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Abstract A target x is a point on the real line given by the value of a random variable X, which has some
distribution function F. A searcher starts looking for x from some point on the line, using a continuous path. He
makes for x with un upper bound on his speed till he finds it. The target being sought for might be in either direc-
tion from the starting point, so the searcher has in general to retrace his steps many times before he attains his
goal. It is desired to search in an optimal manner so as to minimize the expected cost of the search. All previous
papers treated this problem using the origin as the starting point of the search. They have been proved that one can
minimize the expected cost if the underlying distribution satisfies certain conditions. In thjs paper, the problem will
be treated in the “General Case”, which means that the search may start from any point on the real line. Conditions

under which we can minimize the expected cost in the general case will be given.

1. Introduction

The linear search problem concerns with searching for a hidden target x
on the real line R. The position of the target is given by the value of a
random variable X, which has a known or unknown distribution function F.
A searcher starts looking for the target at some point aO(]a0[<w). He moves

continuously along the line in both directions of the starting point a, until

the target is located. The searcher would change his direction, at sugtable
points, many times before attaining his goal. Thus we might consider the path
length as the cost of the search. It is the aim of the searcher to minimize
this expected cost. Authors in [5], [6], [7], [8], [10], [11]} and [13] have
considered only sequential search paths (S.S.P) with a, = 0. We shall first
give a review of their results:
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400 Z. T. Balkhi

Define c = inf{t:F(t)>0}, d = sup{t:F(t)<1},

A (S.S.P), then can be represented as a sequence a = {ai; i20} such that,

either

1.1) ...assa3salsa0 = Osazsa4£a6s...

with a2i_1 + ¢ and a,. -+ d, or

(1.2) --3ac%a; ga,<a, = 0<a15a3<a5_

with a4~ d and a,, > c. When all inequalities are strict, the search path
is said to be strong, otherwise it is said to be weak. Denote by Q0 the class
of all such search paths, and by D(a,x) the total distance travelled from the
starting point to x, using the search path a = {ai; i20}. Then D(a,X) is a

random variable and we denote by D(a,F) its expected value. As a notational

convenience let a_, = 0, then
n=1
(1.3) p(a,x) = |x| +2 ] la,]
i=1

Where x lies between a and a_ 3 n= 1,2,3,... . As further notational
n-2 n o

t t
convenience we shall use j 2dF(t) in place of ]I 2dF(t)I regardless of the

t ty

order of t, and t,. The expected cost is then given by

(1.4) p(a,F) = a(F) + b,(a,F)
where

d
A(F) = J ]xl dF(x) is the first absolute moment of F.

c
%n
(1.5) 8y(a,F) =2 z Z Iai[ {"ar
n=1 i=1 a
~2
% a
(1.6) =2 ] |a| (-] "
n=1 a
n-1

(see, [1], [5], [10] and [11]). Thus, our aim is to minimize D(a,F) (or
equivalently Ao(a,F) for fixed F). Define
.7 my = inf{p(a,F): a ¢ QO}

then the main problem is to find a search path a = {ai 3 120} from class 2
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The Generalized Linear Search Problem 401

such that D(a,F) =m
search path (0.S.P).

o If such a search path exists, we call it an optimal
The existence of optimal search paths in class 2 has been established
by many authors assuming that the underlying distribution satisfies certain

conditions. Franck {10] proved the following result (see also [1]).

Theorem 1,1: There exists a search path from class Q with finite

expected cost if and only if A(F)<w,

Thus, whenever A(F)<«, then the infimum m0<w is guaranteed. However, some
more conditions are to be imposed on F in order to attain such infimum.
Franck [10] imposed the following condition :

"There exists a nondegenerate interval [a,b] with Oc[a,b] and a constant k>0

such that, for distinct s cze[a,b] we have
(1.8) [F(c1) - F(cz)]/(c1 - c2) < k".

Beck [5], however, imposed the condition that:

"At leas one of

F(0) = 1im FC8) - F(O)
- t ’
(1.9) &0
FH0) = 1im F(&) - F(O)
>0+ t
is finite" (*)

Both Franck [10] and Beck [5] proved the following theorem.

Theorem 1.2: If A(F)<», then there exists an (0.S.P) from class Q0 if
and only if (1.9) ((1.8) in [10]) holds.

Fristedt and Heath [11] adopted more general approach. Under some assumptions

they proved the following two theorems,

Theorem 1.3: If A(F)<w, then there exists an (0.S.P) which is sequential

and has a constant speed equals 1,
Theorem 1.4: 1If A(F)<» then all optimal search paths are sequential.

Thus, in view of the last two theorems, it is reasonable to restrict attention
to sequential search paths for which the searcher's speed is equal to 1. The
expected cost, then, is either the expected path length D(a,F), or the expected

searching time 7T(a,F) i.e.:

(*) Franck's condition and Beck's condition are not equivalent. One can

easily show that (1.8) implies (1.9) but not conversely.
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402 Z. T. Balkhi
(1.10) D(a,F) = T(a,F) = A(F) + Ao(a,F)

It is intuitively clear that one might shorten the travelled distance,
hence the expected cost, if he starts the search from some point on the real
line, other than the origin (see Balkhi [1], Table -~ 1 through Table = 6).

A new kind of search path in which the search may start from any point on
the line has been shown by Balkhi [1]. The research of [1], in fact, has
focussed on building the mathematical model for the expected cost for all
possible cases of search, and on finding an algorithm for comstructing minimal
search paths at each possible case. A numerical solution, then has been found
by means of computers considering, without proofs, that, there exists an
optimal search path at each possible case. These numerical results, then con-
firm the claim that: These new kinds of search paths give less expected cost

than the earlier one.
* k %

In this paper, we shall use techniques and arguments, similar to those
used by Beck [5], to establish the existence of optimal search paths in the
"General Case'.

