
o Ti=(par, pio, ptiz) € T +—> (—',—', —L) , where s;= Zj:l'u'ij'
Si S S8
This expression of a task on .A; generally is called “area coordinates” or “barycentric

coordinates”. When the image of task T, is given by

@(Ta) = (Ha1, Ha2, pta3)  (Where 35_ piaj = 1),

then, the point which is located at distances (heights) pe1, paz and pq3 from three edges
of A, (the height of the equilateral triangle is assumed to be 1),

/1/:(0,0,1)—(0,1,0) (1st coordinate is fixed to 0),
/2/ :(1,0,0)—(0,0,1) (2nd coordinate is fixed to 0) and
/3/:(0,1,0)—(1,0,0) (3rd coordinate is fixed to 0)

corresponds to T,. Each edge of A, is isomorphic to A, (Fig.5). Task T, whose image,
@(Ty) = (pr1, Bz2, He3), satisfies the relation

/Ll‘j/uzk = /'Laj/u,ak ]ak € {172a3}a J ?é k

is on the straight line which passes a point of the intersection of /j/ and /k/, and has the
ratio piaj : fex of distances to /j/ and /k/ (distances mean the lengths of perpendiculars
from a point on the line to /7/ and /k/). If pzj/tiok < Haj/ttar then Ty lies in /j/’s side
of this line, and if pizj/pzk > ptaj/ptak then in /k/’s side.

When the dimension (number of processors) is increased as m = 4,5,... the above
idea is naturally extended. In the case of m = 4, A3 is given by a regular tetrahedron

(Fig.6), and each task is expressed by “volume coordinates”.
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Fig.6 case of m =4

For general m, A,,_; is an m—1 dimensional unit simplex in R™ and determined as

Am_y1 = {(617627"'7€m) l Z£] =1, 6]20}

i=1
The mapping from 7 to A,,_; is given by
Hi1 o B2 Bim
b

W Ti=(ﬂi1»ﬂi2,---7ﬂim)€7— — (,_'7'—_""
Sy S 8;

, where s; = E;n:lﬂi,r

Here, we consider (m — 2)-dimensional faces (edge simplexes) of A,,_; [11]. Each of
them is isomorphic to A,;,—2 and consists of remaining m — 1 vertices after exclusion of
some one vertex out of m vertices of A,,_;. The face obtained by deleting the vertex

(0,...,0,10,0,...,0) is designated by /j/ and expressed as follows.

Jil = { (€1, . &=1,0,€541, ., €m) | Zﬁk =1, & >0}

k=1
When the image of task T, is given by ¢(T,) = (a1, Ha2,---+am), In the same way as
the case m = 3, it corresponds to the point located at the distance (height) y,; from face
/3] (7 = 1,2,...,m), where the height of A,,_; (the distance between an face and the
excluded vertex) is assumed to be 1. Task T, whose image, ©(T;) = (z1, Lz2,- -+, lzm)s

satisfies the relation
N:j/ﬂzkzﬂaj/ﬂak j,kE{l,Z,-~-,m}, ]#k
is on the hyperplane which passes points of the intersection of /j/ and /k/, and has the

ratio paj : pak of distances from it to /j/ and /k/. If poj/pizk < paj/pax then Ty lies in
/7/’s side of this hyperplane, and if yt;;/pzk > ftaj/ttar then in /k/’s side.

3. Definitions and Theorems
We call a part of a task “task-fraction”, and let 6 - T; denote the 8 part of T; (0 < 8 < 1).

IL,']'

MR

0‘11,,']‘

Fig.7 task-fraction
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238 K. Numata

A part of a task-fraction is denoted by 8, - (6; - T;) = (6,02) - T; and again is called task-
fraction. Generally we consider that 6y - (0g—1-(--- (6;-T;) --+)) = 6x0k_1--- 61 - T}, where
1-T; means T; itself, and 0-T; a null task. Here after, let y;(-) denote the time requirement
for processor P; to process a tasks, a task-fraction or a set of them, U = {6; - T, |i € I C
{1,2,...,n} } . For example, we have

15 (Ti) = pij

ui(0-Ti) =0 - pi(Ty) = Ops;
ui(U) = 0i-pi(T) =Y Oipss; .

el i€1
For a set of task-fractions U, we define its similar reduction U(8) by
U@)=1{6-6,-T;|tel}.

U(#) is a set of  parts of all task-fractions of U, and has the same composition ratios in

tasks as U. On any processor Pj (j € {1,2,...,m}), we have
#i(U(8) =6 -p;(U).
Next, let a feasible solution A’ = (z;;) of the relaxed problem

minimize y
subject to Zﬂij-xiij J=12,...,m

m
Yozj=1 i=12,...,n
=1

z;; 20 1=1,2,...,n; j3=12,....m

(3.1) g

correspond to the partition of 7, ({V;} (7 = 1,2,...,m) by
Vi={zi; - Tilt =1,2,...,n} i=12,...,m

Since z;; denote the ratio of T; which is processed on P;, so V; means the set of all task-
fractions that is processed by P;.

