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Abstract We propose a combinatorial framework for fixed point algorithms and constructive proofs of combi-
natorial lemmas in topology. The framework consists of two sets of pseudomanifolds and an. operator relating them.
They have lattice structures which are dual to each other. We show that the set of “joins” of pseudomanifolds
related by the operator is a2 homogeneous and orientable pseudomanifold under several conditions. By exploiting
this framework we generalize Sperner’s lemma on convex polytope. Namely, let C be a convex polytope with m
facets Fy,..., Fpy, S be a finite triangulation of C and § = {o|0 is a face of some simplex of S}. Given a nondenerate
vertex v of C and a labelling function £ from the set of vertices of S to {1, ..., m}, the set of indices of facets, there is
an odd number of simplices o of S such that 2(0)U{i|1 S i € m, o C Fj} strictly includes {i|1 £i S m, vEF;}
We also prove the generalization of Sperner’s lemma by Fan and van der Laan-Talman-Van der Heyden’s lemma

as corollaries to the result.

1. Introduction

Since a new class of fixed point algorithms was proposed by van der
Laan-Talman [13], a framework unifying the existing algorithms has been
studied by several researchers, Kojima-Yamamoto [11], van der Laan-Talman
[14], Freund [3], Yamamoto [20]. The framework is useful not only to
interpret the existing algorithms but also to develop new algorithms ( see
Kojima-Yamamoto [12] ), to prove the convergence of the algorithms ( see van
der Laan-Talman [16] ) and also to give constructive proofs for fixed point
theorems ( see Freund [16] ). One of the frameworks is a subdivision of a
space with an artificial dimension. It is a weakness, however, of this
framework that it heavily depends upon the geometrical structure of the

subdivision. The framework in Kojima-Yamamoto [11] is based on the "product"
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of two subdivided manifolds. This framework is simple and useful for the
interpretation and development of fixed point algorithms with vector
labelling but it still depends on the facial structure of polytopes. It
should be stated that they have generalized it in [10] to overcome this
weakness. The framework in Freund [3] consists of a pseudomanifold and a
label set. It is combinatorial and free from geometrical structure. Hence
it is suitable to fixed point algorithms with integer labelling and to the
proof of combinatorial lemmas in topology.

In this paper after reviewing several basic properties of orientation
of pseudomanifolds we propose a combinatorial structure which consists of
two sets of pseudomanifolds and an operator relating them. We will call it
primal-dual pseudomanifold and abbreviate it by pdpm. We show in Sections
4 and 5 that the set of "joins" of the pseudomanifolds is also a
pseudomanifold and under some conditions it is homogeneous and orientable.
In Section 6 some examples of pdpm are comstructed from triangulations of a
convex polytope and its polar. In Section 7 we generalize Sperner's lemma
on a general convex polytope by using pdpm. It is shown that the
generalization of Sperner's lemma on the cross product of simplices in van
der Laan-Talman-Van der Heyden [15] and Freund [5] is readily obtained from
the theorem. We also show the generalized Sperner's lemma by Fan [2] and
Sperner's lemma as corollaries to the theorem. Finally we sketch another
scheme to prove the theorem and corollaries by aggregating facets of the

polytope.

2. Preliminaries

Let O be an abstract simplex of n vertices, i.e., 0 = {Vl""’vn}'
The simplex O is usually called an (n-1)-dimensional simplex, but here
we will call it an n-cardinal simplex ( abbreviated by #n-simplex ) to
avoid the confusion of the dimension and the number of vertices. Any
subset of O is called a face of ¢ and an #(n-1)-face is especially
called a facet. A set K of #n-simplices is called an #n-pseudomanifold
( abbreviated by #n-pm ) if for any facet T of any simplex of K there
are at most two simplices of K having T. We, however, mean a set of one
#1-simplex by a #l-pm. The boundary of K, denote by &K, is the set of

#(n-1)-simplices each of which is a facet of exactly one simplex of K. An
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Generalization of Sperner’s Lemma 21

#n-pm K 1is said to be finite if it consists of a finite number of
simplices. It is said to be locally finite if for each vertex of K the
number of simplices of K having v is finite.

Two simplices ¢ and n of K are said to be neighboring if they
share a facet, or equivalently n = 0 A {v,u} for some ve o and u ¢ o,
where A means symmetric difference. An #n-pm K is said to be
homogeneous if for any pair 0 and n ¢ K there is a sequence Og>

01,...,0 of simplices of K such that o, = g, g, =n, 0.

t i-1 and Oi

are neigﬁboring simplices for i =1,...,t.
The set of all #k-faces of all simplices of K is called the

#k-skelton of - K and denoted by K#k. We also denote LJ§=0 K#k by K.

Let C be a convex polytope of R". Aset L of geometrical
n-dimensional simplices is said to be a triangulation of C if the union
of all simplies of L is C and for any two simplices of L their
intersection is their common face. For a triangulation L of C let L'
={{ v] v isavertexof 0} | oeL}. Then L' is a pm. In the

sequel we will make no distinction between L and L'.

3. Orientation

For an #n-simplex O = {vl,...,vn} let Or(o,.) be a function from the

set of orderings of the n vertices of O to the set {-1,+1} such that

n(1)r V()

for any permutation T of {1,...,n}, where sgn(m) is the sign of w. Let

(3.1) Or(O,(vl,...,vn)) = sgn (m) Or(o,(v
\

0 and n=0A {vk, u} be neighboring simplices, where v, € 0, u ¢ O.

k
Or(o,.) and Or(n,.) are said to be coherent iff

(3.2) Or(n’(vl""’Vk-l’u’vk+1""’Vn)) = —Or(o,(vl,...,vn)).

An #n-pm K is orientable if there exists an orientation function
Or(.,.) such that it is coherent for any neighboring simplices. Let T
=0\ {vk} for some v, € 6. Or(1,.) 1is called the induced orientation of

T from Or(o,.) if

k

(3.3) Or(T,(vl,...,vk_l,vk+1,...,vn)) = (-1)kOr(0,(v1,...,vn)).

In the followings we give several lemmas about the orientation. Some
of them are obtained directly from the above definitions. The readers who

are familiar with the orientation theory could skip the following lemmas.
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Lemmma 3.1. Let O and n be neighboring #n-simplices and T = 0 N n.
Then Or(o,.) and Or(n,.) are coherent if and only if the induced
orientations OrO(T,.) and Orn(T,.) of t from Or(o,.) and Or(n,.),

respectively, have opposite signs.

