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Abstract We will consider a sequential stochastic assignment problem where the number of jobs is not known
beforehand. Unlike the well known sequential stochastic assignment problem, since the number of jobs is unknown,
a policy of the decision-maker depends not only on the size of each job, but also on information about the number
of remaining jobs. The optimal policy and the total expected reward under this policy are determined by a system

of recursive equations which are obtained in the main theorsm. In the last section, we will consider a case over an

infinite horizon.

1. Introduction

In relation to sequential stochastic assignment problems discussed
by Derman, Lieberman and Ross [2], Nakai [4] etc., we consider a sequential
decision problem with an unknown number of jobs. In the sequential
stochastic assignment problem, jobs arrive in sequential order, i.e., first
job 1 appears, followed by job 2, etc. MHere we treat a case where the
number of jobs is not known in advance to the decision-maker.

We consider the following situation. There are N jobs under consider-
ation, where N is a random variable which represents the number of remaining
jobs for decisions. We assume that the orobability distribution of N is
given beforehand. The arrival time of each job is an independently and
identically distributed random variable with a known mean. Information
about the number of remaining jobs is updated in a Bayesian manner as the
successive jobs are observed.

Under the above situation, a sequential stochastic assignment problem

treated here is characterized by following four things. 1). The planning
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180 T. Nakai

time period T at the last job offer, 2) The passage time ¢ since the

last job offer, i.e., the remaining time period in this situation is 7 - ¢
units of time. 3) Information g about the number of remaining jobs, which
is improved at the last job offer. All information is summarized by a
probability distribution on the set of possible numbers of jobs. Here we
assume that P { y < ¥ | q } =1 for a given positive 4. 4) The set of
available actions { proereop, }. Similarly to the problem considered in
{2], it is assumed that 5 = M without loss of generality. Under the above
conditions, we consider the (pl""’pn; Tst»q) as the state variable.
Whenever a job arrives, a decision based on (pl,...,pn; T,t,q) is made by
the decision-maker, and, therefore, we treat this problem by choosing these
points of time, so as to exploit the lack of memory of the exponential
distribution. '

A sequential stochastic assignment problem treated here is played in
the following manner. Whenever a job arrives at time ¢ since the last job
offer, i.e., the time ¢ is an interarrival time of this job, the decision-
maker updates information about the number of remaining jobs. After
observing a realized value x of the random variable X associated with this
job, he takes one of n available actions, where X is a size of each job
and i.i.d. random variable. If the i-th action p; is taken, an immediate
reward of p;x is obtained and this action is unavailable for future
decisions. Therefore, we then face a problem equivalent to one that starts
in (p1’°'°’pi-1’pi+l"'"pn; T-t,0,q), where g is posterior information
about the number of remaining jobs and is obtained in Section 2. Since
information about the number of remaining jobs is obtained through the
interarrival times of jobs, when ¢ = 0, we consider that the problem is in
the initial condition. Whenever the set of available actions is empty or
T = 0, this problem stops and an immediate reward of 0 is obtained. The
objective of this problem is to maximize the total expected reward.

There are several related problems. A sequential stochastic assignment
problem in homogeneous Poisson arrival case is considered in Sakaguchi [5].
Sakaguchi and Tamaki concern an optimal stopping problem in a non-homogeneous
Poisson arrival case in [7]. Moreover in [8], Stewart considers an optimal
stopping problem in a non-homogeneous Poisson arrival case with an unknown
number of options. He treats an optimal stopping problem for the relative
rank. Here we consider a sequential stochastic assignment problem in a
non-homogeneous Poisson arrival case with an unknown number of jobs.

Sakaguchi treats a similar problem in [6].
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Optimal Assignment for a Random Sequence 181

In the following sections, we formulate the above problem by dynamic
programming and state the main results in Section 3, where a system of
recursive equations is obtained, and a simple example will be shown. In

the final section we consider a problem over an infinite horizon.

2. Formulation of the problem

A sequential stochastic assigmment problem with an unknown number of
jobs in state (pl""’pn; T,t,q) is formulated as follows.

