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Abstract This paper extends Newton and quasi-Newton methods to systems of PC* equations and establishes
the quadratic convergence property of the extended Newton method and the Q-superlinear convergence property

of the extended quasi-Newton method.

1. Introduction

The Newton method is one of the most popular and practical
methods for solving systems of nonlinear equations. Let f be a
C1 (continuously differentiable) mapping from the n-dimensional
Euclidean space R" into itself. Let Df (x) denote the nX n
Jacobian matrix, and I x1 the Euclidean norm of a vector

x € R

Algorithm N.

(The Newton method for a system of C1 equations f(x) = 0).
Step O. Choose an initial point xo (= Rn and p « 0.

Step 1. Solve the system of linear equations, which we will

call the Newton equation, in the variable vector

s EERn:
pF(xPys = -£(XP).

Step 2. Set xp+1 - xp + 8 p <« p+ 1 and go to Step 1.

Let z E R” be a solution of f£(x) = 0. It is well-known
that if the initial point xo is sufficiently close to the

solution z and Condition 1 below is satisfied, then the
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Extension of Quasi-Newton Method 353

generated sequence { xF } converges z quadratically, i.e.,
i el zIl Scli xP - zII2 for sufficiently large

p, where c is a positive constant. (See, for example, Theorem

10.2.2 of Ortega and Rheinboldt [181].)

Condition 1.
(a) Df(z) is nonsingular.
(b) Df is Lipschitz continuous in an open convex
neighborhood D of 2z, i.e., there is a Lipschitz constant K
such that
W DF(y) - DF(x) Il =EKH y - xIl for every x, yED.

Here the matrix norm of the left side of the inequality above
is the operator norm defined by

ANl =max { 0 Aaxll : xER?, NI xN =1
for every nX n matrix A.

Although the Newton method has the very nice local
convergence property, it has one drawback. That is, we need to.
evaluate the n X n Jacobian matrix Df(xp) and solve the Newton
equation, the system of linear equations with the coefficient
matrix Df(xp) at each iteration. Solving the Newton equation
generally requires O(ns) arithmetic operations. To avoid this
disadvantage, the quasi-Newton methods have been proposed and
studied extensively. See, for example, the survey paper Dennis
and Moré [5]. In the present paper we shall be concerned with
Broyden’s quasi-Newton method [1] among the various quasi-Newton
methods developed so far. Under certain assumptions, the
sequence (xp) generated by the quasi-Newton method converges
Z Q-superlinearly, i.e., there is a sequence { a’p) which
converges zero such that

NPl -z s a’pllxp--zll

for every sufficiently large p. See, Dennis and Moré [6].

The Newton and the quasi-Newton methods are very useful and
powerful tools for solving systems of nonlinear equations.
However, their applications are restricted to the case where the
mappings appeared in the systems are Cl. On the other hand,
many problems arising from the field of operations research and
mathematical programming can be formulated as a system of

nonlinear equations with a PC1 (piecewisely continuously
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354 M. Kojima & S. Shindo

differentiable) mapping on R". The nonlinear complementarity
problem (see Example 1 in Section 2) and the Karush-Kuhn-Tucker
(abbreviated by KKT below) stationary condition (see, for
example, Mangasarian [14]) for inequality constrained nonlinear
programs are such examples. We can not apply the Newton or

the quasi-Newton methods directly to such problems. Here a
PC1 mapping on R" is a continuous mapping whose restriction

to each piece of a subdivision of Rn is continuously
differentiable. More precise definition and some examples will
be given in Section 2.

The purpose of this paper is to extend the Newton and the
quasi-Newton methods to systems of PC1 equations. There have
been developed some extensions of the Newton and the
quasi-Newton methods; Josephy [8,9] for strongly regular
generalized equations (Robinson [18]), Pang and Chan [18] for
variational inequalities including complementarity problems,
etc.. In most of those extensions, an original system to be
solved is approximated at an approximate solution by a locally
linear but globally piecewise linear subproblem, and then the
subproblem is solved to obtain a new approximate solution with
a high accuracy. The sequence generated by repeating this
process converges locally to a solution of the original system
under certain assumptions. When we use those extensions,
however, we may find it difficult to solve the piecewise linear
subproblem generated. Even if it can be transformed into a
linear complementarity problem on which many studies have been
done, no unified computational method that can solve all linear
complementarity problems efficiently has been developed.
Furthermore solving a piecewise linear system usually requires
more cost than solving a system of linear equations. We note
that Murty [15] has given an example of a linear complementarity
problem which requires well-known Lemke’'s method (Lemke [12]) to
consume an exponential order of arithmetic operations.

