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Abstract Suppose a problem of determining whether the replacement of old equipment is economical or not
when new equipment with technological advances is expected to appear at each period of the equipment planning
interval. Since equipment always keeps in danger of obsolescence under technological advances, the decision
maker needs grasp the state of obsolescence constantly to reflect it adaptively in the present and future decisions.
Especially the decision to replace now or not becomes urgent in most cases and he is much concerned with the
present decision. At this time he must also consider the fact that the present decision depends on the subsequent
future decisions. This paper derives a simple criterion by which it becomes easily possible in some circumstances
to decide whether immediate replacement is economical or not without determining the subsequent sequence of
replacement times for the planning interval. Some informations on next replacement time are presented by para-
metric analysis of the criterion and the upper bound number of replacement times is given for the interval. These
will become a guideline for the decision maker to plan future equipment replacement. The proposed method is
applied to a practical case and some characteristics are examined by sensitivity analysis. It is clarified that the

method is relatively insensitive to changes of parameters at the present decision.

1. Introduction

Milling, drilling and tapping machines have been used to produce parts in

an optical instrument manufacturing firm. These machines were introduced 5
years ago. Work methods by these need the setting and resetting of the parts
at every process and there have been defects such as

(1) inferior precisions,

(2) higher tooling cost,

(3) more man-hours spent by handling, measurement and setting, and

(4) much floor space needed.

To improve the situation, the decision maker of the firm plans to exchange
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all the machines for the machining center after half a year. In the plan it
is estimated possible to reduce the number of operators from 6 to 2, and
defective products discarded by inferior precisions resulting in the decrease
of total operating cost. The planned interval of replacement is 8 years from
the introduction of new machine. With time, the operating cost of old machine
increases, the initial operating cost of new machine decreases under techno-
logical advances, the acquisition cost of new machine increases and the dis-
posal value of old machine decreases. It is forecasted that their changes
rise respectively at constant rates per period for the interval. The decision
maker intends to discuss whether the replacement is economical or not con-—
sidering the subsequent replacement times for the interval.

In the equipment replacement described above, it is important to notice
that "there exists an infinite chain of replacement, that is, the present
decision will be affected by the subsequent set of decisions'". Since the
forecast of technological advances is impossible to an infinite time horizon,
a rational determination of replacement sequence is also difficult. There is
such an essential difficulty in equipment replacement and how to tackle with
it has been an important aspect in conventional research.

Preinreich [7] discussed an economical replacement problem with infinite
time horizon under constant technology (equal life model). This treated with
an infinite chain of replacement assuming technological advances did not occur.
Terborgh [10] studied a replacement problem with technological advances, called
MAPI system, assuming an adverse minimum of future challenging machines was
equal to one of the present machine. This system involves some problems that
the above equality is assumed and a change of equipment acquisition cost is
neglected [8]. Thereafter various replacement models had been studied under
technological advances. Bellman [1] formulated a replacement problem with
infinite time horizon by Dynamic Programming (DP). Dreyfus [2] treated a
replacement problem with plural replacement alternatives at each decision time
of a finite time horizon and gave numerical examples. Elton & Gruber [3]
proved the optimality of equal life policy under the linearity assumption in
MAPI. Stapleton et al. [9] modelled some non-linear types of technological
advances by DP and clarified the difference between the non-linearity assump-
tion and the linearity of MAPI by numerical experiments. Nakamura [6] deter-
mined a sequence of replacement times by Lagrangean multiplier method for a
problem in which the impact of technological advances appears in both equip-
ment acquisition costs and annual profits, and clarified some problems in MAPI.
Most of these studies stressed on model building and/or numerical solution

methods. 1In recent years, Lin et al. treated a problem with infinite time
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Replacement under Technological Advances 135

horizon, in which technical improvement appears in both equipment acquisition
costs and annual operating expenses. After the basic research [4] of com-
paring optimal replacement interval for two cases where both the technology
always keeps improving and sometimes in future it stops, they [5] proposed an

" derived from the

approximate solution method through "two equal life models
above problem.

In such equipment replacement under technological advances as described
above, the following aspects should be considered:

(1) It will be realistic that we treat the problem with infinite chain of
replacement as a problem with finite planning interval feasible to forecast,
and adaptively re-estimate it corresponding to changes of circumstances.

(2) Equipment always keeps in danger of obsolescence under technological
advances and it is replaced only after the obsolescence proceeds to a certain
degree. Therefore the decision to replace now or not becomes urgent in most
cases. Here, the problem of utmost importance is not future decisions but
immediate decision, and for the reason the decision maker is concerned with
the present decision. At this time he must also consider the fact that the
present decision will depend on the subsequent future decisions.

