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Abstract This paper has the objective to obtain optimal schedule principle for 2 x n sequencing problem wherein
transportation times of jobs and equivalentjobs for job-blocks are assumed to occur. The optimal schedule rule is

based upon a theorem as established in the paper.

1. Introduction

Bellman [1] and Johnson [2] considered a problem invelving the scheduling
of n jobs on two machines. Mitten [6, 7] and Johnson [3] treated a scheduling
problem with arbitrary time lags. Maggu and Das [4] established "equivalent
-job for job-blocks theorem'" for 2Xn sequencing problem. In the '2-machine,
7n-job' makespan problem the concept of equivalent jobs for blocks in job
sequencing was introduced by Maggu and Das as follows: Consider the job-

sequence S = (ocl, o ..ocn) of n jobs with the condition that jobs otk and

20 %30

Q. must occur in the sequences as a block, i.e., if O is the Z-th job then

k+1
otk+1 must be the (Z+l)-th job. Now it is possible to define a job B (say) with
processing times t and t on two machine 4 and B respectively which can

RA BB

replace the jobs ock and o for the purpose of finding the minimum schedule

k-+1

time. When B replaces ock and o to produce a new sequence S', the comple-

k+1
tion times on both machines is changed by a value which is independent of the
particular sequence S. Hence the substitution does not change the relative
merit of different sequences.
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Further, Maggu and Das [5] considered 2xn flowshop problem wherein transporta-
tion times of jobs from one machine to another are assumed to occur. In all
the preceding papers, except [5], the transportation times of jobs from one
machine to another are neglected. Owing to theoretical and as well practical
interest this paper has the object of providing a decomposition algorithm to
obtain optimal schedule of jobs for the case of 2-machine n-job flow-shop
problem wherein a block of ordered jobs is assumed to be an equivalent to a
single job and, furthermore, the transportation times of jobs from one machine
to another subsequent machine are given.

Now to meet the object of this paper to develop an algorithm producing an
optimal schedule, for the two-machine n-job flow-shop problem, minimizing the
total elapsed time we prepare the basis for the same in the form of a theorem

as follows.

2. Description of Problem

Theorem: Consider a flow-shop problem consisting of two machines 4 and B,
and a set of n--jobs to be processed on these machines. We are given process~

ing time ti for each job ©, on machine X = A, B. Each machine can handle at

most one jog at a time and the processing of each job must be finished on

machine A before it can be processed on machine B. It has been assumed that
the order of treatments in the process A4 and B are the same. Let ti denote
the transportation time of job Z from machine 4 to B. In the transportation
process, several jobs can be handled simultaneously. Let B be an equivalent

job for a given ordered set of jobs (ak, 0.

k+l)' Then processing times tBA

and tBB on machines 4 and B are given by

t,, = (¢t + ¢ )+ (¢ + ¢t ) - min(¢ + t T +t )
B Tyd Ty %1 Mt Y % % %
to, = (T +t )+ (¢ + t ) - min(2 +t ,t + t )
BB B oy LS LIl MB ot Tt %

and the transportation time of B from machine A to B is given by t8=0.

Proof: Consider the two sequences & and S' of jobs as:

S = (ocl, s oc3, "'ak—l’ ak, 0l’k+1’ Oy ...an)

L -
S'= (al, az, a3, "'ak—l’ B, ak+2, ..... an).

Let TiX denote completion time of job ¢ on machine X, when jobs are

processed according to S. Let T; denote completion time of job 7 on machine

X
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X, when jobs are done according to S'.

