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Abstract Maximum likelihood estimates of parameters in continuous time Markov chains are obtained when the
observation plan is Poisson sampling. Furthermore, for birth and death processes, variance-covariance matrix of
parameters is obtained. Especially, for queueing model M/M/1, the variance-covariance matrix by Poisson sampling

is compared with the variance-covariance matrix by complete observation in detail.

1. Introduction

Let {z(t), ¢ b 0} be a continuous time Markov chain with transition
intensity matrix & = (qij(e))’ where 0 is a m-dimensional column vector
which represents an unknown parameter ranging over a set O in m-dimensional
Euclidean space. The problem which we shall consider is that of estimating
from observations on the process.

If x(¢) 1is observed continuously over the time {0,7], we say that this
observation plan is complete observation.

In this paper, we shall consider a different observation plan named
Poisson sampling. We shall observe the process at a random observation points
{vo = 0+ < vl < vz < ...}, and count the number of transitions of states
occuring in the random observation intervals (vk_l,vk] *k =1,2,...). Now,
assume that Ek =V T Vg (k = 1,2,...) are independent identically dis-
tributed exponential variates with parameter v. This sampling is then called
Poisson sampling derived from {x(¢), % 2 0}. This method was first consider-
ed by Kingman [4]. But an application to a statistical problem using Poisson
sampling is only seen in Basawa [1].

Here we shall consider the estimation of the parameters of a continuous

time Markov chain based on Poisson sampling. We often encounter the case that
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the between-event intervals are unobservable. Such situations are not un-
common in practice, and occurs particularly in certain queueing and other
stochastic models. In such a case, Poisson sampling is a powerful method,
because Kingman f4] showed that it determines the original process completely.
In Section 2, we shéll construct the likelihood function of é continuous
time Markov chain of general type when the observation is done by Poisson
sampling. And solving the maximum likelihood equations, we shall obtain the
maximum likelihood estimates of parameters. Furthermore we want to get the
variance-covariance matrix of parameters and compare two matrices in the
complete observation case and Poisson sampling case., However, it is very
difficult to obtain the variance-covariance matrix in a general type Markov
chain. So, in Section 3, we shall only consider the birth and death process
which is a very useful but simple structured model. For the birth and death
process, we have the variance-~covariance matrices of parameters for two sim-
ple models given by Wolff [6]. But even for the birth and death process, the
variance-covariance matrix by Poisson sampling is not yet represented by
explicit forms. Hence, in Section 4, we shall deal with in detail a simple
but useful queueing model pM/y/7 which 1s a special case of birth and death
processes. For this model, we can compare the variance-covariance matrices of
complete observation case over [0,7] and Poisson sampling case of w ob-
servation points. And the determination of w 1is done in order to obtain
smaller variance of parameters than the variance of complete observation

case.

2. Maximum Likelihood Estimation of Parameters in Continuous Time Markov
Chains by Poisson Sampling

Wg observe a continuous time Markov chain with transition intensity
matrix‘ Q= (qij(e)) by Poisson sampling until the number of transitions of
states amounts to #xn. So the data ob;ained by this sampling are successive
states (xo,xl,...,xn) and Zi (Z = 1,...,n) which are the number of ob-
servation points between T:_1 and xi.

Let q.(8) =j§iqij(e) and nij(e) = qij(e)/qi(e). Then, from the prop-

erties of a continuous time ilarkov chain, the following equations hold clearly:

(2.1) Pr(l ., =k | x.

k
— 4y = (2exp(=vt) (Vi) _
P e T O L AN OLE
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q.(e)vk
_ (k = 0,1,...)

v+ qrj(e)}"Fl

= 9y = —Y
(2.2) E(Zi+1 | x, = 3 = qj(e)
Thus, ignoring the distribution of initial state xo, the likelihood function

based on these data is

+1
n-1

q, OV ‘
1) ®) L

(2.3) Ln(e)

X ., 1

, / 7. .+
=0 T+l {v +q, )} i+1
7

l.