Proof. Llet 0O = {vl,...,vn} and n= oA {vk,u}. Suppose Or(0,.) and
Or(n,.) are coherent. Then by (3.3)

n
Or (T,(vl,...,Vk_l,vk+1,...,vn))

k
(_1) Or(n’(vly-~°9Vk_1’urvk+1a'--:vn))

D*0r(, (v 4eeeiv))

0]
-Or (T,(vl,...,vk_l,vk+1,...,vn)).
Next suppose OrO(T,.) = —Orn(T,.). Then
Or(O,(vl,...,vn))

-D¥or%(t, (v

1""’Vk—1’vk+1""’vn))
(—1)k+10rn(T,(v1,...,v

k-1"Vke1? 002 ¥n))
_Or(n,(vl.---,vk_l,u,vk+1,...,vn)).

Lemma 3.2. Let K be a homogeneous pm and orientable with respect to two

distinct orientations Or1 and Orz. Then Or1 = -Or2.

Proof. Since Or1 # 0r2, there is a simplex © € K with Orl(o,.)
= —Or2(0,.). Let n=0A4 {vk,u} € K for some v €0, u ¢ 0. Then since
both pairs (Orl(o,.), Orl(n,.)) and (Or2(0,.), Orz(n,.)) are coherent,
1
Or (n,(vl,...,vk_l,u,vk+1,...,vn ))

—Orl(o,(vl,...,vn)) - Orz(o,(vl,...,vn))

2
-Or (n,(vl,...,vk_l,u,vk+1,...,vn)).

Let 1 be an arbitrary simplex of K. Since K is homogeneous, there
is a sequence of neighboring simplices from G to n. By applying the

above argument along this sequence we have the desired result.

Lemma 3.3. ( compare with Lemma 26 in Freund [3] )
Let K be a locally finite and orientable #n-pm. If &K is an #(n-1)-pm,

then it is orientable with respect to the induced orientation.

Proof. Let a = {v1’°"’vn—1} and B =0 A {vl,vn} be neighboring simplices

of O8K. Let & be a function defined on the set of vertices of K into
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Generalization of Sperner’s Lemma 23

{1,2,...,n} such that
l(vl) = K(VH) =1
Q(Vi) =i for 1i=2,...,n-1
2(v) =1 for any v ¢ a U B.

Then we will see that only o and B are the simplices of &K with 2(a)
2(B) = {1,...,n-1} where &(a) ={ 2(v) | v e a}. Suppose &(Y)
= {1,...,n-1} for some Y € 6K. Then by the definition of &

{vz,...,vn_l} € Y. Since 9K 1is an #(n-1)-pm, there are at most two
#(n-1)-simplices of 6K having {v2""’vn—1}' Therefore Y =@ or 8.
Furthermore by the local finiteness of K, the number of simplices having
{V2""’Vn- } is finite. Therefore there is a finite sequence of

1
simplices O, O),..., o, of K such that acod, B c 6., 0,_; and O,
are neighboring and jz'(Oi_l no)= {1,...,n-1} for all i =1,...,t. By
applying (3.2) and (3.3) to these simplices ( see for example Lemke [17],
Gould-Tolle [8] and Eaves [1] ), we see that the induced orientations

Or(a,.) and Or(B8,.) are coherent.

Lemma 3.4, Let K and L be locally finite and orientable #n-pm's such
that KN L = @. Suppose &K and OL are #(n-1)-pm's, KU L is an

#n-pm, and 6K N 6L is a homogeneous pm. Then K U L is orientable.

Proof. First note that K#(n_l) n L#(n_l) =8 NSL since KUL is a pm

and KNL=@. Let M=08K n L, OrK and OrL be the orientations of

< <
K and L, respectively. Let OrM K and OrM L

K

be the induced

orientations of M from Or~ and OrL. By Lemma 3.2 M 1is orientable

< < <
with respect to both OrM<K and OrM L. Then by Lemma 3.2 OrM K. OrM L
or —OrM<L. If OrM<K = OrM<L, then reverse the orientation of one of K
< <
and L. Then we have OrM K_ -OrM L. By Lemma 3.1 we see that K UL is

orientable.

4, Primal-Dual Pseudomanifolds

Let K and L are #p- and #d-pm's which share no vertices. Let Pp
be a finite partition of K into #p-pm's. Let Pp—l be a finite
partition of [J{ 8X | X € Pp } into #(p-l1)-pm's such that 6X1 n&x, is
also partitined by Pp_1 for any Xl’ X2 € Pp' In general let Pk be a
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24 Y. Yamamoto

finite partition of J{ 86X | X ¢ Pk+1 } into #k-pm's such that
GXI n 6X2 is also partitioned by Pk for any Xl’ X2 € Pk+1’ For
consistency of notation we define P, = {@}. Let Dys Dy_yseves D8 be

3 . _ p -
defined for L in the same way. Let P = ij=0 Pk and D ij=0 Dk'
When there are a subset A < P U D\ {§}, an operator denoted by * on A
and a positive integer n satisfying the following conditions,
( P,D,A,*,n ) is called an #n-primal-dual pseudomanifolds ( will be

abbreviated by #n-pdpm ):

(4.1) If X e Pk NA(Ye Dk NA) and 0 <k $n, then

X*eD , (Y*eP ).

(4.2) If X e€ A and X* # @, then X¥* =X,
(4.3) If X, Ye A and X c 8Y, then Y* c §X*,

(4.4) For each X € Pn—l (Ye Dn—l ) there is at most one member U € Pn
(Ve Dn ) such that X c 8U ( Y < 6V ).

For Xe€ PN A let
XeXx*={oun|oeX, nex*},

which coincides with X** « X* when X¥* £ 0.

Lemma 4.1.

(4.5) X « X* is an #n-pm.

(4.6) OS(X » X#) = (86X « X¥) U (X * 8X%).
(4.7) (X X¥)n (Y «Y*) =0 if X #7Y.

Proof. Let X € Pk and X* € Dn-k' Since X « X* =X 4if X* =@, (4.5)
and (4.6) are clear in this case. We suppose X* £ @, Let TUMN be an
#(n-1)-simplex of X + X*, Then we have exactly one of the following two
cases: case 1: |1| =k and |Y|] =n -k -1, case 2 : |1|] =k -1 and
|Y| =n - k., It is sufficient to condsider case 1. Suppose
TUYycouneX e« X*¥ Then 0= 1. Since X¥ is a pm, there are at
most two TN € X¥* having Y. Therefore we have (4.5). The assertion (4.6)
also follows from the above argument. The assertion (4.7) is also clear
since XNY =@ when X #Y and any simplex of (X ¢ X¥) n (Y « Y¥*)

whould have n vertices.