Let us first exclude some trivial cases. If a, = ¢ (or a, = d), the only

reasonable way to search, then, is to start frgm the poing ¢ (or d) moving to
the right (or to the left) until the target is found. Using the above assump-
tions and all other assumptions mentioned in Beck [5], then, there are only’
five classes of possible search paths, one of which is class QO. The other
four will be shown in section 2. Sufficient conditions under which there
exists an (0.S.P) in each class will be developed in section 3. Some applica-

tions of linear search problems can be found in section 4.

2. Search Paths in the General Case

In each of the following four cases we have two dual search paths depend-

> C a

2i-1 21

ing on whether a.>0 or a.<0 and for each search path, either a +~ d,
0 0 P

or vice versa.

Case (1) This case consists of all search paths such that, either

( . ces
(2.1) .. assa3sa1$05a03azsa43a6s
or

(2.2) ...a,sa,sa,sa,s0sa <a. ga_s...

6774772770 1773775
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The Generalized Linear Search Problem 403

Case (2): 1In this case we have either

(2.3

or

(2.4)

.o Q<.
-1 saASaZSOsaOSa ga., < 5

6 1773

2Sa4Sa6S...

«esd@cSa,sa

5Sa, SaOSOSa

1

Case (3): Let J be a "finite and nonempty set” of odd numbers, For ieJ,

we either take

(2.5)

or

(2.6)

seefa,. ,<a <05ajga.

]+4_ j+2— j 25-.-5&

<0<

Se..gajgagsas...sa; p<a.<l<a. ,<a., <.

...Saj+3$aj+1$aj_1_ 254y

Case (4): We consider, in this case, J to be a "finite and nonempty set

of even numbers. For jeJ we either have

2.7

or

(2.8)

.o .saj+45aj+2505ajsaj_zs. .. sa25a05a15a3s. . .saj_1 Saj+1 Sene

[ <) €a. <@, ,S...52,88,.%a,%...88 .

5435354158 50 153058, jmpsays0sa, ,sa .s..e

Designate by Qk the class of all search paths in case (k); k=0,1,2,3 and &

(The earlier case mentioned in section 1 will, therefore, be referred as case

(0)).

Theorem 2.1: 1If a = {ai; i20} € Q.3 k=0,1,2,3, and 4, then the expected

cost of the search is given by

(2.9

where:

(2.10)

(2.11)

(2.12)

Dk(a,F) = Tk(a,F) = aA(F) + Ak(a,F) s k=0,1,2,3 and 4
8o a,F) = 2121 [ai|{1-sign(ai)[F(ai)—F(ai_‘)]}
ao Ao
A1(a,F) = ‘zlj |deF(X)l + |a0[ + 2,Z ]ai[X
0 i=1
{1—sign(al.)[F(ai)-—F(ai_1)]}
ao o0
Ay(a,F) = —Zlé lx|ar(x)| - lao| + 2121 |ai[x

{1—sign(ai)[F(ai)—F(ai_1)]}
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404 Z. T. Balkhi

a
(2.13) A3(a,F) = —ZIg 0[xldF(x)| + laol - 2|ajl{1+sign(a0)[F(aj)—F(aO)]} +

(G=1)/2
2 3 (|a21|°[a21_1[){l+sign(a0)[F(a1)‘F(a0)]} +
i=1

2 Z |ai|{1-sign(ai)[F(ai)—F(ai_1)]}

I=j+1
%o
(2.14) Aa(a,F) = —2|£ |x|dFr(x)| - laol - ZSign(ao).lajl[F(aj)-F(aO)] +

32
Z ay; q1=lay; D {1-sign(ag) [Fla)-F(ay)]} +

-

Zi=§+1|ai[{1-sign(ai)[F(ai)—F(ai_1)]}

Proof: Let a = {ai; izO}er. The proof for k = 0 is apparent, because
we need only to discuss the signs of a;s i21 (recall that ao=0 for this case).
We shall give the proof, in detail, only in one case, say k=3. The proof
for the other cases can easily be given in the same way. The only possible

locations of x, for k=3, are (see Figure - 1).

- -9 g f. 0.-..-: g -lll.l. * :‘.oo-‘ﬁ’
-----aj+4 aj+2 0 aj aj-i a; ag a, aj+1 aj+3
Figure - 1
(1°) x lies between a _, and a for n2j+3, then
(G=1)/2 n-1
D3(a,x) = lxl+la0|+2 'z (|a2i|~la21_1|)—2[aj‘+2. Z lai‘
i=1 i=3j+1
2°) x lies between a_, and a for n = 2, 4,..., j+1, then
(G=1)/2
D3(a,x) = |Xl + !aol + 2 izl (|a2il_|a2i-1!)—2[ajl
(3°) x lies between a _, and a for n = 3,5,...,7, then
(G-1)/2
Da(a,x) = —(XI * laof + 2 i£1 (la2il-|a21_1‘)
(4°) x is between a, and ai, then D3(a,x) = -[x| + [a0|
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The Generalized Linear Search Problem 405

(5°) x is between 0 and aj, then
(G-1)/2
Py(an) = <lxl + lsgl 2 1 Claggl=lagy gD = 2layl + 2layy|
(6°) x 1s between 0 and aj+2, then