n-1 qx x ®)v i
I 1 1+l

=0 {v + 4, (e)}zi+1+
i

It

'

Therefore, from the following maximum likelihood equations,

BZnLn(e) B

(2.4) aei =0 (Z=1,...,m

we can get the maximum likelihood estimates (MLE) of 6.
Especially, if the state space is finite, that is, S = {l1,...,8} and
qij(e) = qij’ then the log-likelihood function with Lagrange multiplier be-

comes
n-1 n-1
nL = I lIng + I 7,,.lnv
k=0 TFkHl k=0 K
n-1 s
- (@ +Din(v+q )+ £ A.(q., - I q..
%=0 k+1 L je1 T T Py id
(2.5)
n-1
= I n..Inq..+ I 1, .lnv
J#i W g k+1
s s
- I rln(v+qg)+ L A.(g. - I q..)
i=1 % 7 j=1 t % i zJ
n-1
where »r. = kio 6xk,i(zk+1 + 1), (ka’i is the Kronecker delta) and nij is
the number of transitions such that x, = 7 and xk+l = J.

k
Hence the maximum likelihood equations are
BZnLh n
—aq——-=—l- A, =0 (E=1,..0,85 5 = 1,...,85 § #4)

ig g
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.6) Al Th 40 (=1
. 35{7; = vra; ’ 1 seeesS
j%ffﬂ = - I =0 (z=1 )]
o q; & qij seses8)e
Solving equations (2.6), we obtain
\)ni.
2.7) Qij = ;;T—:—J%——ETT (1=1,...,8 J=1,...,85 § #1).
v Y '

This MLE has a simple form. But the denominator r.- I nij of (2.7) may

be zero. For such <, we cannot estimate qij' J#

3. Determination of Variance-Covariance Matrices for Birth and Death
Processes by Poisson Sampling

In Section 2, we have obtained the MLE of qij(e). It is, however, very
difficult for a Markov chain in general type to obtain the variance-covariance
matrix of qij(e). So, in this Section, we shall consider only for ergodic
birth and death processes.

We denote by xi(e) and ui(e) (i = 0,1,...) the parameters of birth
and death processes., In our notaions defined in Section 2, Ai(@) = qi,i+1(e)
and pi(e) = qi,i_l(e).

In constructing the likelihood function, it will be useful to consider

the portion of it, Li’ which represents a single transition xi > xi+l'
Given
(3.1) x, = J and Zi+l =k,

it is easy to show the following expression

InL,(8) = anj(e) + kiny - (k + )In{y + Aj(e) + uj(e)}
(3.2) if Loy T J+1
= Znuj(e) + kinv - (k + Din{y + Aj(e) + uj(e)}
if z,=4- 1
Define
Gu = (B/BSu)ZnL.(G) w=1,...,m
(3.3) G = (Gl""’Gm)
G = (3%/36 236 )InL . (O w=1,.c.m v =1,...,m.
uv u v i

Then, from Theorem 7.3 of Billingsley [2], ﬁZ(é ~ 0) is asymptotically
normal (it converges in law to the normally distributed random variable) with
mean (0 and variance-covariance matrix g“l(e). Besides under regularity
conditions the following facts are well known

3.4 E = 0, E = - .
(3.4) (Gu) (Guv) A
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Estimation by Poisson Sampling

From (2.4), the variance-covariance matrix of Gu’ E(GGT), is
(3.5 EGE) = oe) = (9,) = (-EG,)).

We shall calculate the asymptotic variance-covariance matrix for two simple
models given by Wolff [6].

