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Abstract This paper studies an infinitely-many server queue which has Markov renewal inputs and hyper-
exponential service times. The stationary distributions of the number of busy servers both immediately before an

arrival epoch and at an arbitrary time are obtained. These results can be applied to engineering telephone networks.

1. Introduction

An infinite server queue with Markov renewal arrivals has potential
applicability for telephone network planning in which the equivalent random
method is used [7, 12]. Since Wilkinson and Bretschneider first proposed this
method, it has been assumed that the service times of all customers are in-
dependent and identically distributed according to an exponential distribution.
However, it 1s too restrictive to assume that the distribution is exponential.
Burke has studied the equivalent random method in the case where the service
time distribution is a unit distribution [1]. The results of an analysis of
field data indicate that the service time distribution is hyperexponential
when its coefficient of variation is greater than one [8, 9]. Therefore, it
seems that Burke's results cannot be directly applied to network planning
because the unit service time distribution differs from the real service time
distribution. When the equivalent random method is applied under the assump—
tion that the service time distribution is hyperexponential, an MR/Hm/w queue
having Markov renewal inputs and hyperexponential service times has an essen-—
tial role. This is because the overflow process from the M/Hm/S/S loss system
is Markov renewal process [10] and the overflow traffic cannot be characterized

without analyzing the MR/Hm/m queue. In this paper, the r—th binomial moment
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Infinitely Many Server Queue 339

of the number of customers in a system in equilibrium immediately before a
customer arrival epoch is analyzed using the embedded Markov chain method.
Then, the relationship between the stationary state probabilities at an arbi-
trary time and the stationary state probabilities immediately before a customer
arrival epoch is derived and the r-th binomial moment of the number of cus-
tomers in the system at an arbitrary time is explicitly provided. These
results are an extension of Franken's results [3]. Smith [5] has also extended
Franken's results, but to a model with a mean service time which varies ac-

cording to the type of customer.

2. Stationary State Distribution Immediately Before a Custometr Arrival Epoch

Consider the following model:
i) The customer arrival process is a Markov renewal process with a semi-

Markov kernel [2]:

(2.1) F(x) = (F__(x)) 1<4d,B < n.
aB

The Laplace-Stieltjes transform of F(x) is written as
(2.2) o(s) = (wus(s)) 154,85 n,
where
® -Sx
waB(s) = & e TTdF,

B(X)

i1) There are an infinite number of servers and each customer is served as
soon as he arrives. The service times of all customers are independent

and identically distributed according to the distribution
v i
(2.3) Ax) =1 - Y k.e

The Laplace-Stieltjes transform of H(x) is written as

(2.4) n(s) = j:e's"dn(x).

. . . -1, .
The stage whose mean sojourn time is M, is hereafter referred to as "service

1
stage i". Llet (to, ZO), (t1, Zi)’ cees (tn, Zn), ee (t0<t1< cee <t < vee)

denote the pairing of the customer arrival epoch and an element in the kernel

of the Markov renewal arrival process. Let Y(tk-O) = (n1, Dy, +oes nm) denote
that the number of customers in service stage i is n, immediately before o

m
where 2 n, is the total number of customers in the system. It is clear from

i=1
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the assumptions that the sequence (Y(tk—O), Zk) (k=0,1,2, ...) forms a homo-
geneous Markov chain which contains the transition probability of successive
arrival points

H(aB)
Igs dgs eees L5 Jos Jos eees 3

(2.5) = P{Y(tn+l_0) = (_71, _72, sy J ): Z = B

/ Y(tn—O) = (11, i ey 1), Z_=al.

2 " m n

The probability that a customer arriving at t, will enter service stage %

k
immediately after tk is kz. Thus, (2.5) can be expressed as
(@8l
i1’iZ’ ceey im; j1, j2, ceny jm
m , , , -J, u,x “Uu,x i,~j
o +1 1 171
=Tk G el Gm e Ve )
(2.6) ¢ =1 71 % Im
_Jlulx -UQX l£+1_J£ "I M _umx lm_Jm
. e (1-e ) e € (1-e )
-dFaB(x)

The stationary probability distribution can now be defined as follows:

(B) L s g . , _
2.7) Pj1, Jos wees Fy iiz PLY(t =0)=0, J,y, «ovy Jp)» 2,7BL.