) - 2|aj| + 2]a

G-1)/
Dy(a,x) = |x| + |ag| + 2 151 Clay;l=lay; ! j+1t

It is to be noted that the search covers the whole interval [c,d]. Therefore,

we find:
a, a., a., a
-] 1 ]+1 J
Ty(a,F) = pya, ) = {ag|C § f aFG) + [ dF(G) + [ arGo + [ dFGo) +
i=3j+3 a; o ag a, ag
aj aj+2 © ai aj+1
[ ar) «+ [ arGn}y+ (] [ |x|arG) + [ |x|dr(x) +
0 0 i=j+3 a, a
i-2 0
aj+2 aj 31 aj
I |x|dF(x) = [ |x|ar(x) - [ |x|dFr(x) - [ x|dF @)Y +
0 a a 0
1 0
(G=1)/2 o % 4541 a5
2 I dayl-lay;, DC ] fooar(x) + [ ar(x) + [ ar(x) +
1= i=743 a, a a
i-2 0 1
aj aj+2 © ai aj+1
{ ar(x) + [ drG)Y} + {-2]a[C § [ ar(x) + |  dF(x) +
0 0 T i=j+3 a, a
i=2 0 :
aj aj+2 aj aj+2
[ arGo + [ arGe} v {2]a [ dr(x) + [ ar(x))} +
0 0 JT0 0
o n=1 %n d d
{2 } ¥ Ial.| [ ar@)} = {|a0| far(x)} + {f |xlar(x) -
n=j+3 i=j+1 a _o c c
%o G-1)/2 %1
2f |x|dFG)} + (2 ] (Jay,| - ]a21_1|)(1-—f dr(x))} +
0 i=1 ay
aj aj+2
{-2]a.|(1-f ar@x))} + {2]a, 1[ f dar(x)} +
J a J+ a
0 j s
% n n+1
{2 } Iolal [ aro} .
n=j+2 i=j+1 z an’_1
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406 Z. T. Balkhi

a

i n n+1
But the sum of the last two terms = 2 ) ) [ai] f dr(x)
n=j+1 i=j+1 a__,
@542 j+3
= 2|aj+1| f dr(x) + 2([aj+1| + |aj+2|) £ dr(x) +
% j+1
J+é
2y, |+ lag,l + lay,h [0 arco +
aj+2
aj+5
2(laj+1, * 'aj+2, * laj+3‘ * laj+4,) £ aF(x) + ...
j+3
aj+2 aj+3 aj+4
= 21aj+1|( {7 ar(x) + [ ar(x) + [ dF(x) + ... ) +
a ., aj+1 aj+2
2543 2j+h4 23545
2(Ja, JCf  dr(x) + [ dr(x) + [ dF(x) + ... ) + ...
J+2 a a a
J+ j+2 j+3
%541 #5+2
= 2|aj+1|(1 - | ar@x) + 2laj+2|(1 - £ dr(x)) + ...
g j+1

4a,
o i
2 1 ala = {  are))
i=j+1 - ai__1

2 ) la; {1 - sign(a,)[F(a)) - F(a; )1}
i=j+

d
Since f dF(x) =1 and a
c

0° aj have the same sign, the proof is complete.

Q.E.D.

We have assumed that J is a finite and nonempty set of odd (even) numbers
in case (3) (case (4)). Owing to the nature of our assumptions, the number of
elements in J is not known. The following interesting result, however, will
give us a high restriction on the number of elements that might belong to J.

But let us first give the following definition.
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The Generalized Linear Search Problem 407

Definition 2.2: Let

(2.15) m = inf{Dk(a,F): a = {ai; izO}er}; k=0,1,2,3 and 4.

* * * *
If a = {ai, izO}er such that m = Dk(a ,F) then a 1is said to be an optimal

search path from class Qk; k=0,1,2,3 and 4.

Theorem 2.3: Let Q, be a subclass of 0, (k=3 or 4) for which J consists
*
of only one element. If a 1is an optimal search path from class Qk’ then

* 1]
a € Qk.

Proof: If J consists of, at least, two elements, then for any search
path a = {ai; izO}er (k=3 or 4), the search path b = {bi; izO}er defined by
by = ay, bi = a;.9s i21 has less expected cost than a = {ai; 120}, To see
this, let a, K = Ak(a,F) - Ak(b,F) (k=3 or 4).

If k=3, then by assumptions of the theorem and (2.13), elementary calculations

> 0 (the other case is dual), §

yield:

(7-3)/2
8, = 2(la2I-|a1]){1+F(a1)—F(aO)}+2 iz1 (|b2i|—|b21_1|)[F(a1)—F(b1)]
But, by hypothesis b15a1, la1|sla2[ and jz3; hence 6320. 1f k=4, then by
(2.14) and assumptions of the theorem we similarly find;

(j-2)/2
8, = 2(|a1]—|a2l){1+F(a0)—F(a1)}+2 iél by, 1 = 1oy, Dx[F®)-F(a)]
Since, by hypotheses b

2a, la,| 2 |a21 and j24, so 6,20, If aeQ, and j=3

1 ll
we are through. If, however, j>3 then for a search path ¢ = {ci, izO}sQ3 for
which c0=b0=a0, ci=bi+2=a
continue in the same manner, we shall eventually reach to a search path which

1447 i>1 we obtain 53 = A3(b,F)—A3(c,F) 2 0. 1If we

satisfies the desired conclusion, because J is a finite set. Similar argu-

ment holds for aeQ4 and j>4. Q.E.D,

The conclusions of theorem 2.3 imply that all optimal search paths from
class Q, are contained in class Qi (k=3 or 4) where Qé consists of all search

paths such that:

either

(2.16) sassa3505a1sa05a2_<.a4sa65
or

(2.17) ... Sa,<a,8a,sa.sa,s0ga.ga.< ...