(3) Noticing the adaptive feature of replacement problem as described above,
we need constantly grasp the state of obsolescence under technological ad-
vances by a simple method to reflect the result in future plans properly.

This paper discusses a replacement problem with finite time horizon for
such equipments as NC machine tool, machining center, flexible manufacturing
system etc., in which operating cost reduction and equipment acquisition cost
change are expected through technological advances in both high performance
and savings of manpower and other resources, from the following aspects:

(1) We derive a simple criterion by which there are some circumstances for
it possible to decide the present economical choice of "keep" or "replace"
without determining the subsequent sequence of all replacement times.

(2) We show that some informations on next replacement time can be obtained
by parametric analysis of the criterion and give the upper bound number of re-
placement times for the planning interval. These will become a guideline for
the decision maker to plan future replacement.

(3) We apply the proposed method to a practical case and examine some charac-
teristics by sensitivity analysis.

The decision maker can easily monitor states of obsolescence corresponding
to changes of circumstances since the introduced criterion is given in analy-
tical and closed form. The proposed method will be more convenient and infor-

mative compared with that of determining the sequence of all replacement times
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only by numerical analysis.

2. Description of Model

2.1. Replacement decision making at the present time
The equipment introduced at the k—-th period is operating at the present

period t. Hereinafter we briefly write "time k" instead of "the k-th period”
and "time t" instead of "the t-th period". A new equipment is available for
replacement and a tendency of its technological advances is known for a plan-
ning period [t,T]. We should like to decide whether the present replacement
is economical or not, as to minimize the present value of total cost consider-
ing the subsequent sequence of replacement for the planning period. We use
the following notations, where "time'" is represented as the beginning of the
time so long as any special reference is not made.
1(u): acquisition cost of new equipment at time u
v(u,v): disposal value at the end of time v (at the beginning of time w+1)

for the equipment introduced at time u
h(u,v): operating cost at time v for the equipment introduced at time u

The depreciation cost is excluded.
A={K,R}: a set of policies,

where ¥ and R represent "keep" and '"replace' actions respectively.

a,: decision at time t
at .
P (t,s~1): present value of cost at time t,

where we keep the old equipment introduced at time k(at=K) or replace it
by new one (at=R) at time t, operate the equipment selected at time t until
time s-1 and replace it by new one at time s.

Pu(v): present value of optimal cost at time v,
where we start at time v by the equipment introduced at time u and follow
the optimal policy after that time. Especially u=v means that we start at
time v by new equipment.

a: discount rate per period in discrete compounding interest factor,

where 0 < a < 1,

2.2. Assumptions under technological advances

Suppose a case where a trend of changes in technological advances, pro-
duct price and volume of product can be forecasted for the planning interval.
In economic quantities, there are many variables which change at constant

rates according to the law of diminishing returns or the law of increasing
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returns, and there will be cases where decision maker can estimate their rates
from the past experiences and the rough forecast of future technological ad-
vances as in the preceeding example.
Therefore we assume that I(u), V(u,v) and h(u,v) change at constant rates
with respect to u and v as follows:
(1) Initial operating cost of new equipment which appears at time v changes
with time at a constant rate T through technological advances:
(v, v)=h(u,u)t’ 2 u<v
(2) Operating cost of new equipment is lower than that of old equipment:
h(a,v)~h(v,v) > 0 u<v
(3) Operating cost of equipment introduced at time u changes with time at a
constant rate p:
h(u,v)=h(u,u)pv_u u<v
(4) Acquisition cost of new equipment changes with time at a constant rate §

under technological advances:

I(w)=1(u)s" ¥ u<v
(5) Disposal value of equipment decreases at a constant rate ¢:
v(g,v)=1(u) " ° u<v, 0<¢<1

These are illustrated in Fig. 1.

h(u,u) | h(v,k)
h(v,v)
' hik, k)
L |
u v k

I(U)r—'—"",'/

Fig. 1 Patterns of h(u,v), V(u,v) and I(u)

2.3. Formulation

Suppose that we are going to decide to '"keep' the old equipment intro-
duced at time k(at=K) or "replace" it by new equipment (at=R) at time t, to
operate the equipment selected at time t until time s-1, to replace it by

new equipment at time s and to follow the optimal policy after this. The
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minimal total cost for [t,T] under the optimal policy is given as follows:

a

Pk(t) = min {min {Pkt(t,s—1)+Ps(s)as-t}]
se{t+1,t+2,...,7+1} a A
-1 3¢ s-t
= min [min Py (t,s—1)+PS(s)a ]
se{t+1,t+2,...,T+1} a.ea

3. Present Decision Making by Comparison between 01d and New Equipments

3.1. Choice between "keep" and "replace" actions

Equation (2.1) generally shows that the present decision depends on the
subsequent sequence of decisions. However, if the first term at the right
hand side in (2.1) attains the minimum value by taking the same action a, for
any s, then the present decision becomes independent from the sequence and
thus we can choose the present decision without making it. Since such con-
ditions have not been clarified quantitatively, we shall give the conditions
by comparison between old and new equipments.

