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ABSTRACT

This paper deals with the M + 1 - out-of-N:G system with correlated failure and single repair
facility, where correlated failure means thati (1 £ i < N) operating units in the system are possible to
fail at the same time. We consider two repair policies, and under each repair policy Laplace transform
of point-wise availability and reliability, meantime to the first system failure and stationary availabil-

ity are derived. Finally some properties of stationary availability for each repair policy are given.

1. Introduction.

In this paper the simultaneous failure of 7 operating units may be de-
scribed as SFi'

Several authors have studied the system with correlated failure. R.
HARRIS [1] has studied the two units system with bivariate exponential failure
distribution which is defined by A.W.MARSHALL and I1.OLKIN [5]. T.ITOI, T.
MURAKAMI, M.KODAMA and T.NISHIDA [2] have defined the bivariate Erlang dis-
tribution and applied it to the system reliability analysis. About the N-unit
system with correlated failure T.ITOI, T.NISHIDA, M.KODAMA and F.OHI [3] have
studied, but the studied system is N-unit parallel redundant system and are
comsidered only SF2 and simultaneous failure of all the operating units. In
this paper we deal with the M+l-out-of-N:G system with SFi (2<7<N) and
single repair facility.
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We consider two repair policies. One of which is that the failed unit
is repaired as soon as the unit fails and after completion of repair the unit
becomes to the operating unit, and the other is that the repair is begun after
N-M units fail and after completion of all repairs system begins to operate.
We call the model under the former repair policy as Model 1 and the one
under the latter repair policy as Model 2.

For both models we derive Laplace transforms ( L-T ) of point-wise avail-
ability and reliability, mean time to the system failure ( MTSF ) and station-
ary availability. Finally we show that stationary availability of Model 2 is
decreasing in M and N, and tends to zero as N > = for any fixed M ( 0 &< M < N-

1 ) when there is no correlated failure.

2. Definition of Models and Notations

The system consists of N units and initially all units are operating. In
N . .
the system there are q; = ( . ) groups of size ¢ ( 1 < 7 < N ) which are sym-

7
bolized as G Gi . Poisson process with parameter Aij governs the occur-

1100
rence of shocks to Gij? These Poisson processes are mutually independent. When

the shocks to G{ occurs, the operating units in Gij fail. In this paper we

<3,

assume that A..
(2

to group of size 7 is (

Ai (g = l,...,qi ). Then the rate at which occurs the shock
N
7
1 units are operating. When the system is down the residual operating units do

)Ai . The system is considered good when at least M+

not fail. There is one repair man and distribution of repair time to a failed
unit is general.

Through this paper we use the following notations;

{Z} state that 7 units are operating
Pi(t) Pr|[ the system is in state {Z} at time t ] (0 << < N)
Pi(t,x)dx Pr[ the system is in state {7} at time t and elapsed repair

time of unit under repair lies between x and x+dx ]
(0<% < N-1for Model 1, 0 < ¢ < M for Model 2 )
(-]
Pi(t) = fo Pi(t,x)dx
P(i)(x)dx Pr{ in equilibrium state the system is in state {Z} and elapsed
repair time of unit under repair lies between x and x+dx ]

(0< 7 < N-1 for Model 1, 0 < Z < M for Model 2 )

P, o Psy (x)dx = tlimw P.(t) (027 <N-1)
PN 1im PN(t)

) Lo .
PA (t) point-wise availability of Model § ( J = 1,2 )
Pig) stationary availability of Model j (.j =1,2)
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(j)(t) system reliability of Model j ( j = 1,2 )
MTSF(j) mean time to the first system failure of Model J ( j = 1,2 )
gj(t) repair time density of Modele (4d=1,2)
hj(t) ripair rate, i.e., gj(t) / ft gj(x)dx (Jd=1,2)
1/uj fo xgj(X)dx (4 =1,2)
0 Ayl (5=1,2)
gg(t) the ( N~M )-th convolution of gz(t)
hﬁ(t) g2(t) / f g (x)dx
?(s) Laplace transform of f(t), i.e., f(s) = fo e_Stf(t)dt

N

B, nfluﬁ)—(Nn Y, (1<i<N)
o, Ny 1 (M (1eien)

A 7 4 n n =7 =
Gij Kronecker’s delta
3. Model 1.