The schedule length of the partition & = {V;} is noted and defined as length(X') =
m]axuj(Vj). A partition is said to be “even”, if

m(V1) = p2(Va) = - = pm(Vim) -

Now we consider the hyper-cone (sub-simplex) C;(&) whose vertex is given by the point
a=(on,a,...,0m) in Am_1 and which has the face /j/ as its base (j = 1,2,...,m). In
other words, C;(&) is a intersection for k = 1,2,...,m(k # j) of the /j/’s side of two parts
of A,,_; divided by the hyper plane which includes the intersection of faces /j/ and /k/
and has the ratio «; : a; of distances to /j/ and /k/. So it is written as

C;(a@) = {(51,52,...,sm)125k-1 and /\ & <)),

ag
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Optimum Relaxed Solution for Scheduling 239

Then, all tasks of 7 distributed in A,,_; is partitioned by these hyper-cones, that is, V;
is given by a set of tasks (task-fractions) whose images belong to C;(d@). Because the base
of Cj(a&) is
m
/J/ = {(61"‘-afj—lao’ﬁj-i-la---agm)' EE’C = 17 Ek Z 0}7
k=1
it is natural to assign tasks near this face to processor P;. Such a partition as this is called

a-simple one. More strictly, a task partition {V;} of the given T is a-simple, if and only if
o(T:) € Int(C;(@)) = T €V; ie zij=1
P(Ti) € C3, (@) N (@) N+ NG5, (&) =
0:;,-T; €V, ie z;j =6;;, where EZ:I 0;i, =1.

Fig.8 shows two partitions of the case m = 3, where (a) is @-simple but (b) is not.

/3/ /3/
/2/
/2/
C

o
L= ©

/1/ ovs

(a) (b)

Fig.8 &-simple partitions
Since a task on a boundary may belong at arbitrary ratios to more than one Vs corre-
sponded to sub-simplexes (processors) which share the boundary, it should be noted that
infinitely many &-simple partitions exist for a fixed &.

After the above preparations, we have the following theorems.

Theorem 1. For any T and P, there exists such a point (a1,az,...,0m) € Ap—1 that
realizes the &-simple and even partition X = (xi;) = {V;} of T.
Theorem 2. The @-simple and even partition X' = (z;;) = {V;} is the optimum solution

of the relaxed problem (3.1).

Theorem 2 describes the sufficient condition of the optimum relaxed solution in terms
of the task partition in A,,_;, and Theorem 1 asserts the existence of the partition that
satisfies this condition.
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240 K. Numata

4. Proofs
In this section we prove Theorem 1 and 2, assuming without loss of generality that
(4.1) vVT; €T, (p(T,‘) € Il’lt(.Am_l), le. Vi, j pij > 0.

If pi; = O then it suffices to assign T; to P; (this assignment has no effect on processors)

and consider the remaining 7 — {T;}.

4.1 Proof by Duality Theorem
Problem (3.1) is rewritten as

minimize z=y
n
subject to Z—u,-,--x,-,-+y20 i=12,...,m
(4.2) =1
Z.’t,’j—l Z=1,2, N
j=1
zi; =20 1=1,2,...,n; 3=1,2....m.

Associating dual variables &;,&,,. .., £, with first m constraints of (4.2) and n1,72,...,7,
with remaining n (equality) constraints, we have the following dual problem

maximize w=n+mm+---+n,

subject to —ﬂ,161+n1<0 i=1,2,...,n;j=1,2,...,m

do&i=1
1=1

>0  j=12,...,m.

(4.3) 4

Since (4.2) has the bounded optimum solution, so (4.3) also does. Let 2, § and Z;; (1 =
1,2,...,n;j = 1,2,...,m) be the optimum solution of (4.2) and @, £; (j = 1,2,...,m) and
f; (i = 1,2,...,n) be that of (4.3), where 2 = ©. And let V] be the set of task-fractions
{2 Tili=1,2,....n}.

First mn constraints of (4.3) are equivalent to

i S min(,u'il{lv ,ui262a t ’aﬂim{m) 1= 11 27 ey T

Since the objective function of (4.3), w = Y ., 7; is maximized, these constraints must be
satisfied with equality at the optimum point. That is, it holds that

(4.4) i = min( pa &y, pizla, s pimém ) i=1,2,...,n.
Furthermore, we have
(4'5) V] Ej > 0.

Because, if £; = 0 for some j then we have #; = 0 for all i by (4.4), hence @ = 0. But (4.1)
implies that 2 > 0. These contradict w = 2.
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Optimum Relaxed Solution for Scheduling 241

Here, Duality Theorem (complementary slackness condition, see e.g. [6]) asserts that

(4.6) éj-(—Z/l,’jf:,‘j—{—g)::O j=12,...,m,
and that
(4.7) iij'(*/‘ijéj+77i):0 t1=1,2,...,n; 3=1,2,...,m.

From (4.5) and (4.6) it holds that

Q=Z/‘L1]i11 j=1727"'7ma
that is,
(48) i(R) = pa(V2) = -+ = pm (V).
Next, let & be ©(1/€,,1/&,...,1/€) (it is possible by (4.5)), that is,

:(g,é,...,gi—) whereA:l/E;n:lglj-

The hyper-cone (sub-simplex) Cj,(&) determined by vertex & and base /h/ is written as:

[

(by reversing the inequality symbol and ratios of both sides of the definition formula of

C;(&) in section 3)
D)

Cn(@) = { (C1:Gar- -1 Cm) | Z,,_l and Z‘J‘Z

J#h

ﬂml ¢

If »(T;) belongs to the interior of Ch(a), we have

(4.9) Vi(gh) Bt
Hin &
= Vi(#h) pii€; > pinén
@y i = pinén  and Vi(#h) 7 < pisé;
CY vi#h) &y =0.
Generally it holds that
(410)  9(Ti) € Ca, (@) N Chy(@)N--- N Ch, ()
} Hih, _ Eﬂ and

= Vs,t € {1,2,...,¢ >
Hih, fh,

Vj¢-{hl’h2""7h€}v Vse{lvzy--'ve} 'ﬂi>£.£
i h, §J

= 7 = Ni,h,fhl = Hi,hgéhg == Ni,hefhe and
Vj¢{hlah27"'7h6} 771<N1]£]

= Vj & {hi,he,. . he}  Eij=0 ie Y dip, =1.

