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Abstract We consider a stochastic version of minimal spanning tree problem in which edge costs are random vari-
ables. The problem is to find an optimal spanning tree and optimal probability level of a certain chance constraint. The
problem is first transformed into a deterministic equivalent problem. Then its subproblem with positive parameter and
further an auxiliary problem of subproblem are introduced. Finally, fully utilizing relations among these problems, we

propose an algorithm which finds an optimal solution of the criginal problem in a polynomial order of its problem size.

1. Introduction

Until today the minimal spanning tree problem has been well studied and
many efficient algorithms such as [3,6,7] are known. This paper generalizes
it to a stochastic version of minimal spanning tree problem where edge costs
are not constant, but random variables: The problem is to find an optimal
spanning tree and optimal satisficing probability level of a certain chance
constraint. In other words, the problem may be considered as a discrete ver-
sion of [4].

Section 2 formulates the problem P, and gives its deterministic equiva-

lent problem P. Section 3 introduces sgbproblem pd and clarifies its rela-
tion to the original problem P. Further in order to solve Pq, its auxiliary
problem Pg is introduced. The relation between PY and Pg is also clarified.
Fully utilizing these results in Section 3, Section 4 proposes a parametric
type algorithm. Section 4 also shows that the algorithm finds an optimal
spanning tree and optimal satisficing level in at most O(mznz) computational
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time where m is the number of edges and n is the number of vertices in a given

graph G. Finally, Section 5 discusses more improvement of the algorithm.

2. Problem Formulation

Let G=(N,E) denote undirected graph consisting of vertex set N={U1,UZJ°'
',vn} and edge set E={el,22,'
ej. Spanning tree T=T(¥,S) of G is a partial graph satisfying the following

",em} cN*XN. Moreover cost Cj is attached to edge

conditions. (See [2] for details.)

(a) T has a same vertex set as G.
(b) S ST |S|=n-—l where |S| denotes the cardinality of set S.

(c) T is connected.

T can be denoted with 0-1 variables x "',xm as follows.

l:Xzy
T:

=1 e. €5
i 7

X
Xi=0 e, £S5,
Conversely, if {ei|xi=l} becomes a spanning tree of G with vertex set N, X=(X1’
xz,"',xm) is also called spanning tree hereafter in this paper.

Ord%nary minimal spanning tree problem is to seek a spanning tree X mini-

mizing .XleXj- In many real situations, however, cj's may not be constant,
. 1=
rather random variables. So we consider the following stochastic version PO
of minimal spanning tree problem.
PO: Minimize f - Ao
m
subject to (2.1) Pr{ Z c x <f}>a

=1 337 0T

xj=0 or 1, j=1,...,m, X: spanning tree,

1
>._.
].;a 7,

where each c5 is assumed to be distributed according to the normal distribu-~
tion N(uj, 03) with mean uj and variance O;’ and they are mutually independ-
ent. The probability level o is also decision variable representing a satis-
ficing level of chance constraint (2.1) and A is a positive constant. As is

well known in the theory of stochastic programming ([5,8,9]), P, is equivalent

0
to the following deterministic problem P. (For details, see Appendix.)
m m
. 2 1 )
P: Minimize g(X,q) A } u.x.+q( } ijj)zx'XF(q)

j=1 j=1

subject to xﬁ=o or 1, j=1,2,...,m, X: spanning tree, q >0,

where F(*) is the distribution fuction of the standard normal distribution
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N(0,1) and q=F *(a).

3. Subproblem P9 and Its Auxiliary Problem Pg

First this section introduces the following subproblem PY in order to

solve P.

m m 2 %
pd. Minimize ) W,x, +q( ) O°x,)
4=1 1 i=1 J 3]

subject to xj=0 or 1, X: spanning tree.

Let X% denote an optimal solution of Pq, X(q) set of all x? and (X*,q%) an
optimal solutjon of P. Further we define
m
D(X)= ( Z oJx 5t Em= ] uyxy and D(@=E% |x%e x(@)}.

=1 j=1
Though q.eD(q) is a point to set mapping, the following discussions hold, how-

ever, even if we choose D(Xq) corresponding to any xY as a representative of

D(q). Therefore, we denote above D(Xq) as ¥ simply as if D were unique.

