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Abstract The object of this paper is to investigate the impact of uncertainty in a dynamic job search model
where the states of the economy follow a Markov chain and the cost of search does not only depend on the state but
on the period. Especially, we explore whether or not increasing the uncertainty about the states of the economy,
the wage distribution, the number of job offered at a time and other search environments is beneficial to the

searcher.

1. Introduction

In this paper we consider a dynamic job search model where the states of
the economy follow a Markov chain and the cost of search does not only depend
on the state but on the period. Most of papers [1}, [5], [7], [8}, [10],
related to job search models, are actually one period or stationary with con-
stant search cost and identical wage distribution. This paper treats with a
dynamic version of [7] and especially emphasizes the impact of uncertainty on
the state of the economy, the wage distribution, the number of jobs offered at
a time and other search environments. First of all, analytic properties of an
optimal search strategy are investigated. Next, we explore whether increasing
the riskiness of search environments is beneficial or not to the searcher.

The paper [7] proves in the job search of the one period model that (i)
an optimal policy is myopic and has a reservation wage, (ii) increasing the
riskiness of the wage offer distribution is beneficial to the searcher, (iii)
increasing the number of job offers tendered per period is detrimental to the
searcher. This paper shows in the job search model of a dynamic economy that
an optimal policy is not myopic but has a reservation wage which increases as
the economy is improved, and that the above properties of (ii), (iii) still
hold true. Furthermore, we give an explicit form of reservation wage and show
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that the expected duration of search is independent of the uncertainty on wage

when wages are identically and independently normally distributed.

2. A Dynamic Job Search Model

Suppose that an individual, called the searcher, is seeking a job oppor-
tunity over discrete time periods n,n=1,2,...,N. At the beginning of each
period he is offered a job and then has to make a decision of whether he ac-
cepts the offer and stops searching or continues to search. He must also pay
the cost of search at each period. On the other hand, the state of the economy
changes according to a Markov chain. At each period the probability that the
searcher receives an offer of the wage is independent of all past offers and

of time, but depends on the state of last period. We use the following nota-

tions:
cn(i) = the cost of search at period n when the economy is in state i,
Pij = the state transition probabilities,
X = the wage of a job offered at period n,

F.(*) = the probability distribution of X .1 when the economy is in

+1
state i at period n,

B = a discount factor, 0 < B < 1,
where n=1,2,...,N,i,7=1,2,...,5. We assume that no recall is allowed.

Definition. The following stopping rule is called a reservation wage

policy:

Stop searching if X_> R (1)
1 n n

Continue to search, otherwise.
Such values Rn(i) characterizing the above policy are called reservation wages.
A job offer, or simply a wage, should be interpreted as the discounted present
value of the searcher's life time earnings from a job. Once he accepts a job
offered, the search process terminates and he stays in the permanent position
of employment. Let Vn(i,X) be the maximum value of the discounted expected
return attainable from period 1 on when the economy is in state I and the cur-
rent job offer is x at period n. It follows from the principle of optimality
that Vh(i,X) satisfies the recursive equation

S @
- v (i,x) = max{x, -c (i) + Bj£1pijfovh+1(j,y)dFi(y)}

max{x, Rn(i)}

m
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where s
(3) Rn(i) = —cn(i) + BjE1Pijfth+1(j’y)dFi(y)
and v, ,(+,*) = 0, n=N,...,2,1,

N+1

It follows from (1) that an optimal policy is the reservation wage policy given
by (1). Note in this model that the reservation wage Rn(i) depends on i and
the remaining periods (N-n) and hence the optimal policy is neither myopic nor

one period look ahead.

Assumptions. (A) F1(x) > Fz(x) > eee > Fs(x) for all x.
(B) cn(i) is decreasing in i and increasing in n.
S
) 'Z P, is increasing in i for each k.
Jj=k
Remarks: Suppose that the higher number of the states implies the better
states of the economy, that is, the state 1 is the worst and the state S is
the best. The assumption (A) can be interpreted as follows: the better state
stochastically dominates the worse one in terms of wage probability distribu-
tion. The assumption (B) is self-explaining. The assumption (C) asserts that
the probability of a transition into any subset of the states {k,k+1,...,S}
starting from the better state is larger than the probability of a transition

starting from the worse state.