Lemma 4.2. Suppose that X € Pk nNa, Ye Ph naA, X#Y, hsk, and

X+ X*¥ and Y ¢ Y* share an #(n-1)-simplex. Then k =h + 1 and Y c &X.
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Generalization of Sperner’s Lemma 25

Proof. Let TUY be an #(n-1)-simplex in X * X*¥* n Y ¢ Y¥, Then there
exist 01 U N € X « X¥ and 02 U n2 €Y « Y*¥ having T U Y. Therefore
Tco N0, and ycn) Nn,. Suppose that k =h. Then [t} = |01| -1
=k -1 and |y| s fnyl -1 =n-k- 1. This implies that [t U Y|

S n - 2, which is a contradiction. Suppose that k 2 h + 2. Then |T|

HA

|02| =h and |y| s |nl| $n-k. Hence |TUuYl sh+n-%kz=sn-2,
again a contradiction. Therefore we have k =h + 1. If Y ¢ &8X, then
loyno,l s lo)l ~1=h-1 and |nynn,| sIn|-1=n-k-1. This

A

is contrary to |t U Yy} =n - 1.

Now let

M= Jl X*X*| XePuUA, X¥£¢}
Ul X | XePnaA, X¥=901}
Ul Y| YeDna, Y*=¢}

Then we have the following theorem.

Theorem 4.3. M is an #n-pm.

Proof. Let T U Y be an arbitrary #(n-1)-simplex of X <« X¥* for some
Xe PnNnA. Suppose TUYcCcOoUDNEM., We can assume without loss of
generality X € Pk’ X* € Dh’ |t] =x -1 and |y] = h, where h = n - k.
We first consider the case where k > 1, which implies T # @. When
T¢ 68X, TUuY€EOJX-=+ X*¥) by (4.6) of Lemma 4.1. Then we have two
#n-simplices of X ¢ X* having T U Y by (4.5). We also see that no
other #n-simplices of M have T U Y by (4.7). When T € 6X, there is a
unique 0 € X with T < 0, and consequently T UYc OoUYe€X-« X¥cM

Since T € 6X, there is a unique Y € P such that T € Y ¢ 6X by the

construction of Pk-l' If YeA therz is Y* e Dh+1 and X* < &Y*,
Therefore there is a unique n € Y*¥ with Y c n. Thus we obtain
TUNEY * ¥Y*cM having T U Y. Finally suppose that
TUYcaURBeM Then either |a} = |t|] +1 and |B] = |Y| or |of
|t] and |[B] = |y] + 1 holds. In the first case B =Y € X* and

QG UB e X#t o Xt = X o X¥, Therefore o UB must be o0 U Y above. In

the second case we have a U Y =T U™N . Thus we have seen that T U Y
is contained in at most two simplices of M when k > 1.

Next, we consider the case where k = 1. Note that h =n ~ 1, By the
definition of #l-pm, X consists of a single #l-simplex, say {v}.

Therefore we obtain {v} Uy e X ¢« X* M having TUY =Y. If D £ 0,
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26 Y. Yamamoto

at most one member Y € Dn such that X* c 8Y belongs to A from
condition (4.4). Therefore we have at most one simplex n € Y such that
TUY=Ycn=90uUne M Finally suppose that T U Y c a UB € M. Then
either |a] =1 and [B| = |Y] or Ja| =0 and |B] = |y] + 1 holds, so
that we see that a U B is either {v} Uy or @ un.

Corollary 4.4. OM is the set of #(n-1)-simplices T U Yy satisfying one
of the following conditions. Here T U Y € (X » X*)#(n_l), XeP and

k
X* € Dh'
(4.8) k>1, 1€ 8X and if T € Yc 8X, then Y ¢ A.
(4.9) h>1, ve 8X* and if Y € Y < 6X*, then Y ¢ A.
(4.10) k=1, 1T=9 and if X* c 6Y, then Y ¢ A.
(4.11) h=1, Yy=¢ and if X c 8Y, then Y ¢ A.

Proof. The asssertion is readily obtained from the proof of Theorem 4.3.

5. Orientability of M

In this section we will show that M is a homogeneous and orientable

pm under following conditions.
(5.1) Each X € A is homogeneous and orientable.

(5.2) For any pair X and Y € Pn AU {@} there is a sequence

XO’XI""’ Xt of PnAvu {@} such that XO = X, Xt =Y and

either X. , € 68X, or X. c 8%, for i=1,...,t.
i-1 i i i-1
(5.3) 6X is a pm for any X € A.

(5.4) (Shellability) There is an ordering X1 . Yl""’ XS . Ys of

#n-pm's constructing M euch that for i = 2,..., s
6(le§i—1 Xi . Yj) n G(Xi . Yi)
is a homogeneous #(n-1)-pm and
. . #(n-2)
(<S([_jj§i_1 xj YJ.) n 6()(i Yi))

= 6(Uji Xy Yj)#(““z) nox, - YD),

Lemma 5.1. X « X*¥ 1is homogeneous.
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Generalization of Sperner’s Lemma 27

Proof. We prove only the case where X¥ £ {@#}. Let oun and o' uUnp'
be arbitrary simplices of X * X¥., Since X and X* are homogeneous from
condition (5.1), we can find sequences of neighboring simplices ¢«
=0p Opseeey G = ¢' and n = Ngs Nyseees Ny = n' such that o, € X,

¥* =
nj € X*, Then the sequence OoUnN = % U Ngs 91 Ungseees O U No

=0 v g c'u Npseess o'u n, = 6' un' is the desired sequence.

Lemma 5.2. X « X* 1is orientable.
Proof. let ouneX * ¥%, O-= {vl,."., vk}, n = {ul,...,uh}, where h
=n - k. We define the orientation Or(0 U N,.) by

Or(0 U n,(vl,...,vk,ul,...,uh)) = Or(O,(vl,...,vk)) X Or(n,(ul,...,uh)).

Note that Or(0 Un,.) is uniquely defined by the above formula. Suppose
0' UN' is a neighboring simplex of O U n., Then either ¢' UN'
(o A {vi,v}) Un for some v, €0, v g0 or c'un'

ou ((na {ui,u}) for some ug Un, u¢n. Since X is orientable by

(5.1), we have for the first case

Or(O' U n', (Vl,-..,Vi_19v9vi+1s'-~svk’u11-“auh))

Or(O',(vl,...,vi_l,,v,vi+1,...,vk)) x Or(ﬂ',(ul,...,uh))

- Or(o ’(Vly---,vk)) X Or(n,(ul,..u,uh))

#

- Or(0 Vv ﬂ,(vl,..,vk,ul,...,uh)).

