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Abstract This paper deals with a discrete time replacement model for a system with minimal repair. The system
consists of n components under Markovian deterioration. The transition probability of its component is not inde-
pendent each other and the cost of replacing several components jointly is less than the sum of the costs of separate
replacements. Then we investigate the structural properties of the optimal replacement policy which minimizes
the expected total discounted cost, and propose the simple replacement policy which lets easily implementable

policy. Also a numerical example is presented.

1. Introduction

In this paper, we consider a discrete time replacement model for a
system with minimal repair. The system consists of 7 components under
Markovian deterioration. The transition probability of each component is
not independent each other, and the cost of replacing several components
is less than the sum of the costs of the separate replacement. Further-
more, when the system failure is observed, we allow a controller to carry
out minimal repair for such a system. The system is observed at the be-
ginning of discrete time periods and is classified into one of the possible
number of states. If a system failure is observed then it is classified
into one of the possible number of states showing the degree of the system
failure. Then the possible actions are '"no action", '"replacement of each
component' and "minimal repair of the system'. A replacement of each com-
ponent means changing the component for a new one, and minimal repair means
mending the system failure, namely, this repair brings the failure state of

the system back to the operating state.
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250 M. Ohashi

The replacement policies for stochasically independent two-component
system were studied by Sethi[8], Berg[2], and Radner and Jorgenson[6].
Ohashi and Nishida[4] have considered the replacement policy for components
in two-component system possessing stochastic and economic dependence, and
shown that the optimal replacement policy has the form of a control limit
policy. Furthermore, Ohashi[5] have discussed the replacement policy for
the coherent system consisting of »n repairable components with two states.
The objective of this paper is to clarify the structure of the optimal
replacement policy which minimizes the expected total discounted cost for
the n-component system with minimal repair. We show that the optimal re-
placement policy has the control limit type, and discuss the properties
of the optimal region of the action. A numerical example is also presented.
Furthermore, from these results we propose the simple replacement policy,
called (ABC)-policy, which lets to easily implementable policy and which
is a generalization of (n,N) policy and (t,T) policy.

2. Model Formulation

We consider a system consisting of n components under Markovian
deterioration. Let N={1,2,...,n} be the set of components and Ei be the
set of deterioration levels of component %, Z€N. We assume that Ei is
partially ordered set with relation >, and lattice with minimal and maximal
elements. The minimal element 0 of Ei represents the best state of compo-
nent 7, and the maximal element ei represents the worst state. Let K,7,P)
be the probability space and (Ei’Bi) be the measurable space of component ©
where Bi contains all singleton events {x}, xEEi. For each teT={0,1,...},
let Xi(t) be a measurable function which maps from (,7) to (Ei’si)' Then
the stochastic process {Xi(t); teT} represents the behavior of deterioration
levels of component %, and Xc(t)=(X1(t),...,Xn(t)) denotes the deterioration

levels of components. Similarly, let E, 2 be the set of damage levels of the

0

system failure. It is assumed that E0 is partially ordered set with rela-

tion > and lattice with minimal and maximal elements. Specially the minimal
element 0 of E0 represents the operating state of the system and other
states denote the system failure. Let Xo(t) be a measurable function which
maps from (£,7) to (EO’BO)’ where (EO,BO) is a measurable space and BO
contains all singleton events {x}, xEEO. Then the stochastic process
{Xo(t); teT} represents the behavior of the state showing the degree of the

system failure, and X(t)=(X0(t),Xc(t)) denotes the deterioration levels of
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Replacement Policy for Components 251

the whole system. Therefore the evolution of the state of the system is
di%cribes by the stochastic process Z={X(t); teT} with state space (E,B)=
(.H E.,-H Bi)' For simplisity we assume that Ei is subset of nonnegative
rng nu&ggr R+.

Next we consider a discrete time replacement model for the system
with minimal repair. The minimal repair brings the failure state, xo#O,
back to the operating state, x0=0. However, the deterioration level x,
of its components is not disturbed after performing minimal repair. There-
fore when this system fails at state x=(x0,xc), xO#O, the minimal repair
brings the system to state x=(0,xc). For example, we consider an auto-
mobile whose components are a tire, a battery, a body, an engine and so
on. When the tire punctures we consider that the system failure occurs,
and the minimal repair means mending the puncture. Then we consider that
Xo(t) represents the minimal repair cost and Xé(t) represents the deterio-
ration levels of its components.