The (r1, r ‘s rm)th binomial moment of the distribution

2’
{P€S) , . } is denoted by:
J J J
1° 2% o m
(6) T TR SIS R
P ,Z ,E '2 NG
1 2 m j,=0 3,=0 3 =0 "1 2
(2.8) 1 2 m
see (jm) P(B)
rm J1’ j2’ ey jm’

where we define (;) =0 for i<j.

From the definition of the transition probability (2.5), it is possible to
obtain

© n

) P(oc)

1 iped

p (B -

j19j2)"', jm :

~18

cesd

2°° m

- ~18

(2.9) =0 i2=0 'm=0 o

R CLY
11’12""’im;j1aj29°"’Jm .
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The binomial moment (2.8) is given by the following theorem:

Theorem 2.1. The (r1,r2,...,rm)th binomial moment vector

Br r r 17 (bi1)r S b£2)r S bin)r I )
1’ 2""’m 1; 29 :m 1) 2) ’m 1’ 2’ ’m
of the distribution {PQS), . }(B=1,2,...,n) is given by
.71;.72’---st
(2100 By o . ..07 9
and
B
LysTyseeesly
(2.11) ? ? ? -1
= ( k B _ Yo ( r.u.)(Ir-9( r,u.)) o,
=1 L TiseensTy 1,...,rm joq 14 jop 11

where g is an invariant probability vector of ¢(0) which satisfies linear

equations

qd(0) = gq and qec =1 (e=(1,1,...,1)).

Proof: Multiplying (2.9) by (i1)(i2)...(im) and adding the results
1 2 m
obtained by this multiplication for every j1,j2,...,jm, it follows from (

and (2.8) that

»®
TysTysee Ty

_ T oo 3 = (o)
i,=0 i,=0 i=0 a=t ° Tystgereesiy
m © , . ~-j, U, x -u,x i,-j
- 1okt D dnGne e T T Tl
2.12) 2=1 ;=0 Fr
© . . -J u,x -u,x i, +1-j
+ 3
el ] dndeth e Ha-e Pyt Jooo
3=0 2 Iq
[ . . -7 u x -ux i -j
Y Imlm e ™™ (1-e ™) ™ Mar g ()
j =0 T m o
m
n m m
(a) (o)
= Z Z kz (br r r M br r -1 . )wuB( z
a=1 2=1 TR RS SR TR ML R i=1
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Here, for the transformation from the second term to the third term of (2.12)

we use the relationships [6]
vk Kk k
G ptt-p) T = Op”
k=0

and
i+l _ 4 i
Cpoo=Q+ (2

Equation (2.12) gives

m
B = k, (B + B
TysTyseeesly 221 2( TyseesTpseesly r1,..,r£—1,..,rm)
m
(2.13) -q>('2 ru)
i=1
If m
= (B + k, B _ ) &( r.u,)
TiseesTpseesly o2y 2 I seesTy 1,..,rm 4oq i

and serves as a proof for (2.11).

Equation (2.10) is self-evident.

Equation (2.11) gives

N
_ N NN
= kg I ¢(1u2)\I ¢(1u£)) s

(2.14) B
NS o NEyosenasNS o i1
- _ 1V =3
L=1,2, ..., m N=1,2, ..., dij—{o G
The proof is as follows:
Assume that
N-1
(2.15) B, . _ _ N1 , s -1
(~ 1)612, (w 1)621,...,(N 1)6m2 = kl q i£1¢(1ul)(1 @(1u2)) ,

L =1, 2, ..., m.
From (2.11) and (2.15), it is possible to obtain

B
N61£, Ndzz, ceey Ndmz
-1
=k, B, _ - oWy, ) (T-0(Nu,))
LW 1)612, v 1)621, cee, (N 1)6mz 2 2
v ¥ -1
k, g i£1¢(1u£)(r—¢(1pl)
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Next, define

(2.16) b : =B eC.
TisTyseeerly T sTysenest

It is given from (2.10) and (2.11) that

Py0,....0= 1
N N , , -1 ¢
2.17) bN61R, Nézz""’ N6m£= qu i£1¢(1ul)(I—¢(1ul)) e,
L=1,2, ..., m
It should be noted that b is equal to the N-th

NS s NS, puues NS
binomial moment of the stationary distribution for the number of customers in
service stage % immediately before an arrival epoch. This can also be obtained
from the theory of the MR/M/® queue with markov renewal arrivals and exponen-—
tial service times. Let us consider only the arrival instants in service
stage f. These arrival instants are governed by Markov renewal process in
which the Laplace-Stieltjes transform of the semi-Markov kernel is

1

ko2 (s) (I-(1=k ) e(s)) (= nZO{u-kl)@(s)}” k,#(s)).