Theorem 1. Under assumptions (A), (B), (C) the following statements hold.
(1) R (1) is increasing in i and decreasing in n.
(ii) Vn(i,x) is increasing in 1.
(iii) Vn(i,X) is piecewise linear, increasing and convex in X.

Proof: The proof is by induction on 2. For n=N the statements (i) and
(ii) certainly hold. Assume that Vh+1(j,y) is increasing in J.

S S
R (i) = -¢ (i) + Bfok§1["n+1‘k’y> - Vo 1,91 B Py AR ()

=k *7
which is the sum of increasing functions of i. Rn(i) is increasing in i.
Hence, Vn(i,x) is also increasing in i. Similarly, it can be shown that Rn(i)
is decreasing in n. The statement (iii) follows from the fact that V (1,X%) is

actually the maximum of linear and constant functions. (Q.E.D.)

Theorem 2. Assume that ¢ (i) = ¢(i) for all n. Then lim V (i,x) = v(i,x)
N-0
exists and satisfies the recursive equation

V(i,x)

) max{x, -c(i) + BiPiijV(j,g)dFi(y)}
max{x, R(i)}

Y
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where R(i) is also the limit of Rn(i) in equation (3). Furthermore, R(i) is
increasing in i and V(i,x) is increasing in I and convex in x.

The proof is straightforward and then is omitted.

3. The Impact of Uncertainty

It may be often too expensive or hard to estimate the true values of
transition probability Pij’ wage distribution Fi(-) and the cost of search
cn(i)' Such estimates of Pij’ Fi(-) and cn(i) inevitably include some errors.
It is, therefore, interesting and important to pay some attention to the impact
of uncertainty about probability distributions Pij’ Fi(') and cn(i). It is
obvious from theorem 1 that the better state of the economy the higher reserva-
tion wage, and the shorter the remaining periods the lower reservation wage.
How about the searcher's benefit if uncertainty increases? First of all, to
investigate the effect of uncertainty about transition probabilities we write

1.2 S i 2 .
P’ > P" whenever L Pi' 2z L P, for all k and define
j=k *7 =k

Vh(i,x,p) = max{x, -c, (i) + B;P fo n+1(j,y,P)dFi(y)}

(5)
= max{x, R, (i,P)}
where Rn(i,P) = -c, (i) + BZP fo n+1('i!y,P)dFi(y).
Theorem 3. 1If p' > PZ, then we have
(i) Vn(i,x,P1) > Vn(i,x,Pz) for all i,x,n.

(ii) Rn(i,P1) > Rn(i,Pz) for all i,n.

N the assertions

Proof: The proof is again by induction on n. For n

. oL 2
hold with equalities. Assume for n + 1 that Vn+1(-,-,P1) > Vn+1(-,-,P ) for
1

P > P2. Then, we have

coo 22
R, (1,21 2 ~c (1) + BIp, J7V,  (3,5,27)aF, ()
J
o S ) 2 S
= ~¢, (i) + B/, 51[Vh+1kk,9,P )~ Vo K 19,87 Vlar,(y) §kP i3
s 2
z ~c (i) + Bf b [vn+1 k,y,p") - v (k- 1,y,P )1 z p dF (y)
k 1 ]—k

- - . w2 X 2
= ~c (i) + BfOZ_Pij Vo1 (3s9,P ) AR (y)

, 2
Rn(l,P ).
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Therefore, Vn(i,x,P1) = max{x,Rn(i,P1)} > max{x,Rn(i,PZ)} = Vn(i,x,Pz).
(Q.E.D.)
Corollary. 1f P! and P® are the lower and upper bounds of P, respectively

L P < P2, then we have Rn(i,P1) < Rn(i,P) < Rn(i,Pz) and Vn(i,x,P1)

with P
< Vn(i,x,P) < Vn(i,x,Pz) for all n,i,x. The higher probability that the economy
goes to any subset of the states {k,k+1,...,S} gives the searcher the higher
benefit and reservation wage.

Secondly, we explore the effect of increasing uncertainty about wage

distribution Fi(-). To this end we write

Vn(i,x,F) = max{x,—cn(i) + B?Pijf:Vh+1(j,y,F)dFi(y)}

1]

max{x,Rn(i,F)}
where

R (i,F) = =c (i) + ngijfgvh+1(j,y,F)dFi(y).