Suppose the following two cases; (1) the new equipment introduced at the
present time t operates until time s-1 and it is replaced at time s, and

(2) the old equipment introduced at the past time k keeps operating until

time s-1 and it is replaced at time s. These are illustrated in Fig. 2.

S<het) —blesh)

|
| T~ -
| == ==qh(s-1,s-1)
|
k t s-1
I(t)
I(k)
k t s
! O T Mg
! 2 - _—=—v(t,s)
I - -
l”/ i /””’
-

Fig. 2 Comparison between 0ld and New Equipments
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The difference of present value of total cost between the former and the

latter becomes

s—1 _t _t
- ¥ {h(k,r)-h(t,r) Yo" © + {I(t)-V(k,t)H{1-($a)° "}
r=t
(3.1)

t~k_.t-k
-9

s—1
= ={h(k,t)-n(t,)} § (o) + 1(k) (s ) {1- () 57F3,

r=t

where the assumptions (3)-(5) are used in the transformation from the left

hand side to the right.

§> ¢

§>¢ means that the decreasing rate of new equipment acquisition cost does
not exceed one of old equipment disposal value whenever the acquisition cost
decreases with time and the case is considered to be natural. Therefore we
first suppose the case of §>¢. Letting (3.1) be less than or greater than
zero, we have the following relations:

Ak, £)=h(t,t) _ h(k,t)=h(t,t) > 1-()° "

1(e)-vik,t) 100 (5t—k-¢t-k) < 51

r-t
(3.2) Lo

. = R
for any se{t+1,t+2,...,7+1" - K
The quantity h(k,t)-h(t,t) denotes the cost saving per period by immediate

"replace" action in comparison with "keep' action, or the operating inferiority

per period by the "keep" action compared with the "replace". The quantity

s—1
{h(k,t)-h(t,t)} 2 (pa)r_t is interpreted as the total cost saving by 'replace"

r=t
action or the total operating inferiority supposing that h(k,t)-h(t,t) per
s-1
period occurs for the equivalent length of 2 (pa)r-t periods. On the other
r=t

hand, the quantity I(t)-v(k,t) denotes the additiomnal investment cost by
"replace" action. The quantity {I(t);V(k,t)}{1—(¢a)s-t} is interpreted as

the equivalent total investment cost by the replacement in the case supposing
that 1(t)-v(k,t) per period occurs for the equivalent length of {1—(¢a)s-t}
periods. Therefore (3.2) shows that "replace" action should be chosen if the
total cost saving becomes greater than the total investment cost and otherwise

"keep' action should be selected. (3.2) is transformed into
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> 1_(¢a)s—t
h(k,t)-h(t,t) _ e (1(t)-v(k,t)) for any se{t+l,t+2,...,T+1}
(3.3) 2 (pa)r_t
r=t
=> R
= K .

s=1
The quantity {1—(¢a)s_t}/{ Y (pa)T 7t} can be equivalently interpreted as
r=t

capital recovery factor which converts the additional investment cost at time

t, namely, 1(t)-v(k,t), into the periodical investment cost.

§ < ¢

Since (3.1) becomes negative by the assumption (2) if 6<¢, a replacement
action is always chosen at the present time t. Since § and ¢ are the para-
meters which represent change rates of new equipment acquisition cost and
disposal value of old equipment respectively, it is natural to consider that

8>¢ holds as before. Therefore we treat only the case of §>¢ after this.
From (3.2), we have the following relations not depending on s:

> Eg(t) => R

(3.4) N, ()
< Bj(t) = K,
vhere (0 = BUSBAGEE) Lo o 1-(ga)
"% T TI-v G, ) S
Y (pa)
r=t
E(t) = min E(t,s) , E5(t) = max E(t,s)

selt+1,e+42,...,7+1} se{t+1,t+2,...,T7+1}

nk(t) and E(t,s) represent the ratio of cost saving to additional invest-—
ment cost at time t, namely, an efficiency of additional investment at time t,
and an equivalent capital recovery factor of additional investment at time t
respectively. If the condition of (3.4) is satisfied, we can simply choose
the present decision without making the subsequent sequence of decisions.
In case of E?(t)<nk(t)<E§(t), we must make the present decision by numerical
analysis (for convenience, we denote the case by a =N from now on). However,
an important aspect lies in the fact that we can grasp quantitatively and
constantly the state of obsolescence of old equipment, and obtain necessary
informations for future decisions.