3.1. Analysis for 0 <M < N-2
Viewing the nature of this system, the following set of integro-differen-

tial equations can be set up easily:
N-1

N
(3.1.1) l3c +JEO(N e J]P (t) = N_1(t,x)h1(x)dx s
5 3 -1
(3.1.2) e toet I (l J) >: ( n ) i-jin + hl(x)]Pi(t,X)
J=0 n=0
N-1 F N-J N- J
= (1-8, Y L)L 9 P.(t,x) (M+l<izN-1),
1,N-1 G=itl J-1 n=0 J=t4n g
N-1 N-g
3 3 J /N~ J
(3.1.3) — +—+h (xX)]P.(t,x) = I (.7.) z C 9, P.(t,x)
at X 1 A FeMF1 J-1 n=0 J~i4n g
(0z£2M)

Equations (3.1.1)%(3.1.3) are to be solved under the following boundary
and initial conditions

(3.1.4)  B(6,0) = (A PL() + (1-5; )f'g P, (£,0h (Rdx  (0BN-1),

(3.1.5) Pi(O) =3 (022<N) .

1,N
Taking Laplace transform of (3.1.1)~(3.1.4) under the initial conditioms
(3.1.5), we have:
N-1

(3.1.6) [s + JZO(N J N J]PN(S) =1+ IOPN_l(s,x)hl(x)dx,
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d -1 : N-7 i N
(3.1.7) s + 35 + jio( ) z ( “Ha ijen T B IR (8,20
N—l J N-J o -7
= (1-6; N-l) o) T C DA o PJ(s X) (M+12Z<N-1) ,
J=i+1 " n=0
d N-1 o N -7 - J .
(3.1.8) [s + g + hl(x)]Pi(s,x) _z (G2 T C DA $+nPJ(s x) (0222,
=M+1 n=0
- _, N o .
(3.1.9) Py(s,0) = (o DA 7/PN(S) + (1-6; )fo Pi_l(s,x)hl(x)dx (0<Z<N-1) .
Using the discrete transform [4], 1.e.,
R N-1 . .
(3.1.10) ui(s,x) = I (z)P (s,x) (M+HljeN-1),
i=g
N-1

(3.1.11)  Pi(s,x) = I _(—1>L J(‘b)u (s,x)  (M+lisN-1),
1=
we can rewrite the equations (3.1.7) amd (3.1.9) for M#2<i<N-1 as follows. (See

appendix 1 and 2 respectively.)

(3.1.12) [s + B + h (x)]u (s,x) = (M—i—l;i;N—l),

d_
dx

(3.1.13)  uy(s,0) = [g, (s+8; (5,00 +{ozu__ (5,008, (548, ) {(s+8,) (D

7,1 il
—ai}}/(s+BN)]/{1—é1(s+6i)} (M+2<2<N-1) .

Conseqently, by solving (3.1.6), (3.1.8), (3.1.9), (3.1.11), (3.1.12) and
(3.1.13), we have after simple but tedious calculation:
. - N-1 . .
(3.1.14) P:(s) = fog P.(s,x)dx = I (- l) (7:)u-(s,O){l-g(s+B-)}/(s+B-)
J Jd i=d J7 1 7 1
(M-i—léfS_N—l),

(3.1.15)  B(s) = {L+u_ (s,008(s+8_ )}/ (s48),

where
uJ.(s,O) = aj(s)u.M_‘_l(s,O) + bJ.(s) (M+1<j<N-1),
. . N . N N . N
a:(s) = [g)(s+8y, ) =§+1kn-1,m‘s”‘s+3n)(n)‘“n””njﬂ (8 (548 (-
-an}gl(s+sg)kg M(S)] (M+1zj<N-1),
- N J - N N - - N
b=z L zkn_l,M(S)km_l’M(S){am(n)—an(m)}]/[gl(s+6j)'kj,M(s)n=i;+2
K @ (8 M-a )] (elgiah-D),
—ﬁ— {1-8 (s+8 )}/g (s+B8,)  (MH2<j<R-1),
Loy B (7B M e, (548
ki m(®) =