There are N jobs remaining, and ¥ is a random variable whose distri-
bution is given by g beforehand. Regarding the number of remaining jobs,
all information is summarized by a probability distribution on the set of
possible numbers of jobs as g = (qo,ql,...,qn). In this paper, we assume
that ¥ = n as described in the preceding section.

Consider that N jobs are labelled 1,2,...,N. Let Zj be an arrival

time of the job labelled j, and it is assumed that Z .7, are i.i.d.

1222y

exponential random variables with a known mean 1/, i.e.,
P { Zj t}=1-exp(-at). (J =1,2,...,8)

Therefore the first arrival time of the job is distributed as min { Z

A

EEEEE
Zn }, i.e., exponential with a mean 1/(N)).

Let Xj’ J=1,2,...,N, be a size of the job labelled j. The X's are
i.i.d. non-negative random variables with a common c.d.f. F(x) which is
assumed to be known and y = E(Xj) < ®,

In regard to actions p's, a value p of an action is considered as an
ability of this action. This means that if the action p is chosen and
assigned to any job with a realized value x, an immediate reward is given
by px. That is; if p = 1, by using this action, the decision-maker gets
the complete value x, and if p < 1, he gets the less value than in the
case p = 1. It is assumed that 1 2 p, 2p, 2 ... 2 p, 20 for any set of
available actions. Similarly to the case [2], the assumption p £ 1 is
not essential. The objective of this problem is to find the optimal policy
which maximizes the total expected reward.

Let Pn(pl,...,pn; T,t,q) be the problem in state (pl,...,pn; T,t,q)
and the total expected reward obtainable under the optimal policy be
vn(pl,...,pn; T,t,q). Whenever a job arrives at time ¢ since the last job
offer, i.e., the interarrival time of this job is ¢, the posterior
probability distribution g of ¥ is derived from this observed interarrival

time and prior information g about the number of remaining jobs, where ¢
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182 T. Nakai

is obtained by Equation (2). After observing a realized value x of the
random variable X associated with this job, one of the available actions

is chosen. If the i-th action p; is chosen and assigned to this job, an
immediated reward of bz is obtained. The selected action p; is unavailable
for future decisions. We then face a problem equivalent to one that starts
in (pl’°"’pi—l’pi+1""’pn; T-t,0,9). These steps are repeated again and
again, and this problem stops whenever the set of available actions is

empty or T = ¢,

Since the arrival time of each job is i.i.d. expomential random
variable with known mean 1/), the first arrival time of the job is
distributed as min { Zl""’zn }, i.e., exponential with mean 1/(N\).

From the memoryless property of exponential distribution, we find that
the first arrival time Y is distributed as

(1) PL{y<set | m=%1}=1-1 exp(-rg) ]k (k=1,2,....m ).

By a simple application of the Bayes' theorem, ( see for example DeGroot
[1] ), offered information g about the number of remaining jobs is given
by

(2 qp = cqpy (FDexp(-krt)

where k

0,1,...,n-1, 5k =P { k jobs remain | g } and ¢ is a normalizing
constant to ensure that:

) Z=éqk+1 =1
for all t.

Since information about the number of remaining jobs is obtained
through the interarrival times of jobs, here we consider no offered
information g* concerning the case where there is no job for the past ¢
units of time since the last job offer. Analogously in above considerations,
no offered information g* about the number of remaining jobs is given by
3) qz = quexp(-kxt) (k=1,2,000ym )
and qa = dqo where qi =P { k jobs remain ] g* } and 4 is a normalizing
constant to ensure that:

I jeotf = 1
for all ¢. Finally we point out the fact that offered information ¢ and

no offered information g* are functions of t.