Now it is clear to see that

T = max (T +t , T
akB ockA Oy

= max (T

T = max (7T + ¢ , T

= max (T + ¢t , T + ¢t + t

= max (T + ¢t + t , T +t +t +

Again, we have

T = max (T + ¢ v I, P+t

= max (T +t , T + ¢ + ¢

= max (T + t . T + t + ¢ + t

Now, max (T, +t, ,+t +t
=T

OLkA
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Hence
Tak+2B o (To‘k+2 * to‘k+2’
thA + max (tak+1A + tak+l, takB + tak) +
B T B T Ty T e B T ey (1)
Similarly for sequence S' we have
T'BB = max (T'BA + tB, T‘ak B) + tBB
-1
= max (T'BA + ts + tBB , Q”ak_lB + tBB)
T'O‘k+zB - (T'ak+2A * tak+2’ T'BB o to‘k+2B
= max (T'ak+2A + tak+2’ T'BA + tB + tBB ,
T'O‘k_lB + tBB) + ta](+2B . (2)
Now without loss of generality one can assume easily:
ﬁBA = (tockA + tak) + (tak_'_lA + tuk+1) -C,
tB =0,
tBB (toth + tak) +'.(tak+lB + tak+l) -,
with c = min (tak+lA + tuk+1, tak: + tak)
Now Po o™ Ty a0 3" B
Pt ™ Moy 10 " faa T Yoy
BTGV R
* 150‘i’<+2‘4
HETRCRRCY RV IRV R
T'OL7<+2‘4 i Tak+2‘4 " (tak * 750‘7<+:L "9 )
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Hence

T' + t =T +(ta+ta -0+t
k k+1 x+2
k+1

+ by =T vty b, + b

Topttgtteg = T' gt taatitpgtig

BA

o o +ta)+(ta +t ) - C
k-1 K 3 k+1

Now ' (t +ta )—c+(ta +t )

Hence

m,, +t

84 + t =T + t + max (tu + tu ,

BB o, A o, A

Substituting in (2), we have

' - -
T ak+zB max (Tak+2 + t +(t +t o),
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T +t o+t + (6, +t -0
O1B B T B Ty T
+ ¢
Oera?
= max (T + t + (¢ + t -0
G2 s % %41 ’
T + max (¢ +t s T +t )
%A Yer1? M1 ME %
+t + (. +t -0,
%e® % %
T +t _+t +(t, +t -0
L W)
+ t
O‘k+zB
= max (T +t , T + max (¢ + t ,
Ue2?  Oppp A 1 %
t o+t )+t , T .+
ukB ak ak +lB ak— lB oth
t ) + ¢t +(t. +t - 0) (4)
“gt1 U2 % M
From (1) and (4), we have
T =7 +(t + ¢ -0 (3)
“aoB M % %1
Let D = ta + tot -C
k k+1
Then from (3) and (5), we have
T =T +D (6)
C‘k+2B O‘7<+ZB
7 =T +D )
C°k+2‘4 ak+2A
From (6) and (7), it is clear that replacement of job-block (otk, O"k+l) in S

by job B increases the completion times of later job 042 by a constant I in

S' as compared for that job (i.e. ¢,,,) in S. Let T and T' be the completion

k+2
times of sequences S and S' respectively. Then from the above discussion, it
is easily observed that 7' = T + D. Hence we can replace a single job B as
equivalent to the job-block (Otk, 0Lk+1) of the given ordered job-pair ak,

uk+l in S.
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Note 1: Extension of the equivalent - job concept of a block consisting of
an ordered set of k>2 jobs is obvious.
Note 2: Following as in [4] it can be indicated that equivalency is associa-

tive but not commutative i.e.

(0‘1’ Uys O5) = ((0‘1’ o,) a3) = (0‘1’ (0, oc3)) but (0‘1’ o) # (a,, a,).

3. Decomposition Algorithm

The above theorem gives a numerical method to obtain an optimal sequence
for the 2 x n sequencing problem wherein concepts of Equivalent-job for job-
block and transportation times of jobs are involved.

Let the given problem in the tableau form be described as follows:

t.
job Machine 4 ——%—+Machine B
ORI 8,)
t
1
1 Al — - Bl
t,
2 .42 — - B2
ty
3 Ay — B,
t
14
7 A ~— B
n n

where ti denotes the transportation time for job ¢ from machine 4 to B, and

Ai’ Bi (as usual) denote the processing times of job ©7 on machines A4 and B

respectively. Let B = (r, s, ..., u) be an equivalent-job of an ordered

block of jobs r, s, ..., 1. Then the algorithm to determine optimal schedule
minimizing total elapsed time is decomposed into following steps:

Step (1): Obtain processing~times on machines A and B for each equivalent-
job of a job-block by using above theorem. Also find the trans-
portation time of each equivalent job.

Step (2): Now form a reduced problem replacing the given job-block in the
original problem by their equivalent-jobs.