We have the same result also for the second case.

Lemma 5.3. M is homogeneous.

Proof. Let O0UMN and O' UnN' be arbitrary simplices of M. We first
consider the case where O # @ and O' # @. Then there are X and
YE€PNA such that OUMN € X ¢ X*¥ and 0'UN' €Y * Y%, Since we have
seen that there is a sequence of neighboring simplices between O U TN and
g' Un' by Lemma 5.1 when X =Y, we suppose X # Y. By condition (5.2)
we obtain a sequence X = XO’ Xl""’ Xt =Y of members of P N A such
that X; ; < 6X, or X, <8X, ; for i=1,...,t. As the inductive
hypothesis we assume that there is a sequence of neighboring simplices from
oun toany TUNE Xt_1 . X?—l'

Now consider the case where Y = X, < ) Then there is a simplex

t-1°

T of Xt—l with O' © T, On the other hand let Y be an arbitrary

simplex of Xt—l (let Y =@ when X?_l = {@} ). Then there is a simplex
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28 Y. Yamamoto

o € X§ having Y. By Lemma 5.1 there is a sequence of neighboring
simplices from ©' Un' to ¢' U a. Furthermore ¢' Vo and T U Y are
also neighboring. Thus we have a sequence of neighboring simplices from
oun to o' un',

When Xt—l

have the proof.

< GXt = 8Y, exchange the roles of Xt and Xt—l’ then we

Next we consider the case where N =@, ¢' = @, and hence o Un
=0e€XePnNnA and c'un'=n"e€YeDnA. By condition (5.2) we
obtain U€ PNA and Ve DNA such that U< 86X and V c §Y. Note
that there is a sequence of neighboring simplices between any simplices in
U+ U*¥ and V* + V. Furthermore there are such sequences between ¢ and
any simplices in U * U* and between n' and any simplex of V¥ « V,

Thus there is a sequence of neighboring simplices.

Lemma 5.4, §(X * X*) is an #(n-1)-pm.

Proof. When X* = {@}, the lemma is an immediate consequence of (5.3).
Then we suppose X* # {f}. Let TUYcouUnNnedSX « X*¥) and IT Uyl
=n - 2. Then by Lemma 4.1 either 0 € 86X and ne X*¥ or o€ X and
n € 8X*¥. We suppose the first case without loss of generality. Let
X e Pk’ X* € Qh’ where h =n - k. Then we have two possibilities:
case 1l: 'T| =k -1, |Y| =h -1, T = 0; case 2: ‘Tl =k - 2, |Y| =h, Y
=TN. Now consider case 1. When 7Y ¢ 0X¥*, there are exactly two simplices
ny and Ny of X¥* having T. Therefore we find two simplices T U U
and T U n, € 8(X * X*) having T U Y. When Y € 8X*, there is a unique
simplex n of X¥*¥ having T. Therefore TUYctTUNnEGSK * X¥). On
the other hand there is a unique simplex T' € X with T c T', and
consequently T' U<y € 8(X ¢« X¥) has T U Y. We have seen that T U Yy is
contained in at least two simplices of &(X * X*). Suppose TUYcaUR
€ 8(X * X*). Then either |a| = |t| +1 or |[B| = |Y| + 1. In each case
0 U B must coincide with one of the simplices of &(X ¢ X*) in the above
argument, Therefore T U Y is contained in exactly two simplices of
§(X ¢ X*) in case 1.

Next consider case 2. Since &8X 1is a pm from (5.3), there are at
most two simplices 9 and 0, of O6X having T. Hence there are at

2
most two simplices of &(X ¢ X*) having T U n.

Now let X1 . Yl’ X2 . YZ""’ XS . YS be the shelling order in

condition (5.4). Let
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Kp =X = Yy,
Ky =Ky VG 0 1),
Ly = 0K, 00Xy = Yy ).

Then we have seen that

(5.5) Kl is an orientable pm,

(5.6) 6K1 is a pm,

(5.7) X, * Yi is an orientable pm for any i,

(5.8) GZXi . Yi) is a pm for any 1.
Furthermore by condition (5.4)

(5.9) Li is a homogeneous pm for any 1i.
Thus we assume as the inductive hypothesis that

(5.5)' K, is an orientable pm,
(5.6)"' GKi is a pm.

By (5.5)',(5.6)',(5.7),(5.8),(5.9), Lemma 3.4 and Theorem 4.3 we see that

K.
i+l
induction we have to show that 6Ki+1 is also a pm.

is orientable if each Xi . Yi is locally finite. To complete the

Lemma 5.5. Let K and L be #n-pm's with KN L =@, Suppose 6K and
are pm's, OK N 6L is an #(n-1)-pm and GK#(H_Z) n GL#(H_Z)
= (6K n GL)#(H_Z). Then &(K U L) 1is an #(n-1)-pm.

#(n-2)' Since 6&(XK u L)#(n—Z) c GK#(H—Z)
#(n-2) #(n-2)

Proof. Let T € §(K U L)

U dL#(n—z) and T ¢ 6L

Since OK is a pm, we find at most two

, we have two cases: case 1: T € &K
case 2: T € sxt(n-2) o g #(n-2)
simplices of &§(K U L) having T in case 1. For case 2 suppose that
there are three distinct #(n-1)-simplices 9y5 0, and n of &§(KUL)
having T. If an #(n-1)-simplex ¢ is in &(K U L), it lies in exactly
one simplex of K U L. Therefore o0 ¢ 8K n 8L, whose simplices lie in
exactly two simplices of K U L. Therefore we see that

01» Oy M ¢ 8K n SL. We assume without loss of generality that

0ys Oy € 8K\ 8L, ne 8L\ 8K. Since 68K is a pm and it has already two
simplices 9 and 0O, containing T, &K n 8L has no simplex containing
t. Hence 1 ¢ (8K n sLyf(m2) _ oxt(n-2) 1 #(0=2) i g a
contradiction. Therefore we have seen that there are at most two simplices

of S8(K U L) having T also in case 2.
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When X, # {#} and Yi # {0}, Xi . Yi is locally finite if
and only if both Xi and Yi are finite . Thus we have the following

theorem.