The existence of & = (A/€, A/, ..., A/E,) and (4.8),(4.9) and (4.10) complete the proofs
of Theorem 1 and 2 at the same time. [ ]
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242 K. Numata

4.2 Another proof of Theorem 1

Instead of proving Theorem 1 directly, we consider the following Lemma 1, which intro-
duces a parameter [ related to the number of fixed boundaries between two sub-simplexes
in A,,_;. When ! = 1, it coincides with Theorem 1. Lemma 1 is proved through a

mathematical (backward) induction on I.
Lemma 1. For any T and P, there exists such a point
&= (a1,0p,...,01-1,0p...,0;5) € An_1 (where ap - -am #0)

that can realize the partition of T which is &-simple and even as for l ~ m, ie. j(V}) =
ti+1(Vig1) = - -+ = um(Vin), under the condition that mutual ratios among ay, as, ..., o4
(# 0) are arbitrarily fixed and the percentages with which each of tasks on boundaries
among C; ~ C; is shared by corresponded Vjs (P;s) are also arbitrarily fixed.

proof of Lemma 1 : First, we see that this Lemma holds when { = m — 1. In this
case, only § = Z;’:ll aj (or 1 -8 = ap, 0 < § <1),ie boundaries between Cpm(d)
and C;(@) (j = 1,2,...,m — 1) are movable. It is shown that pp_1(Vim—1) and pn(Vi)
can be equalized by adjusting the value of 6. Hereafter any task on mutual boundaries
among C; ~ Cpm—1 is assumed to be divided into sub-tasks according to the percentages
with which it is shared by corresponded V;s (P;s).

Let § become sufficiently small. More precisely, let it take the value §° which satisfies

0<60<—w—, where wzmi,n—#—i.
14w i fim

Assumption (4.1) guarantees the existence of such a value. For this 6°,

Vi(1<i<n), Vi(1<j<m-1) —L< =w< L

holds, then all tasks belong to C,(&@). Therefore, we have
Nm(Vm) >0

Hm—l(Vm~1) =0.

Next, let é increase from §° little by little. During this operation, only the boundaries

between Cp (@) and Cj(&) (j = 1,2,...,m — 1) are moved. For & = (a},as,...,al,)
determined by ' and @ = (af,af,...,al) determined by §", where §' < §", we have
, o af
Vi€ {1,2,...,m—1} —L <L
am am

Consequently, all movable boundaries are moved toward /m/ when § increases (Fig.9). In
short, the region of C,,, (&) shrinks monotonously (Fig. 10). When §"” — ¢’ — 0, obviously
o Jag, — o' [a;, — 0. So, Cp(@) shrinks continuously on §.
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Optimum Relaxed Solution for Scheduling 243

Fig.9 movement of a boundary Fig.10 shrinkage of C,,

As 6 is increased like this, it occurs that boundaries pass tasks. When a boundary
meets a task, keeping § stationary, we decrease the percentage with which the task belongs
to V;,, little by little. The task which at first entirely belongs to V,, is gradually shifted to
the participant V; of the boundary. If boundaries meet more than one tasks at the same
time, these tasks are treated in sequence. When § takes the value §! which is sufficiently
close to 1 at last, C,,(&) does not contain any task. So we have

Hm(Vim) =0

bm-1(Vin-1) 2 0.
While § increases from 6° to ! in the above manner, pum(Vin) and pm—1(Vin—1) change
continuously as Fig.11. pn,(Vy) is a nonincreasing n-steps function of 6 and gm—1(Vin—1)
is a nondecreasing n'-steps (n' < n) function of 6. Steps appear at the values of § s where
boundaries meet tasks. p,(Vin) or pm-1(Vi—1) is multivalent for such §s.

‘"\_‘_‘_‘/Lm V)

tm -1 (Vm~1)

| -

Ii l k:j_
-| Y
6* 6 5*
(a) (b)

—_

o-s a1 10

Fig.11 changes of pm(Vin) and pm—1(Vin—1) Fig.12 two types of the crossing
The graphs of fim(Vim) and pm—1(Vim_1) intersects at §*(6° < §* < ') in such a manner
as either (a) or (b) of Fig.12. In case (a), &-simple partition uniquely determined by é*
realizes pm—1(Vin—1) = tm(V). In case (b), T, is being shfted from V;, to V,_; at
6 = 6*. Let € (0 < € £ 1) be the percentage with which T, belongs to Vi,_1, then this
process is shown as Fig.13.
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244 K. Numata

Hm V)

et

(=3
[y
—

Fig.13 shifting of a task from V;,, to Vi,—; at 6 = 6*

From Fig.13 it can be seen that 6* gives @-simple partition which realizes g, —1(Vin-1) =
tm{Vyn) also in case (b).

Next, assuming that Lemma 1 holds for [ = m — 1,m — 2,..., h (hypothesis of
induction), we consider the case I = h — 1. That is, we will show that there exists such
a point of A,,_; that can realize the partition of 7 which is @-simple and even as for

h—1~m ie.

th-1(Ve-1) = pa(Va) = prs1(Va+1) = - = m(Vim),
under the condition that mutual ratios among ay, as,...,ar_1 (# 0) are arbitrarily fixed
and the percentages with which each of tasks on boundaries among C; ~ Cp,_; is shared

by corresponded Vjs (P;s) are also arbitrarily fixed. Here we can only adjust ‘Th_ll Qa;

Lag=
(or E;nzh a;) and mutual ratios among ak, @p41,.--,%m (# 0). Any task on mutual
boundaries among C; ~ C,_; is assumed to be divided into sub-tasks in the same way as
I=m-1.

