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Abstract In this paper the problem of obtaining the Voronoi diagram which approximates a given tessellation
of the plane is formulated as the optimization problem, where the objective function is the discrepancy of the
Voronoi diagram and the given tessellation. The objective function is generally non-convex and nondifferentiable,
so we adopt the primitive descent algorithm and its variants as a solution algorithm. Of course, we have to be
content with the locally minimum solutions. However the results of the computational examples suggest that
satisfactory good solutions can be obtained by our algorithm. This problem includes the problem to restore the
generators from a given Voronoi diagram (i.e., the inverse problem of constructing a Voronoi diagram from the
given points) when the given diagram is itself a Voronoi diagram. We can get the approximate position of the
generators from a given Voronoi diagram in practical time; it takes about 10s to restore the generators from a
Voronoi diagram generated from thirty-two points on a computer of speed about 17 MIPS. Two other practical
examples are presented where our algorithm is efficient, ons being a problem in ecology and the other being one in
urban planning. We can get the Voronoi diagrams which approximate the given tessellations (which have 32 regions
and are defined by 172 points in the former example, 11 regions and 192 points in the latter example) within 10s

in these two examples on the same computer.

1. Introduction

The Voronoi diagram has been recognized as a concept of fundamental
importance in many kinds of problems in geometry, urban planning,
environmental control, physics, biology, ecology, numerical analysis,
etc, [8]. The computational problem of constructing the Voronoi diagram
in the plane has been one of the main subjects of computational geometry,
and many algorithms have been proposed. Recently, our research group
developed a practical fast algorithm to construct a Voronoi diagram for n

points in linear time, i.e., O(n) on the average [9], [10], although its
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worst—-case time complexity O(HZ) is inferior to the theoretically optimal
complexity O(n log n) of divide-and-conquer type algorithms.

This fast algorithm has made it possible to solve a class of
location problems numerically within a practicable time, which had been
thought to be far from being practically solvable because it needs many
subroutine calls for the Voronoi diagram construction [7]. We call such

a class of location problems geographical optimization problems,

In [7], the problem was formulated and solved as a most common
geographical optimization problem, which is to obtain the locations of
facilities in such a way that the total cost of people who enjoy the
service from the facilities is minimized under the assumption that people
should always access the nearest facility, 1.e., the problem of
minimizing

F(xl,...xn)= f f(min Hx—xi“)¢(x)de

where X, (i=1,...,n) is the locations of facilities, and represents
the Euclidean distance, f 1s the function repersenting the relation
between distance and cost, and ¢ (x) is the function representing the
population density.

In this paper, we formulate another type of geographical
optimization problem, i.e., the problem of obtaining the Voronoi diagram
which best approximates the given tessellation of the bounded subset of
RN as the minimization problem with the discrepancy between the given
tessellation and the Voronoli diagram as the objective function. We

propose a method to get a solution—— a method which belongs to a class

of techniques we call the geographical optimization method. Computational
results are shown and discussions are given.

The first case in which our method should be efficient is that the
given diagram is itself known a priori to be a Voronoi diagram. The
problem is to restore the generators from the given Voronoi diagram, that
is, the inverse problem of constructing the Voronoi diagram from the
given points. For this problem itself, geometrical approaches have been
proposed as will be shown in section 2, If the exact Voronoi diagram
were given, we could determine the position of the generators by such an
elementary geometrical method. However, such a situation is unrealistic.
Even if theoretical consideration tells us that the diagram which appears
in a phenomenon should be a Voronoi diagram, the error in observation
process must perturb the original diagram. Therefore, the geometrical

method would always tell us that the diagram is not the Voronoi, i.e., it
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Approximation by Voronoi Diagram

Fig. 1. Territories formed by Tilapia mossambica [13]

would give us no information in almost every case. However the method
proposed in this paper always tells us at least approximate positions of
the generators. Figure 1l is an example of this case. It is taken from
[13, Fig. 1], which is a schematic diagram of the photograph in [ 3,
Fig, 1]. The latter is the photograph of the sand pattern formed by male
mouth breeder fish, Tilapia mossambica, kept in a large outdoor pool with
an initially uniform sand floor. Tilapia mossambica excavates breeding
pits by spitting sand away from phe pit center toward his neighbors, then
reciprocalv spitting results in sand parapets, which are conépicuous
territorial boundaries. These facts suggest that this diagram mightibe a
Voronoi diagram.