6774772770771 3775

And Qz consists of all search paths such that
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408 Z. T. Balkhi

either

(2.18) oo sa6sa4505a25a05a1sa35a55 v
or

(2.19) ... ga_<a,<a,sa.sa.<0ga,sa < ...

573717077277 7747767
We shall, therefore, assume, from now on, that Q is originally of the type
Qé i.e Qk = Qé. Thus we obtain,
a

(2.20) A3(a,F) = —Z]g lXIdF(x)]+]a0[~2]a1|{1+sign(a0)[F(ai)—F(aO)]}

+2) laiI{I—sign(ai)[F(ai)—F(ai_1)]}
i=2

a

0
(2.21) A, (a,F) = -Zlg |xar(x) [=|agl+2]a, |{1-sign(ay) [F(a,)-F(ay) ]}
—2]a2|{1-sign(a0)[F(al)-F(az)]} + 2 z [ai|{1-sign(ai)x
i=3

[F(ai)—F(ai“ )]}

1

Remark 2.4: Ak(a,F) can be written in a common formula. Indeed, for

k=1,2: a

0 o
(2.22) b, (a,F) = —zlg |x|dr(x) = (—1)k|a0| + 2,21 |a, [{1-sign(a )x

i=

(Fla;)-Fla; )1}

On the other hand, if we add 2|a1[~2la1| to the right hand side of (2.20) and
2]a2|—2]a2| to the right hand side of (2.21), then for k=3,4 we obtain:

a

0 ‘ ™
(2.23) Ak(a,F) = —ZIé fodF(x)]—(—1)k|a0|—4|ak_2|+zi£1]aiI{I—sign(ai)><

[Fa,)-Fla, )]}

1

One can easily see from (2.22) and (2.23) that class 2 might be embedded in

the other classes by taking a, = 0, because then a 5 = 0 for k = 3,4,

0 k-~
Theorem 2.5: 1If a = {ai; i20} is an (0.8.P.) from class O, then

la, o] > la,;| for all i 2 k=15 k =0,1,2,3 & 4.
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The Generalized Linear Search Problem 409

Proof: Suppose that the conclusion of the theorem fails, that is
|a |am| for some m > k-1, Define the search path b = {bi; izO}er by:

for ia2m, then for k = 0,1,2,3 & 4 and m21; (2.22)

m+2| =
b.Za, for O0<i<m-1; b.=a.
i1 i

142
and (2.23) give:

$

X Ak(a,F) - Ak(b,F)

2|a [{1~sign(a )[F(a )-F(a )|} + 2]a . [{1-sign(a, ,)x

[F(am+1)—F(am)] + 21am+zl{1—sign(am+2)[F(am+2)—F(am+1)]}
—2|am+zl{1—sign(am+2)[F(am+2)—F(am_1)]}.
Since sign(am) = sign(am+2), sign(am+1) = —sign(am) & ‘am|=1am+2|, so

6 2|am|{1—sign(am)[F(am)-F(am+1)]} + 2lam+1[{1—sign(am)x

k
[F(a )-F(a_, )]}
= 2(|a_|+|a_, D {1-sign(a ) [F(a_)-F(a_ )]}
Unless laml = lam+1| = 0, or a =¢ a ., = d or vice versa the differences
6k>0. But if a =c,a .= d or vice versa, then a, a ., are the last

entries of the search path {a ; 120} and no need to compare |a | with |a |3

because, then, a does not exist. On the other hand, the condition Iam| =

m+2
= 0 can not hold when m21 and k>1, because either |am| 2 laol > 0 or

> |ay| > 0 (Recall the exclusion of the case |aol = 0 for k=1,2,3 & 4

ol
and the fact that m21 for k=2, mx2 for k=3, m>3 for k=4). It remains to show
that, such condition can not occur when m=0 for k=1 and when m=-1,0 for k=0.
To see that Iazl > la0| for k=1. We assume contrary to the conclusion that

|a2| = |aol. Define b = {bi; 120}601, b. = a

0 0 and bi = a, for i>1 then

i+2

8, = b,(a,F) = 8, (5,F) = 2(|a |+]|a,[) {1-sign(a,) [F(a))-F(ay)]}>0,

are not the last entries as indicated above.

la0| = 0 has been shown by Beck [5]

because lazl > la > 0 and a;, a

0| 0

The fact that |a1l > |a_1; = 0 and la2|>

(see [5] theorem 6). Thus 6k>0 for all possibilities, which contradict our

assumption that a = {ai; i20} is an (0.S.P.) from class Q- Q.E.D.

Remark 2.6: We have, so far, proved that if a = {ai; i>0} is an (0.S.P.)

from class Q, then la. Ia.l for all izk-1, k=0,1,2,3 & 4. Therefore, one
k 1

J_+2I g
can restrict his attention to such kind of search paths. But one should keep

in mind that |a,

1+21 2 Iail for i<k-1 when k=1,2,3 & 4. The justifications for
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410 Z. T. Balkhi

this might be, for instance, when k=3 and x is between 0 and a then D3(a,x)

1’
Thus for this special location of x, the reduction

= ~|x]+]ag|-2]a, [ +2]a

11#21ay ]
in [azl reduces the travelled distance, hence the expected cost, which justi-

fies the possibility that |a . But the reduction in |a1] increases

2| = |a0
D3(a,x) which justifies taking |a1]>0. Thus, in the special cases when the

target x lies between a1 and a,;

weak inequalities, between |ai+2[ and [ai| for i<k-1, rather than strong ones.

k=1,2,3 & 4, it is reasonable to consider

Therefore, in the "General case", the term "Strong search path" would mean:
a search path {ai, i20} for which [ai+2[ > lai| for izk-1; k=0,1,2,3 & 4.