Model 1:
)‘j >0, J =0,1,...,M-1, )‘M =0
uj>o, J=1,2,...,M, Hy =

T
There are 2M unknown parameters g = ()\0,..., M—l’ul""’uM)’ which
are required only to be finite and positive. )‘j is the j + 1 st component
and uj is the ¥ + j th component of ¢. From equation (3.2), under the

condition (3.1), we have

1 k+1 k+1 .
G. == - G, + = = ————— for x. =g +
+1 . + A, 4+ u.? M+ + AL+ u. 1+1
J AooVE A J VAt
= . k+1 L k+t1 _
G.6) G50 VEA F L G T uL T VEA T, ToT myg T
Jd J J dJd J
otherwise Gu = 0.
We continue to condition on (3.1)
1 k+ 1
Gy g = - Tip T,
+1, j+1 Al v+ A, + )
I7ed i J Y
G - k*1 G - k*1
Mri,Mr; (v + A, +p)2? Jtl,mri (v + X, +p)?2
J J J J
(3.7) for xi+l=j+l
k+ 1 +1

Gil, 41 ~ G + PN Cotme = O + PERTRE

1 k+ 1 .
.= - k*1 ¢ . =4i-1
e I re ATy A ey wra gy L
J J J
otherwise ¢ = 0.
uv
Thus we have
_E(Gj+l,j+l | x, = Js Loy k)
AL .
(3.8) =__4L{_.L_ k+1 —} - My kt+1
A, +u, A2 (vE A+ 2 A.+u. W+ A, +p)?
J J J J J Jd J J J
_ 1 _ k+ 1
O RS N O YR
Jd d uJ J UJ
And similarly
. 1 k+1
-E(G, . | x, =gy L., =k) = - p)
Mg Mt 7 +1 NOYE RTEY v+ A, +u.)
I v Mt T Y i Y

(3.9)
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- 4 - _ k+1
By g | 2= dr Ly =R = [CESVESTRLE
From equations (3.8), (3.9), and (2.2), we have
. 1 1
-E(G., . | .= ) = -
+1,J+1 (L + U, .+ . + A.+ u.
J+l,d z AJ( y uJ) (AJ uJ)(v AJ “,7)
+ u.
- M
A(A. + u. + A, + .
(3.10) A L AR I
] v+ >‘j
~E(G,, . L XL, = g) =
Mg, M+ NI T + A.+ u.
J Mg z UJ( y uJ)(v AJ “g)
“ECG 1 uag |2, =) =57 u-)(})+ TR
’ J J J J

Here we define some notations. Let P, (j = 0,1,...,M) be the sta-
tionary distribution and yj (j = 0,1,...,M) the probability that a
randomly selected transition was out of state j. Then, using the fact by

Wolff [6], it is easily shown that

3.11 .= (A, + uJ)P./2R i =0,1,...,M

( ) Y ( y uJ) J/ (J s1y0e. M)
M-1

where R = ¥ AP.,= T u.P. (R 1s called the average throughput).
o TI sy T
J J

Hence, from (3.10), we have

M
V(Gj+l) = E[—E(Gj'l'l,j"'l l xi =%k)] = _kEOE(Gj+1’j+1 | 177/ =k)yk
. + u.
- o ><u’7) )
AL(AL + u. + A+ u.
GO T Ot g
y7.(v + )\7.)
(3.12) v, .) = * .
M+ VR + A, + 4.
Y] uJ(k(7 uJ)(V AJ uJ)
.7/7'\)
Cov(G. D) = - £
+1, M+, .+ U, + A, + U,
J J (AJ uJ)(v XJ uJ)

otherwise Cov(G ,G ) = 0.
u v

Hence, using equations (3.11) and (3.12), we have

P7.(v + u7.)
V) T T e (G =0,1,...,8-1)
ACARE
P.(v+ 2.
v, ) = e i (G =1,2,.0.,M)
i’ T 2R v F AL+ . 225000
(3.13) J wylv ¥+ )
Py
CovlCii, i = T G + A ) G = 1,2,...,01)
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otherwise Cov(Gu,Gv) =0 .
Model 2:
Aj =G W@ . §= 0,1, and g(0) =0