Theorem 4. For two distinct wage distributions F1, 7 such as Ex' = EX
and ngl(y)dy < ngi(y)dg for all x, we have

(1) Rn(i,F1) < Rn(i,Fz) for each i,n
(ii) Vn(i,x,F1) < Vn(i,x,Fz) for each i,n,x.

Proof: The proof is again by induction on n. For n = N theorem 4 holds
with equalities. Since from theorem 1 Vn(i,x,F) is convex in x, it can be
shown (see [11]) that the second degree of stochastic dominance implies

0 , 2 2
fEVn(j,y,F1)dFl(y) < fOVn(j,y,F )dFi(y)' Therefore,

A N o , 1, .1
R (i,F') = =c (i) + B?Pijfovh+1(3,y,F )arF . (y)

IA

. o X 2 2
-, (i) + B§Pijf0Vn+1(J,y,F )dF (y)

, 2
Rn(l,F ).
This also implies Vn(i,x,F1) < Vh(i,x,Fz). (Q.E.D.)

Remarks: Since Ex' = EX* and ngl(y)dy < ngi(y)dy implies var(x') <
Var(xz), theorem 4 asserts that increasing the riskiness of the wage distribu-
tion is beneficial to the searcher. As a result of this, he turns out to set
the higher reservation wage for increased uncertainty about the wage distribu-
tion.

Suppose that the searcher receives the random number of job offers Nn at
period n. To facilitate comparison with the case of N = 1 for all n we assume
that E[Nn] = 1 for all n, and that the N are independent and possess the same
wage distribution Fi(x), depending only on the state of the economy.
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Theorem 5. 1f E[Nn] = 1 for all n, then we have
(1) R (1,6) < R (i,F)
(ii) Vn(i,x,G) < Vn(i,x,F)
where Gi(X) is the distribution of the best offer received when the random
offers N are tendered and the economy is in state i.
Proof: 1t is easy to see that Gi(x) = E[Fi(x)N“] > Fi(x)ENn = Fi(X) by

applying Jensen's inequality. Since Vh(i’X) is increasing in x, we have

Bal0) 2 w2, (1) + 822, INAINCRRLENE)

F 0 n+1
< —cn(i) + 3§Pijfovn+1(j,y,F)dFi(y) = R (i,F).
Hence, Vn(i,x,G) = max{x,Rn(i,G)} < max{x,Rn(i,F)} = Vn(i,x,F). (Q.E.D.)

Remarks: Theorem 5 simply states that it is favorable for the searcher
to have exactly one offer at each period rather than a random number of offers
with the mean of one at each period. Therefore, the searcher cannot take ad-
vantage of the possibility of receiving more than one offer at each period.

It is worthwhile to note that even if the cost of search were negligible
to the searcher, he would still have an incentive to searching because he has
no perfect information about where his best job is located, and because he is
unable to distinguish jobs ex ante., Therefore, we consider a case in which
the search cost vanishes, that is, cn(i) = 0. Furthermore, we assume that Xh

. . . . . 2 .
is distributed with the mean ; and common variance ¢6°. Then, equation (2)

can be rewritten as follows:

Vn(i,x)

max{x,ffsf°(‘;§zal.jvn+1 (4,9)dF ; ()}

(7N

= max{x,rn(i)}, nn=1,2,...,N-1.

At period N, rN(i) = BZPijuj since the searcher must accept whatever job is

J
offered at period N. Also, note that we use lower case letters for the case

of no search cost.

Theorem 6. For all n rn(i) = an(i) + bn(i)-c where bn(i) > 0 for all 1
and n but n = N.

Proof: By induction on n, we have for period N

r, (i) = B?Pijuj = aN(i) + by (i)ro

where aN(i) = BZPi.uj and bN(i) = 0 for all i, Assume for (n+1) that

rn+1(i) = an+1(1) + bn+1(1)'0. For n we have
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(M}

rn(l) = B;Pij E max{§%+1, L

J
B?Pij[r

D) + I gy G (D)aF ()]

n+1 a1

BLE, A () () -0+

fan+1(j)+bn+1(j)-o(x—an+1(j)-bn+1(j)o)dFi(x)]

where the second equality follows from [4,p.333]. Putting an(i) = BZPijan+1(j)
j

and y = (x-an+1(j))/o, we obtain

r (1) GI*oly 5y Wby, (aF,(D]o

a_(i) + Brp,.[b
n 3 ijt " n+1 1
= an(i) + bn(i)'O
where bn(i) = B?Pij[bn+1(j)+oj;n+1(j)(y-bn+1(j))dFi(y)] > 0. (Q.E.D.)