3. Main theorem

Here we formulate this problem by dynamic programming in the following

manner. In this problem, the number of jobs decreases one by one as the
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jobs arrive, and the rate of an arrival time is independent of time ¢
between two successive jobs. For the problem Pn(pl,...,pn; T,t,q), under
the conditions that ¥ = k and initial information about the number of
remaining jobs is g, let Uﬁ(pl,...,pn; T,t,q) be the total conditional
expected reward as

(4) vz(pl,...,pn; T,t,q) =E [ vn(pl,...,pn; T,t,q) ] N =k and q ].
Therefore we have by taking expectation with respect to no offered
information g* at time ¢ since the last job offer,

- N .
(5) Un(pl,...,pn; T,trq) =F [ vn(p1:~--’pn’ T3tsq) ]

=] py AR @ by ThE0)

Since information about the number of remaining jobs is updated as the
successive jobs are observed, the conditional reward vﬁ(pl,...,pn; T,t,q)
is also dependent on q.

Now we consider three cases what happen in some small time Af when
N = k. The first case is that, with probability KAAt + o(At), a job
arrives in Aft. When a job arrives with some observed value x, the optimal
policy will be considered. The second case is that, with probability
1 - kxat + o(At), no job arrives in At. The last case is that more than
one job arrive in At, and the probability of this event is o(A?).

Therefore, we have, when NV = k,

(6) vﬁ(pl,...,pn; T,t,q) = k\at Jo max

N-1 - .
+E [ vn—l(p1’°"’pi—l’pi+1""’pn’ T-t-At,0,9) ] } dF (x)

1§i§n{ p;x

+ (1 - kaat )Uﬁ(pl,...,pn; T,t+At,q) + o(AZ),
since, whenever a job arrives at time 7 since the last job offer with a
realized value £, a decision based on (pl,...,pn; T—t,O,ﬁ) is made by the
decision-maker. The first term of the right hand side of Equation (6) is
the first case, and the second term corresponds to the second case.

Since

N-1 _
E L v, ((Pyse-esp; 13D syqoeeD,5 T-£:0,9) ]
=0, 1 Pyseeeapy 10Dy e0D, 5 TE:059)
by Equation (5), rearranging terms and taking At - 0, yield

3_ k . -
(7) _3? vn(pl!---spn, T;t’q) = = k)\ JO max1§i§n{ pix

+ vn_l(pl,...,pi_l,pi+1,---,pn; T-t,0,q) } dF(x)

-3

k .
+ k) Un(pl,---,pn, Tst’q):
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184 T. Nakai

with the boundary condition that

vs(pl,...,pn; T,t,q) = 0.

Here we note the following thing. Since we formulate this problem
by dynamic programming in Equation (6) and information about the number
of remaining jobs is obtained through the interarrival times of successive
jobs, we use the parameter ¥ as an element of the state variable. On the
other hand, the decision-maker can take one of available actions whenever
a job arrives, and, therefore, the optimal policy is considered only at
these points of time. Although information about the number of remaining
jobs is also obtained through the fact that there is no job for the past
t units of time since the last job offer, this informations is updated
only at a point of time when a job arrives. Therefore, information g is
independent of time 7 between two successive jobs.

The optimal policy and the total expected reward obtainable under
this policy, which are determined by a system of recursive equations, are

embodied in the following theorem.

Theorem 1. There exists a sequence of non-negative functions of T
and t (T, t 2 0),
(8) K[(Tstsq) 2 Hy(Tstsq) 2 --v 2 W ATstsq) 2 0,
such that the following properties are true for the problem in state
<p1""’pn; T)'[;aq)-
1) Whenever a job arrives at time ¢ since the last job offer with a
realized value z, the optimal decision is as follows.
"If hZ‘l(T_t,O,é)g x < hZ:i(T-t,O,é) then choose the i-th action P;
and assign to it"
where 7 = 1’2300-’71, hg—l(T"tsO’C_Z) = o and hz_l(T-t,O,é) = 0.
2) hZ(T,t,q) satisfies the following system of recursive equations.
n v n nsk
(9) hi(T’t’q) = z k=1 qz g?: (T;t,q)s
where
nsk T
(10) gi’ (Tstsq) = krexp(kAt) J fZ(T,t,q)exp(—k)\t)dt
t
and
h.
A ATt = | T dr@) + k. (1 - Fh, ) ) + hEH)
i % -1 -1 AN A
with ks
n, = W T-£,0,9)

7
for ¢ = 1,2,...,n, and we define that 0.-» = 0.