At first let 8§ = Z;’;ll a; be sufficiently small, and ap be sufficiently large (relative
to @y ~ ap_y). More precisely, using the notation ¢ = E;’:l o, we select the values of

6 and a;, so that v = 68/0 (1 — v = ap /o), satisfys

w . . Hij
0<y << ——, where w= min min —,
14w 1<i<n1<5<h—1 pgp

(This is possible from assumption (4.1).) For & that has mutual ratios among a;, as,.. .,

ap_1, ay determined as the above, no task belongs to any of C,(&),C(&),- - -, Ch-1(@).
And, by hypothesis of induction, under these given ratios among a; ~ aj , adjustment of
mutual ratios among 41, &pta,- .., &;m (# 0) realizes (see Fig.14)

(4.11) (V) = pat1(Vag1) = -+ = pm(Vim) -

We assume that (4.11) holds at & = &°, and let §° denote Z;:ll af. Here let Lym be
the value of yi5(-) ~ p,n(-) when (4.11) is realized, that is

Lyam = 8(Vi) = thg1(Vag1) = -+ = (Vi) .
Now we have
Lth >0

#h=1(Vh—1) =0.
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Fig.14 initial state
The following Operation 1 is applied to this partition state (&%, 6%, X & {V;}).
Increase the value § = z:;:]l a; (from §°) little by little, with keep-

ing mutual ratios among oy, s, . ..,a,..1 and those among oy, Gpy1, .- -, 0y constant.

With this operation the boundaries between the group of Cy ~ C,_; and the group of
Cp ~ Cp (represented by the bold line in Fig.14) are moved toward the sides of /h/ ~
/m/ little by little. Let us suppose that these boundaries first meet a task at § = §°°
and & = &°. While the partition state is changed from (&°,6°, &) to (&°°,6%,X) by
Operation 1, no task crosses any boundary. So relation (4.11) is conserved.

Let T, be the task which one of moving boundaries meets at (a°°, 6%, X). If bound-
aries meet more than one tasks at the same time, these tasks are treated in sequence.
We assume without loss of generality that T is on the boundary between C,(&%) and
Co(@%) (1 < a < h—1) (if otherwise then reindex h ~ m). If T} is also on the boundary
between some of Cp ~ C,, and belongs to more than one of V} ~ V,,,, then T, is assumed
to be divided into sub-tasks according to the percentages with which it is shared by them
( Fig.15).

Fig.15 preparation Fig.16 shifting of tasks

After these preparations, we apply the following Operation 2 to the partition state
(8,6, 3 = (V).

If the partition state (&,8,X = {V;}, Lhm) has other tasks than T,
which locate on the boundaries between C, andCy (1 <a<h—1,h+1<b<m), then
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their fractions belonging to V, are moved a little toward fa/ off the boundary. In the same
way, tasks on the boundaries between C), and Cy (if any) are moved a little toward /h/ and
the resultant decrease of pup(V},) is compensated by increasing the processing requirement
of that task (Fig.16) so that us(-) ~ pm(-) are kept to be even. By this modification,
the fixed set of all tasks under consideration is slightly changed from T to T. But the
partition X = {V;} is kept to be d-simple and even as for h ~ m (the value Lj.m is
unchanged).  After this treatment, we decrease the percentage with which T, belongs
to Vi by ¢, 1.e. €-T, is shifted from V} to V,. Then, under the condition that mutual
ratios among aj, s, ..., and the percentages with which each of tasks on boundaries
among Cy ~ Cy, is shared by corresponded V;s(P;js) are all fixed as they are, pup(-) ~ pm(-)
are re-equalized &-simply for T by adjusting E;'___l aj (or Y i .1 ax) and mutual ratios

among Ggyy, Qp+2;- - -, &m. (This is possible from induction hypothesis.) Assuming that
it is realized at @ = (a4, ay,...,ay,), let (@,68', X' = {V[},L} ) denote this partition
state.  Last, task-fractions modified at first (if any) are restored to originals. The

partition X' = {V]} for T is also d@-simple and even for h ~ m for T (the value L}, is
unchanged).
The above operation 2 has the following properties, P1, P2 and P3. (Their proofs

are given in Appendix.)

[P1]. When pp(+) ~ pm(:) are re-equalized for T and then for T, the boundary between
C, and Cy never moves toward fa/ for any a,b (1 <a < h,h+1<b< m). That is, it
holds that

!
Vae{l,...,h—1,k}, Vbe{h+1,h+2,....m} ==2<Ze
ap T af
[P2]). Operation 2 changes Ly~m for T continuously and decreasingly with respect to
€(€[0,1]). That is, it holds that

Lh~m — €- llh(Tz) < L;M_,m < Lh~m .

[P3]. Operation 2 changes pp—1(Vi—1) for T continuously and nondecreasingly with
respect to e(€ {0,1]). That is, it holds that

ph—1(Va—1) S pnoa (Vi) S phoa (Vo) + M - ¢, M : a positive constant.

