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Abstract. A class of queues in which the numbers of customers in systems
are stochastically larger ( smaller ) than the one in M/M/1 with a common
traffic intensity is given. This fact ensures that M/M/1 queues give safety
bounds for a large class of queues. The case of M/Ek/l (k=2,3,°+*) or
M/D/1 is treated in like manner. A new type of conservation law is derived
to prove these results. Stochastic order relations among M/Ek/l ( or Ekﬂ%/l )

queues ( k = 1,2,*++ ) are also obtained.

1. Introduction

The queueing process of a general GI/G/I queue cannot be solved analyti-
cally except for some cases, or even if it is solved, only a complicated so-
lution is obtained, from which it is not easy to get numerical values of the
characteristic quantities such as the steady state distributions of the wait-
ing time and the queue length. From this and other reasons, it is useful to
study closeness, continuity, order relations, and so on, among queueing models.
In this paper, a stochastic order relation is considered, which is defined as
follows ( cf. [ 6] ). For random variables X and Y, or their distributions
FX and Fy, we denote X D Y ( FX D‘FY YAf P{X>x }>P{ Y >« }, or equiva-
lently FX(x) L FYGr) for any continuity point of F(x). We say that X ( FX )
is stochastically larger than Y ( FY ) iIf X O Y ( FX o) FY ).

The purpose of this paper is to study stochastic order relations among
GI/G/1 queues, where a queue is called stochastically larger ( smaller ) if
the steady state distribution of the number of customers in its system is
stochastically larger ( smaller ). We only deal wath the queues which have
a common traffic intensity since such case is interested from a practical

point of view but it has been scarecely studied.
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194 M. Miyazawa

Daley and Moran[ 4 ] showed that, if the service time and the inter-
arrival time are stochastically smaller and larger, respectively, then the
steady state distributions of the waiting time and the queue length in a
GI/G/1 queue is stochastically smaller under some nonarithmetic condition.

For a GI/G/c queue, similar results were obtained under more restrictive
conditions by Jacobs and Schach[ 6 ]. These results have large generality,

but queues with a common traffic intensity camnot be compared with each other.
Stoyan and Stoyan[l4] also studied more general order relations and got simi-
lar results in GI/G/1 queues. By their method, the waiting time distributions
of two queues with a common traffic intensity are compared with in some cases.
But those order relations are always weaker than the stochastic one, and we
cannot obtain stochastic order relations adapted to our purpose. These authors
used monotone property of the waiting time process, and the difficulty lies

in that we cannot use this monotonicity.

So we give attention to important but easily analysed queues such as
M/M/1, Aﬂ%k/l, M/D/1, Ek/%OQ, and D/M/1, where M, Ek, and D denotes exponen-
tial, k-phase Erlang, and deterministic distributions, respectively. In this
paper, these queues are called 'typical'. In Section 3, classes of queues
which are stochastically larger ( or smaller ) than M/M/1, M/Ek/i (k=2,3,
e++ ), and M/D/1 are given ( Theorems 3.1 and 3.2 ). These imply, for ex-—
ample, that M/M/1 queues give safety bounds for a large class of queues at
least concerning the queue length. The proofs are derived from a new type
of conservation law. In Section 4, stochastic order relations among typical
queues are obtained ( Theorems 4.1 and 4.2 ). Our concern in this paper is
only the number of customers in GI/G/I1, but some remarks are given to the
case of GI/G/c and to the waiting time in GI/G/1.

2. Notation and preliminary results

We mainly consider a standard GI/G/I queue, that is, a FCFS queue ( first-
come first-served ) single-server queue with a recurrent input. Let Th be

the arrival time between the nth and (n+l)th customers and let Sn be the serv-
ice time of the nth customer ( n = 1,2,++* ). Then, {Th};:; and {Sn}::; are
mutually independent, identically distributed sequences and independent of
each other. Further, it is assumed for our GI/G/1 queue that

(1) The Ist customer arrives at time O,

(ii) ET < +> and ES < +«,

(iti) The traffic intensity p = ES/ET < 1,
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Stochastic Orders among GI/G/1 Queues 195

where éhe suffixes of T and S are omitted, this convention is always used
if there is no confusion. The notation F/G/1 is used for a GI/G/1 queue if
the distributions of T and S are F and G respectively. Sometimes a c-server
FCFS queue with a stationary input defined by Loynes[ 8] is treated and it
is denoted by G/G/c. Note that the notations F/G/1, GI/G/1, and G/G/I1 must
be distinguished. Throughout the paper, it is assumed that a G/G/¢ queue is
stable, that is, ES/ET < c.