There have been also developed several extensions of the
quasi—-Newton methods to approximate a KKT stationary solution
(Han [7]1, Palomares and Mangasarian [17], etc.). In those papers
the strict complementarity is assumed at the point to which the

generated sequence converges. Under this assumption, the system
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of PC1 equations (see Kojima [10])) induced from the KKT
condition is locally C1 in a neighborhood of the solution
corresponding to the KKT point. Hence we can apply the Newton
and the quasi-Newton methods locally in the neighborhood of the
solution; From the theoretical point of view, the strict
complementarity assumption is moderate. In fact, almost all
optimization problems satisfy the assumption (Fujiwara [6]).
More generally, the assumption that the mapping F is C1 in a
neighborhood of a solution of a given system of PC1 equations
F(x) = 0 may be mathematically moderate and legitimate. From
the computational or numerical point of view, however, this fact
is not enough to justify their application to PC1 systems
because a solution to be computed is likely to be very close to
a common boundary of some different pieces and the generated
sequence happens to oscillate between them.

We show in Section 3 that the Newton method with a slight
extension works effectively on a system of PC1 equations even
if the solution we want to compute lies on a common boundary of
different pieces. Section 4 is devoted to an extension of
Broyden’s quasi-~Newton method to systems of PC1 equations. Under
a certain nonsingularity assumption we establish the quadratic
convergence property on the extended Newton method (Theorem 1)
and the Q-superlinear convergence property on the extended
quasi-Newton method (Theorem 3), respectively. In Section 5,

we present some numerical examples on the extended methods.

2. PC1 Mappings

In this section we introduce a class of PC1 mappings which
we deal with in the remainder of the paper, and show two
examples of systems of PC1 equations. For each subset U of
Rn, we employ the symbols ¢l U and int U to denote the

closure of U and the interior of U, respectively.

Definition. Let F : R > R" be a continuous mapping. F is

a pc! mapping if there exists a countable family {Ui :iE A}
of closed subsets of R” such that

(a) el (int Ui) = Ui for every i€ A,
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(b) (int Ui) N (int Uj) = ¢ whenever i,jE A and 1i# j,
(¢ U u, =R’
ie A
(@) {Ui : iE& A} has a locally finite property, i.e.,
for any x € Rn there exists an open neighborhood V of
x such that {i; VvV N Ui # ¢ )} is finite,
(e) for each i& A the restriction F | U, of the mapping to
each Uj is a C1 mapping. More precisely, there exists
C1 mapping fi from an open neighborhood of Ui into R"
such that F(x) = fi(X) for any xE& Ui'
We call the family {U, : iE A} a subdivision of R”, and
each Ui a piece. So we say that F is PC1 on a subdivision
{Ui :ie A} of R". For simplicity of discussions, we
shall assume throughout the paper that fj is defined on

the whole space R" for each i€ A

Example 1. (A Nonlinear Complementarity Problem). Let x € R"

and £ : R'> R" be a C1 mapping. A nonlinear complementarity

problem (NCP) is a problem of finding an x & R" such that
X2 0, f(x)2 0 and fo(x) = 0.

In order to convert NCP into a system of PC1 equations,

we need the following symbols:

a =max { a, 0} for each & E R,
a =min { &, 0} for each a ER,
x+ = (x;, . ..,x:)) for each x E Rn,
x = (xI,...,x;) for each x € R".

We define the mapping F from R" into itself by

F(y)y = £ + 3y .

Then F is a PC1 mapping on the orthant subdivision. It is

easily verified that there is one-to-one correspondence between
a solution x of NCP and a solution y of the system of PC1
equations F(y) = 0 through the transformation y - x = y+.