' The second case is the problem of voting brecincts and school
districts. In these problems, all the people liviﬁg in an afea have to
accéés the facility (polling ©place or v school) determined by
administrative condition for enjoying the service. Therefore, if each
voting precinct (school district) is the Voronol region belonging to the
polling place (school), these voting precincts .(school districts) are
equitable because people enjoy the service from the nearest facility.
The discrepancy between the present voting precincts (school districts)
and the Voronoi diagram may be an index of the equitableness in that
sense [8], TFigure 2 is the junior high school districts of Tsukuba in

Japan.
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Fig. 2. Junior high school districts in Tsukuba

Judging from these examples, it is worth while in practice to
consider the Voronoi diagram approximating a given tessellation. We

apply our geographical optimization method to these examples in section
5.

2. A Geometrical Method to Restore the Generators from the Given Voronoi
Diagram

First we show the formal definition of the Voronoi diagram. P(x)

denotes a point in the Mdimensional Euclidean space RN, where x is an

N-dimensional vector (xl,xz,...,xN). For n distinct points Pl(xl),
. N
P2(x2), Pn(xn) given in R,
(2.1) V.= N {xeRN|||x—x.||<||x—x."}
1 L. L. 1 J
Jijti

is the set of points in rY which are closer to P ,(xi) than to any other
1

Pj (xj) (j#i), where ||+|| denotes the Euclidean distance. Vi is a convex

set because it is the intersection of half spaces. V

1 Vo fores v par-
tition RY into n convex regions in the sense that we have v
n

(2.2)

_ N _ . .
) V=R’ and vinvj-qs (i#37),

1
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Approximation by Voronoi Diagram

Fig. 3. An example of the Voronoi diagram (with 50 generators)

where A denotes the topological closure of set A. The partition
determines in an obvious manner a polyhedral complex, which is called the

Voronoi diagram for the given n points 2 (xi)'s. This partition is also

called the Dirichlet tessellation or the Thiessen tessellation [5], [12],

[14]1, [15]. We sometimes call Pi(xi) (i=1,...,n) generators. Each Yi
(i=1,...,n) is a kind of "territory" of point Pi(xi) (i=1l,...,n) and is
called the Voronoi region of Pi(xi) @=1,...,n). In the two-dimensional
case, N=2, the vertices of the polygonal Voronoi region are called the
Voronoi points and the edges the Voronoi edges. Figure 3 is an example
of the Voronoi diagram with n=50 generators.

It is easy to obtain the generators from the given Voronoi diagram
in the two-dimensional case by purely geometrical method [8, p.100].
This method is based on the geometrical property of the Voronoi diagram

given below: In Fig. 4, P P, and P, are generators; Ql is a Voronoi

1’ "2 3
point which is the circumcenter of AP1P2P3, QZ’ Q3 and Q4 are the
neighboring Voronoi points. Let
£Q)0,Q, =
then
L.P1P3P2 = feq

and from the theorem of the angle at circumference
4P1Q,Q, =£PyQQ, = m-a.
Therefore, if we are given an exact Vorounoi diagram, a generator can be

determined as the intersection of rays such as T and r, in Fig. 5

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.

73



74

A. Suzuki & M. Iri

Fig. 4. Properties of the Voronoi diagram

(Pl’ Pé, 'P3 ! generators; Ql’ QZ’ Q?‘,, Q4 + Voronoi points)

Fig. 5. The geometrical method to obtain the generators

from the Voronoi diagram

emanating from the endpoints of a Voronoi edge, for example, Q1 and QA'

Once the generator P, of a Voronoi region V. is obtained, we can get the

generators of the V:)ronoi regions which sllxare a Voronoi edge in common
with V1 as the mirror images of P1 with respect to the Voronoil edges
bounding Vl' Then, by repeating this procedure, all the generators can
be determined --- at least in principle. Furthermore, it is proved in
[2] that a proper convex plane tessellation, all of whose vertices have

degree 3, is the Voronoi diagram if and only if all such rays as r r

17 "2
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Fig. 6. A necessary and sufficient condition for a tessellation on the

plane to be a Voronoi diagram

and r, shown in Fig. 6 have a point in common for each region. Using
this condition, we can determine whether a given tessellation is the
Voronoi diagram or not. However, in practical situations, we would
hardly have a chance to be given an exact Voronoi diagram. Even if the
diagram is known to be the Voronoi diagram from the theoretical point of
view, the errors in observation process would perturb the shape of the
original diagram. Thus in practical situations, nothing can be obtained

from the geometrical method explained above.