This satisfies the following relation:

1.-1

k8 () (I-(1-K)()) ' (1=K, 0(s) (1= (1-k )2 () ']

- k£®(s)(I—®(s))_1.

Since the service time distribution of customers in stage 2 is an exponential
one with mean u—1, (2.17) can also be obtained by substituting klé(iul)
(I—<I>(iu£))—1 into Si of Franken's equation (15) of Ref. [3].

3. Stationary State Distribution at an Arbitrary Time
The stationary state distribution at an arbitrary time is defined by:

(3.1 P . 1= lim P{y(t) = (G,» Fos eees 703},
) J1’.72"'-,Jm t_l): {x(e) (—7]’ —72’ ’ Jm)}

The (r1, Toys +ees rm)th binomial moment of the distribution {P¥ .} is
denoted by T2 In
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® ® ®
G2 =1 1 e Z <J1>(12> e QMBS g
1°72? “m j1=0 32=0 —0 m 12722 “m
r, = 0, 1,

Theorem 3.1. The following relationship exists between b*1’r2""’r
defined in (3.2) and b ST B, EeyeaT e derived in the prejious
section. 172 m 172 m

. m
(3.3 br1,r2,...,rm = vlz1 kz br1,..,r£—1,.., m/ Zz1r£ '
where v—1 is the mean interarrival time, i.e.,
v—1 = -q 7£;~¢(s) s Oec
Proof: The rate conservation principle [4] provides that
v *
YP0,0,...,0 221“2p512,522,...,5m£ :
AR S ARTRN zz1jlu2pj1’j2"" Im
m m
- “£Z1 KaP g e dy =t d 221(jz+1)“xp U TR
n

~1

where p, , = p<6). ,
_71,_72,...,]m B=1 Jysdgseesdp -

Multiplying every equation of (3.4) of by (i1)(i2) (jm) and adding the
1 2 Tm
results obtained by this multiplication for every j1, j2, e, jm, it is

possible to obtain

(- o] o0 o0
oo J1y(Ioyeend
R T U z 2 z (1)(2) G ZJRURPJ S PR |
1°72 m 3,=0 7,=0 i =0 1 o 2=1 1°72 m
1 2 m
oo o o m
(3.5) =yl 1 e <J1><12>---<Jm> Lk g
3,20 i,=0 3 =0 o Tm =1 * Jq2dpor-sdp7heeeendy
2 m
o0 o0 [~}
+ ) ) e ] 1)<J2>---(Jm> 2 (Gg+1ugp} - 5
3,=0 7,=0 jm=0 m  2=1 Fpadgs wrendgtlyeensiy
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Since
Joy 5, = (Fapeen + dor,
r, 2 r2+1 2 r, L
i . = (gt
da) G+ = Q21D (r,+n),
2 L
and
du = drh + D,
2 2 2
it follows that
!
vb + u ((r +1)b*
r1’r2! ’r 2]=1 R’ 2’ r" ’r +1’ ’r
*
+ r b
2 r1, ,rl, ,rm)
(3.6)
)
=y k (b + b
g1 B T T Ty T X
? X
+ (r,+1)u b
e=1 L 2 r1,...,r2+1,...,r

Thus (3.3) is proved.

345

osT
’m

In particular, the first and second binomial moments of the stationary

distribution of the number of customers in the MR/Hm/v0 queue at an arbitrary

time, b*(1) and b*(z)

Corollary 3.2.

b* =(;=z oo Y (Zjﬁ,)pj' ...j)
(3.7) 3,50 3 =0 %=1 127 Iy
m
= 2 b* 5
=1 %1227 %mg
and
2 ,
PP o=l ] T (1] 50 P
3,=0 3=0 %=1 2=1 Jq»
(3.8)
m 2n
2 1 *
= ) (1 +— 7 ) b ,
2=1 ko qsq WMy T28y0s 00528,
i#4%