The system 1s observed at the beginning of discrete time periods £eT,
and classified into one of the possible number of E. Then the possible
actions are "no action", "replacement of each component'" and "minimal
repair of the system”. Let a=(a1,...,an) represent the action taken for
cgmponents, where aiEDi={o’l} is an action taken for component 7 and Dc=
.H D.. Here ai=l means replacing component Z and ai=0 means keeping it.
fé% D=DcU{m} be an action space of this replacement model, where a=m0
means carrying out minimal repair of the system. When an action g€D =
{aeD| a#0} is taken on the system with state x=(x0,x1,...,xn), the time
consumption required for replacement or minimal repair, T(x,a), has a
probability distribution G(¢;x,a) with a finite mean.

Let Z={X(¢); teT} represent the behavior of the deterioration levels
of the system under no action. Let xe=(x1,...,xn) and xg=(x?1,...,xin),
a#0} is

taken on the system with state X(Z)=x, then we have X(t+T(x,a))=(0,xg), and

where 2%i=¢. if a.=0, and 2°i=0 if a.=1. If an action aeDl={aeD
i Z ks Z e

if a=m then X(t+T(x,a))=(0,xc). We are interested in the state of the
m
system. Thus we introduce the following stochastic process Zﬂ={Z (t); teT}

under a stationary replacement policy 7({.):

(2.1) z”(t)=x(Tt)
i
where 0—T0<T1<..., Tt—Tt_l+S(Z (t-1),m) and
s (t-1),m=¢ 1 if m(2" (t-1))=0,
7(z" (t-1) ,7) otherwise.
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Then the transition probability Pﬂ(x,U) of the stochastic process z" is
given by for each UeB

P (x,0)=P[2" (t+1)eU]| 2" (t)=x, m(x)=a]

= Q(x,U) if a=0,
(2.2) 1 if a=m and (O,xc)EU,
1 if aeDl and (O,xZ)EU,
0 otherwise,

where Q(x,U) is a probability measure on (E,B) for each x€E.

For the costs associated with the discrete time replacement model of
the system with minimal repair, we consider a replacement cost Ci(xi) of
component 7 per period, a set up cost K(x) of replacement per period, an
operating cost B(x) per period and minimal repair cost M(x) per period when
the system is in state x at the beginning of the period. We assume that
all costs and transition probabilities are known, and all costs are bounded
and nonnegative. Now let Vd(x) be the minimum expected total discounted
cost with discounted factor a€[0,1) when the state of the system is x at

the beginning. Then Vu(x) obeys the following functional equation:

v, (@)=min[B(x)+a[V )Q(z,du),

1—at
1-o

[ M@ 'y 0,2 )1d6(E;a,m),

(2.3)

t
1-0
min, [{(XK(x)+ I C.(x.))
aent ieA(q) © vl

mtVa(O,xz) Yde(tsx,a)]

where A(a)={ieN] a,=1, aet}.

3. Structure of Optimal Replacement Policy

Our aim is to examine the structural properties of the optimal re-
placement policy for components in the system with minimal repair, under
the criterion of the expected total discounted cost. First we seek the
structural property of the optimal expected total discounted cost function.
Let B(E) be the set of all bounded real valued B-measurable function on E,
and F(E) be the subset of B(E) such that for feB(E), x'>x in E implies
f@@')>f(x). Furthermore, let S(E) be the family of all increasing set U
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Replacement Policy for Components 253

on E. The following theorem shows the structure of Va(x) under the

following condition.

Condition 3.1. (1) Q(x,U)EF(E) for all UeS(E),

(2) B(x)EF(E), K(x)eF(E), M(x)eF(E) and I C,(x.)eF(E),
0 €N
(3) 1-G(t;x,a)eF(E) for each aeD and ¢eT.