Property 1. p? is a nonincreasing function of q.
Proof: From the optimality of x%1 and x92 for a9 and q2> q respéctively

the following relations

(3.1) z u,x11 +ql z o qu) < Z u, xq2-+ql z o qu)T
j=1 i3 =1 373 J=l i3 3=

and

1

1.2 § #H24q,0 1o 232y% ¢ T FagC Z ohxil)®

jo1 51 31“
hold. Subtracting the right hand side of (3.2) from the left hand of (3.1)
and the left hand side of (3.2) from the right hand side of (3.1) respectively
we have

(a4-9,) ( z o qu>"< (a;-q, )( ? o sz)
i=

or

T o2q. 'f
(3.3) (q,-9 0{( ¥ g.x.") = (
1 72 jZl i3 -

Q
(S
»
wiia

N
—
A
o

Since ql—q2< 0, (3.3) implies

@) b= (] oBA* > () o? L32)% 222 0
j=1 J i=1 i3

In order to solve Pq, now we define an auxiliary problem Pg with positive
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parameter R as follows.

n m
Pg: Minimize R ) U.x, +q Z O%X.
j=1 JJ j=1 3

subject to x1=0 or 1, X: spanning tree.

Let Xq(R) denote an optimal solution of Pg Note that Pg is an ordinary mini-
mal spanning tree problem with each edge cost RUJ-+q02 Thus Xq(R) can be
found by Prim [7], Kruskal [6] etc in O(n ).

Property 2. D(Xq(R)) is a nondecreasing function of R.

Proof: From the optimality of Xq(Rl) and Xq(Rz) for R, and R,> R > 0

respectively, we can obtain

T T o2 ¥ T o2l
(3.5) R, ) UXI(R)+4q ) O.x (R,) SR ) ux (R)+q ) 0.x:(R,)
lj=1 i3t j=1 33 17 = 1j=1 jit2 j=1 33 2
and
2

(3.6) R, b quJ<R2)+q h ojxjmz) R, Z W, xj(R y+q o xq<R )

j=1 j=1 24=1 j=1 3
Dividing (3.5) by Rl and (3.6) by R2 respectively,

2
(3.7) Zuxq<R)+“Zqu<R)<zuxq<R)+—‘chxq<R>
g1 330 Ry 3 -3 15=1 33
and
q q q q q
(3.8) leu xJ(Rz)-F Z oj j(R ) <leu xJ(R)) +3- Z o’x x5 (R))

result. Subtracting the right hand side of (3.8) from the left hand side of
(3.7) and the left hand side of (3.8) from the right hand side of (3.7) respec-—

tively,
ag - ) Z ol @) <

1 2 j= R

m
< q(l'- % ') O?X?(Rz)
1 2 4=173

or

p(x4(R,)) 2= ? o2d(r,) < ? o2x3(r,)=pxI(®,)) 2
1 PRt AU b R 2

results since q>0 and (% - % }>0. That is
1 2

pxir))) < DxIR,))
holds since D(Xq(Rl)), D(Xq(Rz))>O. il

Next the relation between PI and Pg can be clarified.
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Lemma 1. For R:ZDq and any spanning tree X such that D(X) >Dq,

RZux+qZOx >R uq-i-qZG
je1 43 y=1 373 jzl j=1 33

holds.
Proof: From the optimality of x? for P9,

m
x+q(20x Y oux +q(ZGX)T

3.9 Zuj] leJ=j=1j jo1 373

j=1
holds. Multiplying both hands of (3.9) by R such that 2Dq;R>0 and rearrang-
ing (3.9) appropriately,

m
Rjzl‘J j+qj£]_olx <R z uj j+qulo xJ+q€
resultswhereiA(ZO (ZOX)+R{(ZO )T (ZG q)T}
3=1 3 j 3= =1 33 3 4

Then it is sufficient to prove €<0. Using Dq and D(X), € is rewritten as
follows.
e =0H2 -p®) 2 +r0® -r0T= (0 -D(®) ®I+DE) - R).
Since DY <D(X) from the assumption of this lemma and p? +D(X) -RZ20,
<0
is derived. 0

lemma 2. For R___>2Dq and any spanning tree such that D(X)<Dq,

oty o2
R u.x.+q20j <R2‘u qu'
=133 521
holds.
Proof: Assume contrary, i.e.,
T2
(3.10) RZpr‘Hqu >RzuxJ+qzok

j=1 j j ki j j_ ]

From the optimality of Xq,

1

(3.11) Zux+q(20jxq) <Zujj+q(Zoﬁ)T
j=1 33 " j=1 j=1

holds. Then the assumption D(X) <p? and (3.11) together implies
m m

(3.12) ) pxd< Tk
j=1 33 42133
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Therefore from (3.10) and (3.12),

q¢ J o%xd- Zozﬁ)