3. Problem Formulation and a Solution Algorithm

Let P, (Xi) (i=1,...,n) be the geneérators of a Voronoi diagram and
¢(x) be a positive, finite-valued and smooth function defined on a
bounded subset UA. (A.MNA.=P (i#j)) of the N-dimensional Euclidean space
RN. Intuitively, J(b(x)-1 isjthought to represent a population density in

practical situations. Our objective function is the discrepancy

(3.1) F(xl,...,x )= Z ¢(x)de

S|
i#j ViﬂAj

N
1 of the bounded subset of R, and

between the given tessellation{A '}j:
the Voronoi diagram {vi}igl generated by Pi (xi) (A=1,...,n), the

discrepancy being measured with ¢(x) as the weighting function. Before

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.
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entering into the discussion of the solution algorithm, we should make
some observation on the properties of the objective function F of (3.1).
F qua function of the Nn vector X:

X=(xi,xé,...,xr'l)'
is generally non-convex, and has nondifferentiable points. In fact, it
has a local minimum which is not the global minimum, such as shown in
Fig. 7. 1In Fig. 7, {Aj}'fl is a Voronoi diagram so that the minimum
value of F should be 0. However, if X=(xi""’xr;)' be the exact solution
constituted from the coordinates of Pi(xi)'s generatingNthe Voronof
diagram, and if we put X=(x'1,...x1;)', where XZ=;m‘ X =X, and X, =x,
G #L,m) (AZ is not adjacent to Am), then F is one of the local minima
which is not global minimum because F is not equal to 0 and any small
change of X increases the discrepancy. Figure 8 shows one of the typical
cases of nondifferentiable points of F (see the legenda of the Figure).

Next we note that the minimization of F is equivalent to the
maximization problem of

n

F = ¥ J

i=1 Viﬂ Ai

(%) dx.

Fig. 7. An example of local minima of F

(Shaded areas represent the discrepancy.)

It is easy to show that

n n n
U (V.NA)=U { U V.)NA. }= _
; ) ( 1) J} ulluy A, Vj)ﬂAj}

i,j g SRS j=1 i=1
l#j n n

=UA-U (V. NAY.

j=1 J j=1 J J
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Fig. 8. An example of nondifferentiable points of F
If ¥, moves toward x;, the partial derivative of F with respect

to x, changes discontinuously at x;.

Thus, we have

n

(3.2) F(xl,...,xn)=J n ¢(x)d % ) j
UA, i=1'v_naA,
=1 3 i i
The first term of (3.2) is the total measure of UA ., which is constant

¢(X)de.

and the second is F,, the coincidence of {A,},f and {V,},f .
1 i°i=1 i‘i=1
Since no general optimization algorithm is available at present
which works for such functions better than a most primitive class of
descent methods, we have to resort to a variant of primitive descent
algorithms. We also have to be content with one of local minima. Thus

we shall investigate the algorithms of the following type:

[Algorithm] Starting with a given initial guess X(O), repeat

(1)-(3) for v=0,1,2,... until some stopping criterion is satisfied.
(1) Search direction:--- Compute the gradient VF(X(v)) of F at the v-th
(v) )

approximate solution Xx Then determine the search direction 4
using VF(X(V)) and some other auxiliary quantities if we want.
(2) Line search:--- Determine G(v) (up to a certain degree of

approximation) such that

x(“)+a(“)d(“))= ™) (v)).

F( m&n F(X* "+od

(3) New approximation:--- Set
X(v+l)=x(v)+wa(v%j(v).
Here, ¢ is an acceleration factor to avoid undesirable stagnation at

nondifferentiable points [6], [11].

There are a number of variants of the algorithm of the above type with
different choices of the search direction in (1), of the acceleration
factor in (3) and of the stopping rule. We have tested several variants

as will be described in section 5.

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.
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4. Calculation of the Partial Derivatives

Since the objective function in (3.1) is not familiar in form, it
may not be useless to explicitly write down its partial derivatives (the
gradient and the Hessian). 1In so'doing, we adopt the tensor notation in
RN in order to keep the geometrical meanings of the relevant expressions
as clear as possible. Thus, we denote by Tk the metric tensor in RN and
adopt Einstein's summation convention. For example, the inner product of

N .
two vectors X, Yy in R 1is expressed as
c N N N
(4.1) (x,y)= BXy (= ) ngxKy ).
k=1 A=1
We need notation for the Voronoi diagram {Vi}izl and the given
tessellation {A_}_fl. The (N-1)-dimensional face bounding two adjacent
i 3=
Voronoi regions V, and Vj is denoted by
= av .,
(4.2) wij BViFW F
and the intersection of wij or wji and A; by
=W A,
(4.3) Li,j i3 N 1
(see Fig. 9). Li 3 is of essential importance when we calculate the

bl

partial derivatives because F varies as Li .'s move. It is easily shown
3
that L, =0 when Wij=¢ or Vi(WAi=¢. The distance between two generators

A -
x; and x. will be denoted by
(4.4) aij4|xi-xjn.
The partial derivative of the F of (3.1) with respect to X, is due

i
to the variation of the regions V,NA; (i47, wij¥¢).