Otherwise the search path is said to be weak.

3. Existence of Optimal Search Paths in the General Case

Besides the condition A(F)<w, authors in [5], [10] and [11] assumed
certain conditions (necessary and sufficient), on the underlying distribution,
under Whiih’ there exists a search path a* = {a:; 120} from class Qq such
that Do(a ,F) = m
path a(n) = {aﬁn)}soo such that lim Do(a

>

when my <, which is equivalent to A(F)<w, by theorem 1.1). Then they proved

that, for each i, {ain)} is bounded in n, which precludes the possibility that
(n)
a
NG
path {ai } from class Q

0* The techniques of those authors were to choose a search

(n),F) = m, (This choice is possible

+ + o, The last result, then allows the possibility of getting a search

. (n) * *
such that lim a; = a,. Unless a; = 0 as a func-

0 o L
tion of i, then it can be shown that a* = {a:}er and that DO(a*,F) = my.
Thus a* = {a:} is the desired search path. The heart of the work of Beck [5]
and Franck [10] were lemma 3 in [5] and lemma 1 in [10], in which they give
the necessary and sufficient conditions on F so that Do(a*,F) = my (condition
(1.9) in [5] and (1.8) in [10]).

Therefore, we shall, for the General Case, reprove, in detail, lemmas
similar to lemma 3 of Beck [5] giving thus a modified sufficient conditions
~for the existence of an optimal search path in each of classes Qk. The rest
‘fi the proofs, for the existence of an (0.S,P) in each Q,» are not essentially
different from those of [5]. However, we shall include these proofs to show

the modifications which suit the General Case,

Theorem 3.1: There exists a search path from class 2 (k=0,1,2,3 & 4)
with finite expected cost if and only if A(F)<e,

Proof: Suppose, first that a = {ai; izO}er such that Dk(a,F)<w.
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It can be easily seen that for k=1,2,3 & 4 (Theorem 1.1 has already dealt with

the case k=0), we either have |x| < D, (a,x) or |x| < |a01 or |x| s Dk(a,x)+

[ao . For simplicity we assume le < D(a,x)+la0[, so we obtain
d d d
ar) = [ |x] ar(x) < [ p,(a,x)dF(x) + [ |ag| aFr(x)
c c c
= Dk(a,F) + laO] < o (recall that |a0]<w)
Conversely, let A(F)<w, Assume ¢ = —», d = +» (the proof when one of |[c|, |d|

is finite and the other is infinity can be done in a similar way, see for
example, Balkhi [1] ch.1, Theorem 1). If we take the search path a = {ai;
izO}an, so that a, = (-2)*+8 for i 2 k-1 (k=1,2,3 & 4) where 6>0 we have

then laol < la | = 28 for k=2; 1a1| < |a0| < |a2| = 26 for k=3 and |a2| <

= 2§ for k=4. And then one can easily verify that

"

lagl < la,| < |a,]

(3.1) D, (a,x) < 9|x| + (k=1)+6;5 k=0,1,2,3 & 4.

This gives:

Dk(a,F) <9 A(F) + (k=1)+8 < Q.E.D.

The preceding theorem ensures that A(F)<» is equivalent to m < for k=0,1,2,

3 & 4,

Lemma 3.2: 1If F+(0) < », then we can find a constant M>0 such that for
any search path a = {ai; i>0} from class Q1 with a2>a0>02a1

< M, the search path b = {bi; i>0} defined by bo = ag; b, = a;.,

and |a2| + |a3[

for izl, is

a search path from class op for which

D (b,F) < D,(a,F).

Proof: By the hypotheses of the lemma, it is clear that b€Q1.
Elementary calculations, then yield:

8§, = 8,(a,P) = 8, (B, F) = 2([a,[+]a, DU1-[F(a)-F(a )]}
- 2(|a2|+|a3|)[F(az)—F(ao)].
Since F'(0) > o, 5o we can find M>0, such that:

(1°) Flag) = F(-M) < (1/2) Pr(x<ag)
(3.2)
(2°) (F(t) = FQO))/t < 1/2M < = ¥ Q<t<M

Now: 0 < ]a

IA
IA

lay| + |a layl + lag] < u

i

+ |a1[ < M implies a

5

[
IA

]a [a > =M which implies that

IA

1l = la] 1
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F(a,) 2 F(-M).

By (1°): 1/2 < 1—[F(a0)—F(—M)] < 1—[F(a0)—F(a1)].

And by (2°): (F(az) - F(ao))/a2 < (F(az)—F(O))/a2 < 1/2M which implies that

Fa,) - F(ay) < |a,|+1/2M.
Hence:
8, > 2layN(1/2) = 2 (lay|-1/2) =0
which in turn implies our conclusion. Q.E.D.

Lemma 3.3: If F (0) < = then we can find a constant M>0 such that for

any search patha = {ai; i>0} from class Q, with a2<a0<05a1 and |a2| + |a3|

1

< M the search path b = {bi; i>0} defined by b, = ags b, = a;,o3 i>1 is a

0
search path from class Q1 for which

Dl(b,F) < D, (a,F)

Proof: 1If we take M to satisfy

(1°)  F() - Flag) < (1/2) prix>ay)
(3.2)'
(2°) (F(t) - F(O))/t < 1/2M < = y -M<t<0

Then the rest of the proof is quite similar to that of the previous lemma.

Q.E.D.