Operation 2 with € = 1 shifts entire T, to V,. We repeat Operation 2 until all of
tasks on boundaries between C, (@ = 1,2,...,h—1)and Cy (b = h, h+1,...,m) (including
the tasks which newly locate on the boundaries while these operations) are shifted to V;
~ Vi_1. Let (&', 6, X) denote the partition state where all tasks on the boundaries are
shifted out, and we again begin to apply Operation 1 to this state. 6 being increased
from 4!, the boundaries again pass a task at some value of §, say §!!, then Operation 2
is applied, and so on.

Op.1 Op.1
(@,6%) 25 (a0, 8%) = (a',8') 25 (@, 6') = .. = (a°,6°)
Op.2 Op.2 0Op.2
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By P1 and definition of Operation 2 the above process terminates at some partition state

(a@¢,8%) (6% < 1) where any of Cp,...,Cm contains no task in it. Consequently we have

Lbmm = pa(Va) = tth41(Vag1) = - = i (Vin) = 0

th-1(Vho1) 2 0.

P2 and P3 assert that Lp~,, and pp_1(V4-1) change monotonously as a partition state
is changed from (&°, &%) to (&¢,4°) (see Fig.17).

v

L\\QN "ins T
/W,;/ \ML\\

{ ¢ — [
17 1 I

aﬂ" /;ﬁ aﬁ /5ﬁ+1 53—1 PE
PRI T 22 i - i+, i+ e—1{1'
0 0 L RRRE 6 €L

Fig.17 changes of Lpm and pun_1(Vr_y)

Lp~m decreases monotonously, and pgr—_1(Va-1) changes nondecreasingly, therfore they
cross in some interval, say [(&",é6%), (@*!,6")]. Let Ty,,Ts,,..., %y be tasks on
boundaries (including those newly located) shifted from Vj, to V, (1 € a £ h —1) by
Operation 2 in this interval, and let ¢ denote the shifted portion of the current task.

st @* v*) si+1

Fig.18 the crossing interval

P2 and P3 guarantee that Ly, and pgp_1(V4..1) are continuous with respect to e € [0,1].
Then there exist such T;, and €* that correspond to partition state (&*,6*,X*) which
realize

prot(Vhe1) = Lpam = pa(Va) = tiag1(Vig1) = -+ = tm (Vi) -
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Here, @*-simple partition keeps the fixed mutual ratios among a;,aq,...,a,_1 and the
fixed percentages with which each of tasks on boundaries are shared. And it is easily seen
that a} ~ ay, # 0. This means the induction hypothesis holds for | = h — 1.

The above completes the mathematical induction, i.e. Lemma 1 holds for { = m —
1,m —2,...,1. Therefore we have Theorem 1. [ ]

4.3 Another proof of Theorem 2

We prove Theorem 2 considering directed graphs associated with exchanges of task-
fractions among processors, where a reduction to absurdity (proof by contradiction) is
used.
proof : We suppose that some &-simple and even partition X'° = (z;;) = {V°, V5,
V.21 does not give the minimum schedule for some task set 7. From this supposition we
can derive a contradiction.

The optimum solution of (3.1) computed by, say, the simplex method determines
the partition X'* = {V}*,V*,..., V. } that gives the minimum schedule length. Here we
consider to change X° into X* by shifting elements of each V}? (dividing them again if
necessary) to the others. Let 7j; (1 < j,k < m) denote the set of task-fractions which are
shifted from P; (V) to Px (V}') when the partition is changed from X° to X'*. That is,

m m
Vi=Vy— ZTjk + ZTkj-
k=1 k=1
Generally let T = (7;) denote a collection of these m? sets of shifted task-fractions which
can be applied to X° = {VJ"} And let # T denote the number of non-empty entries of
T. We select from possibly plural X*s (there may be many optimum solutions when
(3.1) degenerates), X*, one of the partition that has the smallest # T (= v4) among all
that gives the minimum schedule length. Let T = (7)) be the shifting of task-fractions
which changes X'° into X*.
Now by these assumptions of a reduction to absurdity we have
o length(X*) < length(X?)
o #T =up
e Any exchange of task-fractions T' (applicable to X°) s.t. #T' < vy can not change
X’? into the partition that gives the schedule length less than or equal to length(X'*)
(= length(X")).
In the followings we consider the directed graph G(T') whose vertices are corresponded
to processors Py, P,, ..., P, and which has the edge from P; to P; if and only if Lixk £ ¢

When X° is changed into X* by T, from every processor some task-fractions must
be shifted to others. That is

If otherwise, for some j, V7 is not decreased, then we have that u;(V;*) > 41;(V?). Since
the partition X° is even, this contradicts that length(X*) < length(X°). Consequently
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each vertex of the graph G( ') has one or more outgoing edges, and we can trace these
edges in sequence. There are m finite vertices, so m or less operations of tracing necessarily
lead to the same vertex visited before. In other words, there exists a following sequence

of pracessors (a cycle of G(T)),
PjuP.izv" 'Pje?}:tie{»! = P,
where 7, .. #¢ s=12,...,e (see Fig.l9).

Fig.19 cycle of G(g:)

Here we apply the following Operation 3 to this cycle (sequence of processors). To
keep notfations compact, processors are reindexed so that the index J; on the cycle is
changed to 5 (s = 1,2,...,e, where e +1 = 1).