, are respectively provided by the following corollary:
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where
(3.9) b* = vk_/u
N oMy
and
* _ 2 _ -1 c
(3.10) b26 e,28 = vkzqé(uz)(1 @(ug)) e /2u£.
1% mf
Proof: Equation (3.3) gives
by s s =Ky B0 0/¥y
12°°20°° 2 %me SERERE
Thus (3.7) and (3.9) are derived.
b*(z) can be represented as follows:
(2) 1 ° T T *
b =g T T (L5, Gm w2 ] 5 Pl p
30 3=0 &=t k4 1270 In
(3.11)
m N m§1 % %
= ) b + b
g1 POy a2 02 pager SigtSyprt oSty
From (3.3), it is possible to obtain
*
b
611+61n""’6m2+6mn
(3.12)
= vk, b +k b Y, + u).
2 din""’smn n 612""’6m£ % n
Hence, using (3.3) again,
*
b
512+61n’ ’ m2+6mn
(3.13) u k u k
L% L n _*
=2(—=2p + b D/ (w4 ).
K26, aeees28 Tk V28,000,280 e e

Substituting (3.13) into (3.11), it is possible to obtain (3.8).

Let us consider an infinite trunk group which is split into a finite
first choice group with S servers and an infinite overflow group as shown in
Fig. 1. Customers who find all serves busy in the first choice group overflow
to the infinite overflow group. It is assumed that the arrival process is
Poisson. Determining the stationary distribution of the number of customers
in the overflow group at an arbitrary time, in particular the mean a, variance
v and peakedness z(= v/a) of the number of customers, is basic to the method
of engineering overflow groups in telephone networks. This method is called

"the equivalent random method" originally proposed by Wilkinson [7] and
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Bretschneider [12]. For the case where the service time distribution is an
exponential one, a, v and z have been found by Kosten [11] and have already
been used for engineering telephone networks. For the case where the service
time distribution is a unit one, a, v and z have been found by Burke [1].
However, an analysis of the field data shows that the service time distribu-
tion is a 2-order hyperexponential one whose coefficient of variation is
greater than 1 [8, 9]. Now, let us consider the first and second moments of
the number of customers in the infinite overflow group for the case of 2-order
hyperexponential service times, where the Poisson arrival rate is A and the

service time distribution is defind by (2.3) for m = 2.

First choice group Infinite overflow group
Poisson —= QO --- O—— 000 Q----~=---~
input overflows

Figure 1., Split Infinite Server Group

Theorem 3.3.[10] The overflow process from the first-choice group, that
is, the arrival process for the infinite overflow group is a Markov renewal one

and the Laplace transform ¢S(s) of the semi-Markov kernel can be represented by

%(s) = 5% o
-1 -1
¢ (s) = (I(n+1) - & Qn(s)An, n_1<bn,_1(S)An_1’ o A2, (s),
n=1, 2, .y S,
where I(n+1) is the (n+1 x n+1) identify matrix,
1 N
s+nu1+k
I N
S+(n—1)111+112+>\
Qn(s) = ., ((n+1 x n+1) matrix),

1
s+(n—i)u1 + iu2+A

1

L s+nu2+k
/
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ny,
My (n—1)u1
2u2 (n—2)u1
= ‘. . ((n+1) x n matrix),
n,n=-1 . .
i, (n-l)u1
... u1
. ,
and
k1 k2
ky &
An—1,n = A . . (n x (n+1) matrix).
k1 kz)
* *
b(1) and b(z) can be derived by substituting ¢S(s) into &(s) in Corol-

lary 3.2. It is well known that the stationary distribution of the number of
customers in the first—choice group is independent of the service time distri-

bution for a given load Xpm1. Thus, the blocking probability in this group is

given by
=1
5 - (Ap )S/S! b -1 _ % xy !
s~ 8, ere ¥ oL
L Qw7
i=0

Hence, the input rate to the infinite trunk group, v, is given by

Vo= ABS

and thus

= b*(1) = vu_1.

The variance v is provided by

_ Zb*<2) 2

v + 0o -0 .

Figure 2 shows the effect of the coefficient of variation of service time,
cg» On peakedness of overflow streams, z. We fit a hyperexponential distri-

bution with balanced mean [13]. As cg increases, z decreases monotonically.
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Peakedness z
!

1 2 3

Coefficient of variation of service time Cs

Figure 2. Coefficient of Variation of Service Time VS Peakedness

(a = xu-1)

4, Conclusion

An MR/Hm/°° queue having Markov renewal inputs and hyperexponential service
times is analyzed. Stationary state distributions are derived at both the
customer arrival epoch and an arbitrary time point. The most important meas-—
ures, the mean and the variance of the number of customers in the system at an
arbitrary time are explicitly represented. By applying these results to the
equivalent random method, it is possible to engineer telephone networks under

the assumption that the service time distribution is hyperexponential.
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