1 (F=M+1),
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N-1 . M

o (5,00 = [(s+B) T (-1)9b.(s)e(f,Mys)+a, .+ I (
M+1 N JeMEl J M+1 3=0

N

N_j)A (S)

N-7 Y25

M
+by_ l(s)gl(s+f5N 1){0‘M+1+ Z (N .7) N JYZ .(s)- (s+8 )( }H
N-1 i n
/[ (s+8 ){l—g (st+8, D (s+B) I (-1)Ya.(s)c(j,M,s)+
N 15PN N er b
¥

Neg NJYZJ(S) L ],

~ “ M
ay_1(s)e  (s¥B ){(s+sN)(M+l —jzo(

- - i M
cim,e) = g (s+8) T DD DTy /g, I (&)™ 782,51
J =M+l =0

(M+1<Z<N-1),

;1j(s) ;(s) - é(s+6j) (M#+1<j<N-1),
Yoy(s) = &N (ogian
and .
B(E,J0 - 3 Nzk<k 2 COREG
k=M+1 n=0 -J+n

The L-T of point-wise availability P( )

1.12) and (3.1.14):

(s) is obtained as follows from (3.

R N-1
¢.116 PP = 1 (LG

=M+1
B+ Lg(s+By_lay | (uy, (5,004 ($)}1/(s48).

(8)uy, 1 (5,0)+b () H1-g(s+B,) }/ (st

The L-T of R( )(t) can be obtained from P(l)(s) by making suitable trans-
formations. Putting Y1 .(s)=0 (M+1<j<N-1) and Y2 .(8)=0 (0<j<M) in (3.1.16)
yields R( )(‘-2) since the substitution is equivalent to the assertion that the
probability of the system moving from dowm state to up state is zero. Moreover,
if we set s=0 in R( )(s) , we obtain the MTSF(l).

In order to derive stationary availability we set up the following set of
differential-difference equations:

(3.1.17) BNPN )(x)h (x)dx,

Pin-1
i-1 : N-7 N- 1
(3.1.18) [ — + Eo( 7)n£0( n 7’ —j+n + hl(x)]P(i) (x)
N-1 .
- J N-j
(1- 8; N~ 1) _fﬂ(a 1) io( )At7 —itn (g)(")
N-1 N~ (M+1<i<N-1),
4 J N-g .
(3.1.19) [+ hl(x)]P(i)(x) _bzm(J .) zo( n )AJ it (,7)( x)  (0<izM)

with the following boundary conditions arld normalizing conditions:
N oo .
1. . = , . -6, . -1),
(3.1.20) P(i)(O) (N—'i,)}‘N—zPN-'-(l 67’,0)f0 P(z-—l) (x)hl(x)dx (0<Z<N-1)
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N
(3.1.21) z Pi =1.
=0
Thus using the similar discrete transform, stationary availability Pil) is
given as
Gz P Deu (7 CDTIED 00155060 ) /840 (0 a8 /8]
e A Swll, M3 BB 1B VI8 By 1) Ry
7=M+1
where
R M - 2 M
Wy = HBy/[By I (=D Ta (O T B(m,Z,M){B_-u +u,g (B )}/8 +{u (-1
m=M+1 =0 "
m~1 M " M N
TR0 D (DB E1 10 1y () /Byt T (D G )y )

g, (B Day 1 (0]]

3.2. Analysis for M=N-1
In this case the equations describing the behavior of the system are (3.1
.6), (3.1.8) and (3.1.9), and equations(3.1.7) are cut. These equations can be

easily solved and we have
N-1
l/[S+BN - .Z (
J=0

I

(), N N N-g
(3.2.1) N (s) N_l)AN_j{gl(s)} 1,

3.2 R () = 1/1s4eyl,
(3.2.3) MTSF = 1/By .

And stationary availability can be obtained easily as
N-1
(1 _ N-1
(3.2.4) PA = ul/[ul + N jio( 7 )AN_j].