This condition (1) means that the system under no action has a
tendency for monotonically deterioration. Condition (2) means that the
operating cost, the set up cost of replacement, the minimal repair cost
and the replacement cost of components increase as a function of deterio-
ration levels of the system. Condition (3) means that the replacement
time and minimal repair time have a tendency for monotonically increase

as a function of deterioration levels of the system.

Theorem 3.1. If Condition 3.1 holds, then the optimal expected total
discounted cost function Vd(x) is a member of F(E).
Proof: The proof is carried out by the method of successive approxi-

mations. Let Vo(x)=0 and define recurrsively:

Vs (ac)=min[B(ac)+ochk_1 (wQ(x,du),

t
i-a t .
1) I{M(x)———l_a + v, 0, ) G (t5w,m),
’ t
1-a
1-o

min, [{(XK(@)+ T C.(x.))
as:Dl ieala) ¥ *

w7, 0,696 (85,0 ).

We first show Vk(x)eF(E) for each k. We have %EgEdG(t;x,a)eF(E) from
Condition 3.1 (3). Therefore for k=1 it follows trivially from Condition
3.1 (2). Suppose that for some k Vk(w)eF(E), Vk(x);(K(x)+Ci(xi))/(l—a)
for each ZeN and Vk(O,xc)éy(x)/(l-a). Then under Condition 3.1, we obtain
that

B(@)+a [V, (1)Q(x,du)

is a member of F(E) by the induction hypothesis. On the other hand, we

obtain for each aED1

t
1-a t.. a
(K(x)+i€§(a)ci(xi))i:&_ + Vk(O,xc)

is increasing in ¢ from the induction hypothesis. Thus

t
1-0 t a
I{(K(x)+i€§(a)0i(xi))———l_a +V, (0,2 ) }dG(t;x,a)
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is a member of F(E). Similarly, for a=m we obtain that
t
f{M(x) +ol V (0,2 ) }dG (¢3,m)

is a member of F(E). Therefore we have Vk+l(x)€F(E) from equation (3.1).
Next we show that V (x)<(K(x)+C (x )Y/ (1~a) and V (0 x, <M (x)/ (1-a) .
From the equation (3.1) we have for each €N

t
Vi1 @S LE@IHC, @)) 77 4057, 0, (0,42 ) 16 (32, (1,,0))

;(K(x)+0i(xi))/(1—a).

The last inequality is true since Vk(O,(Oi,xc));yk(x)éjK(x)+Ci(xi))/(l-a).

Similarly, we have

k+1
;M(x)/ (1-a).

Then we have Vk+1(0 x )<M(x)/(1-0) from k+l(x)€F(E) Thus we obtain that

k+1(x) is a member of F(E). Then we obtain Vk(x)sF(E) for each k. Since
a<l and all costs are bounded, it is easy to see that Vk(x)+Va(x) as ko

for each xeE. Therefore we have V&(x)eF(E). [|

Next, the structural properties of the optimal replacement policy
are studied. Let F(Dl) be a set of all bounded real valued increasing

1
function on D,

Condition 3.2. (1) M(x)éK(x)+Ci(xi) for each 7eN,
(2) G(t;x,a)2G(t;2x,m) for each aeh™,
3) l—G(t;x,a)eF(Dl) for each £ and x.

This condition (1) states that the minimal repair cost is not larger
than the replacement cost. Similarly, condition (2) states that the minimal
repair time is not stochastically larger than the replacement time. Condi-
tion (3) means that the replacement time has a trend for monotonously
increase as a function of the number of the replacement components.

The following theorem shows a simple property of the optimal replace-

ment policy.

Theorem 3.2. Assume that Conditions 3.1 and 3.2 hold. If the deterio-
ration level of component 7 is in the best state 0, then the action to keep
component 7 is optimal.