w,. U1,2 Vi B1,3
21
A1 ////
V2 | .xl///WIB
v
A 3
w4 2 X
L, , ® °
> /42 X3
%1 Wo3 B3
Vs |a, " 72
y 34
al
Yas | xce 45,3
W
53
Vs Bs

Fig. 9. Components of {V;} and {Aj}

: boundary of Vi and Yj (V&-)

: boundary of Ai and Aj

(Shaded areas represent the discrepancy.)
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-1
(4.5) ——EEX— = ¥ {J a%. gAK(xi—xK)¢(x)dN x
Sxi J:wij#ﬁ Li,j ij
1 K K N-1
—J P gAK(xi—x Yo (x)d x}.
. . 17
Jsl

The equation (4.5) can be rewritten into the form,

4.6) _EE_— =

A .. a. .
axi J.Wij#ﬁ ij

g, (L, j)(xj-}ﬁ j)—U(Lj’i)(XE—'J_(;,i)},

where u(L, .)=J ¢(x)dN—1x is the "length" of L, . and
1,7 L 1s7

i,3
0 .=[ xK¢(x)dN_1x/u(L. ) is the "centroid" of L, ., each defined
1,7 I, 1,7 1,7
i3
with respect to the weight ¢(x).
The second derivatives of F may be calculated in a similar vein but

with more complicated manipulation of formulas as follows. (See Appendix

for detailed derivation.)

I e ey =,

k:wik#ﬁ
32F 173 A7k , . .
&7 =) St P Ky Gelzlzdi, W ;#0D),
9x ,3X ., kW, N3V, #@
j o1 ij k
0 (otherwise),
where
i N-1
(4.8) HS =f g, ¢(x)d x,
I R
1,7
ijk_ 1 V__V H__H N-1
(4.9) 6y = —LJ 379y, (¥;7%¥ )9, (xjmx e dT Tx
i,j iJ
1 CIRY b u N-1
+IL _;E_ng(xi_x )9, (xm¥;)¢(x)d - x
Jsi iJ

u_ Uy 3% £_ &£y, N-1
(x -x") £ (xj xi)d x

+ 1—9 (x-x")g
3 7avd PSTRAN 4 ox

=

, o5 O,
1,5 17
1 V.oV u_ My 3¢ B EygN-1
‘I 3T (K% )G, (i x ) Cmx ) T
L., ., a.. ax
Foi ij
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- ———l——_g v_,V H__u N-2
+JBL T2 tand(x)°x (xl, x )gKu(xk x")¢(x)d
1,7 ij
A1 N-2
'f = Tae T K8, (o) e (0 d
0L, ; 9yy
.10)  x7He ( L I DY F L
_B(x) H__u N-2
g,,(x;=x") g (x.-x)¢(x)d “x.
fL. ﬂBV 1] Avl 1kajk Ky Tk

The 6(x) in (4.9) is the angle between the hyperplane containing le and
that containing A F\A7 at each point X on aL; 59 and the B(x) in (4.10)
is -

B(X)={g>\’<(x -x )(x>‘ -x )}l/2

5. Numerical Examples

In the following numerical examples we deal with the two-dimensional
case (W=2) with metric tensor

Tre = 6AK (A,k=1,2)
where the density function ¢(x) is equal to 1 in UA  and vanishes
outside it. /

We performed a number of experimental computations with two
different kinds of search directions using various acceleration factors
in §5.1 and §5.2. As the simpler search direction d(v), we took the

direction of steepest descent (abbreviated as §):

M

.1y s: a™ = —orx™)y.

In the terminology of tensor analysis, d(v) is a contravariant vector
whereas VF(X(\))) is a covariant vector. Hence, the steepest descent
direction does not have an invariant meaning under the 2n-dimensional
affine transformation and that even under the rescaling of coordinate
axes 1in R?'. We also dinvestigated a more sophisticated direction

(abbreviated as M):

.2y M a™ = lorx ™)y,

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



Approximation by Voronoi Diagram

which is obtained by modifying the steepest descent direction with the
following approximation Hof the Hessian (2nx2n matrix) of F. Since the
exact Hessian (see (4.7)) 1is too complicated to incorporate in the

iteration process, we adopted as the approximate Hessian

.o w1 e,

J:Wij#)

It is numerically not a good approximation, but is a symmetric and
positive~definite covariant tensor of valence 2, having the same
tensorial character as the exact Hessian. Therefore, descent direction
(5.2) is invariant under the 2-dimensional rescaling.

It is difficult to compare theoretically these two kinds of descent
directions from the viewpoint of computational efficiencies, but it will
be good for a numerical method to have such a property of invariance. In
fact, it is reported in [7] that the descent direction M is superior to S
with respect to computational time for another kind of geographical opti-
mization problem.