With respect to E?(t) and E;(t) in (3.4), we can easily show the follow—

ing relations hold:
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E(t, T+1) >4
E’;(t) = [1-¢a 0=6
1-¢o p<d
(3.5) ;
i} 1=t p>d
EA(E) = [1-¢u b=
B(t, r+1) °°?

Notice that the present decision is completely divided into two patterns of
a, =R and a =K in case of p=¢.
3.2. Informations on next decision

If the decision maker can know the state of a (namely, a, =R, K or N)

t+1 t+1
in case of a,=R, the time until which "keep’ action continues to be taken in

case of at=Ktor the time until which "next replace" action is certainly or
possibly taken in case of a =N, he will be able to make the replacement deci-
sion rationally. We will show the process to obtain these informations.

Denote the present time by n for the parameteric case (n=t,t+1,...,T).
If the state of present time n is considered to be extended from that of past
time k, then (3.4) is rewritten

T n-k

1-(5) hik,k) > E’z‘(n) = R

(3.6) n(m) =K _o
k § 1—(%)n kKt < E’;(n) = K

for any n with ne{t,t+t,...,T}.

On the contrary if it is not considered so by some corrections of forecast,

(3.4) is rewritten

_h(t,t) \m-t
ot B D hGn By(m > K
G on =& 1_1?%1 RO JE P

for any n with ne{t,t+1,...,7}.

Hereinafter we treat the case of (3.6), but notice that we can treat the case
of (3.7) by a little correction of the former.

E(n,T+1) is increasing in n in case of p>¢, decreasing in n in case of
p<¢ and equal to 1-¢a in case of p=¢. There also holds Ef(T)=E;(T)=1—¢a.
Therefore the relation between E#(n) and Eg(n) in (3.6) is classified into

three patterns of (a) p>¢, (b) p<¢ and (c) p=¢ (see Fig. 3).
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D E*(n) UD 2)
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Fig. 3 Possible Patterns of nk(n), E?(n) and E;(n)

in the Case of at=K

Case of ag=K

Typical patterns of nk(n), E?(n) and E;(n) for parametric changes of n
are illustrated in Fig. 3, where it is assumed that "keep" action is taken at
every time n since the present time t. Further assuming that nk(n) and E?(n)
intersect at most one point, we can consider the following two cases of (1)

and (2) for each case of (a), (b) and (c):

Case (1): nk(n) is less than E?(n) for every n in [t,T]. 1In the case it is

economical never to take 'replace” action for [t+1,T]. We define n, as n =T
in the sense of denoting the largest n satisfing nk(n)<E?(n) by Ry -
Case (2): In case of p#¢, nk(n) and ET(n), and nk(n) and E;(n) intersect once
respectively. Denote the largest n satisfing nk(n)<E?(n) and the smallest n
satisfing nk(n)>E;(n) by n, and ny respectively. The case indicates that we
take "keep" action until time n, (namely, a =K at every n in [t,n_]), enter
the region impossible to decide at time n +1 and reach the region to replace
at time ng. This implies that next replacement surely occurs at a certain
time in [nK+1,nR]. In case of p=¢, nk(n) and E?(n) (or E;(n)) intersect once.
Denote the largest n satisfing nk(n)<ET(n) by n,. The case means that it is

economical never to replace till time n (an=x at every time n in [t,nK]) and

is economical to replace at time nK+1. .
Case of a¢=N

Typical patterns of nk(n), Eﬁ(n) and E;(n) for parametric changes of n
are illustrated in Fig. 4, where it is assumed that "keep" action is taken at
every time n since time t. Further we can consider two cases of (1) and (2)
for each case of (a) and (b). Denoting the smallest n satisfing nk(n)<E?(n)
in the case (1) and the smallest n satisfing nk(n)>E;(n) in the case (2) by

né and né respectively. These cases are explained as follows:
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Pl
2@ -
* (d) (2) N\ 1(2)
E_(n) g
1-¢a 2 "””/// 1-¢a +
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T
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L L n
t n' né T t
(@ p > ¢ (b) p < ¢

Fig. 4 Possible Patterns of nk(n), E?(n) and E;(n)
in the Case of a =N
Case (1): If "keep" action is taken till time né-1, "keep" action is also
selected at every time since time né. This means that '"replace'" action should
be taken at a certain time n in [t,né—1] whenever replacement occurs at least

once.