Example 2. For each x & R, let

x2 - 2x,

XZ + 2Xx,

fl (x)

f2 (x)

F(x) = max { £ (0, f2(x)}
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Then the mapping F : R - R is PC1 on the subdivision

consisting of the two pieces

U1 = (-o0,0] and U2 = [0, +e0).

3. Extension of the Newton method to Systems of PC1 Equations

Let F : Rn—>lgl be a PC1 mapping on a subdivision

{Ui ;i e AY . When we apply the Newton method to the
system F(x) = 0, we evaluate the values of the mapping F and
the Jacobian matrix at the p-th iteration xp. From the
definition of PC1 mappings, we see that the Jacobian matrix of
F depends not only on the point xP but also on the piece
Ui on which the point xP lies. Hence before constructing
the Newton equation, we need to choose a piece Ui on which

xp lies. This observation leads to:

Algorithm EN.
(The extended Newton method for a system of PC1 equations
F(x) = 0).
O g
Step 0. Choose an x E and set p « 0.
Step 1. Choose a piece Ui that contains xp. Solve the Newton
: equation in the variable vector s EERn:

Df (xP)s = -£. (xP).
Step 2. Set xp+1 « X+ s, p <« p+tl, and go to Step 1.

Obviously Algorithm EN coincides with Algorithm N if F is
C1 on the whole space Rn. When XP is contained in more than
one piece, we may choose any one of those pieces for Ui' Let
I(z) = {iE A :zEUi} for each z€E R",
B, (2) = (x€R”” : W x-2zHIl £ 7)
for each positive number 7 .
To present the local convergence property we need the condition
and the lemma below.

Condition 2.
(a) For any i€ I(z), Dfl.(z) is nonsingular.
(b) For any i€ I(2), ij is Lipschitz continuous in some open

convex neighborhood Di of z, i.e., there is a Lipschitz
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constant Ki such that
i Dfl.(y) - Dfl.(x) N = Ki hy - xli
for any x, y & Di'

Lemma 1. Let z be a solution of the system of PC1
equations F(x) = 0. Suppose that Condition 2 holds. Let
K = max {Ki P iE I(2))
Then there exists a positive number ' such that
(A) Br(z)Cint U {UiﬂDi: i€ I(2z) } ,

(B) z is a unique solution of F(x) = 0 in B 7(z),
) ij(x) is nonsingular for any xE& Br (z) and any iE I(2),
(M Df (y) - Df,(x) I = Klly~- x|
for any x, y& B?’ (z) and any i€ I(2),
(E) W £,(») - £,(x) - Df (2)(y-x) I
S Kmx{lly-zll ,Ilx-2zIl } Iy - xI
for any x, y& Br (z) and any i& I(2),
(F) Il £,(3 - £,(0 = DF (00l = K2 lIy-xi?
for any x, y&E Br (z) and any iE I(z).
Proof: The existence of a positive number 7 for which
(A) through (D) hold can be easily verified. (E) follows from
(D) and Corollary 3.2.5 of Ortega and Rheinboldt [16]. (F)

follows from (D) and Theorem 3.2.12 of [18]. The details are

omitted here.

Remark. The assumption (a) of Condition 2 does not
guarantee that F is locally one-to-one in a neighborhood

of z. See Example 2 in Section 2.

Theorem 1. Let z be a solution of the system of PC1
equations F(x) = 0. Suppose that Condition 2 holds. Then there
exists a positive number 7 such that if |i L -z n = 7,
then the sequence { x* } generated by Algorithm EN
converges z quadratically.

Proof: Let 7 be the positive number whose existence is
ensured by Lemma 1. We see from (C) of Lemma 1 and the

compactness of B . (z) that
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L=sup {0l DF (0l - XE B, (2) and 1€ 1(2)}
is positive and finite. Choosing T sufficiently small if
necessary, we may assume (KL/2) v < 1. We shall show that
if xpEBr(z) then

xp*liE B 7(z)
and

Pt -z o= ®kLe2) 0 xP -z 2

hold. Then the conclusion of the theorem follows immediately.
Let Ui = xp be the piece that has been chosen at Step 1. Since
xp lies in B 7(z), the Newton equation can be solved

consistently and we have

A Df}l(xp)fl.(xp).