For the line search, we adopted the so-called "Goldstein method"

[4], which chooses a(v) s0 as to satisfy the inequalities

(5.4) pzd(")w(x(")) <« rex™M 46 M a™N My < uld(")w(x("))

with appropriately prescribed parameters ] and u (O<ul<u2<l). (We

chose ul=0.2 and u2=0.8 throughout our experiments.)

2

For the selection of the acceleration factor w, we investigated the
speed of convergence of the objective function and the properties of the
resulting solutions numerically for various valuesof w ranging from 1.0
to 2.6, The integrals in the expressions of p, VF and H were computed by
means of numerical quadrature formulas: The integration on Vi(WAj GFEF)
was done with the seven-point formula of the Gaussian type for a triangle
given in [1, p.893] and that on L-L 3 with the three point Gaussian

formula. HITAC M-280H (about 17 MIPS with array processor) at the

Computer Centre of the University of Tokyo was used in FORTRAN through-
olit the experiments.

5.1. The inverse problem of the Voronoi diagram construction

We applied our algorithm to the problem of restoring the generators

from a given tessellation which is known to be a Voronoi diagram. We

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.
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12,90

CPU time

O.l I i A i A J S . I A

1.9 1.4 1.8 2.2 2.6
acceleration factor

Fig. 10. CPU time for obtaining the solution
(average of five different initial guesses)
{Aj} : a Voronoi diagram
Stopping criterion: F < 0.01x( area of UAj)
S : steepest descent direction (5.1)

M : modified direction using # (5.2)

adopted for sample tessellations two Voronol diagrams generated from
sixteen and thirty-two points, respectively, distributed in the unit
square (-0.5,0.5)%(-0.5,0.5), and investigated the effect of the descent
direction (S or M) and the acceleration factor w (varying from 1.0 to 2.6
by 0.2) on the speed of the convergence. We measured the CPU times

(0)

needed, starting with an initial guess x,
1

to have the discrepancy between the given Voronoi diagram and the

randomly located in each Ai’

solution reduced to 1.0 % of the total area of UA, The plots in Fig.
10 are the average CPU times on five different jinitial guesses for
different search directions and acceleration factors. From Fig. 10, it
is seen that as to the search direction, M is superior to S in the large

and is less sensitive than S to the choice of acceleration factor.

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.
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7| %
.//Jy////l._//”‘ /

’////¢,;/I////////‘:L'

5,
D 0

: given tessellation (thick lines)

{Vi}i:l : initial Voronoi diagram for generators (@) each
chosen in A, (thin lines)

/)

[ N

: given tessellation (thick lines)

n
) {a5h5,

{Vi }igl : approximate solution Voronoi diagram when the
discrepancy (shaded areas) has been reduced to

1.0 Z of the area of UAj (thin lines)

Fig. 11, 1Initial guess (a) and obtained solution (b)
{Aj} is the Voronoi diagram generated by thirty-two points

randomly distributed in the unit square.
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Figure 11 is the example when the given Voronoi diagram is generated from

the randomly distributed thirty-two points in the unit square: (a) is

the initial guess x§0) randomly located in each Ai,and (b) is the nearly
optimum solution when the discrepancy is reduced to 1.0 % of the area of
A ..
U 7

5.2. A small but practical example

n
Jj=1’
section 1 (the territories of Tilapia mossambica) which has ten regions

As another sample tessellation {Aj} we took part of Fig. 1 of
in the rectangular area (0,4.3)x(0,3.5), and investigated how well
{Aj}jgl can be approximated by a Voronol diagram. In section 4 we have
shown that our algorithm yields in general a local minimum but not always
the global. Thus the solution we ultimately have 1is expected to be
highly dependent on the descent direction, the acceleration factor and
the initial guess. In order to examine this dependence numerically, we
took five different initial guesses by choosing each XEO) randomly in A,
and for each initial guess, we applied the variation of our algorithm
with search directions S and M and with different acceleration factors w
ranging from 1.0 to 2.0 (step 0.2). Iteration was continued until we
have either

max|x§(v+l)-x§(v)| < 1.0><10_2

or Kyl
v=50.