‘ 8y 1

forsi=2toedo]|

if f‘s(lis«-x,a(gawx)) < #s(Zy 041)

then (x Fig.20 %)
let 8, #s(~s-§,a(88*1})

ps(L s,svﬂ)

Fig.20 the case of po(In) < po(Out)
else (x Fig.21 %)
jet 8, ~ 1;

#s(Zs o41)
let g e o fa T2
4 #s(Zoey o(Bs1))
forim=1tos~1do{

6; ;- p

] §1~8;-1+ decreased

Fig.21 the case of ps(In) > p(Out)

For the values 81, 8y,...,0, computed by Operation 3, we have the following Lemma 2,
3 and 4.
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Lemma 2. There exists such 8, that equals to 1 among 6,,6,,...,0..
proof of Lemma 2 : It is clear through the mathematical induction on e. []
Lemma 3. At processor P, (s =2,3,...,€e) it holds that

#3(13—1,3(93—1)) = lls(Is,a+1(9a)) .

proof of Lemma 3 : Obvious from the description of Operation 3 (see Fig.22). []

Te15Te, e +1

Fig.22 sequence of similarly reduced r, ,,, by Operation 3

Lemma 4. At processor Py it holds that p1(7,,(61)) < p1(z, 1(8e)) -

proof of Lemma 4 : Because the partition X° is &-simple and 7, ,41(6,) is a subset

of V2, every element w of 7, ,,(6,), satisfies the following relation (see Fig.23).

us(w) < 273
Pat1(w) T apqr

s+ (@)

/s+1/
Fig.23 task-fraction that belongs to 1, ,,,
Consequently it holds that

Qs

pToen(02) _

4.12 .
(412) Hot1(Ts,041(05)) ~ st
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The Inequality of (4.12) is rewritten with s = 1,2,... e as

#1(z42(61)) / 12(71,(61)) < ar /[ a
p2(T43(02)) / 13(123(62)) < a2 [/

/ < /

/ < /

/ < /
pe-1(Te1,e(fe-1)) [ He(Teoyefe-1)) < aemr /[ e
l‘e(Ie,l(ee)) / ﬂl(Ie‘,l(Oe)) < a [/ @

Multiplying these inequalities, we have p;(z,,(61))/p1(z, 1(f.)) <1 by Lemma 3. That
is, it holds that u1(7,,(81)) < p1(z.1(8)). (]

Now we subtract {7, ,,,(6s)} (s = 1,2,...,¢) from the original T, and let T~ =
(z;x) be the difference. More strictly,

Tik (1,) #(s,s+ 1) (s =1,2,...,¢)

Lik _zs,a+l(0-’) (s k) =(s,s+ 1) (3 = 1’27""6)'

The schedule length of the partition X~ obtained by applying T~ to the original X°
satisfies that length(X™) < length(X*) by Lemma 3, 4. At the same time the edge
corresponded to 8;, = 1 (by Lemma 2) is deleted, so we have that #T~ < vo. These
contradict the first assumptions. Therefore X° must give the minimum schedule length,

then Theorem 2 holds. []

5. Application of Theorems

Most of approximate algorithms for the original (nonpreemptive) problem solve relaxed
problems of type (3.1) repeatedly [7,9]. So it is needed to solve them as fast as possible.
Theorem 1 and 2 give the possibility to obtain the solution of (3.1) faster than by such
general methods as Simplex or Interior ones.

In the case of m = 2, the optimum value of & € A; can be found directly in O(n)
time. This is implicitly used in [8]. When m = 3, the O(nlogn) algorithm which finds
d-simple and almost even (even within certain error bound) partition of 7 is guided
naturally by considering the process of the proof of Theorem 1. Using this procedure
we can construct an approximate algorithm with worst case performance ratio 5/3 based
on the idea of partial enumeration (essentially similar to [8]). It solves several hundred
variants of (3.1), but takes no more than a second or so to produce the approximate
solution for n == 50 on ordinary large scale computer.

For general m, direct search procedure of the optimum &, temporarily sketched as

1 1 1
step0: let @ « (—, —, e, —) (% center of A, *)
m m
stepl: search the maxu;(V;) (* j« gives maximum *)
j
. ~ Xje = . Qjw m
step2: let & « (1—:,-1,+6" T 1—:)(,-,1}-6’01]- -6, 1—'&::}6" " 1—2,-,+6)
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stepd: adjust é and update task assignment
step4 : if schedule length is improvable
then goto stepl else stop ,
seems to work similarly to (dual) Simplex method. But updating both & and task assign-
ment (i.e. exchange of basic variables) needs relatively small operations, so this procedure
is expected to run faster than general methods.
Furthermore our Theorems can be used in order to prepare the initial basic solution

(initial task assignment) for various methods.

6. Conclusion

By extending the study of the case m = 2, we introduced a new approach to the problem
(3.1) which uses m —1 dimensional unit simplex A,,_;. Theorems which interpret the
optimum solution of (3.1) as the certain division of A,,., i.e. the even and &@-simple
partition of 7 are interesting by themselves. The compact proof using Duality Theorem
is convincible of the correctness of these theorems. On the other hand the elementary
and lengthy proofs give helpful informations to design direct search algorithms of the
optimum & as stated in the previous section.

Numerical experiments on the approximate algorithm for m = 3 are under way,
including the comparison with other methods . To complete the direct search algorithms
for general m is the subject of following works.

Acknowledgements

The author wishes to thank Professor Masanori Fushimi and Professor Masao Iri of the
University of Tokyo for their guidances, the proof using Duality Theorem in section 4.1
is suggested by Prof. Iri. The author also wishes to thank anonymous referees who read
the first version of this paper with not a few errors and confusions and gave valuable

comments and suggestions to him.

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



Optimum Relaxed Solution for Scheduling 253

Appendix

The properties P1, P2 and P3 of Operation 2 are proved.

At first we note the following fact (Lemma A1), next prove that inequalities of P2
are true for 7 (Lemma A2), then prove P1 ~ P3 using these Lemmata.