3) The value vn(pl,...,pn; T,t,q) satisfies
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n
Un(pla---,pn; T,t,q) = z =1 P h (Tst,q).

Proof: We employ the induction priciple on #. When # =1,
Equation (7) is

3 1 ” 1
(12) SE vl(pl; Tatsq) =~ A JO PlxdF(m) + le(pl; T,t,Q)-

The first term of the right hand side of Equation (12) is equal to pllu,
and combining the boundary condition that
1
Ul(pl; TaT:q) =0,
we have
1
vi(pys Tstsq) = pyu( 1 - expl-A(T-£)] ) = plgl Lo, tsq) s
and

s N - —_
v Py Tty = E L v (o5 T,8,9) 1 = pqugl Yo, t.q) = plhl(T tsq).

Assume that the all parts of this theorem are true for all m < n-1.

The first term of the right hand side of Equation (7) is
(13) - kA J max

Lo, }aF(@),
0

1gisn
where

(14) ¢,

it

pix + vn_l(pl,...,pi_l,Pi+1,...,pn; T—tgo’a)

-1 n-1 b
S @00 + o+ [ P (@-5,0,0)

Equation (14) is derived from the induction assumption 3). The inequality
(8) of the functions h?_l(T-t,O,ﬁ) and the well known Hardy's lemma ( [2]
and [3], etc ) yield

"zian (o@ Y=o @ if W7H-£,0,9
1,

WA

x < h 1(T £,0,q)»

where 7 = » . Therefore Equation (13) is

h,
(15) - &) 7= J J'1¢.(x)dF(x)
s

where h = hn 1(T -£,0,¢g) ( §=1,2,...,n) and hn 1(T-t 0,q) =

Substltutlng Equatlon (14) into Equation (15) and rearranging the terms

yield

(16) - kn [ L pifi(Tatag).

The solution of the differential equation (7) of this case is expressed

as Equation (10), i.e.,
vz(pl,...,pn; Tytsq) =} ;=1p

Therefore, from Equation (5), we have

N .
E vn(pl,---,pn, T,tsq) ]

n n
= . JL (Tt .
L jap g ated)
On the other hand, the inductive hypothesis,

n,N(T £) .

vn(pl,...,pn; T,tsq)
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186 T. Nakai

h?'l(T-t,o,a) 2 hZ'1<T-t,o,a) z ...
yields
an Fi@tq = F@.50) 2 .2 F00).

This inequality is obtained from a simple calculation. Inequality (17)

[1\%

HL(-t,0,),

and the fact that gZ’k(T,t,q) = y(?) is the solution of the differential

equation

Ly - by = - BT, ),
yield gZ’k(T,t,q) 2 gZ:T(T,t,q) 0. (%, k=1,2,...,m) Therefore we
have

hZ(T,t,q) > hz_l(T,t,q). (1 =1,2,.0.,m)

This completes the proof of this theorem

Concerning Theorem 1, here we note that hZ(T,t,q) and gZ’k(T,t,q)
(Z, Kk =1,2,...,m ) are increasing in t and decreasing in 7. These
things are derived from Equations (9) and (10).

The result of Theorem 1 is, in form, similar to one of Sakaguchi {5]
because of the similar situation that the number of jobs is unknown.

The problem in [5] is a Poisson arrival case and the problem of this paper
is a generalization to a non-homogeneous Poisson arrival case. The
difference comes from the fact that this problem has only a limited number
of jobs, contrary to the problem with an unlimited number of jobs in [5].
Concerning the problem in [5], the arrival rate of jobs is the same under
any situations. However, the problem considered in this paper concerns

the case that the value of the problem depends not only on information g
for the number of remaining jobs, but also on the interarrival time of
jobs. Since the number of jobs is not known in advance, the decision-
maker obtains information for the number of remaining jobs from interarrival
times of jobs. In this problem, the precise number of jobs becomes known
later to the decision-maker. The difficulty of this problem arises from
these facts. Concerning the similar situation, an optimal stopping problem
for the relative rank is considered in Stewart [8].