Proof: Concerning with the action to keep component 7 we define
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[V, (@) ) rmin[ B@) a7, ()Q(,du)

t
[m(yi=2 +atVu(0,xc)}dG(t;x,m),
m1n f{(K($)+ )
aeDO JeA(a) 7

+ov (O,xa)}dG(t;x,a)],
a e
and concerning with the action to replace component i we define

l—at
1-a

. @1° veming [((K@+ I C.(2) w"_(0,60))d6832,0),

o aeDZ JeA(a)

where D;={a€Dl| ai=j} for each jeDi. Then we have for Dz#¢

[V, @117 @1"

<min, @+ £ C.( ))

t t a
+o Va(O,xc)}dG(t;x,a)

aeDO JeA(a) i l -
t
—mini f{(K(x)+ r 1-
aeD1 JeA(a)
and for each aeDz and xi=0
l—at

t a .
f{(K(x)+jE§(a)Cj(xj))l_a +V_0,25)d6(t52,0)
t
Jla@r T @S sty 0,20 desse, 1,00
jea(l;,a) J g

t
éj{(K(x)+ r  C.(x, ))——~— +atV (O,xa)}dG(t;x,a)
Jea(a) i @ ¢

l—at
1-a

S[{@+ T C.(x)C.(2.))
JjeA(a) Jg r t

(1 Q)

1ot v, o, x Y}dG (tsx,a)

¢
=f{_ci(xi)i:§ mt(va(o,a:g)—vu(o,xc(l ;+a)

V) }G (tyx,a)

<0.

The first inequality is true from Condition 3.2 (3) and the proof of

Theorem 3.1, and the second inequality follows from V 0, (0 » ) )-

Va(O’(Oi x )(l a)). Furthermore from Condition 3.2 (1) (2), we have
7

for D0—¢ and x,= =0

min[B(x)mea(u)Q(x,du) s
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l—at
1-o

[ @)+, @)1 4™V (0, (04,8,)) Y6 (3, (15 0))

<0.

Thus we can ea511y obtain that the difference [V (xo,(O » ))]k
[v (xo,(O ,x N1 <O Therefore the result directly follows. ”

7 7
Let E Elx ; z 1% ¢+1X"'XEn and Ji(xo,xc) be a subset of Ei for

each (xo,x )€E xEY Let S(Ei) be the family of all increasing set in Ei'
Definition 3.1. Let ﬂi be a stationary replacement policy for compo-

nent ¢ in the system. Then M, is said to be a control limit policy with

respect to component 7 if and only if there exists a replacement set

Ji(x y )ES(E ) for each (xo,x )€E0xE such that if state xl is in the

set Ji(mo,xc), replace component %, otherwise, do not replace.

The structure of the optimal replacement policy will be clarified
under the following additional conditions.

Condition A. (1) Ci(xi)=ci and G(t;x,a)=G(t),
(2) M(x)-K(x)eF(E) and M(x)—K(xliO,

t
(3) B(x)-M(x) [TordG (£)eF (E).
Theorem 3.3. Assume that Conditions 3.1 and 3.2 hold. If Condition A
is satisfied, then there exists a control limit policy ﬂi with respect to

component <.

Proof: Under Condition A (1), we have

. . t
[V, @) 13-V, @) ] =min[B (@) K () fi—}da(t)m [V, Q= dn),

J{ () (052 ) YAG(2),
1-00
n. f{ X ;
aEDZ Jea(a) Jl-a

t
+of v, o, x 414G () .

-min, [{ = ¢ A=
7 . Jl-o
aeD] JeA(a)
Then from Condition A (2) and (3) we can easily obtain that the difference

[Vd(x)]i—[Va(x)]i is a member of F(Ei)' Because

t
B(x)-K(x)f%:—g—dG(t)eF(E)

is obtained from Condition A (2) and (3). Thus the result follows from

the definition of the control limit policy. ”
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Replacement Policy for Components 257

Remark 3.1. Let Jg(xo,xi) be the optimal replacement set minimizing
the expected total discounted cost. Then since the state space of compo-
nent 7 is a subset of nonnegative real number R+, there exists a control
limit x#(xo \ X )EE U{e=} such that J*(x ) [x*(xo,x ),M)ﬂE , where

*(xo,x )= for J*(xo,x )=0.

Remark 3.2, This theorem remains true even if we suppose that

¢
M(z)-K(@)EF (E) and B(x)-M(x) [E-2dG(¢)eF(E,) in place of Condition A (2)
and (3).