Theorem 5.6. Let X1 . Yl’ X2 . Y2""’ Xs . YS be the shelling order in
(5.4). Suppose that for each i =1,...,s either

(i) Xi and Yi are finite or

(ii) one of them is {@} and the other is locally finite.

Then M = LJ?:l(Xi . Yi) is a homogeneous and orientable #n-pm.

6. Polytopes and Polars

In this section we investigate pdpm's derived from convex polytopes
and their polars. Through this section we denote an n-dimensional convex
polytope of R" by C and its polar by C®. It is well-known that there
is a one-to-one and inclusion-reversing mapping Y from the set of faces
C to that of C° such that W(C) = @, VP = c® and dim F + dim w(F)
=n -1 for any face F of C ( see Grunbaum [9] ). The set of all
faces of C forms a lattice, called the face lattice of C and denoted by
F(C), with the partial order of inclusion relation. In terms of lattice
theory the face lattice F(CO) of C° is said to be dual to F(C) and
U  be dual isomorphism.

Now let S and T be finite triangulations of C and CO,

respectively. Let

X.={o|0eS, ocF, dimo = dinF },

¥
Y, = {nlneT, ncG, dimn = dim G}

for each face F of C and for each face G of (C°. Then XF and YG

are #(dim F + 1)-pm and #(dim G + 1)-pm, respectively. For k
=0,1,...,n+l 1let

Pk = { XF | F is a (k-1)-dimensional face of C},
Dk = { YG | 6 is a (k-1)-dimonsional face of c®}
and let

n+l _ 0+l
P=Uco P D=Ugp

When we introduce the partial order < on P such that XF < XF' iff

XF c GXF., P forms a lattice. It is clear that this is isomorphic to the
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face lattice F(C). The set D with the same partial order is also a
lattice isomorphic to F(CO). Let the operator * be defined by (XF)*
= Yypy @nd (Yg)* = X;=1(gy. Then both ( P,D,P UD \ {@},%,n+1 ) and
( P,D,PUD\ ({@} v Dn+1),*,n+l ) are #(n+l)-pdpm's. Let us denote the
#(n+l)-pm's derived from these pdpm's by M, and MZ’ respectively. The
pm M2 has a close relation to the H-complex in Freund [3]. By Corollary
4.4 we see that 6M1 =@ and 6M2 = 8T. We also see that conditions (5.1)
to (5.3) are satisfied.

We will show that condition (5.4) is also satisfied if we choose the
decreasing order of dimension of Xi's as the shelling order. Following

the definitions in the previous section let

Kp =X, Y, =X ° (g} = Xor

1540
Ki =K v (X =Y,
Ly = 8K 06Xy ° Y400

By Lemma 5.4 6(Xi+1 . Yi+1) is an #n-pm. Then Li’ a subset of
6(Xi+1
is homogeneous and 6K

see that M1 and M2

. Yi+1 ), is also an #n-pm. Therefore it suffices to show that Li

#(n-1) n 6(Xi+1 .y, #(n-1) - Li#(n-l)

i 1+1) in order to

are orientable.

Lemma 6.1. Li is homogeneous for i =1,...,s-1.

Proof. Let F and G be faces of C and suppose that G(XF . (XF)*)
n 6(XG . (XG)*) # @. Then by Lemma 4.2 either F 1is a facet of G or
G 1is a facet of F. Now let us denote X, by XF. Since the shelling

i+l
order is the decreasing order of dimension, we have by Lemma 4.1 (4.6)

L.
i

dKi n G(XF . (XF)*)

LJ{5(XG . (XG)*) n 5(XF . (XF)*) | F is a facet of G }

LJ{(XF . (XG)*) | F is a facet of G }

Xp LJ{(XG)* | F is a facet of G }.

Note that J{ (XG)* | F is a facet of G} = U{ YH | H is a facet of
W(F) } and hence it is homogeneous. Therefore in the same way as in the
proof of Lemma 5.1 we obtain that Li is homogeneous.
#(n-1) - L#if(n—l) £

#(n-1) . .
Lerma 6.2. (SKi n G(Xi+l or i=1,...,8-1.

Proof. From the definition of Li it is clear that Lf(n_l)
#(n-1) . #(n-1)
c 6Ki n G(Xi+1 Y. ) .

i)

i+l We will show the reverse relation. Let
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#(n-1) . #(n-1)
TUYE 5Ki n 6(Xi+l Yi+1) . Then TUY
€ 6(Xj . Yj)#(n_l) n G(Xi+1 . Yi+1)#(n—1) for some j £ i. Since
. #(n-1) . #(n-1) _ . #(n-1)
G(Xj Yj) n G(Xi+1 Yi+1) = (Xi+1 Yj) . ( see the

proof of Lemma 6.1 ), there is o U N € X, . Yj having T U Y. By the

i+l
shelling order chosen and that Xi+1 . Yj £ @ we have Yj < 5Yi+1’
Therefore there is k such that j <k £ i+l and Yj c 6Yk. Thus we have
. 1 . = . .
found a simplex o uUn' ¢ X Y, (S(Xi+1 Yi+1) n G(Xk Yk) c Li

which contains O U N, and hence T U

3

By these two lemmas we have seen that M1 and M2 are homogeneous
and orientable #(n+l)-pm's. The pm Ml will play a central role in
generalizing Sperner's lemma in the following section.

Next we introduce a pdpm derived from face lattice F(C) of C and a
triangulation of another convex polytope B. Let B be an n-dimensional
convex polytope of R" and let S be a finite triangulation of B. Then

S is an #(n+l)-pm. Let Q {s}, Q, be a finite partition of 8s

n+l
into n-pm's, Qn—l be a finite partion of U{ 82 | z ¢ Qn } into

#(n-1)-pm's, such that 521 n 622 is partition by Qn— for any Z

Z2 € Qn' In general let Qk be a finite partition of 1LJ{ YA I Z Gle+1 }
into #k-pm's such that 621 n 622 is partition by Qk for any Z2,,

22 € Qk+1 ( see the definition of pdpm in Section 4 ). Then we have a
lattice Q = LJE:é Qk with the partial order <. Suppose the lattice Q
isomorphic to the face lattice F(C) of C. Then Q forms an #(n+l)-pdpm

together with D derived from the polar c®, Qu D\ {@g} and a natural

Ik

SIRIEN

Fig. 1 M3 derived from a square and the face lattice of a triangle

B
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definition of the operator *. Let us denote the #(n+l)-pm derived from

this pdpm by M3. Since M3 is essentially the same as Ml’ it is
homogeneous and orientable. We omit the proof. Figure 1 shows Q
derived from a square B and the face lattice of a triangle. The #3-pm
M3 is also shown. In this way we could treat the polytope B as another
polytope C. This maneuverability will be used to prove combinatorial
lemmas in the following section.