(

3.3. Properties of PA]) when there is no correlated failure

. . 1 .
We assume that M=0 and for convenience we use the notation P( )(N) in

A
place of P;l).
If M=0 and Rj=0 (2<5<N), Pgl)(N) given by (3.1.22) is that
N-1 n . N-1
(1) N-1," j-1 - S o
P, (MN)=[ £ C_DHk (0) £ (-1)¥ {(1-g,(B.))/jg,(B.Ik,(O)}+{1/N}1/[p. L
A n=1 n n j=1 17 1YV 1n=l
N-1, - 2 -1, " -
Cok (0 2 (=177 {1/g1 (8K (0) H{1/N}].

J=1

21)(N) is increasing in N for any repair

time distribution. But the following example shows that this is not true. Then

Intuitively we conceive that P

the problem to determine the class of repair time distribution to assure that
p(D

" (N) is increasing in N will arise, which remins open.

Example. Noticing that we may understand gl(s) as the Laplace-Stieltjes

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.
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transform of repair time distribution Gl(t), G, (t)
we consider the C described in Fig.l. In 1
this case with that p,=1, it is easily A
(1) 1(1)
shown that P 3) - (2) is negative. 1 4 ®

N
Et pil) M= £ (1/51)

1 L0 S

N
S/ 1/ £ 15D /e ?). Then 2P )
Jg=0

0 —>
> 1-e P (s . ' ’
0 7/u1

If gl(t)=e

4. Model 2 Fig.1.

4.1. Analysis ‘
When M=N-1 the results of this model are coincident with (3.2.1), (3.2.2),
(3.2.3) and (3.2.4) evidently. In the case that 0<M<N-2 the following set of

intepro-differential equations can be set up easily:

a N1y
(4.1.1) [ T EO(N N J]PN(t) = f P (t x)h (x)dx
-1 . N-7 . N
d 7 N-7 N g
(4.1.2) [ — + z (.7 £ ( YA jp.(t)y = & (. ) z ( )>\ P.(t)
dt 7=0 A AL F=i+l J=1 n=0 -i4n §
(M+1<i<N-1),
1.3 [+ —g + h;(x)]PM(t,x) =0,
(4.1.4) [ —gt + g + (0P (E,x) = 0 (0igh-1)

Equations (4.1.1)v(4.1.4) are to be solved under the following boundary

and initial conditions:
N

- J N-g
(4.1.5) Pi(t,O)—j=ﬁ+l(J_ .) zo( n )AJ itn PJ(t)+(1 51 0

t

)f 7/_l(t:,x)hz(x)dx

(0__<=‘I:;M) »
(4.1.6) P 0) = L N (0<Z<N)
Taking the L-T of equations(4.1.1)~(4.1.5) under the initial conditions (4.

1.6) and using the discrete transform

~ N-1 . .
(4.1.7)  u.(s) = £ (IP.(s)  (M1gi<N-1),
J i=j T
R N-1 PN
(4.1.8)  P.(s) = I (-D*7Hu.(s)  (M1giN-1),
J i= 3 Jt

we have

4.1.9)  [s+8I7(s) = 1417 Py (s, 0y (00dx
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.10) [s+B .]:1 (s8) = aJ.P (s) (M+1<j<N-1),

A1) [s+ j +hy () 1B (s,%) = 0,
12)  [st S 4, (0P (5,0 = 0 (0sigM-D),
. N NG s ) o
213) P.(s,00= () C D, ., P(s)H(1-6. DS P, . (s,x)h,(x)dx
7 Gl It =g O J-i4n j 1,077 ¢ "1-1 ) 2
(0<Z<M) .
These equations (4.1.8)7(4.1.13) are easily solved and we obtain
~ N-1 M
a4y e P o=z (DML (ers ) 1/ 1ste g5 (9) T T (0)
1=M+1 7= O

gy (N,
0 in (4.1.14), we obtain

N-1
() = [1+ £ (- 1>M+1+1(l Yo /(s+8.) 1/ (s+8)

T=Mt+1

~k
Putting g2(s)