Corollary 3.1. Under conditions of Theorem 3.3 if the action to replace
component 7 with the worst state eL is optimal, then we have xz(xo,e£)=

* =
¥ 0,e ) for each xOEEO, where ¥ (el,.".,e$ 1’ez+l’°"’en)'

Proof: Since the action to replace component 7 with the worst state

e, is optimal, we have for each xOEEo
[V &, @, 0eN )1V (@), (o)1
a0 k Paor e e

t
=[xy, @, 00+ T C Cv,) +a V (0, (x;,0)) }dG(®)
JeN

t
[k, @000+ 3 cj):b_g‘— +v_(0)}de(t)

don L

t ~ 1-a
=[{a (Va(0,(xi,O))—Va(O))—uil_

Thus the result follows from the definition of xg(xo,x;) and Theorem 3.3. ||

Corollary 3.2. Under conditions of Theorem 3.3 if the action to replace
7
component 1 with the worst state e; is optimal, then we have xg(xa,e )<

x*(x 0 ) for each xo 0
Proof: From Theorem 3.2 we have
7 7
=min[B(x ), (z;,00)+a[V @)Q((x,, (x,,0)),du)
t
[z, 0)) +u V 0, (x;,0))}d6 ()]

t
-[{K &y, @y, 00)4C, )—'—‘L +a V (0)}dG (&)
0 7

t
< [y, (5,00 K iz, (;,0)) oG (1)

t
+f{(1 (Va(()y (xi,o))_VOL

And from the proof of Corollary 3.1 we have
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[V, @y, (50N V=1V, (s (000D 17

t
[{-e A% 10t (7 (0, (2;,00)-V_(0))}dG().

Then from XK(x)-M(x)>0, we have
7 7
[Va(xoa(x,l:ao))]k_[va(x-os(xiso))]r )
<AV (s (500D V-1V, (20 (00 1,

Thus we can easily obtain that xi(mO,ez)égz(xO,Ol) by the definition of
i
o (z),z ). i

Remark 3.3. This corollary is concerned with (n,N) policy introduced
by Radner and Jorgenson[6]. If the system consists of two components and
the state space of component 2 is E2={0,l}, then this corollary asserts
that the optimal replacement policy for the system with minimal repair is

. . — ok =k 7
an (n,N) policy with n xz(xo,l) and N xl(xo,O) for each xOEEo.

Let F(EO) be a set of all bounded real increasing function on EO’ and
F(Eo) be a set of all bounded real decreasing function on EO'

Theorem 3.4. Assume that Conditions 3.1 and 3.2 hold. 1If Condition A
is satisfied, then a control limit xz(xo,xz) is a member of fXEO).

Proof: Under Condition A (1), we have

. . t
[V, @) 15[V, (@))=min[B (2) K (@) [ToodG (£)+afV, (4)Q (s du) »

lﬁat
1-a
1-a

LU @ -k @)1 Y, 0,2 ) }d6 (@),

min, [{ & ¢,

aeDZ JeA(a) J1-a

! +alV_ (0,69 3}de ()]
a ’xc

l—at
-min. f{ r

t a
; +a V_(0,x ) dG(E).
aed; * jea(a) Jl-a ar e

Then from Condition A (2) and (3) we can easily obtain that the difference

[Va(x)];—[Vu(x)]; is a member of F(EO)' Thus the result follows from the

e s T |
definition of xé(xO’xc)' h

Remark 3.4. This theorem remains true even if we suppose that

t
M(2)-K(@)€F (Ey) and B(x)-M(x) [A-2-de(¢)eF (E,) in place of Condition A (2)
and (3). Also, this theorem is concerned with (t,T) policy introduced by

Tahara and Nishida[9] in the case of single-component system.

Theorem 3.5. Assume that Conditions 3.1 and 3.2 hold. If Condition A
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is satisfied, then there exists a control limit xé(xc) for each xceEc such
that the action to carry out minimal repair for the system is optimal if

and only if the failure damage z, exceeds xz(xc).