Lemma Al. In Operation 2, the &-simple re-equalization of P, ~ P, for T after
shifting of €T, can be realized by T = (7jx) such that G(T') has no cycle. Here 7j; (1 <
7,k < m) denotes a set of task-fractions which are shifted from V; to V| when the partition
statefor T is changed from (&,6, X = {V;}, Lywm) to (&', 8, X' = {V!}, L} ), and G(T)
denotes the directed graph whose vertices are corresponded to processors Py, Py, ..., Py
and which has the edge from P; to Py if and only if T # ¢.

proof of Lemma A1 : Suppose that G(T') has a cycle P;,,P;,,...,P; ,P;,,, = P;,.
The existence of non-empty 7j, ;,,, (s =1,2,...,¢) means that the boundary between C;,
and C;

Js41
are on the boundary) when the partition state is changed from &' to X' (see Fig. A.1).

That is, along the cycle (for s = 1,2,...,¢) it holds that
QXjy 41 < 013-‘“

. -_ !
aj, a;j,

moves toward /j,/ or it does not move at all (in this case shifted task-fractions

(where a, ,a), > 0).

Fig.A.1 boundary between C;, and Cj, ,

All of these inequalities hold, in fact, with equality, because, if some of them hold with
true inequality then we have the contradiction that 1 < 1 by multiplying them for s =
1,2,...,e. Therefore the boundary between C;, and Cj,,, is not moved, and all elements
of 7, j,4, are on this boundary (for s = 1,2,...,e). Then, we can eliminate at least one
edge on each cycle by reversing some parts of 7j, ;,,, s of the cycle in the same way as
Dperation 3 of section 4.3. At this time it is easily seen that the resultant partition X"
is kept to be a@-simple and even (for h,...,m). Repcating this operation leads to Lemma
AL []

Hereafter, without loss of generality, we assume that re-equalization in Operation 2 is
performed by the shifting of task-fractions T = (1) such that G(T) has no cycle.
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Lemma A2. PI whose T is replaced with T is true. That is, after () ~ pn(-) are
re-equalized for T, it holds that
Lhnm — € pn(Tz) < Ly, < Lium -

proof of Lemma A2 : First, we show that L} _,, < La~m . Since G(T') has no cycle,
there exists the following finite sequence of processors which starts from P, and terminate
at some processor P;, to which no task-fraction is shifted from any other processor during
Operation 2 (Fig. A.2).
Pj., Pj,_y,-++, Pj, = Py
where Pj, # P;, iff. s # ¢, Tivie 1 70 (8=e,e—1,...,2)
and 7, =¢ (Vke {1,2,...,m})

PhEle

— task-fraction

[::> boundary

/35 /

Fig.A.2 the sequence of processors Fig.A.3 movement of a boundary

coming into Py
Here, if j. € {h,h +1,...,m]} then it holds that
heom = #5:(V5,) < 15.(V5.) = Lo »

because V;, decreases strictly. Now supposing that j. ¢ {h,h+1,...,m}, let j. be the
first index departing from {h, A+ 1,...,m}. That is

jla jZa-"’ jc—l (S {h7h+1aam}

Je € {1,2,...,h —1}.
Since 7j,,,,j, is not empty set, we have, as shown in proof of Lemma A1,

I<

%
< : s=12,...,c—2.

- !

aj’+1 aja+l

ajl

On the other hand, the partition X for T has no task-fractions on the boundary between
C, and Cp for any a,b (1 < a < h, h+1 < b < m) which can be shifted from V, to V} (see
Fig. A.4). Consequently 7;, ;._, # ¢ implies that

ajc_l < a}c—l

. !
a]c ajc
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And, in Operation 2, mutual ratios among ay,as,...,ay are fixed, so we have

]
Kie _ 9% (because j; =h, 1<j.<h-1).
Otj1 Ozjl
By multiplying all these (in)equalities we have the contradiction that 1 < 1. Therefore j,
must belong to {h,A + 1,...,m}, and it holds that L < Lprn -
Next, we see that Lyom — €+ un(T:) < L . If no other task-fraction than T is

shifted from P, to other processors then this assertion is true. So, suppose that there

’
h~m

'
h~m

exists some processor Pj, to which task-fractions are shifted from P, during Operation
2, 1.e. Th j, # ¢. jo satisfies that A + 1 < j2 < m by definition of Operation 2. Now, by
Lemma A1, we can consider the following finite sequence of processors which starts from
P, = P;, and terminates at some processor P;_ from which no task-fraction is shifted to
any other processor during Operation 2 (Fig. A.5).

PhE‘le’sz’-..’Pje
where P;, #£ Pj, iff. s #£1t, T 20 (s=1,2,...,e—1)
and 75, x=¢ (Vke€{1,2,...,m})

s— task-fraction

:C> boundary

Fig.A .4 boundary condition on 7 Fig.A.5 the sequence of processors
starting from Py

Here, if j, is a member of {h,h + 1,...,m} then we have the relation that u;, (V) >
¢j.(Vj.), which contradicts the relation that L} . < Lp~m. Consequently we have
Je € {1,2,...,A —1}. Now, we examine the movements of boundaries between C;, and
Cj,,, for s =1,2,... e (sub-index e + 1 is interpreted as 1). The boundary between Cy
and C;, must move toward /h/, that is
1
Gp o Zin
ah aj,

because 7 has no task-fraction on the boundary between Cp and Cy for any & (1 < b < m)
which can be shifted from V}, to V} (see Fig.A.4). About other boundaries, in the same
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way as the former case, we have