Let 1(%), Ln’ and Lé be the numbers of customers in a system at time
ty, just before the nth arrival, and just after the nth departure of a custom-
er, respectively. By letting the starting time of the operation of services
to -, we have stationary, limiting processes {7,(%)}, {Zn}’ and {Zr'z} cor-
responding to (I(¥)}, {Ln}’ and {Lé}, respectively ( cf. Miyazawa[ll] ). Note
that Z*, Z, and L' are proper random variables since the queue is stable (
cf. Theorem 4.1 of [11] ). The next lemma is derived from Theorem 3.1 of
Miyazawa[ll].

Lemma 2.1 1In a G/G/c queue, we have

(2.1)  lm £ /% F((e))ds = EF(Z,(0) w.p.1,
t>o 0
2.2) umiz” ra@.) =BG w.p.1
* n “i=1 7 o it
N>
1.n 7
(2.3) lim 7 Zi=1 f(Lé) = E'f(Lo') w.p.1l,
n>o
for any nonnegative, nondecreasing ( nonincerasing ), lower ( upper ) semi-
*
continuous( ) function f.

Remark Our main concern in this paper is a GI/G/1 queue, and stronger
results are obtained for it. That is, there exists a proper random variable
V such that Ln = Zn and Lr; = Zr'z for any n > v w.p.1 ( cf. Loynes[8] ). For
a GI/G/e queue, these facts are not true in general, But if {T-S>0 1} >0
then the system is empty infinitely often w.p.l ( cf. Whitt[15] ), and it
implies them.

By Lemma 2.1, the distributions of Z*, Z, and I' are considered to be the

(*) A real valued function f is called lower ( upper ) semi-continuous if

lim f(y > (£) f(z) for any x.
y*x
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196 M. Miyazawa

steady state ones of 1(¢), Ln’ and Lé, respectively, although the limit dis-
tribution of 1(%) doesn't always exist. So those distributions are considered.
Finch[ 5] showed for some restricted GI/G/c¢ queues that I % E', where g
implies the equivalence of distributions. By Finch's argument and Lemma 2.1,
this result is easily extended to:

Lemma 2.2 1In a G/G/c queue, L g L.

Thus we study stochastic order relations of 7, and L. Now we denote an
order relation of queues by F /G /1DF /G /1 if Zil) D 1(2) and L(l) D L(z)
where Z(z) and L(t) are 1, and L of F /G /1 (i=1,2), respectively. And
Fl/Gl/l is called stochastically larger than F2/02/1 In particular, we denote
Fl/Gl/J = F2/G2/1 if Fl/Gl/l 3F2/G2/1 and F2/62/1 DI"l/Gl/Z.

We investigate stochastic order relations among queues with a common
traffic intensity. In these queues, the arrival rate A's( = (E'T)_1 ) don't
always agreed with one another. However, it is enough to consider queues with

a common arrival rate and therefore with a common mean service time since we get

Lemma 2.3 For each fixed a > 0, 1if Fl(x) = Fz(am) and Gl(a:) = Gz(ax)
for any x > 0, then Fl/Gl/l = FZ/GZ/Z.

This lemma is easily obtained by the change of time scale.
Finally, we introduce some classes of distributions for convenience. A
distribution F is called y-MRLA ( y-MRLB ) if, for any ¢ > 0,

+ o

2.4 [, Q-F@)du/ (1-F(1))

A

(2)y

( cf. Marshall({ 9] ). In this paper, F is called A-type ( B-type ) if y =

the mean of F ( = fudP(u) ) and F is a y-MRLA ( Y-MRLB ). FA ( FB ) in genaral
denotes A-type ( B-type ) distribution. The important subclass of A-type (
B-type ) distributions is IFR ( DFR ). A distribution F 1s called IFR ( DFR )
if, for any fixed ¢t > 0, F(t+x)-F(x)/(1-F(x)) is not decreasing ( increasing )
function of = on the interval { x ; F(x) < 1 }. The next distributions are
all IFR or DFR and therefore A-type or B-type.