0
Proof: From the functional equation (2.3), we have for each xcEEc

Wy @ o=V, @]

t
=B(2)+a [V, ()Q(x,du)- f{M(x) +a V (0,2 ,)}dG(¢)

t
=V (@@, d)+[{B@) M@ ~o'7 (0,2 )}dG(5) .
Then we have [V&(x)]a=0—[vd(x)]a=m€F(E0) by Condition A (3). Also we have

(v, @1, -V, @1 1
=B(x)+afV_()Q(x,du)

o
ming L@+ T T2 +a®V (0,69))d6(2)
aeD jeA(a) Y e
=[{B(x)
f 10
-min, [{ I (57— +a V o, xa) Yde(t).
aeD’ JeA(a) Jl-a”

Then we have [Va(x)]a=0—[Vd(x)]a#o EF(EO). Thus we can easily find the

result. H

Remark 3.5. 1In this replacement model, it is assumed that the action
to replace several components in the state x=(x0,xc) (xO#O) contains the

action to carry out minimal repair.

The following properties clarify the structure of the optimal region
G(ay={xeE| m(x)=a}.

Property 3.1. Assume that Conditions 3.1 and 3.2 hold. TIf Condition A

ig satisfied, then the optimal region G(0) is closed in the sence that

x%\xzec(o) for all xl and x2 in G(0).

Proof: TFor xl and x2 in G(0), we have xZAxf<xi or xiAxiﬁxi for each

2€N. Thus the result follows from Thecrem 3.3 and 3.5. ”

Property 3.2. Assume that Conditions 3.1 and 3.2 hold. If Condition A
is satisfied, then the optimal region G(Il) is closed in the sence that
xlvxgec(]l) for all xl and x2 in G(1).

Proof: The proof is similar to that of property 3.1. H

Property 3.3. Assume that Conditions 3.1 and 3.2 hold. If Condition A
is satisfied, then the optimal region G(Oi,ﬂ) is closed in the sence that
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xJVx2£G(Oi,DJ for all xl and x2 in G(Oi,ﬂ).

Proof; First if xzvx2=x1 or xJVx2=x2, then the result is obvious.
Let xZVx2=(mJVx2 . xzvxz) then we have xlvxZEG(O N)UG(11l) from x%vx%<x%
0o’ *n'n’? 7’ 151 =1

1 .
xivxiixi for each 72eN and Theorem 3.3. Then we have

7 2 1 2
[Vu(x vz )]a=]l-[V0L(x vx )]a=(0i’]1)

t
_ 1 2 1-0, t
=[{(K " va™)+ 2 COTmg oV, (0)}d6 ()

JeN +
JlxkEtve®yr £ caES vty (0, lvad,0)) e (1)
.. J71-0 a AR
J#t
t

_ 1-o t 1 2

=[eqog oV (0)-V 0, (zyva,00)) 16 (2)

0.

. . . . 1 2 1 1 2 2 1 2 .
The last inequality is true since xivxi—xi or xivxi—xi, and £~ and x~ in

G(0,,1). Then the result is obvious. ||

Property 3.4. Assume that Conditions 3.1 and 3.2 hold. If Condition A
is satisfied, then the optimal region G(Il1) is a member of S(E).

Proof: The result is easily obtained by Theorems 3.3 and 3.5. ||

4., Example

In this section we consider a two-component system with minimal repair.
Let E0={0,1} and E1=E2={0,1,...,7} be the state space. The transition prob-
ability is given by
1 2

0
X,y )=P *P P
A=) Ty T1¥7 THg

where Pg is the transition probability of the system failure damage, and
. 0

Pi y (2=1,2) is the transition probability of component Z. To illustrate
197

the optimal replacement policy, we consider a numerical example. The tran-

sition probability matrix PO of the system failure damage is given in Table

4.1, and the transition probability matrix P* of component 7 is given in

Table 4.2, The operating cost B(x)=B0(x0)+B1(m1)+32(x2), the replacement

cost Ci(xi)’ the set up cost K(x)=K(m0), and the minimal repair cost M(x)=

M(xO) are given in Table 4.3. Furthermore the replacement time and minimal

repair time are one period. Then Conditions 3.1, 3.2 and A are satisfied.
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Table 4.1. Transition probability matrix P0={P }
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(a) ©,=0 and y =0
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(c) x,=1 and y0=0