Hence
nxPtt -z

s NxP-z- Df}l(xp) £.xPy

s Dt‘;l(xp) b, - pe PP -

= Df}l(xp) e Py - £z - pE PP -
(since fi(Z) = 0)

s Wk2) N xP - zn 2 (by (F) of Lemma 1)

< T (since (KL/2) ¥ < 1 and x€ B, (2)) (Q.E.D)

4, Extended Quasi-Newton Method

In this section, we first present Broyden’s quasi-Newton
method [1] for solving a system of 01 equations and its
Q-superlinear convergence property. Then we extend the method
and the property to the PC1 case.

Algorithm QN.

(The Broyden method for a system of C1 equations f(x) = 0).

Step O. Choose an xo 1= Rn and an n X n nonsingular matrix AO.
Set p « 0.

Step 1. Solve the system of linear equations in the variable

vector sp 1= R

AS, = ~£(xP).
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Set
xp+1<—xp+sp,
u, < £(xPtly - (XD,
T 2
A «~ A + (u_- A / .
p+1 b ( b psp)sp ] spﬂ

Step 2. Set p « p+l and go to Step 1.

The theorem below states that if an xo and an A0 are
good approximations of a solution z of f£(x) = 0 and the
Jacobian matrix Df(xo), respectively, then the sequence { xF)

generated by Algorithm QN converges z Q-superlinearly.

Theorem 2. (Corcllary 5 of Dennis [3], and Theorem 5. 2
of Dennis and Moré [5]) Let z be a solution of f(x) = 0. Assume
that £ : R - R" satisfies Condition 1. There exist positive
numbers 7 and § such that if |l 2L -z £ 7 and
i AO - Df(xo)ll £ § , then the sequence { xP) generated by

Algorithm QN converges z Q—-superlinearly.

Now we are in a position to present an extension of
Algorithm QN to the system of PC1 equations. Let F :R" > R"
be a pcl mapping on a subdivision {Ui; i E A} . We will
denote a sequence generated by the extended algorithm by

{yq : g=0,1,2... } . It generally traverses more than one
piece. When it visits a piece Ui at a point yq for the first
time, we need to give an initial approximation of the Jacobian

q). For this purpose, we introduce an index

matrix ij(y
subset J of A and a rule

(I, ME A XU; > Ci,»,
where C(i,y) is an nX n matrix. We initialize J = ¢ . When
a piece Uj is visited for the first time we update
J <« JU {i} ; the set J consists of the indices of
the pieces which have been visited. If qu Ui and i&& J
at the beginning of the g-th iteration, we see that the piece
Ui has never visited before. In this case we assign the matrix
C(i,yq) to an initial approximation of the Jacobian matrix
pf (¥%). Letting L = 59 A, = ¢, y9
and f = fj, we then call Algorithm QN as a subroutine
and apply its iteration to the system of C1 equations

fi(X) = 0 as long as the generated point stays inside the
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piece Ui' When the generated sequence leaves the piece Ui’
Algorithm QN outputs a point er Ui and a matrix Ar’
which can be regarded as an approximation of the Jacobian matrix
Df (x). We set

yIP = X (p=1,2,...1),

qg=q+ I,
and store the matrix Ar into M(i) so that we can utilize this
93

matrix when the sequence ({y revisits the piece Uj.

This process is summarized as follows:

Algorithm EQN.
(The extended Broyden method for a system of PC1 equations
F(y) = 0).

Step 0. Choose a ' ER". Set J « ¢, and g <« 0.
Step 1 Find a piece Ui such that quUi’ If iE J then
let B « M(i). Otherwise let B, < cii, yh,

J <« JU (i} and M(i) < Bq. Set
f <« f L« 39 a4 <« B p « 0
1‘) r 0 ql .
Step 2. Execute Algorithm QN and set
yq+P - XP'
Bo,, < Apif PN = U,
until xf*i[%. If the execution terminates at the r-th

iteration after generating XJEZLH_ then go to Step 3.

Step 3. Let M(i) = Ar' Set g « g + r and go to Step 1.
See Figure 1 for an executicn of Algorithm EQN.

We need a series of lemmas to establish the generalization
of Theorem 2.