The final pdpm is also derived from B and F(C). Let S' be a
finite triangulation of bd.B, where bd.B is the boundary of B with
respect to the topology of R". Let R;" R;_l,..., Ré be the set of pm's
constructed from S' as in the definition of pdpm. Suppose R' = LJE=O Ri
is isomorphic to the lattice of proper faces of polytope C. Let us denote
the pm of R' corresponding to proper face F of C by Z%. Choose an
arbitrary interior point b of B and let b|2§| ={ x| x=2x+ (1-Dy,
y € |Zﬁ|, 0 £ Xxs1}, where we use the convention that b = {b}. Let S
be a finite triangulation of B such that it coincides with S' when
restricted on bd.B and it triangulates b|2%| for each Z% € R' when
restriced. Now let ZF ={o]oe§ oc b|Zﬁ|, dim 0 = dim F + 1 }, then

ZF is a #(dim F + 2)-pm. Let R = { ZF | F is a proper face of

C } ] {¢} and (ZF)* = YUJ(F)’
(Yp)* =2y = (b} if G = c®
. [¢]
=ZLI)_1(F) lf G#C s

then ( R,D,R U D\ {@},*,n+2 ) is an #(n+2)-pdpm. Let us denote the

#(n+2)-pm derived from this pdpm by MA' We will not use M4 in the

CO

i
<

Fig. 2 pm Ma
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following section because it requires a special triangulation of B that
triangulates each b|Z§|. But this pm is very important for the
interpretation of variable dimension algorithms working on B. Figure 2
shows R derived from triangle B and the face lattice of another

triangle C, and also the pm MA'

7. Combinatorial Lemmas in Topology

In this section we will show some combinatorial lemmas in topology.
Here we require neither the boundary conditions on the labelling function
nor the polytope to be a simlpex and give generalizations of Sperner's
lemma. We will see that the theorem in this section implies the
generalizations of Sperner's lemma on a simplex ( Fan [2], Freund [4] ) and
on the cross product of simplices ( van der Laan-Talman-Van der Heyden
[15], Freund [5] ).

Now let C be an n-dimensional convex polytope with m facets

n

Fl""’Fm in R.

0 of S we denote by I(0) the set of indices of facets containing 0,

Let S be a finite triangulation of C. For a simplex

ie., I(0) = { 1 | iel, oc Fi }, where I =1{1,...,m}. For a given
#1

labelling function % : §"° + I we have the following generalization of

Sperner's lemma.

Theorem 7.1. Let C be an n-dimensional convex polytope of R" and let
S be a finite triangulation of C. Then given a labelling function
A S#1 + I and a nongenerate vertex v of C there is an odd number of

simplices 0 of S such that £(0) U I(0) contains I({v}) properly.

Proof. Let C° be the polér of C and let T be a finite triangulation
of C° that introduces no new vertices ( see, for example, Proposition 2.9
in Rourke-Sanderson [18] for the existence of T ). Since there is a
one~to-one correspondence Y from the set of facets of C to the set of

vertices of Co, we extend the labelling function & so that
2w =i if V() = F,.

Since vertex v 1is nongenerate, the corresponding facet Y({v}) of c® is
an #n-simplex. Therefore, by construction, we have seen that T has only
one #(n+l)-simplex, say 7Y, such that 2(Y) contains I({v}) properly.

Now consider the #(n+l)-pm M1 in the preceding section. Since Ml has
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no boupdary, we see that Ml has an even number of simplices 0 U n such
that f(c U n) contains I({v}) properly by the usual path-following
argument ( see for example Eaves [1], Todd [19] ). Since T c Ml’ we have
already found one simplex @ U Yy =Y with the desired labellings. Hence
M1 has an odd number of simplices G U n such that f(0o U n) contains
I({v}) properly and o0 # @. It is readily seen from the construction of
M, that &(n) c I(o) for oune M, with g #@. Thus O has the

1
desired property.

1

To show the oddness we suppose that o of 3 has the desired
property. First we consider the case where I(0) has a label not in

I({v}), i.e., I(0) ¢ I({v}). Let
I(o) n I({v})
I({v}) \ H.

H

K

Since H 1is a subset of I({v}), F= [N F, | i€ H} is a face of C.

Furthermore since v 1is a nondegenerate vertex of C, dim F = n - #H, so that
(7.1) dim F#* = #H - 1

and F¥*¥ has #H vertices. Consequently

(7.2) F* is a #H-simplex.

By the definition of H and K, we have

(7.3) #0z #(0) 2 #K = #I({v}) - #H = n - #H.

Let G = [){ Fi | i € I(0) }. Since Hc I(c), G is a face of F, which
implies that

(7.4) F* 1is a face of G¥*.

Since G contains o0, dim Gz n - #1 -1 by (7.3). On the other hand,

since I(0) has a label not in H,
(7.5) dim G = n - #H - 1.

In fact, the contrary of (7.5) would imply that vertex v were degenerate,

Therefore we have dim G =n - #1 - 1 and
(7.6) dim G* = #H.

By (7.1), (7.4) and (7.6) we obtain that
(7.7) F* 1is a facet of G¥*.

By (7.2),(7.7) and that triangulation T introduces no new vertices, there

exists a unique simplex 1 of T such taht n has F* as a facet and
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necG*., Let w be the unique vertex of n \ F¥. Then &(w) € I(o). If
2(w) € I({v}), it should be in H, which is contrary to (7.2) and that
2(F%*) = H., Therefore 2(w) ¢ I({v}), and hence we see that (0 U n)
contains I({v}) properly.

Next, we consider the case where I(c) < I({v}). By the similar
argument to the above we see that G* is an #I(0)-simplex of T with
labels I(0). Therefore n = G* is the desired simplex.

The uniqueness of simplex n might be clear from the above argument,
however, we show the uniqueness. Suppose that there are two distinct
simplices 11 and n' of T whose label sets together with £(g) contain
I({v}) properly. Since #ocun=#ocun'=n+1, R(ocun)
= I({v}) u {3} and (oun') = I{{v}) U {j'} for some labels j and
j'. Therefore 2(n) n &(n') < I({v}). Note that vertex v is a
nondegenerate vertex. Then there is a simplicial face of c® such that
whose vertices are &(n) n &(M') = L(n n n'). This contradicts the fact
that both n and n' are the simplices of G¥*, D

We give an illustration of the theorem in Figure 3, where polytope C
is a pentagon with facets Fl""’FS’ vertex v lies on the intersection

of F, and F2' The odd number of simplices in the theorem are circled.