L7030, NN
(3.13) R< —a=t =
Z & Z u
j=1 3 i jo1 3
holds. Since
m m q m 2 1 m 2 1
(3.14) ouk, - ) My >ql( ] o5xHT - (] o727}
j21 373 421 jo1 473 jo1 34

holds from (3.11), the relations (3.13) and (3.14) together imply

m
2 q 2, q
q( J otx, - 20 )q{(Zox)—(Zc 4.2 2
R I IR Y i3 3 (dH"-(D(R))
= =1 il 1= plep(R) <20,

= m 1 q R
ZU J ijx q{(XOX:?)T(ZOj j)T} b D(X)
j=1 3 j=1 3=1 3
But this contradicts the assumption R:ZDq. Thus this lemma holds. 0

Remark 1. All optimal solutions of Pqu have the same value with respect
to D(*) and E(+). Thus they have the same value with respect to g(+*, q).

Theorem 1. Xq(ZDq), an optimal solution of Pqu, is also optimal for P9,

Proof: From Lemma 1 and Lemma 2, x4 is better than any X (X) in Lemma 1
(Lemma 2) respectively for P(2Dq). Further Remark 1 proves the optimality of
x4 among spanning trees ¥'s such that D(r)\(l)=Dq. ]

2 2 P
Now let define Rij=(0j-ci)/(ui—uj) (i,3=1,2,...,m, 1 <3). Note that
2
at the point R=qRij, the order of cost Rpj +qcfj changes. Rearranging qRij

such that O<qRij<°° in increasing order, let

(3.15) R§<R(2]<"°<R3

and Rgéo where % is the number of different qRij'S belonging to the interval
(0, ©). Note that the order of Rq, i=0,1,2,...,%, and £ are independent of q.

Theorem 2. Xq(R) for R € [Rq Ri+1] is also an optimal solution of all Pq
for R ¢ [RY, rY
i i+l g

Proof: Let T% be a corresponding spanning tree of Xq(R) i.e., T consists

of N and edge set ESA{e |xq(R) =1} Then from the optimality of Xq(R),

] so long as the latter interval includes R.

(3.16) Ru +qc72 >Ru +qc2

must hold for any e, EE’g and erEE(e. , Tg) where E(e s Tg)={er!loop in {er}u
TSl contains edge e, } By the def1nition of R_E, k—l,2,...,2, order of edge cost

does not change among the interval [R(il, R§+1]' Thus once (3.16) holds for a

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.
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certain R such that Re [RZ, Rq ], for any R on [Rq R§+1] including R, (3.16)

also holds, i.e., X% is optimal for Pg. {

4. Algorithm for P

let f(.) denote the probability density function of standard normal dis-

tribution. Then

2
3g(X,q) g(X,qQ) __9q _-%q*
(4.1) 2 o X ) - Af(q) and = e
3q J -1 3 d9q4 T .

Theorem 3. g(X,q) is a convex function with respect to q >0.

Proof: Since q >0, (4.1) implies

2
)  EED

for q >0. This inequality (4.2) shows the convexity of g(X,q) with respect to
q>0. 0

By Theorem 3, the optimal q=q(X) for each spanning tree X becomes as follows.

2
A
‘/log 2“21{1 O%x, ()\zVZ_TTD(X))
q(X) = =137
0 (X < V27D(X))

Based on q(X), transformation T(q) with respect to q >0 is defined as follows.

‘/log ) (> /am Dq)
21r(Dq) =

0 (A <vZr 0%

T(q) =

Note that T(q) is also not necessarily unique. Again as Dq, the followings
hold even if we use any p? for T(q).

Property 3. T(q) is a nondecreasing function of q.

Proof: By Property 1, 2
‘/log< \
2r0H%,

is nondecreasing function with respect to q and this proves Property 4. 0
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*
Theorem 4. (X*,q*), an optimal solution of P, satisfies q*=T(q%), x4 =x# .
That is, q* is a fixed point with respect to T(q).
. *
Proof: q* #T(q*) means q*#q(Xq ) and it impies

* * *
gxV, g0 >gx?, qx1)).
This contradicts optimality of q*. 0

Theorem 5. For q, and q2=T(q1),

> *
4y >4, m—a* (9,59,
and

< *
q; <9, ——1q rf[ql,qz)

hold.
. N . ~
Proof: 1f ql qz, fer any q e(qz,ql],

A _I\‘ < A - < - =
T(q) -9 <T(q) -q, £T(qy) -q,=0
holds since T(q) is a nondecreasing function of q. Therefore § does not satis-

fy the necessary condition of q*. 1In case of 9 <q2, the proof can be similar-
ly done. ]

Now we are ready to construct our algorithm. In the algorithm, we use the

followimg notationms.