15y R

~(2),

Taking the inverse transform of R (s), we obtain

N-1 N .
160 RP 0= 1 ML BB T e
Z=M+1 n=1 n
4.1.17)  wmrsr® = 2P (g)

In order to derive stationary availability we set up the following set of

differential-difference equations:

8P = /" p (x)h;(x)dx ,
0

N'N
-1 : N-’L N 7 N-J N J
.zt M ) o= L (U C D, P, (MHI<i<N-1) ,
$j=0 i-J =0 n i~-J+n J=i+l J-i =0 J-i+n g
d *
( ot hz(x)]P(M)(x) =0,
d .
[ Fr hZ(X)]P(i) (x) =0 (0<ZzM-1) ,
with the following boundary conditions and normalizing condition:
N N-g
\ N-, J oo R
po.(= 1 (7 ) z ¢ ya PoA(1-6; )P 1 (DR (0dx  (0ian,
(1) F=M+1 - 2=0 J-i4n g o (Z-1) 2
N
L P.=1.
=07
Thus using the similar discrete transform, we obtain
N-1 M-1 4 .
(4.1.18) Piz)-u2[1+ g (-pMEEl L )e /810 T T T (0)+(N-) By,
1=M+1 J=0 i= 0"
N-1
M+1+7
fuy, I (=D “E b /8,1,
1=M+1
where
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. N-1 1 N-gF

. N- .. -J .
4\ T N-j N ,
r.)= 1 (205 D Ma/s48,) B C DA, L+ A . (0<E).
7 G=M+1 J-1 i=j J’ 1 1 1=0 n ‘" J=t+n N-7’ N~7
)
Since I =0 (j<i), the results (4.1.14), (4.1.15), (4.1.16), (4.1.17) and
m=7
(4.1.18) are valid for M=N-1.
4.2. Properties of sz) when there is no correlated failure

given by (4.1.18) is decreasing in M and

In this section we show that Piz)

N respectively, and tends to zero N-+0 for any fixed M (0<M<N-1) when there is

no correlated failure, i.e., A,=0 (2<Z<N).
4 (2)
A

(2)

N (N,M) in place of P

For convenience we use the notation P throughout
this section.

When Xi=0 (2222Ny, sz)(N,M) given by (4.1.18) is that

. N N
PO = [ I Q/DVIGWo,t T (/D] (0MN-1)
J=M+1 J=M+1

Theorem 4.2.1. (i) sz)(N,M) is increasing in M (0<M<N-1) for any fixed
N21 .
(i) Piz) (N,M) is decreasing in N for any fixed M>0, where N>M.
(iii) Péz) (N,M) > 0 as N > = for any fixed M>0.

Proof: (i) amd (i) are easily proved.

(iii) We may assume N>M .

N
(4.2.1) [1/(N-M)] = (1/J) 0 as N> o .,
J=M+1
Since
N N
(/-1 T (1/5) < [/ (=M 1y, (1/x)dx = [Log{N/(M1)}1/ (N1 ,
J=M+1

[Log{N/(M+1)}1/(N-M) » 0 as N > = ,
and

/[(N-M) (M+1)] > 0 as N » = ,
Then (4.2.1) is valid. ||

5. Concluding Remarks.

We studied two models and derived several measures for each model. Some
properties of stationary availability were discussed in uncorrelated failure
case.

The repair policy of Model 1 has been discussed by many authors. In the

practical case, however, it is more troublesome and expensive than that of
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M+ 1 - out-of-N:G System with Correlation 105

Model 2. When 8178, it may be conceived that Pgl);fgz), but F.OHI, M.KODAMA and
T.NISHIDA [6] shows that it does not necessarily hold. On the other hand, it is
easily shown from (3.1.22) and (4.1.18) thst Piz);ygl) for sufficiently large
My when gl#gz. Thus if By is sufficiently large we had better used the repair
policy of Model 2. But we must notice that from theorem 4.2.1. as increases the