Concerning the total expected reward vn(pl,...,pn; Tstsq), here we
consider the condition that a job arrives at time ¢ since the last job
offer. Under this condition, the conditional value of this problem is

L e 5000,
which is obtained in Equation (16) of Theorem 1. Moreover, we note the
fact that f?(T,t,q) = f?(T—t,O,ﬁ) by Equation (11). On the other hand,

the value Un(pl""’pn; T,t,q) represents the total expected reward under

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



Optimal Assignment for a Random Sequence 187

the optimal policy of the problem in (pl,...,pn; T,t,q), i.e.,

I%., qzklekxt JZ (L 7P Tt ye KM gy,
where g* is no offered information about the number of remaining jobs at
the point of time ¢ since the last job offer when no job arrives for the
past ¢t units of time and at time ¢£. Moreover, when £ = 0, the value
vn(pl,---,pn; T,0,q) is

n T n -kt

L %e19ik Jo ( Zj=1pjf:7?(1’,t,q) Ye “tat.

In relation to the problem considered here, next we observe a simple
example in the following manner.

Example 1. We assume that the random variable X which represents a
size of each job, is uniform on [ 0,1 ], i.e.,

Flx) = (0=x=1).

First we consider the case with n = 1. Since fi(T,t,q) =E[X]
=1/2,

(@) = qtgyt (T.t,q)

and
T
1,1 A A - -2 (T-
g1 Istsq) =7etJ e Mag = (1 - Ty,
t
Here we note that hi(T,t,q) is decreasing in ¢, increasing in 7 and

1
1y (T,T5q) = 0.
Next we consider the case with n = 2. 1In this case, Theorem 1 yields

2 > 2 2,k .
(18) hi(T,t,q) = k=lq£gi (Tstsq), (1 =1,2)

where

T
19) g5kt =t J fratge e (k=1,2)
t

and
1
hoa © 1 1
) 1
hy 1 1
@t = Jo 2dF(x) + Jhl H{GF(x) = 1/2 = To(h))
1

where hi = hi(T—t,O,&) and TF(a) = J (x-a)dF(x). The function TF(a) is
a
a well known function in the decision analysis ( see DeGroot [1] ), and

in this case
_1 2
TF(a) =3 (1 ~-a)”.

At (=1

Since g = ( eqy 20q2e_xt ) where ¢ = ( q, *+ 2q2e_ ) 7, we have
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At t -AT

Rl = L @-2,0,) = 200, (1 - T ypa cag N - M,

Therefore, whenever a job arrives with a realized value &£ at time ? since

the last job offer, the optimal decision is to
" assign p, if hi £ %, and assign p, if x < hi "
when the problem is in (pl,pz; T,t,q9).
In order to obtain the value UZ(pl’pZ; T,t,q) for the case with
n = 2, we need to calculate the value of

T .
J TF(hi(T—t,O,g))e_lXtdt (7 =1,2)
¢

in the following manner.

1 -y
J T (hy (T-£,0,g))e”" dt

= - L7 4 M /aPlog®)) - o /2q,0() 118,
and
J TF(hi(T-t,0,§))e-2Atdt
== (e 4 @™ 4 (a@ ©@@)-22)) /24, Y1og@(®))
+ qe?/29,0(8) Hisa 2,
where

- -At
a(g) = a9 + 2q2e
In order to obtain the optimal policy for the case with 7 = 3, we
consider a special case with ¢ = 0. Therefore from Equation (9), we get

the values in the following manner, i.e.,

2 — 2 z’k
hi(T’o’q) =) 1=17197 (T,0,q)

T
) i=1kqu J fﬁ(T-t,0,§)e-kAtdt
0

kae

T 2 v 2 -
J F@t.0.) L ge e, (4 =1,2)
0

First we get from the above calculations,

T
1 - - -
£(T,q) = J TF(hl(T't’O’Q))(Aqle AT L 2Aq,e th)dt
0
Tl -At _ AT b 2. =Mt At
= 5 a - q?_(e - e )/(q1+2q2e )) Ae (q]_+2q2e yde
0
= a2e—2>\T + ale—)\T + ao + a_l]_og(u(o) /Q(T)),
where
a2 = ‘5q2/8,
a) = (4q,=3q,) /8,
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2
a_, = a(0)"/16q,.