where eT = (A, W, and h(j), g(j) are assumed to be arbitrary but known

function of j. Moreover, for ergodicity, we assume that

® LN eA)
nzl(k/u) kfo M < o, Given (3.1), we have from (3.2)
6 =1  __(k+ DA o - - K+ D)
1 X v+ A + @ 2 v+ M) + ug(d)
if Lo = J+1
o - . —(k+ DR o ol (k+ g
1 v+ M) + gl 2w v+ M) + gl
if T = J-1
P TN 2 VY (1705
11 A2 v+ () + ug(d)r?
(kD {gD)?
G180 Gy = F ) gD
- _(k+ Du(Hgld) ; - 2
Co" T+ W) + gz if w =+l
e - (k*DHG)
11 {v + M) + pg(Hr?
o oL, (k¥ DIg{)
22 u? v+ MG+ ug(i) )
K+ DrGgE@) . oo g
Cla " W F W) + ugN 2 ifz, g =d-1.
By similar calculations as Model 1, we have
e () 1P
V(@) =T - jEO 2R(v + W) + g}
L 9P,
(3.15)  V(G,) = 377 - jEO 2R{v + M(J) + ng(D}
o R(g (P,
Cov(Gy,G)) = ~ L o () + gD} T

J=0

In both Model 1 and Model 2, we have obtained the asymptotic variance-
covariance matrices of parameters. But, in general, it is difficult to get

the explicit forms of Pj and R. So, g(8) or its inverse 0_1(8) is not
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106 Y. Baba

represented here in explicit form. In next Section, we shall deal with in

detail a simple but useful model M/M/I1 which is a special case of Model 2.

4, Further Investigation of Queueing Model M/M/1

Let us define

A. = A for < = 0,1,...
7
(4.1) u, = U for 7 =1,2,...
=0 for 7 =0

and for ergodicity assume that )\ < py. So that, in our notation in Section 3,

h(Z) = 1 for 7 =0,1,..
(4.2) g(i) =1 for 1 =1,2,..
=0 for 7 =0 .

On this model, we shall consider the variance-covariance matrix of parameters
both when the observation is complete over [0,T], and when the observation
is made by Poisson sampling of w observation points.

In Section 3, we have fixed the number of transitions of states. But in
this Section, we fix the number of observation points. So the number of tran-
sitions of states, n , becomes a random variable and depends on w. We denote
it as n).

We shall also consider the determination of w so that we get smaller
variance than that in the case of complete observation over the interval
{o,T1.

When the data were obtained by complete observation over [0,T], we

define the following notations.

Y, = total soujourn time in state 1 over [0,T]
a, = the number of transitions i1 + 1 + 1 over [0,T]
“3 bi = the number of transitions <1 > 1 -1 over [0,T]
oo o
‘T %EO ai > b ¢50 bi

Then, by using the notations (4.3), it is easily derived that the maximum

likelihood estimates of ) and u are

(4.4) A=7, fi=g2—.

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



Estimation by Poisson Sampling 107

Furthermore, from Billingsley {2] and Reynolds [5], it is easily shown that,
for large T,

2
4.5 A~FOL R, 0 ~EE

Next we consider the Poisson sampling case. We comnstruct the likelihood
function by Poisson sampling when the observation intervals are independently
and identically distributed exponential variates with parameter v, and the
number of observation points is w. We define some notations similarly to
(4.3).

u, = the number of transitions 1 - 1 + 1 until w-th Poisson ob-
servation point
(4.6) d. = the number of transitions 1 -+ i - 1 until w-th Poisson ob-
servation point
oo -
U= izo u; » ad= 150 dL.

Then, similarly to (2.5) in Section 2, let

?’L(w)-l o0
kEo ka,i(zk+l + 1) and r = iEo ri.