Lemma 2. (Broyden [2]). Let I and B be the nX n
identity matrix and any nX n matrix, respectively, and s & Rn
such that Il sll = 1. Then

N BCI - ssH N S 1 BI.
Let I AIIF denote the Frobenius norm of an nX n matrix A,
i.e., | AII% = tr(ATA), where trB is the summation of the

diagonal elements of a matrix B.
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U U1 UJ. Uk U1
+1
GO b oh L o M T oh oftth
M(i) = Bq+1
)
A0—>A1—>A2—> —>Aq—->Aq+1
0 ¥ V { 4, > A4, > A -
) ) y
By B By B, Bgs1 B.  Bpy
1 t !
+
cii, ¥0) cti, ¥yh M (i)
Figure 1. An execution of Algorithm EQN
{ y4) the sequence generated by Algorithm EQN
vhH: g € a
Aq+1 is stored in M(i) since yp e U,

for p=20,1,...,q and yq"'11 &

M(i) is used as an initial matrix since y

U..

i

enters Ui again.

Lemma 3.

< .
(A) I ABIl g = min {nan usBi F’ ||AIIFIIBII}

for any nX n matrices A and B,

@ I EN, S n'?1 EN for any nX n matrix E,
© WEI-ss'/nsh?inZ- wEnZ- wEsnZonsn?
for any nX n matrix E and any nonzero vector s € Rn,
D N EI - ss /0 sl 210y
= WEN,- @UWEN ' CnEsH /1l s1)?

for any n X n nonzero matrix E and any nonzero vector s & Rn .
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Proof:
(A) Let bj be the j-th column vector of B (j =1, 2,...,n). Then

Il AB I I% = tr (BT Al AB)

n T T
= , b, A A b,
2J=1 J J
2 n T
= 1Al . b.b.
2J=1 Jd
_ 2 2
= Al 70 Bl F
Thus |l ABIIF = WAl BIIF. By interchanging the roles of A
and B, we also have
<
IIABIIF = IIAIIFIIBII.
(B) It is easy to see that W Il F o nl/z. Hence (B) follows

from (A) by setting A = I and B = E.
For (C) and (D), see the proof of Theorem 5.2 of Dennis and
Mor€ [51]. (Q.E.D)

Lemma 4. (Banach Lemma. Theorem 2.83.2 of Ortega and

Rheinboldt [18]). Let A4 and C be nX n matrices and assume
that A”! exists and 1A' S a. 1f HAa-Cl S B8
and @ 8 < 1, then ¢ ! exists and I ¢l = a/ (1 - a B).

Theorem 3. Let z be a solution of F(y) = 0. Suppose that
Condition 2 holds. Then there exist positive numbers 7 and §
such that the sequence { y9} generated by Algorithm EQN
converges z Q-superlinearly whenever

@1 nyP-zn = 7
and
4.2) NCUy -DEWMI = 95

for any y € Br(z)ﬂUiandi e I1(2).

Proof: Choose a positive number 7 satisfying (A)—-(F) of
Lemma 1. By (C) of Lemma 1 and the compactness of B 7(2),
we see that

L=swp { UDF'»WI ; ¥y € B ( andi € I(2)

is positive and finite. Let &6 £ 1/(7L). Taking 7
sufficiently small if necessary, we may assume that
7 = (6 s5K), where K = max {Ki ; i € I(z)} . Suppose that
(4.1) and (4.2) hold for these 7 and §
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(i) We first prove by induction that

(4.3) hy? -zt = a2ny?T - zn if gz 1,
(4. 4) Ny?-zn = a2y -z,
and
(4.5) I B, - pf,yh Il = 2-2"hHs

if Uk 3 yq is the piece that has been chosen at Step 1,
hold for g = 0,1, ... . The inequality (4.4) implies that the
sequence { ¥y converges z. By the assumption, these

inequalities hold for g = 0. We assume that the inequalities
hold for g = 0,1,...r, and deal with the case g = r+1. By the
inequality

Ny -z s antuy® -z = 7,

and (A) of Lemma 1, Ui = yr is chosen at Step 1 for some

i € I(z). Since the inequalities

i Df}l o

A

L. (by the definition of L),
2 - 2—r)6 L £ 2L <1 (by the definition of § ),

and the inequality (4.5) for g = r hold, Lemma 4 ensures that
Br is a nonsingular matrix whose inverse satisfies
1

(4.6) WB. Il £ L/l -260L).
Using this inequality we have
Nyt -z
= Nyr-z- B;lfj(yr)ll (since ,yl"+1 = yb - B;lfj(yr))
= 0Bl neoN - ra - BT - 2
(since fj(z) = 0)
E LU -28L I EN) - £(2 - By - 2l (by (8)
S wa-28L { NN - £ - D)W, - 2
+ WDF T - B YT -z )
< La-28L (&2 0y -zi?