Lemma 3.4: If F (0) < » and F+(0) < «, then we can find a constant M>0

such that for any search path from class @Q,; k=2,3,4 with [a ] + |a

k+1 k+2| < M,
the search path b = {bi; 120} defined by bi = a, for 0<i<k~1 and bi =a;.,
for i>k-t1 is a search path from class Qk for which

Dk(b,F) < D, (a,F) ; k=2,3 & 4.

Proof: Let ay > 0, the other case is dual, and let 6k = Ak(a,F) -

Ak(b,F). By the hypothesis of the lemma, simple calculations yield:

8

2(|a,[+]a, D {1=[F(a)-F(ag) 1} ~ 2(|a,|+]az]) [F(ay) - Fla,)]

2|a1[{1—[F(a1)—F(a0)]} - 2([a2|+]a3|)[F(a0)—F(O)]
+ 2]a, [ {1=[F(a)-F(a))]} - 2(]a,|+|ay]) [F(0)-F(a,)]
§, = 2[a2|{1—[F(a2)—F(a1)]} - 2|a4[[F(a1) - F(0)]

+ 2|a3l{1—[F(a2)—F(a3)]} - Z‘aal[F(O) - F(a3)]
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and

5, = 2|a3|{1—[F(a3)-F(a4)]} - 2]ag|[F(a,)-F(0)]
+ 21a4|{1—[F(a3)—F(a4)]} - 2|a5|[F(O)-F(a4)]

Since both F (0) and F+(0) are finite, so we can find M>0 so that:

(1) F(M) - F(ao) < (1/2) pr(x>a0)

(2°) (F(t) = F(0))/t < 1/2M < =, v O<|t|<M

(3.3)

Now: for k=2 we have 0<a, <M, so F(a1) < F(M), which implies from (1°):
1 - [F(a1)-F(a0)] 21 = [F()-F(ay)] 2 1/2.
By (2°) we have

’ F(a1)—F(0) F(ao)—F(O)
o > = > 2] == r(ag)-F(0) <

1 |
o 18l

On the other hand, since |a2|+|a3[ < [a3l+|a4]slw, 0za,>-M so from (2°) we

find

2

F(az)—F(O) F(O)—F(az) 1
o 7 p = 2] — F(O)—F(az) <ox

Thus

al

8, > {2]a,|(1/2)-2m(1/2)

a1I}+{2|a2|(1/2)—2M°(1/2M)-

a,|} =0+0 =0 .

By a suitable choice of M in (3.3), and similar arguments to those of k=2 we

can easily verify that 63>0 and 64>0. Q.E.D.

Remark 3.5: Tt is to be noted that the condition |a [+|ak+215M and

k+1
the two conditoins in (3.3) must be consistent, In fact, the inequality

|a [+|ak+2|5M gives us a wide choice of M, but (1°) gives us an upper bound

k+1
of this choice. On the other hand (1°) and (2°) are consistent since if we

choose M to satisfy (2°) then for all O<t<M we have

F(t)~F(0) , F(t)-F(0)

1/2M > rs 7

=> F(t) - F(0) < 1/2 .

which is consistent with (1°). Similar argument can be done for 0 > t > -M.

Lemma 3.6: Let a = {ai; 120} be a strong search path from class Q.3
k=0,1,2,3 and 4, € > 0, and M = M(F) defined as above.
(i) If k=0 or k=1, F (0)<», then we can find a search path b = {bi; 120} from
class Qk (k=0 or k=1) such that

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



414 Z. T. Balkhi

for k=1; b >0 for k=0 and

|b,| + |bg| > M(F), By = a :

0

Dk(b,F) < Dk(a,F) + €

(ii) If k=0 or k=1, F+(0) < w, then we can find a search path b = {bi; i>0}

from class 0, (k=0 or k=1) such that b, = a. for k=1, b, < 0 for k=0,

0 0
|by| + |by| > M(F) and D (b,F) <D, (a,F) + e

1

(iii) If k=2,3 or 4, F (0) < » and F () < o, then we can find a search path

b = {b ; i20} from Q, so that ]bk+1| + |b > M(F) and D, (b,F) < D, (a,F)

k+2|
+ €.

Proof: The proof for k=0 has been already shown by Beck [5]. For k=1,
2,3 & 4 we first show that for any search path a = {ai; i>0} from Qk’ there
is a search path e = {ei; izO}er with Dk(e,F) < Dk(a,F) + €. To see this, we
define e = {ei; i20} as e; = a, for all i except that e5 be taken between a
and a, so that 0 < |65] < |a5| (Recall that in all cases we have |a7[ > |a5[
>|a3| by theorem 2.5). Then by (2.22) and (2.23) we find:

Gk = Dk(e,F) - Dk(a,F) = 2|e5[{1-sign(es)[F(es)—F(aa)]}

+ 2]e6|{1—sign(66)[F(e6)—F(e5)]} - 2|a5[{1—sign(a5)x
[Flag)-F(a,)]} - 2|a6|{1—sign(a6)[F(a6)—F(a5)]}

from which we find §, < 2([a5} + |a6|) | F(a.) - F(e;) |. The right hand

)
5
side of the last inequality can be made sufficiently small, say less than e>0

by taking e sufficiently near to a Hence Dk(e,F) < Dk(a,F) + €,

5¢

Now if |e I+ |ek+2[ > M we are through. If not we take a new search path

k+1

d = {d,; i20} so that d, = e, for Ogi<k-1 and d, = e,
i i i i

42 for izk-1 then by the

previous three lemmas we have

Dk(d,F) < Dk(e,F) < Dk(a,F) + €.

