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Abstract This paper considers a scheduling problem in which the objective is to determine an optimal machine
speed pair and an optimal schedule. There are two machines A, B and n jobs each of which consists of two
operations. One operation is to be processed on machine A and the other on machine B. All jobs are open shop
type, i.e., processing order of two operations is not specified and so processing of each job can be started on either
machine. Of course each machine processes at most one job and each job is processed on at most one machine,
simultaneously. Further it is assumed that speeds of machines A, B are controllable. In the situation, the total
sum of costs associated with the maximum completion time and machine speeds is to be minimized.

The problem is a generalization of two machine open shop problem in a sense that machine speeds are not
fixed but variables. This paper proposes an O(n log n) algorithm which finds an optimal speed of each machine and
optimal schedule.

1. Introduction

This paper considers a generalized two machine open shop problem speci-
fied as follows.

(1) There are two machines A, B and n jobs Jl’ J ",Jn, each of which con-

.
sists of two operations. All jobs are open zhop type, i.e., the process-
ing order of two operations of each job is not specified.

(2) Each machine processes at most one job and each job is processed on at
most one machine, simultaneously. While, preemptions are not allowed.

(3) Speed of each machine is controllatle.

(4) The objective is to determine an optimal speed of each machine and opti-
mal schedule minimizing the total sum of costs associated with the maxi-

mum completion time and speed of each machine.
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Section 2 formulates the problem P and introduces subproblem Ph of P.
Section 3 proposes an algorithm and clarifies its time complexity. Further
Section 3 gives an illustrative example. Finally, Section 4 discusses fur-

ther research problems.

2. Problem Formulation

First some notations are defined which are used throughout this paper.
8': Speed of machine A, sALl/s’'. t': Speed of machine B, t41/¢'.
a.: Job processing amount (standard processing time at unit speed) to be

processed on machine A.

b.; Job processing amount (standard processing time at unit speed) to be

processed on machine B.

t (s', t'): The maximal completion time of optimal schedule subject to
mazx P P
machine speeds s’, t' (1f any confusion does not occur, sim-
plified notation ¢ is used).
mazx

Note that actual processing times on machines A, B are sai and tbi respec-

tively.

This paper considers the following problem P.
. q1 492 92
P: Minimize cOtmax -+cl(s ) -+c2(t )

subject to 8'>0, t'>0,

where oo cl, ¢, are positive constants, and 975 9, are positive integers.

(2.1) tmax =maX‘[1Q§§n(sai-+tbi), STl’ tTZ}

=tXmax{lgi§n(Yai+bi), YT, T2}
where Y=s/t=t'/s'. An optimal schedule giving € Under fixed s', t' can be

found by the algorithm due to [1],

Now let a4 él}, an+2Q0, bn+1Q0, b T, and define (n+2) linear

n+2é 2
functions of v,

(2.2) g 8Ya;+b,, 171,2,...,0,0Hl,042 and yhmax(y;,* s, Yppg Yps2)
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Then y is a piecewise linear function and further it is increasing and
convex one. Using y, tmwx= tXy. Megiddo s algorithm in [6] can be uti-

lized to determine y, i.e., t in at most 0(nfogn) computational time,

max
Arranging breaking points of y in an increasing order, let

Y0=0<Y1< ese <'Yp<'Yp+1—_-oo

where p is the number of breaking points. Note that on an interval [Yh’
Yh+1]’ ¥y, for a certain £, 1<2<n+2. Thus the following subproblem Ph is

introduced.

Pp: Minimize chgco(saﬁtbl)thl(1/s)q2 +c2(l/t)q2

subject to Y (=8/t) € [Yh’Yh+1]’ s, t>0

where 2 is the index of Yy that gives y on the interval [Yh’Yh+1]'
By solving all Ph explicitly or implicitly (refer to Remark in the next page)
and taking the best solution among optimal solutions of them, P can be solved,

i.e., each optimal speed of A, B and an optimal schedule can be found.

3. An Algorithm

First solutlion procedure for solying P, is proposed. By the theorem of

h
the arithmetic and geometric means, it holds that

ey (aayth ) T (1/6) 24c, (1/0) %2

}

q q <
=et L0yagt) T+ 2le, (1) 2te,

(deviding the first term into 4, equal components and second 9 equal compo-
nents, and applying the theorem of the arithmetic and geometric means ([2])
to these ql+q2 components)

q q 3.q q 43 4
2(qastqy) lwzﬁ:o/qg) Zlagytby) 1 2(1/q)) He,lv) 2+c2} 1

where equality holds if and only if

q,4q -q
t=1 f//{qg/(c0q1>}(ya2+b2)

Thus in order to solve P

1 ~ds
(clY +c2)

h» 1t suffices to find a minimizer YZ of
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9 Y
£, (NA0ap+be) " (egy +c,)(1/qy)
on the interval [Yh, Yh+1]' Once YZ is found, an optimal solution (si, tZ)

of Ph is constructed as follows.

q1+q$/ -4, -,

tﬁ= {q2/(c0q1)}(y;a2+b2) (clYg +e,)
R Rk

Sh thyh.