Therefore we have

T
hg(T,O,q) = % j (Aqle—kt + quze—zxt)dt - £(T,q)
0
1 -7 =2AT
=E(q1+q2_qle —qze )"E(T,Q),
T
A (2,0,9) = J a,( - et + £ @)
0
- -AT
=q, (1/2+ P2 - M v e,
since Oqz(e-xt - e_xT)(qlke_xt + ZqZAe_ZAt) = qz(e—Xt - e—AT)le_Xt.
The value vz(pl,pz; T,0,9) of the problem Pz(pl,pz; T7,0,q9) is given by

.2 2
Uz(pl;st T,OaQ) = Plhl(T,o’Q) + pzhz(Tao’Q)-

Values for other cases with » = 2, are obtained similarly.
On the other hand, when the problem is in (pl,pz,p3; Tstsq), if a job
arrives with a realized value g at time ¢ since the last job offer, the

optimal decision is to;

Py T

[\%

2 -
hl (T‘tsOsq)

iV

assign } p, if hf(T—t,O,é) >z hg(T-t,0,§)

v

2 -
P3 ho(T-t,0,q) > x z O.

Treating for » 2z 3, it is extremely complicated, and we omit it here.

Moreover if we consider a special case where 9y =4, = 1/2, this example

is equivalent to an example treated in [6].

4. Infinite horizon case

In this section we consider a problem in the infinite horizon case,
i.e., the period T of the problem is not restricted. Concerning this
case, we assume a discount factor B 2 0. In this section we use, for the
state, the notation (pl,...,pn; t,q) instead of (pl,...,pn; T,t,q) used
in the preceding sections. From an argument similar to one used in the
last section, we have the following differential equation

- — N .
(20) vn(pl,.--,pn, t,q) = E [ vn(pl,---,pn, t,q) 1,

3k . = ,
(21) SE-vn(pl,...,pn, t,q) = - Kx Jo max, ..

Lk .
+ (kx + 8 )un(pl,..-,pn, tsq)

o

{ wi(x) } dF (x)
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190 T. Nakai

where wi(x) =p;o+ vn-l(pl"'"pi~l’pi+1"'°’pn; 0,9).

Therefore we have the following theorem, and the proof of this theorem
is obtained through a method similar to one used in Theorem 1. If B = 0,

the differential equation (21) is equivalent to Equation (7).

Theorem 2. For any t and g, there exists a sequence of non-negative
functions of ¢ (2 0 ),
22) K (. 2 (¢, 2 ... 2 B (£,9) 2 0,
such that the following three facts are true for the problem
Pn(pl....,pn; t,q).
1) When the decision-maker observes a job with a realized value x at time
t since the last job offer, the optimal decision is to

"

choose the i-th action p; if 52'1(0,5) s x < ﬁz:}(O,a) "
where Z = 1,2,...,1, 22'1(0,5) = «» and 52_1(0,5) = 0.
2) ﬁZ(t,q) satisfies

123 n K

hi(t’q) - z k=1Qﬁ9_i (t,9),

(23) ég’k(t,q) = kxexp[ (ka+8)t] J fﬁ(t,q)exp[—(kk+8)t]dt,
t

h.
_ | -1
Pt = Jh 2dF(x) + b, (1-F(h,_)) + h.F(h),
i
where hi = EZ‘l(o,a) (7 =1,2,...,m ), and we define that 0.« = 0.
3) We have

no_zn
0, (Prse-esD, 5 t59) = ¥ j=lpjhj(t’q)'