0
P =0 for all z, and x_,
(xosx]axg)yo 1 2

(d) x0=1 and y0=1

P =1 for all x, and x_.
(xo,xl,xz)yo 1 2
Table 4.2. Transition probability matrix P$={Px }
Y1
xt\\yi 0 1 2 3 4 5 6 7
0 0.00 0.20 0.20 0.15 0.15 0.10 0.05 0.05
1 0.00 0.25 0.20 0.15 0.15 0.10 0.10 0.05
2 0.00 0.10 0.20 0.20 0.15 0.15 0.10 O0.10
3 0.00 0.05 0.10 0.15 0.25 0.20 0.15 O0.1l0
4 0.00 0.05 0.05 0.10 0.25 0.20 0.20 0.15
5 0.00 0.00 0.05 0.10 0.15 0.25 0.25 0.20
6 0.00 0.00 0.00 0.05 0.05 0.10 0.40 0.40
7 0.00 0.00 0.00 0.00 0.00 0.00 0.00 1.00
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Table 4.3. Costs Bi(xi)’ Ci(xi)’ Bo(xo), K(xo) and M(xa)

x; 0 1 2 3 4 5 6 7

Bi (xi) 0 5 10 15 20 25 30 35
Ci (xi) 70 70 70 70 70 70 70 70

aco 0 1

BO (xo) 0 300
K(:x:o) 100 160
M(af:o) 100 160

The optimal replacement policy for components in a two-component system
with minimal repair is shows in Figure 4.1 in the case of 0=0.95. This ex-
ample shows that the optimal replacement policy is similar to the (n,N) pol-

icy with n=5 and N=6 in the case of x,=0, and is fairly close to the (n,N)

0
policy with n=5 and N=5 in the case of x0=1.
(a) z,=0 0 1 2 3 4 5 6 7 %2
o T T T 1 |
l —
2 —
3 G(0,0) G(0,1)
4 —
5
6
— G(1,0) G(1,1)
o !
1
b =1
(b) =z, 0 1 23 4 5 6 7 %
0 B [ f } r ' l
1 —
2 G(m) G(0,1)
3L
4 l
5 | L
6
- G(1,0) G(1,1)
7
%y

Figure 4.1. Optimal replacement policy
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5. Concluding Remarks

we are interesting in an elegant and simple replacement policy which lets
to easily implementable policy. The optimal replacement policy, however,
is not so simple, and requires large scale computations for implementation.
Thus from previous theorems and corollaries we consider a simple replace-

ment policy for component %Z, called (ABC)-policy, such that ;

(1) if Oé;i<A, keep component 7,

(2) if Aégi<C, replace component % concurrently if other components
are replaced,

(3) if Béxi<c, replace component % if the system fails,

(4) if Cépi, replace component % at once,

where x, is the state gf component <, and A=x§(x0,ei) for all Lps C=
x%(0,0l) and B=xf(x0,0£) for some x0 (wO#O). A<C and A<B are followed
from Corollaries 3.1 and 3.2, and B<C is followed from Theorem 3.4. This
(ABC)-policy is simple structure and easily implementable policy. However,
to determinie the values of A, B and C for each component, in general, is
not easy. These values can be determined by using the method of successible
approximations or policy improvement. It is a furture problem to find
effective algorithm to determine the valures of A, B and C by using the
simple structure of (ABC)-policy.

If the failure of the system is not considered, then this (ABC)-policy
is similar to (n,N) policy, introduced by Radner and Jorgenson[6], with
A=n and C=N. Furthermore if the opportunistic replacement is not considered,
then this (ABC)-policy is similar to (t,T) policy, introduced by Tahara and
Nishida[9], with B=t and C=T. Thus (ABC)-policy is a generalization of
(n,N) policy and (t,T) policy. In the previous example, it can be seen that
the optimal replacement policy is fairly close to the (ABC)-policy with A=5,
B=5 and C=6. Thus in some cases it might be better to use a simple (ABC)-

policy than a more complex one.
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