Case (2): If "keep" action is taken until time né—1, "replace" action is
surely selected at time né. This implies that '"replace' action should be
taken at a certain time n in [t,né] whenever replacement occurs at least once.

With the information of t! or té, the decision maker will be able to

K
limit the possible region of next replacement time.

Case of ag=R
From (3.6) we can examine the time t' when we replace at every time n in

[t,t"] (an=R at every time n in [t,t']) and reach the region either to keep

(at'+1 tr+1
point of view, there will be many cases of t’=t since "replace" action can not

=K) or impossible to decide (a =N) at time t'+1. From the practical

be taken at the time immediately after replacement. We can treat it, as the
case of a =K by putting t’'+1 into t if a

putting t’'+1 into t if 847N
From the above analysis, we obtain n, and/or ny in case of a, =K, and,

t'+1=K and as the case of at=N by

either n! or n! in case of a, =N.
K R t

3.3. Sufficient conditions of n, (n) for monotonous function

It nk(n) is monotonous with respect to n, we can obtain necessary and
sufficient conditions for existence of each case in 3.2. either exactly or
approximately in the sense of assuming that nk(n) and E?(n) intersect at most
one point. We do not intend to describe them, but rather give sufficient
conditions of nk(n) for monotonous function in order to use in the subsequent

analysis.
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With respect to &8, ¢, T and p in (3.6), T<p means that (1) if p<1, then
the reduced proportion of initial operating cost by new equipment under tech-
nological advances is larger than that of operating cost by old equipment and
(2) if p>1, then the change rate of initial operating cost by new equipment
does not exceed the increasing rate of operating cost by old equipment.
Therefore T/p<1 is considered to be natural together with ¢/8<1. Then the

following relations hold corresponding to p/8<1 and p/8>1:

(1) 1f % < §-< 1< g , then nk(n) is decreasing in n.
(3.8)
(2) 1f % < % <1< % , then nk(n) is increasing in n.

¢

Dividing the condition of (1) into SPET<P and p<§, we can consider the
typical case where technological advances are not so remarkable and the in-
creasing rate of acquisition cost is large. While dividing the condition of
(2) into T<%p and ¢<8<p, we can consider the typical case where technological
advances are remarkable and new equipment aquisition cost is decreasing with
time.

Though we suppose the case of (3.6) at introducing (3.8), we can easily

correct (3.8) by adding another condition in case of (3.7).

4, Informations on the Frequency of Replacement

4.1. Role of u* and v* in replacement decision making

Suppose the existence of u* and v*, where it is economical to replace old
equipment by new one at most once for (t,u*] and [v*,T). That is, the decision
maker never need replace old equipment by new one, from time n+1 till time u®
if the first "replace" action is taken at a certain time n in (t,u*], and from
time n+1 to time T if "replace" action is selected at a certain time n in
[v*,7). From u* and v*, he can also determine the upper bound number of re-
placement times for [t,T]. These informations offer the decision maker a

guideline on future equipment replacement.

4.2. Determination of u* and v*

- . *
Determination of v

Suppose the following two cases; (1) the equipment introduced at time v
is replaced by new equipment at time j(v < j < T+1) and it is kept operating
until time 7, and (2) the equipment introduced at time v is kept operating

until time T(put k,t and s-1 into v,j and T respectively in Fig. 2).
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The difference of present value of total cost between the former and the

latter is

X T . . .
— - — + -
-7V (n(v, H=h(5, 7))} )T 0T V() v (v, ) (1-(e) T 7T}
4.1) =J
. T . . . . .
- . - - -v_ - T+ 1~
= -7 V(alv, H-rG, M T )T T+ V() (677-7T T (1= () TH 7Ty,
r=7j
where the assumptions (3)-(5) are used in the transformation from the left
hand side to the right.
Noticing the case where (4.1) is greater than zero, we have the following

relation:

If § > ¢ and nV(j) < E(j,r+1) for one velt,t+1,...,7-1} and
4.2) any je{v+l,...,T},
then it is economical not to replace at any intermediate time j of

(v,7+1), where nV(j) and E(j,7+1) have been defined in (3.4).

Definition 1

Suppose there exists such the v" that the conditions of (4.2) hold for
any v with ve{v*,v*+1,...,T-1} and don't hold for the v with v=v*-1, and let
the set {V*,V*+1,...,T‘1} be X,

Then the following relations hold:

(1) If we introduce a new equipment at any v with VEX&, then it is
4.3) economical not to replace at any intermediate time j of (v,T+1).