Concerning the infinite horizon case, here we point out the following
relation to the problem where the number of jobs is known to the decision-
maker previously. In the problem [7], if we consider the infinite horizon
case, the result of this work is the same to one in the optimal stopping
problem where the number of jobs is a known and fixed constant. This comes
from the fact that every job will certainly arrive and the decision-maker
is able to set his hope on remaining jobs, i.e., this problem is equivalent
to one considered in Derman, Lieberman and Ross [2]. However, in our
problem considered here, the decision-maker only knows the prior probability
distribution about the number of remaining jobs, and does not know the
precise number of jobs. The decision-maker always guesses the number of
remaining jobs, i.e., information about the number of remaining jobs is

updated as the interarrival times of successive jobs are observed. The
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difficulty of this problem arises from this fact. Moreover, since the
number of jobs is less than or equal to the number of available actions
by our assumption, there might be several actions which are not assigned
to any job.
Finally we shall reconsider Example 1 for the problem of this section.
Example 2. Under the same conditions of Example 1, we consider the
case with n = 1, then we have

g1° ) = (A/20048) e

and
RI(ta) = qiFi 5 = ar/2008))e 7P
Next we consider the case with »n = 2, Similarly to Example 1, we have
i) =1 2 afis ), (1=1,2)
where
§§’k(t,q) = ke kM+E)E Jw fg(t,q)e_(kk+6)tdt (k=1,2)
and ’

Frtag) = By + TR, ot = 1/2 - TG,

At -
(q, + 22,67 )7,

R = (0, = oq,e x(M/048)) (e

Therefore, whenever a job arrives with a realized value x at time ¢
since the last job offer, the optimal decision is to

"

assign Py if ﬁ} £ x, and assign Py if ﬁi > "
when the problem is in (pl,pz; tsq) .
First we consider the case with § = 0. Similarly to Example 1, we

get the values of hg(o,q)'s in the following manner. We have

® 1, - -At -0t

£(q) Yde

= (q,43q) /8 + ((q)°/(16q,)) Log((q,+2q,)/q,) -
Therefore we have

R1(0,9) = q,/2 + ()
and ﬁg(o,q) = (g, +q,)/2 - £(q).
Especially, when q; = 1 and 9, = 0, Zf(O,q) = 1/2 and ﬂg(o,q) = 0; when
q, =0and g, =1, ﬁf(O,q) = 5/8 and ﬁg(o,q) = 3/8; and when q; =g, = 1/2,

Ef(o,q) =1/2+ ( log 3 )/32 and ﬁ%(o,q) = 1/4 - ( 1og 3 )/32. Hence,
from Theorem 2, the value vz(pl,pz; 0,q) is given by

=2 =2
V,(pysPys 0,9) = plhl(O,q) + pzhz(o,q)

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



192 T. Nakai

= py(q /2y + (py*P,) (4,/2) + (p-p,)E(q).

Next we consider the case with 8 = A > 0. Similarly to the above
case, we get the values E%(O,q)'s as follows. Since

cqze_Xt/Z,

1 -
h1(0,9)

we have

® 1, - -t -2t
n{(q) J TF(El(o,q)(que + 2)q,e Ydt

0
(12(q,)2+15q,a,+@ ) D/ (64a,) - ((q)°/(1282) %)) 1og (@ +20,) /2))

Therefore we have
2
R1(0,q) = q,/6 + n(2),

and %2(0,q) = (3q,+44,) /12 - n(q).
By a simple calculation, we get the inequality
R (0,9) 2 B2 (0,q)
for any q = (qo,ql,qz). Especially, when q, = 1 and q, = 0, hf(o,q)

1/4

and i2(0,) = 0; when q; = 0 and q, = 1, f2(0,q) = 17/48 and fi>(0,q) = 7/48;

and when q) = q, = 1/2, f:(0,q) = 29/96 - ( log 3 )/256 and F2(0,q)
= 7/96 + ( log 3 )/256. Here we treat a problem with a discount factor,
and Ef(o,q) + h;(o,q) = q1/4 + q2/2 for any q. We have
g2 -2
v,(P1sP,ys 0,0) =P R1(0,@) + p,hy(0,9).
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