Differentiating fh(Y) with respect to v,

q2-1 —q2—1 q2+1
fé(Y)=(Yag+b2) Y {agczy 'bzcl}'
q2+1
Note that the sign of fz(y) is determined by that of Yy —(bzcl)/(azc2 .

Thus fé(y) changes its sign at most once and so Y; is determined as follows.
q2+1
(1) If (agcz)(Yh) ;(bgcl), then YZ=Yh .
q2+1
@) If (agey) (vyyg) © Sbgey), then Yi=vy ;-

q 2+1 q 2+1 q 2+J
@) If (alcz)(yh+1) >(b2°1)>‘a2°2)(Yh) » then Y= !/(bzcl)/(agcz)'

Remark: Further let Yo gives y on the right interval [Yh+1’ Yh+2] to
t
he interval [Yh,yh+1]o Then it holds that agi2a, and bz'ibz’ and so
(blcl)/(alcz):(bl'cl)/(al'cé) since y is piecewise linear and increasing.

By Remark, we have the following theorem.

Theorem 1. 1If case (i) occurs in a certain interval, then only case (i)
occurs in its all righter intervals. Similarly, if case (ii) occurs in a
certain interval, then only case (ii) occurs in its all lefter intervals.

Further case (iii) occurs at most once and if case (iii) occurs in a
certain interval, its optimal speed pair is also an optimal speed pair of P.

Proof: Theorem 1 is easily deduced from Remark and so its proof is
omitted. Q. E. D.

Now we are ready to describe our algorithm for solving P.

Algorithm

Step 1: cCalculate breaking points Yp» h=1,...,p, and set Y0=0 and Yy +1=M.
Step 2: Find a minimizer of

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



Open Shop Problem with Controllable Speeds 127

*
o (874 t;;,‘)gmkn{ch(s;l, t;;)|h=o,1,..,p}

by any binary search technique and set optimal machine speeds sj, t}
of A, B as follows:

s4=1/s£*, t;=l/tﬁ*

For this speed pair, construct an optimal schedule by the algorithm

in [1]. Terminate.

Theorem 2. Above algorithm finds an optimal speed pair s}, t} and op-
timal schedule in O0(n £og n) computational time for fixed 9, and q, if any
power and root can be calculated in a constant time.

Proof: Validity of the'algorithm is clear from preceding discussions
and so it is omitted.

Calculation of Y4 that is, comstruction of y takes O(ntfogn) computa-
tional time by using Megiddo's algorithm in [6]. Thus Step 1 takes O( nifogn)
computational time. For Step 2, g}, t! are determined by solving 0(Logn)
Ph's using a binary search technique, and solving each Ph takes 0(n) compu~-
tational time if any power and root can be calculated in a constant time.
Thus determination of sj, t) takes O(nfogn) computational time in total.

Once optimal speed of each machine A, B is determined, an optimal sched-
ule can be found in O(nfogn) computational time by the algorithm in [1].
Thus Step 2 takes O(n{fogn) computational time. In total, our algorithm
finds optimal speed of each machine A, B and optimal schedule in O(n fogn)
computational time. Q. E. D.

Example. consider an example given by the following data:
n=3; a1=4, a2=5, a5=6; b1=24, b2=4, b3=2; q1=q2=1; c0=4, cl=54,
c2=100.
Then T1=15 2—30 and t —txmax(4y+24 5y+4, 6y+2, 15y, 30),
y1=4y+24, y2—5y+4, y3—6y+2, y4—15y Ys =30, Applying Megiddo's algorithm in
[6] to these Ygo Yoo Ygs Yy Yso y—max(yl, Ygo Ugs Yyo y5) is determined by
the following process:
Renumbering indices of Ypr Yoo Yzs Ygo Ys according to lexicographic
ordering of (a ., b. ), 1=1,2,3,4,5, results
Y =30, y2~4y+24, Y5=5Y+4, Y ,=6Y+2, Y =18Ye Let g (Y)Amax(yl,"‘:y ), i=1

1
2,009, g (Y)=30.
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P 30 (0<y<1.5)
g )= B and breaking point y=1,5,

4y+24(1.5<y )
Since 5y+4<4Yy+24 at breaking point y=1.5, y3=5y+4 intersects gZ(Y) at the part
4Y+24 and new breaking point is y=20, that is
30 (0<y<1.5)
g>()= | eyr2d  (1.5¢y<20).
5y +4  (20<y)

Since 6y+2>5y+4 at the rightmost breaking point y=20 and 6y+2<4y+24 at the
leftmost breaking point y=1.5, Yy intersect gg(Y) at the part 4y+24 and new
breaking point is y=11. Thus

30 (0<ygl1.5)
94(Y)= ay+24  (1.5<y<ll).
6y+2 (11<y)

Similarly,

30 (0<y<1.5)

5 . 24/11).
y=g°(y) = 4y+24  (1.5<y<24/11)