A more interesting case is of that the wages are identically and independ-
. . . . 2
ently normally distributed with the common mean y and variance ¢ and that g=1.

In this case, equation (7) reduces to as follows:

! Vn(x) = max{x,rn}
(8) ro=EBv . (x ) =Emnalx ,, rn+1}, n=1,2,...,N-1.
At period N Iy = M. Then, we obtain the following corollary.

Corollary. Assume that cn(i) = 0 for all i, n and B = 1, and that a wage
is identically and independently normally distributed with the common mean
and variance ¢. Then, n = 1,2,...,N, ro=u+ bn-o, where bn is positive but
for n = N and independent of o.

Proof: By induction on n, we have for period N

r =u=u+bN-ow1tth=O.

N
Assume for (n+1) that LR T bn+1-o. For n we have
r =E max{Xx, u+bn+1°0}

-3
=y + bn+1'0 + fu+b .G(X—u-bn+1-c)dF(x)

n+1
Putting y = (x-u)/o, we obtain
ro=u+ [bn+1 + fb 1(g—bn+1)d¢(y)]0

n+

= +bn'0
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where ¢ () is the standard normal distribution and bn = F max{y,bn+1} > 0.

(Q.E.D.)

Remarks: Using ¢ as a measure of uncertainty, the higher the uncertainty
on the wage, the higher the reservation wage is set. Hence, we may be led to
the conjecture that the expected number of search periods is increased by the
increased uncertainty on the wage. However, this conjecture does not hold

true, provided that jobs offer from a normally distributed sample space.

Theorem 6. Assume that g = 1 and cn(i) = 0 for all i, n, and that the
wages are identically and independently normally distributed with the common
mean p and variance 02. Then, the expected number of search periods is inde-
pendent of the uncertainty on the wage.

Proof: Let T be the probability of stopping the search at period n.
Under our reservation wage policy, T is given by

n-1
o= [1- F(rn)]tz1F(rt).

Let & be the normal distribution with the mean 0 and variance 1.

However, from Lemma 1 above we know

Fz,) = 8((z, = w/0)

o((p + b o - w /o) = @(bn)

which is independent of ¢ as a measure of uncertainty. The expected number of

search periods, denoted by N*, is

N N n-1
N* = T ar = L n[1 - @(bn)] n'@(bn)
n=1 n=1 t=1
which is also independent of o. (Q.E.D.)

Remarks: Note that the reservation wage does not depend on n for an
infinite period model. So, put T, =r for all n = 1,2,... . Then, the ex-

pected number of search periods is as follows;

N* = L nan_ = I n[t- F(r)][F(r)]n_1
=1 n n=0

=1/[1 - e®)].

Therefore, an increased uncertainty on wages has no effect on the expected

duration of search.
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5. Some Concluding Remarks

In this paper we have extended the theory of job search to include the
case of the dynamic nonstationary search environment. We proved under some
specific conditions that (1) an optimal search strategy is no longer myopic
but is characterized by a reservation wage, which depends on the state of the
economy and on the remaining periods of searching, (2) the maximum return and
the reservation wage both increase as the economy is improved and (3) increas-
ing the riskiness of the wage offer distribution is beneficial to the searcher,
but he cannot take advantage of the random number of job offers tendered per
period. (4) We also give an explicite form to the reservation wage for the
case of no search cost. Especially when wages are identically and independently
normally distributed, such reservation wage has a positive linear form of the
variance and the expected duration of search is independent of the variance as
a measure of uncertainty on the wage. What the paper intended to do is ex-
plicitly to discuss the impact of increased uncertainty about the state transi-
tion probability, the wage offer distribution, the number of job offers per
period and the cost of search. Future research should be encouraged to include
the case of that the searcher may revise his wage offer distribution as he
learns from the past experience of searching. A possible approach is to assume
that past observations are emitted from some other probability distributions

and the wage distribution is revised according to a Bayesian rule.
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