(i) A-type *** M, E,, D, uniform, Weibull, and truncated normal distri-
butions.

(ii) B-type *°** M, Hk ( kth order hyper-exponential ) distributions.
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Stochastic Orders among GI/G/1 Queues 197

In general, if X. and X2 are independent of each other and have IFR distribu-

1

tions, then X1+X2 and min(Xl,Xz) also have IFR distributions. See Barlow and

Proschan[ 1] for details of these facts and further results.

3. Stochastic order relations

Now we show main results of this paper. Firstly we prepare some lemmas,
from which we obtain some interesting corollaries. Let tn and té be the nth
arrival and departure times of customers respectively. And let fé be the nth
departure time of a customer after time 0 concerning the stationary, limiting

process {Z*(t)}zit‘n. We also introduce the following notatiomns.
') = . 3 tl < . !
m, ( m, ) =sup { 7 ; tz tn ( tz < tn )}

For example, mn means the number of the customers who depart before the nth

arrival. The next lemma can be obtained by Lemma 4.4 of Miyazawa[ll].

Lemma 3 1 1In a G/G/c queue, m /t o M /t', n/t , and n/t' converges to
A (= (ED)” ) w.p.1l as n tends to infinite.

We prove, so called, conservation laws concerning the queue length pro~
cess ( c.f. Brumelle[ 3] ). At the first place, the process {Z(t)} o 1s com-
pared with the process {L } in a GI/G/c queue. As illustrated in (i) of
Figure 3.1, we have, for each sample path,

t
(3.1) fo"

m
Zn-l

n .
1=1 1 X{L >J} i 1 RT X{L'-g} (420,

X{1(s)>31%® =
where ¥ 18 an indicator function, and RT =4nf { ¢t - ¢! ; tl <t }, that
i m m 7 i="Tm
is, the time measured from the ith departure time to the arrival epoch of the
next customer. Let ﬁg = inf { ﬁw - fé : ié < %ﬂ }, then, under the assumption
that P{ I-$>0 } > 0, we get, from (3.1), Lemma 2.1 and its Remark, and
Lemma 3.1,
T . T 41 _ 7.t = 4
(3.2) Pl1,>5}=28{r1 ;5 >7)-lE ;0/=5}

for any nonnegative integer j. By the assumptions of GI/G/c, T1 and El are

independent of each other, so we obtain
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2 3 4 5 6 7 8 9 (arrival)

1
J:Tl—-ykf_er—Tf-I-TrTg A Ty —— A By T, —]

T [TTRFFE

y
1 2 3 4 5 6 78 (departure)

-———- - e -

1} l__J | [
' >t
4 5 6 7 8 9 (arrival)
l \L—fi" l J, l Lﬁ .L“w L
(#H)>p---F-- Y. X --X. - —————
R S S
§ v 4

KA
1 2 3 5 6 78 (departure)

Fig. 3.1 The comparison of the time interval { ¢ ; I(¢t) > 1 }.

(3.3) Pl1,>3y=PL25)-M{R ;=41 (jz20).

Now, (3.3), Lemma 2.2, and the definition of A-type ( B-type ) distribution
yield

Lemma 3.2 1In a GI/G/c queue satisfying that P{ T-S > 0 } > 0, if the
distribution of T is A~type ( B-type ), then

3.4) Pl1,>3t2(2)PL>j1 for any j > 0,
where the equality of (3.4) holds if T has an exponential distribution.
Remark The equation (3.3) and therefore this lemma is true for a gen-
eral GI/G/e¢ queue without any assumption. But it will be accompanied by
lengthy proof ( cf. Appendix of Miyazawa[l2] ). We don't deal with this gen-

eral case since we are mainly concerned with a GI/G/1 queue, in which the

assumption of this lemma is always satisfied.
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Stochastic Orders amony GI/G/1 Queues 199