+ @2-2Hesuyt-2zn)

(by (F) of Lemma 1 and the induction hypothesis)
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S L/ -26L {Krs2) +26 3 Wy -z

(since Iy -zl = 7))
£ L/(1-28L) {6,10+28) Wy -z

(since v = 4§ /(5K))
= @cssony -z (since § = 1/(7L))

<Nyt -z

Thus we have shown that the inequality (4.3) holds for q = r+l.
It follows immediately from the induction hypothesis that (4.4)
holds for q = r+l.

Now we show that the inequality (4.5) holds for g = r+l.
We have to consider the three cases:

r+1

Case (a) ¥y (== Ui’

Case (b) yr+1

r+1

EUJ.#:Uiand,jE J.
Case (c) ¥y e UJ * Ui and j € J.

Suppose that Case (a) occurs. In this case we have

Br+1 = Br + (ur - Brsr)si/" srllz,
where 5, = yr+1 - yr and ur = fj(yr+l) - fj(yr).
Hence
W B, - DE,
= 0B - D Y ¢ w_ - Bsps s 02
S 0 (B.-Df,N)Y - sssls
+ Wy, - DE,FDs /N s
+ W o " - pe M
= 0B, - DE DN+ ke 1Y -y
T A AR
(by Lemma 2, (D) and (F) of Lemma 1)
s @2-25H68 + 6K LYz o+ Yy -z
(by the induction hypothesis)
= @2-2"H68 + @K NY -zl (by (4.3))
s @2-29H6 + kYT (by (4.4))
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1A

= 2-25H6 + (since K7 8 /5)

= (2 - 27Ty 5

If Case (b) occurs then the sequence (,yq} has visited
the piece U. for the first time. In this case we assign the

Since yPFl e Br(z), the

matrix C(Jj, ¥ to B, .
desired result follows from the assumption of the theorem.
Now suppose that Case (c) occurs. Then we assign the matrix

which has been stored in M(j) at the g-th iterate (q ( r) to

Br+1 Let Bq denote the matrix assigned. Since the matrix Bq
has been generated by
x> T 2
B =B + (u - B ] s 7/l s 1=,
a = Bg-1 * Wy T Bg18g-1)8g-17 1 gy |
by the similar argument as in the case (a), we see
4.7 I E}q—Df].(yq) s @2-29%s6.
Hence we have
r+1
IIBF+1 Df(y > N
= 0B - bt (y”l) I
iy 1
éIIB—Df.q + 1 pE (D - e yTTH
a J(y YU J(y ) J(y )
s@-2%Hs +rnyd- gy

(by (D) of Lemma 1 and (4.7))

2-2%Hs +xk{nyT-zn + ny -z

A

2-2"9%s +K{29r +27 71,

iIA

(since the inequality (4.4) holds for q = r+1)

2-29s + (58 {2%x279

lIA

(since v = § /(6K) and gq < nr)
(2 - 2~ @y 5

A

_(I""l)) 6 .

= (2 -2 (since q < r)

Thus we have shown that (4.5) holds for g = r+l.

(ii) Let I*(z) be the set of the indices i € I(z) such
that the sequence { yq} visits U, infinitely many times.
Let i € Ix(z) be fixed, and Qi be the subsequence of
the numbers ¢ such that yq (= Ui' wWe prove that
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(4. 8) lim Nyt -z oy - z0 = o.
g—> o0 and gE&E Qi
Define
Bq = Bq if ¢ E Q.
B =B . +(u ., -B .5 s sls. . N2
q q-1 g-1 g-17g-1""g-1 q-1

if g-1 E Q. and q & Qj'
Note that in the latter case B is the matrix which is stored
in M(i); hence it coincides W1th the matrix B where r is the
successor of g along the subsequence Qi' (See Flgure 1.)