(2) The number of replacement times for [v*,T+1) becomes at most one
from (1).

The reason why (1) holds is as follows:
Assume that p times of replacement since time v become most economical and let
e i <Vp<en.< <y _<T+1).
the replacement times be VyisVys ’Vb—1 and VP(V1 vy VP_1 Vb T+1) We
notice time v . Since v_ ,eX , it becomes economical not to replace any
p-1 1" "v
more since time Vo1 from the definition of X . Thus we have v__,=v . We can

- p
obtain v=v =V2=--.=Vb through repetitive applications of similar argument.

Last ée refer to the determination process of v* from (4.2) and Definition
1. We first examine whether the second condition of (4.2) is satisfied or not
for every j in [v+1,T] at v=T-1, namely, for j=T in this case. If the condi-
tion is satisfied for all j's, we next oroceed the checking process at v=T-2.
By repeating it, we can find such the v* that the second condition of (4.2) is

satisfied at v=v* and is not satisfied at v=v"-1.
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Determination of u*

Suppose the following two cases; (1) we replace at any intermediate time
j of (t,u), and (2) we never replace at any intermediate time j of (t,u).
It is easily shown that we have the following relation in place of (4.2)

by putting v and T+1 in section 4.2 into t (at=R) or k (at=K), and u respec-

tively:
If 6>¢ and, nt(j)<E(j,u) (at=R) or nk(j)<E(j,u) (at=K)
for one ue{t+2,t+3,...,P+1} and any je{t+1,t+2,...,u-1},
(4.4) then it is economical not to replace at any intermediate time j

of (t’u)’
where nt(j) or nk(j), and E(j,u) have been defined in (3.4).

Definition 2

Suppose there exists such the u* that the conditions of (4.4) hold for
any u with ue{t+2,t+3,...,u*} and do not hold for the u with u=u*+1, and let
the set {t+2,t+3,...,u*} be Xh.

Then the following relations hold:

(1) If we replace old equipment at any time u with ueXh,
then it is economical not to replace at any intermediate time 7J
of (t,u).
%.5) (&,u)
(2) It is shown the number of replacement times for (t,u*]
including the replacement at time u* becomes at most one from

m.

*

We can determine u” from (4.4) and Definition 2 in the same way as the

*
case of v .

4.3. Determination of u* and v* for a practical case

It is natural to assume that ¢<1 and p>1 hold with respect to (3.5), or,
Fig. 3 and Fig. 4. There will be many cases where the condition (1) of (3.8)
holds as before. Therefore the following conditions, which involve p>¢ in
(3.5), 8>¢ in (4.2) and (4.4), and the condition (1) of (3.8), are considered

to be mild and practical:

p>4
o T §

L <c—< 1 <—

§ p

(4.6)

If we assume (4.6), we can easily rewrite the second conditions of (4.2) and

*

(4.4), and thus determine u* and v* as follows.

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



Replacement under Technological Advances 147

. . X
Determination of v

If (4.6) holds, then the second condition of (4.2) can be rewritten

T-v
4.7) n (1) = &5 &7E hit,t)  1-(¢a) = E(v+1, T+1)

6=¢ ¢ () % (pa)r-(v+1)

r=v+1

for one ve{t,t+1,...,7=-1},

where nV(V+1) and E(v+1,7+1) have been defined in (3.4).

Since we can easily show that, under the assumption (4.6), nV(v+1) and
E(v+1,T+1) become decreasing and increasing in v respectively, we tan deter-

mine v* from (4.2), Definition 1 and (4.7) as follows:

Assumes that (4.6) holds.
(1) If n (£+1) < E(t+1,T+1), then v¥=t and x ={t,t+1,...,7-1}.
(2) If n (t+1) > E(£+1,7+1) and n,_ (T) < E(T,T+1), then v*=vo and
(4.8) X;={Vo,vo+1,...,T—1}.
(3) 1f nz_1(T) > E(T,T+1), then there does not exist v* and X&=¢,
where v_ is the smallest natural number v satisfing

nv(v+1) < E(v+1,T+1).

Determination of u*

Case of at=R

If (4.6) holds, then in the same way, the second condition of (4.4) can

be rewritten

N\ u—(t+1)
(4.9) n, (e+1) = &2 L8 1-(da) = E(t+1,u)
t §-¢ I(t) u—1 (pa)r_(t+1)
r=t+1

for one ue(t+2,t+3,...T+1}.