15y (24/11<y)
Based on y and breaking points Y0=0, Yl=l,5, 72=24/11, P 1s decomposed into

the corresponding subproblems PO’ Pl and P2. By Theorem 1, we first check
P

1°
Py: Minimize Cl=tx(48+24t)+54/s+100/¢
subject to y=s/te{l.5, 24/11], s, t>0.
Note that a =4, b =24, f, (y)=(4y+24)(54/¥+100) and f}(y)=—1296/yz+400.
Since
alc2y§=ZXlOOX(24/11)2=1904.13>b£cl=1296>a2c2Y;=900, that is, case (iii)
occurs,

Y;=(b2cl/a£c2)£=1.80, t7=1.02 and g7=1.84. By Theorem 1, an opti-
mal solution (s], t}) of P is the reciprocal of (s;, t;), that is, (0.54,

0.98).

Next we must determine corresponding optimal schedule. Actual process-

ing times are:

———a ¥
Jy-819

t;b3=2.04. We divide job set {Jl, Jys J3} into two subsets

3 = . ——— * = = . —— * =
=7.36, t;b1—24.48, J2 874, 3.20, t;bZ 4.08; J3 8jaz 11.04,
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(l) * * - (2) * * =
100, |sga 2t3b }=(3,, I} and 327780, |s3a <t4b }={J,}, and choose
two distinct jobs Jr’ JR satisfying

. ot * (1) * % (2)
J.; eja 2max{tib,|J,e3>} and Jp; t4b >maxisia,|J eI} .

r’ "1 I

In our example, we can choose Jr=J2 and J =J1. Further let

I WaP g, 33=(5,} ana TP Py, a1
First j(z)u{J2}={Jl} and j(l)u{Jr}={J2, J3} are scheduled as Figure 1 and 2
respectively. An optimal schedule is constructed by concatenating j(l)U{J }
after E(Z)U{Jz} and moving J, to the last in A since i

L
# 4, = % A =
sjagtsia, 20.24<t1b1+t1b2 28.56. TFigure 3 shows this schedule.
7.36
A Jl:7.36

/117,

B |idle/time] Jl:24.46
L1111

7.36 31.84

Figure 1. Schedule of 3(2)U{J£}={Jl}.

11.04 20.24

A J3:ll.04 J2:9.20

11.04 13.08 20.24 24.32

[3

Figure 2. Schedule of 3(1)U{Jr}={J2, J.}.

3
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11.04 20.24 24.48 31.84

14(¢,
A }J,:11.04 3,:9.20 ,‘% J,:7.36

3 ime 1
/7L

J
B |J.:24.48 3

1 2,052}
0u] 4+08

24.48 26.52 30.60

Figure 3. An optimal schedule.

4. Discussion

Up to now, there are very few papers dealing with machine constraints or
machine costs explicitly. Only exception is Nakajima et al [7], which con~
siders a machine cost, Models with variable machine speeds, however, are
none.

We have already investigated the generalized uniform processor system in
[3] and flow shop case in [4], where machine speeds are variables. Moreover,
we are preparing the paper treating the mixed shop case. For the ordinary
mixed shop scheduling problem, see [5].

Generally speaking, for the success of generalized cases with control-
lable machine speeds, tractability of the ordinary one is necessary. In this
sense, generalized m machine open shop scheduling problem with preemptions
may be a promissing one and its research is left as one of further research
problems. Another is investigation of discrete machine speed cases, though
it may be difficult as is seen in [3].

Finally, investigation of more general cost cases 1s important but may

be also difficult.

References
[1] Gonzalez, T. and Sahni S.: Open Shop Scheduling to Minimize Finish Time.
J. ACM, Vol.23, No.4 (1976), 665-679,

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



(2]

(3]

(4]

(5]

(6]

(7]

Open Shop Problem with Controllable Speeds 131

Hardy, G. H., Littlewood, J. E. and Polya, G.: Inequalities, Cambridge
University Press, Cambridge, 1964, 16-18.

Ishii, H., Martel, C,, Masuda, T. and Nishida, T.: Generalized Uniform
Processor System. Operations Research, Vol.33, No.2 (1985), 346-362,
Ishii, H. and Nishida, T.: Minimum Cost Speed Assignment for a Two Ma-
chine Flow Shop (in submission).

Masuda, T., Ishii, H. and Nishida, T.: Mixed Shop Scheduling Problem.
Discrete Applied Mathematies, Vol.ll, (1985), 175-186.

Megiddo, N.: Combinatorial Optimization with Rational Objective Func-
tions. Mathematics of 0. R., Vol.4 (1976)

Nakajima, K., Hakimi, S. L, and Lenstra, J. K.: Complexity Results for
Scheduling Tasks in Fixed Intervals on Two Types of Machines. SIAM, J.
Computing, Vol.ll (1982), 512-520.

Hiroaki Ishii: Department of Applied
Physics, Faculty of Engineering,
Osaka University, Yamada-Oka, Suita,
Osaka, 565, Japan.

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.