Hence, we had 60 "solutions" in all, among which the solution with the
4th initial guess, search direction M and acceleration factorw =1.4 gave
the smallest value, Fmin=0.4472 of the objective function. (Note that
the total area u(L)Aj)=15.05.) The plots in Fig., 12 show the value
(F»—Fmin)/pmin for each initial guess, each search direction and each
value of w, where it is seen that the solution depends on the initial
guess considerably, Thus it seems important to start with a physically
meaningful initial guess. How to do it depends on the problem (see also
§5.3 and §5.4). We furthermore tested another fifteen initial guesses,
but no solution gave a value of the objective function less than F
This would mean that it is not of much use to repeat solutions starting
with randomly chosen initial guesses but we had better start with a few
physically plausible initial guesses, which are chosen, for example, by

inspection.
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A \
5.0 | 4 0.18
4.0 f 4 0.15
3.0 | 4 0.12
=
= o]
uE Et
Ny ~
£ 2.0 | 4 92.09
uE L
i
1.0 L 4 0,06
"“e\
i '
20 F ¢ =0 4 0.93
] 1 1 1 1 1
1.0 1.4 1.8

acceleration factor w

Fig. 12. The value of (1"—~Fm )/Fmin (left axis) and F/U(UAj) (right axis)

in
for a part of Fig, 1
(Fmin is the minimum value of F among the obtained solutions.)
AQ@DOA : five different initial guess

——————— : steepest descent direction S (5.1)

: modified direction M (5.2)

5.3. Territories of Tilapia mossambica
We adopted Fig. 1 in section 1, the territories of Tilapia

mossambica, as {Aj}jgl. The density # (x) is 1 if xe UA, and otherwise 0.
The number n of territories is equal to thirty-two and the number of
points defining the tessellation is equal to 172, In [13], the
distribution of the angle of Fig. 1 was compared statistically with the
distribution of the angles of the Voronoi diagram obtained from the
computer simulation under some mathematical model in order to back up the

validity of the model proposed. Our method should offer a way to compare
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AN/ TN/ 0N

Fig. 13. Territories of Tilapia mossambica

(thick lines) and solution Voronoi diagram after 50

iterations (thin lines) ( @ ; generators)

Fig., 1 directly with the Voronmoi diagram. Starting with an appropriate
initial guess obtained by inspection, we got the Voronoi diagram of Fig.
13 using descent direction M and W =1.2 after 50 iterations. The
discrepancy between the tessellation of Fig. 1 and the Voronoi diagram
was reduced from 24.8 % to 3.8 % of the total area M(UAj). Computation

time for one iteration was about 0.15s. This result tells us that Fig. 1
in [3) may be regarded approximately as a Voronoi diagram.

5.4. School districts in Tsukuba

As the last example we took the school districts of junior high
1 (Fig. 2). The density ¢(x) is 1 if xe UAj
and otherwise 0. The number n of the districts is eleven and the number

schools in Tsukuba as {Aj}j:

of points defining {A .} is 192. We adopted the descent direction M and
w=]1.,4. Starting with -17:l1e present locations of those junior high schools
as the initial guess, we could reduce the discrepancy between {Vl. }i:l and
{Aj}jzl from 20 % to 10 % of the total area n(U Aj) after 20 iterationms.

Computation time was 65-70 ms for one iteration (Fig. 14).
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(a) (b)

Fig. l4. Junior high schools of Tsukuba and their school districts

(a) {éjx;ll : school districts of Tsukuba (thick lines)
{Vi}il_]__1 : initial Voronoi diagram (thin lines) generated
by the present junior high schools (@)
Discrepancy (shaded area) = 20 % of u(U A5).

(b) {éj}jzl : school districts of Tsukuba (thick lines)
{Vi}in=1 : solution Voronoi diagram after 20 iteratiomns

(thin lines)
@ : present locations of junior high schools

W : generators of the solution Voronoi diagram

Discrepancy (shaded area ) = 10 7 of y(LJAj).

6. Conclusions and Discussions

The problem which minimizes the discrepancy between a given
tessellation of a bounded subset of R2 and a Voronoi diagram has been
formulated, and a practical algorithm for approximately solving it has
been proposed. This problem includes as a special case the inverse
problem of constructing the Voronoi diagram when the given tessellation
is itself a Voronoi diagram. We have shown that our algorithm is
practical also in this case.

From the methodological point of view, the solution obtained by our
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algorithm is only one of the local minima. However, if we can get the
physically meaningful initial guess, it is possible to obtain even the
global minimum with appropriately chosen descent direction and
acceleration factor. Furthermore, any solution obtained by our method is
certainly an improvement on the initial solution. We have shown through
examples in §5.1 and §5.2 that the invariant descent direction with
respect to the Nn-dimensional affine transformation is better than the
steepest descent direction in CPU time, sensitivity for the acceleration
factor, and quality of the solutions. Also we have shown that it is
efficient to use the acceleration factor even in a primitive way such as
constant acceleration factor.