In the second place, the process {1(¢)} is compared with {Lr'z} in a GI/G/1
queue. As shown in (ii) of Fig. 3.1, for each sample path,

t! m'
n n-1 n .
G5 T Xy(ey>1% 7 Tim SenX{zp>g) ¥ Fim1 RfZ'X{LfJ} (720),

where Hf = inf { trr'1 - ti ; ti < tr;t }. Note that (3.5) is not true for a GI/G/e
(ec#1), in the case of which a similar result is obtained, but it is more
complicated ( c.f. (5.1) of Sec. 5 ). Now, by the analogous argument in the

proof of Lemma 3.2, we have, for any nonnegative integer J,

(3.6) P{1,>7} pP{Z>J'}+XE{I~?i;El=J'},

t, <%

: }. Prom (3.6), it follows that

we

where I'}S = inf { ' - ¢, d
i m Z m

Lemma 3.3 In a GI/G/1 queue, if the distribution of S is A-type ( B-
type ), then

B P, >5Yc(2)pP{L24} for any J 2 0,
where the equality of (3.7) holds if S has an exponential distribution.

Now we obtain two classes of queues which are stochastically larger and

smaller than M/M/1 queues from Lemmas 3.2 and 3.3.
Theorem 3.1 FB/GB/J D M/M/1 D FA/GA/I.

Proof. Assume that a queue is FA/GA/J. From (3.4) and (3.7), we have,

for any nonnegative integer Jj,
(3.8) P(L>2j441}<pP{L>71},

(3.90 P11, 240 Y<pP{2,241,

where the equalities of (3.8) and (3.9) hold if FA = M and GA = M. So, for an
M/M/1 queue, the equalities of (3.8) and (3.9) hold, and the values of
P{ L >jlandP{7,>451} (J=0,1,°+ ) are determined recursively by them.
It is clear that P{ L > j } and P{ I, > j } satisfying (3.8) and (3.9)
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200 M. Miyazawa

respectively are less than the ones in the case where the equalities hold.
Thus we obtain a half of Theorem. For a FB/GB/J queue, it is proved in like

manner.
Corollary 3.1 In a GI/G/1 queue, we have
(3.100 pP{L>jY<P(1,>5)}<PlL>7} (§20).

This corollary is easily obtained from (3.3) and (3.6). Notice that these
results generalize some of results of Marshall and Wolff[10].

Next we proceed to the similar argument to an M/Ek/l queue by using so
called phase method. Suppose that each customers carries k phases of work
each of which requires a service time subjected to a common distribution. Let
h(t), Hn’ Hé be phases in a system at time %, at the nth arrival time of a
customer, and at the nth departure of a phase, respectively. For these pro-
cesses, analogous results to Lemma 2.1 is also obtained. So, we let A, (%),
ﬁn’ ﬁé be their steady state versions. Lemma 2.2 is not true for ﬁn and ﬁé,
but similar results can be obtained by the same idea of the proof as follows.

* *
Lemma 3.4 1In a GI/G(k')/b queue, where G(k ) means that the distribu-
tion of S is the k-fold convolution of some distribution with itself,

(3.11) P{H' =4} = P{H=1} (520).

z J .
1=max (0, j-k+1)
In a similar way of getting (3.3) and (3.6), we obtain

Lemma 3.5 (i) In a GI/G(k*)/c queue satisfying that P{ 7-S > 0 } > 0,

we have, for any nonnegative integer J,
(3.12) Plh >j ) =PlH> gk} - AECE ;' =3},
. (k*) ' .
(ii) In a GI/G /1 queue, we have, for any nonnegative integer J,
(3.13) P{h, >} =pP{H >j}

+ BT éf By = max(0,-k+1),0++, 4 },
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Stochastic Orders among GI/G/1 Queue$ 201

where ﬁf ( ﬁz ) is the time measured from the Zth arrival epoch of a customer
to the departure time of the next phase ( from the Zth departure time of a

phase to the arrival epoch of the next customer ).
Now we prove

(k*) (k*)
Theorem 3.2 FB/GB /1 DM/Ek/l DFA/GA /1,

*
where F(k ) is the k-fold convolution of F with itself.