If ldk+1( + ldk+2l = lek+3l + ‘ek+4| > M we are through. If not, then, since

M is bounded above, as can be noted from (1°) in (3.2), (3.2)' and (3.3), so
if we continue the same process, we shall eventually reach to the desired

search path i.e.
Dk(b,F) < ... < Dk(d,F) < Dk(e,F) < Dk(a,F) + €

and lbk+1l + (bk+2l > M
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The result of the last lemma implies thatj if a(n) = {ain); i>0} is a search

path from class Qk then there is a constant M>0 and a search path b(n) =

{b;n); 120} based on a(n) as mentioned in the proof of the lemma such that
(n) (n) . (n)

lbk+1 + ]bk+2l > M. This means that bi can not converge to zero as nrw,

Moreover for a search path a(n) = {ain); izO}st, it is possible that ain) -

o, This circumstance, however, can not happen when ¢ = —», d = +» as will be

shown in the next lemma.

Lemma 3.7: If ¢ = ~=, d = +x, a = {ai; izO}er; k=0,1,2,3 and 4 for

which Dk(a,F) < 2mk, then a, is bounded for each i20.
Proof: Let P = min{pr(x>‘ak]), pr(x<—|ak|)}, k=0,1,2,3 and 4, then

o

(=]
2[ak+1!'pk < {m2|ak+2| dF(x) < { Dk(a,x) dr(x) < ka =

oo

lak+2| < mk/pk+1 = bk+1 and so forth; if we assume that p, = m1n{pr(x>bn_1),

pr(x<—bn_1)}, then ]an+1| < mk/pn = b . Thus a, is bounded for all i 2 k+1.

Since for 0Osgixk, a; lies between a and 8,9 SO a; is also bounded for

k+1
those values of i. Q.E.D.

Lemma 3.8: Let M = M(F) defined as before. If a = {ai; izO}er such

that D, (a,F) < 2m, > M(F), and ¢ < ¢ < a, <d < d, then

l2aq |+ lag,,l

0
-+
a, € [c, d] for at most n, values of i, where n

0 is constant,

Proof: Let a0>0, p = min{pr(c_ < x < ak), pr(a < x < d+)}, since

k-1

Milakﬂl * ,ak+2' < ,ak+3, * }ak+4, e S l'32n-1l * l‘32n" so for
c < aZn < a0 or ao < a,. < d we have
d d
2(n=-1Mp < | 2(n-1M+p dF(x) < | 2|:lak+1\+|ak+2|+...+|a2n_1|+|a2n|]dF(X)
c c
d mk
< i Dk(a,x) dr(x) = 2mk = p <—5_E?;$-+ 1 = constant.

. - +y . ..
Thus the number of even entries between ¢ and a, (or a and d ) is finite.

k k-1
A similar result holds for the odd entries. Hence the total number of entries

- + . -
d .
between ¢ and is finite Q.E.D.

Theorem 3.9: Let ¢ = =», d = +® and A(F)<»
- * *
(i) If k=0 or 1, F (0)<w», then there exists an (0.S.P) a = {ai; i>0} from

*0 for
0< or k=1

.. ; * *
(ii) 1If k=0 or 1, F+(0)<w, then there exists an (0.S.P) a = {a ; i20} from

*
class Qk with a1>0 for k=0 and a
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* *
class Qk with a1<0 for k=0 and a0>0 for k=1

(iii) If x=2,3 or 4, F (0)< and F+(0)<W, then there exists an (0.S.P) from

class Qk.
Proof: Since A(F) < =, so m <  for each k=0,1,2,3 & 4 (Theorem 3.1).
Therefore, for each k=0,1,2,3 & 4, we can find a search path a(n) {a (n)
(n)

,F) >m_as n +» », By lemma 3.6; for each

120} from class Q, 8o that Dk(a .
(n)

()

k, there is a search path b ; 120}, based on a in the way

mentioned in the proof of lemma 3.6, such that

|b (n)l l (n) (n) (n)

et 1 k+2| 2 M(F) and D ¢

SF) < D, (a LF) + 5,

(n)

where 6n -+ 0 as n » », By lemma 3.7, bi is bounded in n for each i. So by

(nm) _ {b(nm)’ 1203c0,

convergent for each i as m + », To avoid notational dlfflcultles

(np) (n) (n)

*
coincides with b . Now let a, = lim b
1 me

*
it is clear that a 1is a search path from class Qk Assume that |c

(n)l |a (n)| (m)?*

the diagonal method we can find a subsearch path »
that b(nm)

we assume that b ; 120, then

for 0O<i<k and that c

(n) (n)

2 |ai(. Moreover, since b > a s SO @, " >

max {|a( )l Ia |} for izk, |c

same sign as a( ), then |c§n)l
(n)

* *
a, which implies c; >a. Therefore we can find €1>O and n, such that for

*

all i20 we have |a n 17 v n>n1. Suppose that x lies between, say ay s
* ) .

ay w1’ mz2k. Since by the above arguments

*
-a,| <e

12 |~ la™=1a%] < [a™ 2] < e, v won
i i i i i i 1

1’

|c§n)| < lain)l + ¢, for all izk, n>n, and so

1,
S0 we nave 1 ] 1

(n) (n)

, X) + b4mee LX) = lxl

Dk(c(n), x) < Dk(a 1 v n>n1(For instance D3(c

2m 2m
1S = 2]+ 21 165 < x| + [ad™] - 202l 4 zi;(|al€“>| +e)

<D (a(n), x) + 2m+2¢ .
3 1
* %
Assume that a. < Ay then
* *
a a
2m+1 2m+1
(n) (n) * *
i Dk(c ,X)dF(x) < f* Dk(a ,X)dF(x) + 4(a2m+1 azm)e1 m
om om