How satisfactory the obtained solution is may be evaluated from the
standpoint of Operations Research, but not from mathematical
consideration alone. For example, in §5.3 we get the solution that the
discrepancy between the territories of Tilapia mossambica and the Voronoi
diagram is 3.8 % of the total area concerned. Although we do not know
whether this solution is the global minimum or only one of the local
minima, we can see this solution satisfactory by considering the
magnitude of errors associated with the fluctuation inherent to the pheno-
menon and with the physical measurement to make the schematic diagram from
the photograph, which is supposed to be of the order at least 3-5 Z.

The example in §5.4 might seem unrealistic because it is impossible
to relocate the junior high schools. However, it can be said that the
solution of this example gives us a quantitative index about the
equitableness of the present distribution of the schools and the present
definition of the school districts. Furthermore, each region A; was
approximated by one Voronoi region Vi in this example., We can easily
extend our method to the case where Ai is approximated by more than one
Voronoi region Vil,...,ViZ(ZZZ). If Ai is approximated well by the union
of several Voronoi regions, it is helpful to geographical information
processing because the Voronoi diagram has many a nice property for compu-

tational analysis [8].
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Appendix. Calculation of the Gradient and the Hessian of r

In this appendix, the detailed derivation of (4.5)-(4.10), the
gradient and the Hessian of F, is shown. Before entering into the
derivation, we note some fundamental relations for a given tessellation
{Aj} and the Voronoi diagram {Vi} (see Fig. Al):

=y = ., L. .=W..NA, . .=L., \L, .
OV =V NV, Wy =9V eV, Ly Wi VA 3Ly g 1,j\ i,

Also we assume that the angle © tetween the hyperplane containing wij

and that containing KinKj is known at each point on 3L; .. Our

J
b
objective function is

(A1) Flxpsesonx )= o (x)d"x,

i;ylj Jvl_nAj
First the gradient of F is considered (see Fig. A2). The hyperplane

containing wij is representid as (w, ©)

(A.2) WKXK=C (g KW'< w>\=l) .

The hyperplane (w, ¢ ) moves to (wkdw , c+8c) corresponding to the

increment le. of the variable X, Let h be the distance between two

hyperplanes (w, ¢) and (w+tdw, c+S5c), then the increment of F caused by

N-1
the changeof L, . is given by J h¢(x)d” “x.
1 J L,
i,
The hyperplane (W, ¢) is the perpendicular bisector hyperplane of PiP'i’

i.e.,

(A.3) wK(x§+X§)/2=C,

1
(a.4) T L. I
ij

K K
(Xj—Xi)'
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where ul-j=||xi-xj|| . Thus, we have
(A.5) h=WK6xK,

where 8x is the vector, of whose endpoints one is on (w, ¢) and the other
on (wtdw, c+8c). Eliminating ¢ from (A.2) and (A.3), and differentiating

by X, we obtain the equation

K, K . K K <\ _
(A.6) GWK(xj+xi—2x )+wK(6xi-2ch )=0.

Substituting (A.4) and its derivative

1 K
) Swo= —L
8.7) "= oL IatE
ij

into (A.6), we get

(A.8) dexK=

K K A
o QAK(Xi-X )6xi.
17

Thus, we have

(A.9) h=

K K A
. ng(xi—x )(le,.
17

Therefore the increment of F for Li , is
b

(x:—xK)6x2¢(x)dN_lx.

-1 1
(4.10) f no(x)d¥ Tk = f g
L L., %5 A

1,3 1,3

By similar calculation for Lj 4o We obtain (4.5), i.e.,
3

(A.11) = S ng(x;—xK)tb(x)dN—lx

{
ax’, j:wij#a JLi , 13

- J al ng(xz—xK)tb(X) Ly
L

We investigate the increment Ai of the first term in the braces
of (A.11) corresponding to the increment (ij of the wvariable xj
(Fell | 144, W.s # @), see Fig. A3). 1In Fig. A3, &x is perpendicular to
the hyperplane (w+ 8w, ct+ 6c). Then A; is given by

1 1 K . K, K N-1
(A.12) A)\— J . F Sa g)\K{xi (x +6x ) }¢(x+8x)d " x
L, . 1] ij
1,3
1 V__Vy 1 1 W _Myo K N-2
t L)L oci. gA\)(xi x ’tane(x) onl,, yxu(xj x )6xj¢(x)d x
i,j J

1 K K N-1
- f Ta,; Iy e
L ij
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n n
Fig. Al. Components of {Aj}j=1 and {Vi}i=1

P, (x.
J(xj)

<
.

x+6x \ (W,C)

\ >< (w+dw,c+8c)

B i J

%
o

I

V. .
i le (xi)
Fig. A2. Derivation of the gradient of F

Substituting the following relations (A.13)-(A.15) into (A.12), we obtain
(A.16).