Since E(t+1,u) becomes decreasing in u under the assumption (4.6), we can

determine u* from (4.4), Definition 2 and (4.9) as follows:

Assume that (4.6) holds.
(1) If n (£+1) < E(£+1,7+1), then u®=r+1 and x ={£+2,643,... 741}
(2) If B(t+1,7+1) < n (£+1) < E(t+1,£+2), then u*=uo and
(4.10) Xh={t+2,t+3,...,uo}.
(3) If E(t+1,t+2) < nt(t+1), then there does not exist u* and Xh=¢,
where u, is the largest natural number u satisfing

nt(t+1) < E(t+1,u).
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Case of a =K
t
If (4.6) holds, then the second condition of (4.4) can be rewritten

T\ t+1-k
Y+ 1=k 1'(5) h(k,k)

1_(%)tﬂ-k I1(k)

- (P
nk(t+1) = (E

(4.11)

1_(¢a)u—(t+1)
u-1

2 (pot)r—(t+1)

r=t+1

<

= E(t+1,u) for one ue{t+2,t+3,...,7+1}

and E(t+1,u) is decreasing in u. Therefore we can determine the u* from (4.4),

Definition 2 and (4.11) as follows:

Assume that (4.6) holds.
(1) If n, (£+1) < E(t+1,7+1), then u*=r+1 and x =(t+2,t+43,...,7+1}.
(2) 1f E(t+1,7+1) < nk(t+1) < E(t+1,t+2), then u*=uo
and Xﬁ={t+2,t+3,...,uo}.
(4.12) (3) 1If E(t+1,t+2) < nk(t+1), then there does not exist u®* and
x&=¢,
where u is the largest natural number u satisfing

nk(t+1) < E(t+1,u).

4.4. VUpper bound number of replacement times

We consider the upper bound number of replacement times except the present
replacement and denote it by m .

When we define as u*=t if Xh=¢ and as v*=T if 8§=¢, it can be shown the

following relations hold from (4.3) and (4.5):

(1) If u®=t and v*#t, then mo=v*—t.

(2) If t+22u*<v®, then mo=v*—u*+1.
(4.13) (3) 1f t#v*su*#T+1, then n%=2.

(4) 1f t=V*§u*#T+1, then n%=1.

(5) If u*=7+1, then m =0.

Therefore we have m, which is the upper bound number of replacement times

including the present replacement, as follows:

4. 18) (1) 1t a,=R, then mrm +1.
) (2) 1f a, =K, then mEm .
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5. Case Study

We show some results by the application of the above analysis to the
preceeding example.

A set of parameters in this cases is given in Table 1. It satisfies the
condition (4.6). A planning interval of replacement ranges from the twenty-
third period considered as representing the present time t to the fifty-forth
period representing the last time 7. V(k,t) and h(k,t) represent the disposal
value and the operating cost of old equipment at time t respectively, and I(t)
and h(t,t) represent the equipment acquisition cost and initial operating cost
of new equipment at the present time t respectively (unit cost represents ten
thousand yen). Notice that the standard values at Table 1 are assumed to re-

maining parameters except one in sensitivity analysis.

Table 1 Standard Values of Parameters

t : 23 T : 0.98158 § : 1.01706 v(k,t) : 780
T : 54 (0.8/3years) (1.07/year) I(t,t) : 5000
@ : 0.97400 | p : 1.01227 | ¢ : 0.93057 | h(k,t) : 2455
(0.9/year) (1.05/year) (0.1/8years) | h(t,t) : 985

Table 2 shows the present decision a,s "at most m times of replacement"
and the comparison of m with the optimal policy by DP method. 1In the practical
case of I(t)=5000, a =R and "at most 4 times of replacement” are obtained
when the optimal replacement times are 23, 27 and 37. Notice that the present
replacement can be determined by the criterion without making the subsequent
future decisions. Especially the information on m becomes effective when the
number of replacement is small for the planning interval. When I(t) succes—
sively increases by 500, we reach a region where we can not determine a course
of action at 1(t)=16500. For further increase in I(t), we enter an region of
"keep" (at=K) at 1(t)=41000.