1
When vertex v is degenerate, facet Y({v}) 1is not an #n-simplex but
an (n-1)-dimensional convex polytope. Choose arbitrarily n indices out

of I({v}) and let ups..

V({v}). Suppose we have a finite triangulation T' of ({v}) which has

cu denote the corresponding vertices of

1% 5
1
Fs
Fig. 3 Example of Theorem 7.1
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{ul,...,un} as its simplex and introduces no new vertices. Then we can
make a triangulation T of c® such that some simplex has {ul,...,un}
as a facet and it introduces no new vertices. Since T has only one
simplex having {ul,...,un}, we see by the same argument as in the above
proof that 5 has a simplex O such that £(0) U I(0) properly contains
the previously chosen n indices. The author did not know whether the
triangulation T' exists for n indices arbitrarily chosen out of
I({v}). But he received a letter [7] from Freund which presented a method
of constructing such a triangulation. It will be outlined in Appendix.

In van der Laan-Talman-Van der Heyden [15] and in Freund [5] Sperner's
lemma is generalized on the cross product of simplices, that is named
simplotope by Freund. In the followings we show that their generalized
lemma is derived from Theorem 7.1. Let Ci be an ni—dimensional simplex
of in R™ for 1 = l,...,h and let C = C1 X, . X Ch' Let S be a
finite triangulation of C. Let the facets of Ci be indexed by
(i,1)y¢.., (i,ni+1) for i =1,...,h and consider the labelling function
L S#1 > { (i,7) | l1€£ish, 1s53s n, + 1 }. Choose an arbitrary
vertex v of C. Then it lies in exactly n; facets of Ci for each i
= 1,...,h. By Theorem 7.1 we see that there is at least one simplex 0 of
S such that &(0) U I(0) contains I({v}) properly. Then &(0) U I(0)
contins labels (i,l),...,(i,ni+1) for some i. Thus we have the

following corollary.

Corrollary 7.2. ( Lemma 2.3 in van der Laan-Talman-Van der Heyden [15],
Theorem 1 in Freund [5] )
Let Ci be an ni—dimensional simplex of R"i and let F,, vey

(i,1)""
be its facets for i =1,...,h. Let C =C, x ,..xC be the

F,.
(i,n;+1) 1 h
cross product of the simplices and let S be a finite triangulation of C.
U (i,j) | 1 =i sh, 15s]j
< ni+1 }, there is at least one simplex O of S such that

{(i,l),...,(i,ni+l)} c &(0) U I(0) for some i, where I(0) ={ (i,j) |1

@,

Given a labelling function Lo

Sish, 1sjsn+l, 0cF

By applying Theorem 7.1 to a simplex, we obtain the generalization of

Sperner's lemma in Fan [2].

Corollary 7.3. Let C be an n-dimensional simplex of R" and let S be a

finite triangulation of C. Given a labelling function £ : S#1 -
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{1,...,n+1}, there is an odd number of simplices O of S such that
2(o) U I(0) = {1,...,n+1}.

Note that a simplex is indeed a simplotope but the oddness property of
Corollary 7.3 is not obtained from Corollary 7.2. For the sake of
consistency we will also prove Sperner's lemma by Corollary 7.3 ( see Freund

[4] for an inductive proof ).

Corollary 7.4. Let C be an n-dimensional simplex and let S be a
finite triangulation of C. Given a labelling function
L S#1 + {1,...,n+1} such that &(v) N I(v) =@ for any v € S#l, there
is an odd number, say 2h + 1, of simplices of S having all labels.

Let Or(.,.) be the orientation of S. We suppose that the vertices

vV of each of the above simplices are arranged so that k(vi)

n+l
=i for i=1,...,04l. Then

Or(O,(vl,..., )) =41 (or -1 ) for h simplices of them,

vn+1
= -1 (or 41 ) for the other h + 1 simplices.

Proof. Let w be a cyclic permutation of {1,...,n+l1} such that

A

mi) =i+ 1 if 1 i £n

=1 if i=n+1,

and consider the labelling function mwf. By Corollary 7.3 we obtain an odd
number of simplices o of § such that (m2)(o) U I(0) = {1,...,n+l}. We
show that 2(o) # {1,...,n+l} implies that o = @ and hence a
contradiction. Suppose that k ¢ £(0). Then k+l1 ( 1 when k
=n+l ) ¢ (m2)(0). Since (m2)(0) U I(o) = {1,...,n+l}, we have k+l € I(0)
= UJ{ 1{v}) | ve o }. Then by the condition of the labelling function
k+l ¢ 2(0). Repeating this argument we obtaind &£(0) = @, and hence o
= {.

Since M1 is homogeneous and orientable, we have the latter half of
the corollary by the usual path-following argument ( see Gould-Tolle [8]

and Eaves [1] ).

In the followings we will give a sketch that the Theorem 7.1 is obtained

by using the pm M Let B be an n-dimensional convex polytope of R",

3
S be a finite triangulation of B and v be a nongenerate vertex of B.

Then there are exactly n facets, say F "Fn’ having vertex v. Let

10
Fn+1 be the union of all the other facets of B. Construcing Q as
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shown in Section 6, it is isomorphic to the face lattice of an
n-dimensional simplex, which we will denote by C ( see Figure 1 in
Section 6 ). Since the polar C® of C is a simplex, we do not need to
subdivide it to have a finite triangulation T, i.e., T consists of a
single #(n+l)-simplex €°. Thus taking the set of all faces of c® as D
we have an #(n+1)-pdpm ( Q,D,Q u D \ {@},*,n+1 ) and an #(n+l)-pm M3. Now
we extend the labelling function £ so that

2(u) =i if u is a vertex of C° and {u}¥* = Rp .
Then the simplex c° has labels 1,...,n+l and conseque;tly M3 has an
odd number of simplices O U N such that f(oun) = {1,...,n+l} and o©
# @. If we note that Fn+1 is the union of several facets and hence the
label n + 1 represents several labels, we have Theorem 7.1. Corollary

7.2 could be also proved in this manner.