Step (3): Let G and H be fictitious machines. Then form a new reduced pro-

blem from step 2, where Gi and Hi are the processing times of job
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7 on G and X defined by G. = A. + ¢,
Z 7 Z

H.,=B.+t,
7 T 7

Step (4): Find optimal sequence for the reduced problem in step 3.

Step (5): In the optimal sequence of step (4) replace back each equivalent-
job by their ordered job-block. Now this sequence gives us the
optimality for the original problem.

Justification of the Algorithm: Step (1) is justified from theorem. From
step (2) we obtain a reduced two machine problem with intermediate transpor-
tation process equivalent to our original problem. When intermediate trans-
portation exists under the assumption that several jobs can be handled
simultaneously in the transportation process, the problem can be reduced to
a two process problem with fictitious machines (which justifies the step (3)
in the algorithm), a fact clearly stated in the references [1] (p.12), [2]
(p.151) and [5] (p.4). Using [2] we can obtain optimal sequence of reduced
problem as per step 3. Again step (5) is justified from the theorem.

Numerical Example: Consider the following tableau form of a 2x5 flow-shop

problem where symbols 1:7:, Ai’ Bi have the usual meanings as defined above.

job Machine 4 ti Machine B
(%) (Ai) , (Bi)

1 2 — 3 . 6

2 s — 1 . 3

3 5 — 0% . 3

4 3 — 4% . 6

5 9 — 2 . 8

Let B = (1, 3, 5). Then optimal sequence is obtained by following steps 1
through 5 of the Decomposition Alogrithm.

Let § = (1, 3)

Then B = (§, 5).

Now as per step (1):

ty, = (¢ + ta ) + (t(x + tot, ) - min (ta +t ,» T +tta

4 K+l K+ 041 X k

84 % K+l

akA
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t
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= (2+3)+ (5+6) —min (5 + 6, 6 + 3)

=5+11 -9
- 7.

=(t .+t )+ (E +t ) -min (¢ +t Lt o+t
83 MBE oy 1?1 M4 % T %P %
=(6+3)+ (7+6) —min (5+ 6, 6 + 3)

-9 4+13-9

= 13.

6=0.

84 = ('!}GA+1;6) + (z‘:SA + ts) - min (t5B+t5 N tSA + ts)

= (740 +(9+2) -min (13 + 0, 9+ 2)

-7+ 11 - 11

= 7.

BB=(t6B+t6)+(tSB+t5)—min(téB+t5,t5A+t5)

= (134 0) + (8+2) -min (1340, 9 + 2)

=13 + 10 - 11

- 12.

g =0

By step (2) replacing job-block (1, 3, 5) by equivalent job B, the reduced

problem is:

job Machine A—i——-——> Machine (B)
() (Ai) (Bi)

8 7 —9% .1

2 5 _#__.__. 3

4 3 — % . 6

By step (3), let G and H be fictitious machines then the new reduced problem

is
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job Machine G Machine H
(%) @) (#,)

B 7 12

2 6 4

4 7 10

where G. = 4.+ ¢t. , H. = B. + t.
7 7

By step (4), the optimal sequence of newly reduced problem due to Johnson's
procedure is (B, 4, 2) or (4, B, 2).
By step (5), replacing back 8 = (1, 3. 5), we have optimal sequence

(1, 3, 5, 4, 2) or (4, 1, 3, 5, 2).

The total elapsed time T for each optimal sequence is calculated in the

following tableau forms:

job Machine 4 ————Ei—-—> Machine B

() in - out in - out

1 0- 2—3 _+ 5_.11

3 2- 7 —5% L1322

5 7-16 ——2 4 20 - 28

4 16-19 — % . 23134

2 19-24 — 1 L3 _37 (=m
4 0- 3 —— % . 7_13

1 3. 05 — 3 L 13- 19

3 5-10 ——%  + 19— 26

5 10-19 ——2 26 - 34

2 19 - 2% ——* o34 -37 (=01

4. Observation

It may be observed that the problem dealt in this paper is thus basically
the two process problem under the transportation process as studied in theorem
1 (c.f. [3]) wherein the concept of Block-job has been equipped with. It may
be noted that here the job-block is formed equivalent to a given set of
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preordered jobs.
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