Fig. 5 indicates that the case (2) of (a) in Fig. 4 occurs at time t+1 in
the practical case. We enter the region impossible to decide at time 24 im
mediately after "replace" action at time 23 and obtain né=34. This implies
that next 'replace" action should be taken at a certain time in [24,34] and
thus the possible region of next replacement time can be limited to the

interval.
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Table 2 Present Decision and Upper Bound Number of Replacement Times
Optimal Policy
* * % %
I(t) nk(t) E1(t) Ez(t) 4 | Y v m Replacement
. Cost
Time
4500 | 0.395161 ] 0.036920 | 0.093619| R | 29 36 9| 23, 29, 38 | 26641.6
5000 | 0.348341 " " R | 32 34 4| 23, 27, 37 | 27483.4
5500 | 0.311441 " " kK | 35 32 3123, 35 28279.6
10000 | 0.159436 " " R |55 23 11 23 34320.6
15000 | 0.103376 " " R |55 23 1123 39105.3
16500 | 0.093512 " " N | 23 23(at=K) 1] 23 40540.8
55(at=R)
41000 | 0.036549 " " K |55 23 0] - 63599.6

Fig. 5 Parametric Changes of n(n), E?(n) and E;(n)

Table 3 shows how the optimal policy will change for various values of
h(k,t) when p, T and 8§ respectively take the values of 0.97400/period(9.90/
year), 0.98726 /period(0.95/year),...
the values of 0.82540/period(0.1/3years), 0.86596/period(0.1/4years),... and
In the cases of h(k,t)=1500 and 2455, including

the practical case of h(k,t)=2455, the present decision becomes "replace"

0.92106 /period(0.1/7years).

and 1.02411/period(1.05/year),and ¢ takes

(at=R) for all cases though the sequence of optimal replacement times since
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the second replacement fairly changes when p, 1, § and ¢ increase. That is

to say, the present
of new equipment is

equipment.

In the case of h(k,t)=1200, where the reduction of initial operating cost

of new equipment is

changes with an increase in p, 1, § and ¢.

decision becomes insensitive if the initial operating cost

fairly reduced compared with the operating cost of old

relatively small, the first replacement time slightly

However, if we seperate the case

into two cases by considering whether the value of each parameter is greater

than 1 or smaller than 1, the present decision also becomes insensitive for

each case.

Table 3 Effect of p, T, & and ¢ on Optimal Policy

Optimal Replacement Time
h(k,t)

per period 1200 1500 2455
0.97400 - 23 23
0.98726 - 23 23

o | 1.0 30 23 23
1.01227 | 30,38 23,27,37 23,27,37
1.02411 29,34,42, 23,24,26,29,34,42 | 23,24,26,29,34,42
0.97400 | 30,38 23,25,29,38 23,25,29,38
0.98726 | 33 23,35 23,35

T 1.0 29 23 23
1.01227 | 23 23 23
1.02411 23 23 23
0.97400 | 23-53 23-53 23-53
0.98726 | 29-53 23-53 23-53

§ | 1.0 30,36,44 23,26,30,36,44 23,26,30,36,44
1.01227 | 30,39 23,29,39 23,29,39
1.02411 | 33 23,34 23,34
0.82540 | 33 23,36 23,36
0.86596 | 33 23,35 23,35

¢ | 0.89112 | 33 23,35 23,35
0.90852 | 33 23,35 23,35
0.92106 | 33 23,35 23,35
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Table 4 gives how the sequence of optimal replacement times changes for
various values of h(k,t) when the planning interval varies from 3 years to 10
years. Though the number of replacement times increases as the planning
interval becomes long, the first replacement time does not almost change.

This implies that the present decision is mainly depent on nearer future be-
cause of the effect of discount. From the fact, we will not need try to select

the planning interval exactly.

Table 4 Effect of Planning Interval on Optimal Policy

Optimal Replacement Time

hUoGt) | pogy | 7238 | 7=42 | 746 | 7=50 | T=54 | 7=58 | 7=62
3ys. 4ys., 5ys. 6ys. 7ys. 8ys. 9ys. 10ys.

1200 30 30 30 31 30 30 30 30

35 38 40 41

1500 23 23 23 23 23 23 23 23
26 28 30 32 26, 35| 27, 37| 28, 391 29, 41

2455 23 23 23 23 23 23 23 23
26 28 30 32 26, 35| 27, 37| 28, 39| 29, 41

6. Conclusion

In this paper, first we derived a simple criterion by which a state of
obsolescence can be constantly grasped, and showed there were some cir-
cumstances that the present decision can be made by the criterion without
making the subsequent future decisions. We also clarified that some informa-
tions on next replacement time could be obtained by parametric analysis of the
criterion. Second, we gave the upper bound number of replacement under the
above circumstance. The decision maker will be able to estimate the frequency
of replacement for the planning period. Third we applied the proposed method
to the prescribed case. The result of sensitivity analysis showed that it was
relatively insensitive to changes of parameters.

Decision maker will be able to obtain informations and thus a guideline
to equipment plan by the method.

Though this paper treated the case where there is a single replacement

alternative at any time, it should be extended to the case where there are
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plural replacement alternatives at any time under various economic and tech-

nological circumstances.
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