XL: a minimal spanning tree for the case of each edge cost uj'.

XU: a maximal spanning tree for the case of each edge cost OJ?.

¢ gq(XL)- quéq(XU).
[Algorithm]

q

L
Step 0: Set g<«1 and calculate Rcol,"',Rz

L, =- JL -
. Then set C*-g(XL,q ), X+X7, q+gq
and i «0. Go to Step 1.

Step 1:  Set R+%(R§+Rg+l), find xg and calculate g(X%, q(Xg)).

If C>g(X%, q(X%)), set C*—g(XqR, q(xg)), f(*—xg and c_;<—q(xg), and go to
Step 2. Otherwise, go to Step 2 directly.

Step 2: Set i<«i+l. 1If i=2%, go to Step 3. Otherwise return to Step 1.

Step 3: 1f g(XU,qU) <C, terminate after setting X* <-XU and q*<—qU. otherwise

terminate after setting X*+X and q* <q.

Theorem 6. Above algorithm finds an optimal solution (X*,q*) in at most
2 2
0(m™n") iterations.
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Proof: (Validity) By Theorem 4, X* esq* holds where Sq* is the set of
all optimal solutions of Pq*. Moreover by Theorem 1, Sq* ng;q* holds where
S;;q* is the set of all optimal solutions of Pq;Dq*. Above discussion and
Theorem 2 together show X* is included among Xg's for (q,R) such that R.E[Rq,
Rg+1]’ i=1,...,%, R'<Rg and R3>Ri, because of Remark 1. Further the order of
Rz and £ are fixed independent of q. The algorithm tests all these candidates
and find a minimal solution of them.

(Complexity) First note that the calculation of Rg,’°°,Rg can be done in at
most O(mzlogm). For each (q,R), Xg can be found in at most (n2) if using
Prim's algorithm [7] or Kruskal's one [6]. Clearly, the number of Xg checked
by the algorithm is at most Q+2'<E£%:ll +2 in order to find (¥*,q*). Thus in

at most O(mznz) computational time, the algorithm finds (X*,q%*). ]

5. Conclusion

This paper considered a stochastic version of minimal spanning tree prob-
lem PO. First PO was transformed into the deterministic equivalent problem P.
Then subproblem PY with a positive parameter q was introduced and its relation
to P was clarified. Further, auxiliary problem Pg was introdued and its rela-
tion to ?q was also clarified. Based on these relations, parametric type al-
gorithm which finds an optimal solution of P in at most 0(m2n2) computational
time has been proposed.

Another type algorithm which alternatively changes q and Xmay be possi-
ble. Perhaps, this type algorithm may be more efficient than the algorithm

and it is one of future research problems.
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Appendix. Transformation of P0 into P ([1,5,8,9])
The chance constrainr
m
pr{ ) c.x, <f}>a
j=1 J 3= -

is transformed as follows.

m
(e,x,~u.x.) f- x
(Al) Pr{ ) c.x, <f}>q =——— Pr 4 ey 2o
=0 3 3% % T 223 - 2. 2.3\
() ox) ) oyxy)
j=l J j j=1 J
T ¥ o223
Since ) (cjx,-ujxj)/( } 0°x.)7 is a random variable according to the stand-
3=1 g=1 -

ard normal distribution, (Al) is further transformed into (A2).

(A2) (£ - Iil wx 0/ ( %1 o> 2)-17>F_l(oc)
PSS I A B M

where F(*) is the distribution function of standard normal distribution and

F_l(oc) is its 1000 percentile point, Therefore, setting q QF_l(oc) >0 (since
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2
12a >% ) and noting xj =xj (02=0, 12=l) and minimum of f equals to

for each spanning tree X, P

lem P.

2 LI
) Hyx ha( ) ojxj)""
31 3=

0 is equivalent to the following deterministic prob-

m m 1
Minimize z u,x, +q( z O,X,)T—)\F(q)
j=1 J ] 3=1 3]

subject to Xj=0 or 1, X: spanning tree, q>0.
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