YV n>n,.
1
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(n)

*
27 > a, implies t D
But c; a, imp hat k(c

(n)

' %
SX) > Dk(a ,x) for each k and for any loca-

tion of x. Therefore, we find £,>0 and n, such that

2 2
* *
okt Tt
|f* D (e, x)dF(x) - j* D (a ,x)dF(x)| < e, ¥ n > n,.
42m “om
Let ng = max(n1,n2), £ = max(e1,ez), then from the above arguments, for n > Ngs
we have
* * *
Somet fomet famet
. D, (a ,x)dF(x) < j* D (c™,x)dF(x)+e < f* D, (a™"’, x)dF (x)
2om 2om 2om
% % e (n) * *
+4me(a2m+1—a2m)+e < -i Dk(a ,X)dF(x) + 4m€(a2m+1—a2m) + €

Taking the limits, as n + <, of both sides we find

*
a
2m+1
* (n) * *
. Dk(a ,X)dF(x) < Dk(a ,F) + l;me(azm+1 azm) + e sm
%om
*
A ome1 %
From this we obtain: lim f D (a ,x)dF(x) < m_which in turn implies
o % k k
a
2m

*
that Dk(a ,F) s m

* .
.+ On the other hand Dk(a LF) 2 m, by the definition of m_.

k
* X *
Hence Dk(a LF) = m, which means that a 1s an (0.S.P) from class Qk.
Q.E.D.
Theorem 3.10: If ¢ > -o,

CINES

d = +o and A(F) < +», then theorem 3.9 holds.
(n)
i

in n for each i, the proof of theorem 3.9 is valid for this theorem. Otherwise,

Proof: Choose a as in the preceding theorem. If b is bounded

let m be the smallest i for which bin) is unbounded, i.e., bin) is bounded
in n for each 0<i<m but bin) is unbounded in n for izm. As before; for 0<i<m
(n)) (n.)
there is a subsearch path {bi J ; i20} such that bi J converges for each
(n))
O<i<m, but b, J diverges to +» for izm, For simplicity we assume that
(n)

{bi 7, i»0} coincides with {bgn); i»0}. Assume without loss of generality
(n) .

that Dk(b , F) < ka then we have:
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(n)

21| prix < 53 = j 2|b(n)|dF( ) < j b, ™, x)ar(x) < 2m,

m

which implies pr{x < b(n)} < (ﬁ) . Since b(n) -~ © gg n > ®, 350
by
prix < b(n)} 0 = pri{x < b( )} = 0. Thus b(n) c. Assume as before
* 2 1im 5, then & = {a, aF +w} and as bef (a",F) =
a, = nig . "» then a = {aj, a;, a,,...,a, ., and as before D, (a ,F) =
m, . Q.E.D.

Theorem 3.11: If -w<c<a<d<+w and A(F)<w, then theorem 3.9 holds.

(n) (n) ()

Proof: Define a '/, b as in theorem 3.9. If b, is bounded in n for

each I then the proof of theorem 3.9 can be applied here. Otherwise, we

(n)

is unbounded. As in the

(n)

define m as the least value of i for which b

previous theorem, one can easily show that bén) > d. And if a = lim b

*
O<i<m then for the search path a {ao, a ..,d,c} or a {a ,C,d} we

1° 0"31’ .

*
have D, (a ,F) =m,. Q.E.D.

Remark 3.12: We have indicated in theorem 3.9 that there exists an

% - * *
< O(a1>0) if F (0)<+o and with a,.>0 (a1<0)

*
(0.5.P) from class Q1 (QO) with a 0

0
*
if F+(O)<+w. But we did not refer to the sign of a, for k=2,3 or 4. However

0
we have in general to find an (0.S.P) from all search paths with a.>0 (a1>0

0

for class QO) and an (0.S.P.) from all search paths with a.<0 (a1<0 for class

0
QO) and then choose the one with the least expected cost (e.g. see [1],

table - 3 and table - 6).

4. Some Applications of Linear Search

As an application of linear search problems, beck [5] and Beck and Newman
[7] have considered a man as an automobile searcher for another man who is
located at same point of a certain road or highway. In addition to finding
hidden particles on the real line Fristedt and Heath [11] have also applied
linear search on some game problems. Some other applications of linear search
may be cited:
(i) Search for a faulty unit in a large linear system such as: Petrol and

gas supply lines (e.g. Algerian supply gas to Europe), many service systems
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like electrical power lines, telephone lines between cities or countries

and some mining systems.

(ii) Search for an item of information stored in a memory (e.g. computer
tapes).

(iii) Search for an enemy or a mine on a battlefront whose extension may be
approximated by a straight line.

(iv) There are many kinds of search in which devices are used to detect
targets or objects by finding their directions or azimuths (e.g. radar search).
In cases when the target is located in a plane around the device, and the
position of the target is given by the value of a random azimuth measured from
a fixed azimuth (say zero azimuth). Then, one may start the search from some
azimuth aO turn to the right (left) and to the left (right) until the target
be detected. Restricting the support [c¢,d] of the target's azimuth distribu-
tion to the interval [-m, T], we can, then easily show the equivalence between
this search problem and the linear search problem. An illustration for case

(1) is given in figure - 2.

‘Zero azimuth

- d - ® -- >
~T sseosey a a
4

a1 a3-..cot"ﬂ'

Figure — 2
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Moreover, it 1s to be mentioned that some more interesting applications

may be found if this problem can be generalized to two or three dimentions.

Some other types of various search problems, in which the target is located

in the Euclidean n-space (nz1), or in ome of a set of cells, can be found in

Stone [14] and in many others in the literature.
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