Hence, analogously to (2.3), ignoring the initial distribution and end effect,

(4.7) r,

that is, the information contained in the process from the last transition
point to the last observation point, it is easily shown that the likelihood
function based on these data is
N d
(4.8) L= - H — K
W+ A%+ A+ 0

where X 1is a constant free from ) and y. Taking the natural logarithm

of both sides, we have
(4.9) InL = ulnk + diny + InK - rgln(v + 3) - (r = rin(y + % + 1)

Hence, from the following maximum likelihood equations,

3nL _u _ ry _ r-r, .
(4.10) X A v vty

atnn _d __ """ _ |

M novta+y

we obtain the maximum likelihood estimates
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___lil)___ A d(r‘_d)\)
(4.11) X = praseyme B fi

_(r—ro—d)(r-u—d)

Besides, from equations (4.10), we have

8%nl _ _w . o . _T" ™
o2 A2 (v+ N (v+ 2+ w?
32InL d rory
. ST s - G 4 e
(4.12) au 2w+t 2
r - n

3%InL _ 0
oAdu (v+ A+ w2

When the number of observation points is w, actual w-th observation time,

Tw, obeys w-th Erlang distribution with parameter . Therefore the proba-

bility density function of Tw, (), 1is

B thw—l '
(4.13) ) = Wexp(—\)t) .

Since it is well known that both u# and d obey Poisson distribution with

parameter ATw, E(u ] Tw) = E(d | Tw) = ATw. Hence, we have

w
A (® Yomp(-vt)dt = 2‘\-7:3 .
0

(4.14)  E@ = E@ = [T Aef®)dt = %\()w)

Next let z be the number of observation points from the last transition

point to the last observation point. Then it is easily shown that
(4.15) r=uy+d+w-z.
Taking expectations of both sides, we have

(4.16)  E(r) = E@) + E(d) +w - E(z) = 2—\’;"1 +w - E(z)

Since, for large w, it is easily verified that E(z) 1is negligible, we have
(4.17)  E(r) z%ﬂhg .

For M/M4/1, stationary distribution P, and average throughput R defined in

Section 3 have simple forms and are represented by

]
>

J
(4.18) P, = (1 -2 G =0,1,...) R
J o
And from (3.11), we have
1 A
4,19 =21 -4
( ) Yo 2( u)

Hence we have
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- =2w o A _wMu- N
(4.20) E(uo) E{u + d)yo » 71 H) "

Furthermore by taking the expectation of both sides in (4.7), we have

(4.21) E(ry) = Euy). V’; A_wu=- Vvt N

v
v+

A
a transition is from 0 to 1. From equations (4.12), (4.14), (4.17), (4.20)
and (4.21) we obtain

where is the expectation of the number of observation points + 1 when

rBZZnL) ~ 2O2+ V24 Ay + )
W+ D(v+ A+

4.22)  -p(loly vt N

w4 ptuvF A+
-F {3ZZHL) ~ wA
[CYE wlv + A+ )

Therefore asymptotic variance-covariance matrix of 3 and u are

-1

3% Inl 32Inl Ay + ) A
“E( N2 ) -E (axau ) w w
(4.23) ~
_E(azan) _E(BZLQL A VRO N Ll NV e AR TY))
33 32 ) w wi(v + A

Comparing with the complete observation case, in order to obtain smaller
variances of A and p than those of complete observation over [0,T], the
number of observation points by Poisson sampling, w, will be needed as fol-
lows by using (4.5) and (4.23)

Av + )
w

WO2+ 2+ v+ ) u?
wxlv + A) = AT *

(4.24)

[

g >

Solving the inequalities (4.24), we obtain
(4.25)  w > {v+ A +"—\()11+—‘AL)}T :

Now, we consider the problem which is better a complete observation or

0* Cl be the

observation cost per unit time by complete observation and the observation

a Poisson sampling when we need the observation cost. Let (

cost per an observation by Poisson sampling, respectively. Then the cost of
observing the process over [0,7] by complete observation is given by COT
and the cost of observing the process until the w-th observation point by

Poisson sampling is given by Clw. From the inequality (4.25), if
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%

v+ oA+

(4.26) € <

viu-n °

v+ A

then the cost for Poisson sampling is less than that for complete observation,

in order to get the same variances. In such a case Poisson sampling is better

than the complete observation. 1In Fig. 1, we showed the maximum value of

Cl/CO in the case where the cost for Poisson sampling with parameter Vv is

less than that for complete observation, when p =1 and p = A/u is 9.5,

0.7 and 0.9.
2.0
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