number of units, My must be increased to assure that P§2)>P§1).
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Appendix 1.
N-1
I1f b, = Z()a (1 7 N-1)
J -
i=j
then
N-1 2 7-1 N-2 2 N-1 o N—mN o
W -z Ha.x (* )Z( “Zya, +3 ) £ ("da t C™rx ., = -B.b..
=3 9 Tm=0 T n=0 PTID ioi ) meiel Y Ppeg M MR T
Proof: (the first step)
N-2 . N-1 - N-m o N-j-1 N-l-n . dtn
() L (da T C DA ..o = T x L ()= (a7 )a
i=F J a=i+1 m-17 mn=0 n m-72+n =1 n i=F J m=7i+1 n-1" nHi-m° m
N-J N-1
N~n m
+ 1 (LA D Ja_ ,
n=2 J m=N- n+1mN~Hl m
N-1 1 N N-1od-l
r (& ) ;L ( ) Z ( ) femin - r & )at § (i—m)(n—i+m)'
=7 m—O ™ h=0 n—l L—J m=1-n

Then

(2) the left hand side of (1)
NNl el N-j~1 N-1-n . +n
=-IA I (Na L (°)( -
n=1 ‘L—J Tgei-n UM OTtHm n=1 " i=7 m=7+1
N-J N-1
N-n m

+Ix I C.(C Ja_ .

n=2 “m=N-n+1 J 7 n-Nnm

(the second step)

(3) the right hand side of (2)

N N-1 . -1 N-j N-1 . 7:-1 i Ned
=T z. An.z.(')a Z. (1, m) n- z+m) t-z )‘ L ( Ja; (z—m)(n—i-i-m)
n=N-J-1 “1=gj m=1-n n=1 1,—3 m=7-n
N-j-1 N-1-n : i4n o N-J N-1 Nen n
+ 2 & oz ()T "y + za I CL( da_] .

m-i° ‘n+i-m’ m m-N+n" m

n=1 " =7 I m=i+1 n=2 “m=N-n+l i

Noticing that

n-1 . . .
1 yN-z2, _ /N N-7
z (n—m)(m)_(n) "(n) s
m=0
. N N
the first term of the left hand side of (3) = T (n))\nb

n=N—j+1

the bracketed passage of the left hand side of (3)
N-1 i -1 . . N-1-1 . Z+1

1 N-7 1 m N-m
= A [_ L )az Z (-i—m)(l-i+m)+ .z. (j) _Z. (m—')(l-kzl—m)am]
=7 m=7-1 =] m=i+1
N-1 . i-1 . . N-1
N-7 N-—N+J
-2 Ma, 0 G E Y+ T« Y e a ]
N~y i=7 J 7'm=i—N+j 1-m" N-g-1+m m=N-N+j+1 J m-N+N-7 ' “m
N-j-1 N-1 i 1-1 : N-i N~1-n : i+n n N-m
+2A[-z()a T CICTT Y+ o () o (). )a
=2 i=j m=i-n 7-m" ‘n~-z+m i=j J m=i+1 m-2" n+i-m" m
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N-1 N-n m
+ & (C.)( da ]
m=N-n+1 J m-N+o® m
N-j-1
. N N-g N
= =2, jb. + A .[1- )]b. + I A - b.
1P+ Ay -Gy T8y o2 [CRD = b,
Then
N N N
the left hand side of (1) = -[fA; + & {( )~ nJ)}xn]bj
n=2
N .
N N-g
== {C) - C I b,
p=1] O n n J
= -B.b. .
6% I
Appendix 2.
For M+2 < 7 < N-1 using (3.1.9),
R N-1 . .
s - J
ui(°’0) .Z.(i)Pj(S’O)
J=1

= ai§N(3)+f:;i(s’x)hl(x)dx+f:;i—1 s.x)hl(x)dx—(g)f:;N_l(s,x)hl(x)dx .

Substituting (3.1.15) and
—(s+Bi)x—f§h1(x)dx

ui(s,x) ;i(s,o)e (resulted from (3.1.12)),
we have
ui(s,O) = gl(s+8i)ui(s,0) + gl(s+Bi_1)ui_1(s,0)

Lo, - (s+8 (DIg (s+8 a1 (5,0) + o 1/(s+8)

Then (3.1.13) is concluded. ||
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