v 1 A K, vV Vv
A.13 §x = —=—— - .
( ) x a?‘. gK)‘(xl. x )6xj(xj xl,),
ij
1 A A '3
A.14 , = -
( ) 50‘1] @ gK)\(xj xi)6xj,

_ - 1 A__A K, & &, 3¢
(A.15) o (x+8x) -9 (x) = gK)\(xj x )éxj(xj xi) T

ij 9x

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



92 A. Suzuki & M. Iri

3¢

o (x) 4 | J ax”
\\\1\ AN

+8x

|

(w+dw,ctd

i,]
—l—g (xu-xu)éxK
aij IS TR j

X

1 A
Fig. A3. Weight of the increment 4, of BF/axi
: weight of the second term of (A.16)
(7777773 : weight of the third term of (A.16)

1 1 v v e e 1
.1 - - ; _ )
(A.16) Ay JL 3 ng(xi x )gKu(xi xj)5xj¢(X)d
3 1ij
- 1 \J_ Vv H__u K, £ E 3 -1
+ JL o3 Iy (X% )gKu(xj x )6xj(xj_xi)_ég a1,
L,J 1] 3x
1,7 217
: 3 u N- 2
N J'c)L ol tanb (x) g)\\)(xl X )g (X —x")6x9 (x)d
1,7 ij

. . . 2 i
Next, we 1investigate the “increment A>\ of the first term in the

braces of (A.ll) corresponding to the increment &§x, of the variable Xy

k
(ke{Z|W, . NV, 40,7, W5 #0}, see Fig. A4).

2
(a.17)  a’= J
Moy

9')\\)()( -x )_g‘(LgKu(xk—xu)éx ¢(x)dN 2

,ﬂBVk 1

1,7

where

(a.18)  B(={g, G-x) G2,
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Fig. A4. Weight of the increment A2

p\
N of BF/axl,
7722773 : discrepancy

OOXRXR] : weight of Ai

When j=i, the first term of (A.12) is slightly changed, i.e.,

1

(A.19) J {xK.+<SXK.— (xK-i-de) Yo (x+6x) dN_ X
L i i

0

Thus the increment of the first term in the braces of (A.ll), A)\,

corresponding to the increment Gxi of the variable x, is given by

K N-1
gAK6Xi¢(X)d x

aij
1,3
1 v__V FM_ U K N-1
J 3 Iro K37% )9, (5 =x ) 8x, 0 () d7 Tx
i,j ij
f 1 VoV P TR K, & Ey 3¢ N-1
+ J —3 ng(xi—x )gKu\xi—x )dxi(xj—xi) 3x5 d x.
1,7 "ij
1 1 VIERY uoou K N-2
+ - - .
SL oL2 tanb (x) gx\)(xi ¥ )gKu(xi X )Gxi¢(x)d x
i, ij
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From (A.16), (A.17) and (A.20), and by similar calculation for the

second term of (A.l1l), we obtain

ik 1 iki ..
k.WZ 7‘0{(f1>\K-HJ;K)+G)‘K } (=1),
Uik
25 PR | ik
(A.21) m = G;ZJ-F ‘ Z . K';Z (GelZ|L#4, Wiziéw}),
9% k.wijr\avk#ﬂ
0 (otherwise),

where

(A.22) HlZf j —E;—— gAK¢(x)dN_lx,
L ,

i, 1
1jk_ _ 1 v_.Vv u__u N-1
(A.23) 6 JL 3 ng(xi x )gKu(xi xj)¢(X)d x
i,7 ij
_1 V__v H__u N—-1
+JL a3 ng(xi x )gKu(xi xj)¢(x)d x
Fedi Tij
1 v_v u__uy 3¢ E__E\ N-1
+JL -;g—— ng(xi x )gKu(xk x") NG (xj x)d Tx
i, "ij
_ 1 VoV M__ Uy 3¢ E__&E,.N-1
!L 3 TG, (D) NG G jmxppd Tx
Fsi T1iF
1 1 VoV H U N-2
+JBL 3 tane(x)*yxv(xi x )gKu(xk x )¢(x)d” “x
1,7 ij
- 1 1 v_V W_u N-2
IBL 2 tané (x) yxv(xi x )gKu(xk x)¢(x)d x.,
Fei 1j
ik s
.26y w f 2o G- o 0d"
AR % Javy i ik M
’
-f g (xY-xv)——gizl—ﬂg (xu—xu)¢(x)dN_2x.
L Nav ai, Av Ui uika'k Ku k
When N=2, 3L, ., and L, . N 3V, are points 1in R2, then the
1,7 1,7 k

integration of the fifth and the sixth term of (A.23) and (A.24) become
the summation of each intebgand which has the value corresponding to the

3L _or L, ,NaV_.
isj isj k
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