Acknowledgement

This work was carried out when the author visited the Institute for
Econometrics and Operations Research, University of Bonn with the support
of the Alexander von Humboldt-Foundation, West Germany. He is grateful to
both the institute and the foundation. He thanks Robert Freund, Sloan
School of Management, MIT for the proof of the existence of the
triangulation T' and anonymous referees for their comments. He thanks

also Dai Yang for her excellent typing.

References

[1] Eaves, B,C.: A short course in solving equations with PL-homotopies.
SIAM-AMS Proceeding 9 (1976) 73-143.

{2] Fan, K.: Fixed-point and related theorems for non-compact convex sets.
in: O.Moeschlin and D.Pallaschke (eds.), Game Theory and Related
Topics (Horth-Holland, Amsterdam, 1979) 151-156.

{3] Freund, R.M.: Variable dimension complexes, Part I: basic theory.
Mathematics of Operations Research 9 (1984) 479-497.

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



40

[4]

(5]

(6]

(7]

8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

Y. Yamamoto

Freund, R.M.: Variable dimension complexes, Part II: a unified
approach to some combinatorial lemmas in topology. Mathematics of
Operations Research 9 (1984) 498-509.

Freund, R.M.: Combinatorial theorems on the simplotope that generalize

results on the simplex and cube. Mathematics of Operations Research
11 (1988) 169-179.

Freund, R.M.: Combinatorial analogs of Brouwer's fixed point theorem

on a bounded polyhedron. Sloan W.P. No.1720-85, Massachusetts
Institute of Technology (Cambridge, U.S.A., 1985, Revised 1986).
Freund, R.M.: (private communication, Dec. 1986).

Gould, F.J. and Tolle, J.W.: A unified approach to complementarity in
optimization. Discrete Mathematics 7 (1974) 225-271.

Grunbaum, B.: Convex Polytopes. (Interscience Publishers, London,
(1976).

Kojima, M, and Yamamoto, Y.: Variable dimension algorithms, Part II :

some new algorithms and triangulations with continuous refinement of
mesh size. Reasearch Reports on Information Sciences B-82, Tokyo
Institute of Technology (Tokyo, Japan, 1980).

Kojima, M. and Yamamoto, Y.: Variable dimension algorithms: basic
theory, interpretations and extensions of some existing methods.
Mathematical Programming 24 (1982) 177-215.

Kojima, M. and Yamamoto, Y.: A unified approach to the implementation

of several restart fixed point algorithms and a new variable dimension

algorithm. Mathematical Programming 28 (1984) 288-328.

van der Laan, G. and Talman, A.J.J.: A restart algorithm for
computing fixed points without extra dimension. Mathematical
Programming 17 (1979) 74-84.

van der Laan, G. and Talman, A.J.J.: Simplicial algorithms for
finding stationary points, a unifying description. Journal of

Optimization Theory and Applications 50 (1986) 262-281.

van der Laan, G., Talman, A.J.J. and Van der Heyden, L.: Simplicial
variable dimension algorithms for solving the nonlinear
complementarity problem on a product of unit simplices using a
general labelling. Mathematics of Operations Research 12 (1987)
377-397.

van der Laan, G. and Talman, A.J.J.: Ajustment process for finding

economic equilibria. Free University (Amsterdam, Netherlands, 1985).

Lemke, C.E.: On complementary pivot theory. in : G.B. Dantzig and

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



Generalization of Sperner’s Lemma

A.F. Veinott, Jr. (eds.), Mathematics of Decision Sciences, Part I
(AMS, Providence, Thode Island, 1968) 95-114,

[18] Rourke, C.P. and Sanderson, B.J.: Introduction to Piecewise-linear

Topology. (Springer, Berlin, 1972).
[19] Todd, M.: The Computation of Fixed Points and Applications.
(Springer, Berlin, 1976).

[20] Yamamoto, Y.: A unifying model based on retraction for fixed point

algorithms. Mathematical Programming 28 (1984) 192-197.

Appendix

Here we will sketch the proof of the existence of the triangulation
T' referred after Theorem 7.1. This proof is due to Freund [7].
For simplicity we assume that the n-dimensional convex polytope C

has the origin in its interior. Then C can be written as

c={xer" | Ax s e },

41

for some m X n matrix A , and e, the vector of ones. We assume here that

each inequality of Ax £ e defines a facet of C. The polar c® of C
can be written as

t

®={yeR|y=a" 220, er=11,

o . .
is the convex hull of the vectors of rows of A, because C is

i.e., C
assumed to be bounded. We perturb C <o a simple polytope, which induces
a perturbation of c® toa simplicial polytope and yields a simplicial
subdivision of the boundary of c®. Let B be any nonsingular m X m
matrix and let € = (rO,rl,...,rm) for a sufficiently small positive

number r. Define the perturbed polytope C as
C(B,e) = { x ¢ R" | Ax s [e,Ble }.

Then C(B,e) is a simple polytope and its polar c°(B,e) is simplicial.
A subset B of the index set {1,...,m} of inequalities defining C(B,€)
is called a basis for C(B,e) if

F(B,e,B) = { x € C(B,e) | Ag = [e,B]BE }

is a vertex of C(B,tc), where AB is the submatrix of A made up of rows

of A indexed by B. Defining
GB,e,8) = { y e R* | y = Ath, Az 0, eA=11},

we obtain the following proposition.

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



42 Y. Yamamoto

Proposition 1. The collection of G(B,g,B), as B ranges over all bases

for C(B,e), forms a triangulation T'(B,e) of the boundary of c®.

Then the problem is now reduced to how to choose the matrix B so that the

triangulation T'(B,e) has the simplex with vertices ul,..., u”

corresponding to the n indices chosen out of I({v}). Note that

Proposition 2. G(B,e,B) 1is a simplex of T'(B,e) if and only if

lsl = n,
AB has rank n, and
-1
AQAB [erB]B <2 [e’B]a’
vhere o = {1,...,m} \ 8 and <l denotes lexicographic ordering of a

matrix.

We will define the matrix B as

o
o

I

|0

!
B = = t N

!

|

|

==}
o

I

where D contains as its first column a vector of very large positive
numbers and 1 is an identity matrix. Then B has clearly full rank.

Since v = AB—leB’ we have

-1 -1
AGAB [e,B]B = AaAB [eB’AB’O] = [Aav, Aa’ 0]

and also
[erB]a = [e(!’ D, I]'

By the construction of D we see that

[Aav, A, 0] <9 [ea, D, 1].

Therefore G(B,e,8) is a simplex of T'(B,e).
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