Then we have for every g &€ Qi’

(4. 9) 1?3(](;7‘1+1 - ¥H = - 00
<. s T 2
(4.10) Bq+1 = Bq + (uq quq)sq/ ] sq N -,
For each q & Qi' let
6 ,= WBy - Df (2 Nl g
$ o= I (By - Df () AR N TRPTI L8 S

Then there exists a positive number @8 such that
4§ <= 6 for every q E Q;-

q =
In fact we see
& q = nl/2 I gq - Df (2 |l (by (B) of Lemma 3)
s 2y By - DE,(yH 0+ 020 b (yD - DE (2 U
< 2n!?5 + 0%y (by (D) of Lemma 1)
< 1117?55 ss. (since K7 = 4 /5)

On the other hand we have

4 g+l
= || Bq+1 - Dt‘j(z) Il F
g > T 2
= + - / - , b 10
Il Bq (uq quq) sq ] sq I sz z) Il F (by (10))
< & _ T 2
=1 {Bq Dfl.(z)) (1 sqsq/ I sq ey n F
+ | uq - Dfl.(z)sq HsN sq Il
£ 9 - @28 )1 82 v xkmax {0y - zw, ¥ - zn )
q q q
(by (E) of Lemma 1 and (D) of Lemma 3)
-1 2 q
= - ] + - X
= & q (2 6) & q Kl y z
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Thus we obtain

-1 2
(4.11) 28) EqEQj ¢q
< -
= 24e9 %47 7 g0
q _
+ K EqElely zIl .

The first term of the right side is bounded because if q1 is

the first element of Qi and r & Qj is a finite number then

2 (¢ - ¢ )

9€ Q,, 9= r q g+l
= ﬁql - ﬁHl.
It follows from (4.4) that the second term on the right side of
the inequality (4.11) converges. Hence the left side of the
inequality (4.11) also converges. This implies that
(4.12) lim & = 0.
q—> oo and qEQiq

Furthermore we see

é q
= I (B - pr =) e AR T (TRTI L Y
= -r,0% - e T - YD o0y -y by 9
z fl.(yqﬂ) WA A A

- e, T, D -pr 2 Ty oy Ty

Since the second term above converges zero as g—> o along

the subsequence Qi' (4.12) ensures that the first term

+
(4.13) ne T ooy -y
converges zero as qg—» o along the subsequence Qj. Since
fj(z) = 0 and ij(z) is nonsingular, there exists a positive
number £ such that
e, T
+ +
- eeT™h e @ oz 8y -z

Hence (4.13) can be evaluated as
+ +
ne T e L _ y9y

B nyTt -z oy - 9y
B Il y

q+1
=8 (NyTrzn 0 y%zuy 0+ y@ -z 20 3321 ))

v

q+1

1\%

-zl /ANy -zl o+ wy9 -z
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Thus (4.8) follows.

(iii) Finally we prove that the whole sequence {yq}
converges Z Q-superlinearly. Let £ be a positive number.
It suffices to show that for some number Nx the inequality

g+l

(4. 14) Wy -z 0 y9-z01 = e

holds whenever q 2 Nx. We have shown in (ii) above that (4. 8)
holds for every i & I*(z). Hence, for each i & Ix(z), we

can take a number Nj such that the inequality (4.14) holds if
q EEQj and g 2 Nj. On the other hand, by the definition of

1¥(z), there is a number N such that if g Z N then

yq e Ui for some i & Ix(z). Define
N =max (N N, (i € I"2))

If q 2 NX then we can find a number i & I*(z) such that
yq e Ui' Thus the inequality (4.14) holds for every q 2 N{

This completes the proof.

5. Numerical Examples

In this section, we solve the following three problems
to test the computational behavior of Algorithms EN and EQN.
Each of them has a degenerate solution which lies on a common
boundary of some different pieces, so the original Newton and
quasi-Newton methods might have some difficulty in solving

these problems.