Ja41 Js+1
—tl g A (s=2,3,...,e—1),
&7 a

s Js

1
o (¢4 ;
_":..'_h_ (because 1 < j, < h—1).
Qg A,

By multiplying these (in)equalities we again have the contradiction that 1 < 1. Therefore
no task-fraction can be shifted from Vj, to any other Vi (k € {1,2,...,m}) except for
e-T, tosome V, (1 <a< h—1). That is, it holds that Lym —€- pn(T:) £ L}, ., - 0
proof of P1 : Suppose that for some a,b (1 < a < h,h+ 1 < b < m) the boundary
between C, and C, moves toward /a/, that is

!

o al,
a o
Since mutual ratios among a4, @z, ..., ap are fixed during Operation 2, we have
a; o a o
Vie{1,2,...,h} - — (because — =2 = consta‘nt) .
ap 243 aj a;

Consequently, for any j (€ {1,2,...,k}), j = . But, considering that us(V)) < us(Vs),
there exists some k (€ {h + 1,h +2,...,m}) such that 7,y # ¢. Then, by Lemma Al,
we can find the following finite sequence of processors which starts from Py = P;
terminates at some processor P;, from which no task-fraction is shifted to any other

and

processor during Operation 2.

Py =Pj, Pj,,---, P,

where P; # Pj, iff. s #1t, Tijem ¢ (s=1,2,...,e—1)
and 7j, 1 =¢ (Vke{1,2,...,m})

The same discussions about the above sequence as in the latter half of proof of Lemma A2
conclude that j. belongs to {1,2,...,h —1}. Multiplication of (in)equalities representing
movements of the boundaries between every two consecutives of Co, Cy = Cj,, Cj,, -+,

Ci._1» Cj., Cq bring the contradiction that 1 < 1, hence P1 holds.  []

proof of P2 : Pl assures that the partition X’ = {V/} of T is kept to be even for
h ~ m and @-simple when the task set is restored to original 7. (the value of Lp.om is

also unchanged). Consequently Lemma A2 holds for the original task set 7. In other

words Operation 2 changes the partition for 7 from X to A'. ]
T/(X,Lyhom) T/X, L, .)
modify task- restore
fractions on modified
boundaries task-fractions

b re-equalization —
T/(/Y7le~rn) T/(XI’ ,h~m)
after e-T, 1s shifted
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proof of P3 : P1 and definition of Operation 2 show that no task-fraction is shifted
out from V,_; during Operation 2. From this fact it is obvious that pup_y1(Vh—1) <
wr-1(V4_q). So, it suffices to estimate the processing requirements of task-fractions which
are shifted into V},_;. We introduce following notations. '

Q : {1,2,...,h—1}; set of indeces of processors.

R: {hh+1,...,m}; setof indeces of processors.

p : maxmax Hik ; maximum (over all tasks) of maximum ratio of us.
tLE ey
Here let I,/ Oy denote the sets of all incoming/outgoing task-fractions into/from Vj (b €

R). Since P1 assures that ther is no task-fraction shifted into V4 from V, during Operation

2 (a € @, b € R), they are written as

Iy = Zij beR
JER

Ob=z7'bj+z7'bk be R.
JER keQ

Measuring both sides of these equalities by up_1(-) (i.e. processing requirements on pro-

cessor Pj_1), we have

pr—1(lp) = Z#h—l(ij) beR
JER

ph—1(0p) = Z pr—1(msj) + }: Ph—1(Tok) be R.
JER keQ

Summing up respective equalities for all b € R and taking the difference between them,
we have

(a.1) Z pr—1(0s) ~ Z pr—1(1Is)

bER bER

= Z > pnaa(m) + Y > mnca(m) = )Y paca(riy)

bER jER bER kEQ bER jER

= Z Z tn—1(Tok) -

bER kEQ

Here, by Lemma A2 we have

(a.2) pb(ob) - ﬂb(Ib) = Lprn — Llh~m < e- l‘h(TJ:) Vbe R.
From this inequality we have
ws(Ip) = o(e) Vbe R
(2.3)
16(0p) = o(e) Vbe R.

Because if up(Ip) or up(O0y) is o(1) for some b then we have the contradiction as follows.
Suppose pp,(Ip,) = 0(1) (by (a.2) ups(Os) = o(1) is equivalent to up(ly) = o(1)). This
means that for some by € R, up (75, ,4,) = 0(1) . Here, by definition of p, it holds

1
;HbO(Tblybo) < /—‘bx(’rbl,bo) < plubo(‘rbl‘bo)'
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Consequently, p3, (O, ) is also o(1), and it follows that pp,([p,) = o(1). Again starting
from b; we can find bp s.t. up,(Is,) = o(1) and 73,5, # ¢. This process can be repeated
endlessly as by, by, ..., that is, G(T) has a cycle. But this contradicts the assumption
that G(T) has no cycle.
Obviously
Hh— 1(Vh l)_/‘h IVh l ZZ#}[ lTbk)
bER k€Q

From (a.1) we have

(a.4) ph—1(Vy_1) — ta—1(Va—1) < Z Z pr—1(Tok)

bER kEQ
< Zﬂh—l(ob)-
bER

By (a.3) and definition of p, we have (for certain constant C})
pr-1(0s) < pus(0s) < €Cy VbeR.
Substituting these inequalities into (a.4), we have

ph-1(Va_1) — pth—1(Va=1) Zuh 1{0s)
bER

<D <Gy
bER
SE'M,

where M = 3, p Cs is constant. D
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