Problem 1. (Nonlinear Complementarity Problem)
Consider the following nonlinear complementarity problem

Find a solution x € R® such that x Z 0, £(x) Z 0
and fo(x) = 0, where f : R4 -> E# is a Cl—mapping given by
£(x) = 3x% + 2x,x, + 2x2 + X, + 3x, - 6,
fz(x) = Zx% + x4 xg + 10x3 + 2x4 - 2,
fs(x) = 3X% + xlx2 + ng + 2x3 + 92\:4 -9,
f4(x) = x% + 3x§ + 22:3 + 3x4 - 3.

This problem has a solution x* ==(JE'/Z,O,O,I/Z) such that
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f(x*) = (0, 2 +J§/2, 0, 0). This solution is degenerate since

X _ > S
X, = 0 and fs(x ) = 0.

Problem 2. (2-dimensional System of PC1 Equations)
Consider the system of PC1 equations F(x) =
(fl(x),fz(x)) = 0, where

2 _
fl(x) = (x2 - xl)ln {(zi - xl) + 1} + x, X,
- — - >
exp ( x; xz) + 1 (Xﬁ = 0),
fz(x) =
— — - <
{1 exp( xl))/(l x2) (xi = 0).

This equation has a unique solution x = (0,0) which lies on

the boundary of two pieces, ( (X1, X5) 5 X, Z 0} and
{((x.x) 5 x, = 0}

Problem 3. (3-person Noncooperative Game)

Let us consider a 3-person noncooperative game as
illustrated in Figure 2. Each player i (i = 1,2,3) has two pure
strategies i.1, i.2. In Figure 2, (a) shows the payoffs
when player 3 takes the strategy 3.1, while (b) shows the
payoffs when he takes the strategy 3. 2. For example, if the
players 1, 2, 3 take the strategies 1.1, 2.2, 3.1, respectively,
they get the payoffs 4, 2 and 9, respectively. A mixed strategy
of player i is denoted by (pj,l - pi), where p; is the
probability which he assigns to i.1. This game has two
equilibrium points

X _ X kX, _
w = (P, Py, Py) = (172,172, 1).

The problem of finding equilibrium points is represented as a
system of PC1 equations. (See Kojima, Okada and Shindoh [11]
for details.) The equilibrium point ; corresponds to

a degenerate solution of the system.

We applied Algorithms EN and EQN to these problems with
various initial points. Tables below show the number of
iterations and the number of pieces which the generated
sequence visited. The computer program was coded in Turbo Pascal
and the runs were made on an NEC PC-9801 VM2 personal computer.
Initial matrices in Algorithm EQN are generated by the

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



Extension of Quasi-Newton Method 371

(a) ' (b)

Figure 2. A 3-person noncooperative game

difference approximation method. From these computational
results, we see that Algorithms EN and EQN work effectively
even if solutions to be computed are degenerate.

8. Concluding Remark

The following update formula is also well-Kknown:

*P1 = X - mrad,

H  =H + (s. - Hu)s\H / sHu,

ptl p P pp PP p'ppP
where sp = xp+1 - xp, and up = f(xp+1) - f(xp) and Hp is an
approximate matrix of the inverse of the Jacobian matrix,
Df—l(xp). (See, for example, Dennis and Moré [5], Luenberger
[13].) Let Hp = A;l. Then these formulae follow from
Algorithm QN and the Sherman-Morrison formula (Dennis and Moréi
[6] or Ortega and Rheinboldt [181).

We can extend the method above to the system of PC1
equations in the similar way. The extension generates the same
sequence as Algorithm EQN. Therefore the similar result as

Theorem 3 holds.
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Table 1. Computational results on Problem 1

EN EQN
Init. Point Iter. #Pieces Iter. #Pieces
(2, 2, 2, 2) 12 8 15 8
(1,-1,-1, 1) 3 2 12 2
(-1, 1, 1,-1) 9 5 14 5
(-2,-2,-2,-2) 10 B8 17 6
Table 2. Computational results on Problem 2
EN EQN
Init. Point Iter. #Pieces Iter. #Pieces
(-1, -1) 4 2 27 2
(-1, 1) 4 1 14 2
Table 3. Computational results on Problem 3
EN EQN
Init. Point lter. #Pieces Iter. #tPieces
(0.45, 0.45, 0.9 ) 3 2 3 2
(0.27, 0.3, 1.02) 3 2 4 2
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