(k%)
Proof.  Assume that a queue is F A/G N /1. Then each phase has the dis-
tribution GA. So, combining (3.11), (3.12), and (3.13), we have

n x

(3.14) %Z.lP{ZI;max(O,j-k+1) }> Pl > 41} (j>20),

v

P{n,> j+1 } (4520).

v

.15 L5k Pln,> nax(0,j-k41) )

In particular, the equalities hold for an M/Ek/l queue. By the similar reason
in the proof of Theorem 3.1, the values P{ & > }tand P{ 7, > Jj } satisfying
(3.14) and (3.15) are less than the ones in the case of an M/Ek/l queue with
a common traffic intensity. If we note that P{ L >4 1 =P B> k(G-1+ }
and P{ 1, >4} =P{ h, > k(j-1)+1 }, we obtain a half of Theorem. Another
half is proved in a similar fashion.

Corollary 3.2 FB/D/l > M/D/1 O FA/D/l for absolutely continuous func-

tions FA and FB.

Corollary 3.3 M/M/1 DM/Ek/J DM/E‘Zk/z DM/D/1 (k= 2,3,%% ).

Corollary 3.2 follows from Theorem 3.2 1f we note that the distributions of
I and 1, of F/E'k/l converge to the ones of F/D/I1 as k tends to infinite. This
fact is easily implied by a continuity theorem of the steady state distribu-
tion of the waiting time ( Theorem 4 of Borovkov[ 2] ) and the relations be~
tween the queue length and the waiting time ( &f. [ 4], [10], and [11] ).
Corollary 3.3 is a simple consequence of Theorem 3.2 and Corollary 3.2. Next

we try to study special cases.
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202 M. Miyazawa

4. Special cases

In this section, we restrict the problem to typical queues such as M/M/1,
M/Ek/l, M/D/1, Ek/M/l, and D/M/1. These queues are classified into M/G/1 and
GI/M/1 queues. Note that stochastic order relations of L imply those of 1,
in these queues by Lemma 3.2 and 3.3. So we are concerned only with L. Now

we study the two groups of queues separately.

(1) GI/M/1 queues

In this case, it is well known that the distribution of I is given as
follows ( cf. p 126 of Prabhu[l2] ).

(4.1) P{T;>j}=;j (420),

where 7 is the smallest positive root of the equation:

4.2) ¢ = ple(IDI/ESy

For an Ek/M/l queue, (4.2) is equal to

%.3) tl=(1 +lp% 1.
It is easily examined that (4.3) has only one root in the interval (0,1) and
the right hand side of (4.3) is increasing in k. Thus the root 7 is decreasing
in k. So we get that EkAM/J D Ek+rﬂK/1 ( k=1,2,++¢ ). And, by the continuity
of the distribution of I in GI/M/1 queues, we obtain that EkAM/J D D/M/1 for
any k > 1. Further, for a D/M/1 queue, a stronger result can be obtained. From
(4.2) and Jensen's inequality,

~-(1-0)T/ES

(4.8) € =Ele } > e~ A-0)/e (0<g<1).

The last two terms of (4.4) are convex functions of L ( 0 < L <1 ), and so
it is obtained that GI/M/1 D D/M/1. Now the results are summed up.

Theorem 4.1 Ek/M/l ) Ek+rﬂ%/1 Op/M/1 (k=1,2,*+* ). Moreover, a
D/M/1 queue is the smallest in stochastic order relations among GI/M/1 queues.
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Stochastic Orders among GI/G/1 Queues 203

(2) M/G/1 queues

We study stochastic order relations among M/Ek/l queues ( k = 1,2,¢+¢+ )
and an M/D/1 queue. For these queues, we have already obtained partial answer
in the previous section ( Corollary 3.3 ). Now we strengthen this result to
the relation that M/E’I/.‘l DM/E'k+l/1 (%k =1,2,¢¢¢ ). For a general M/G/1
queue, the distribution of L is also known ( cf. Prabhufl3] ). But it is dif-
ficult to study stochastic ordering by using those results since they are not
so simple as in a GI/M/1 queue. Here we devise another method. We use the
relation (3.14) satisfied by the number of phases ﬁ, where the equality of

(3.14) holds for an M/Ek/l queue. Let a positive integer k be fixed. And let

ai=1 (i=]-92,.'.:k )9
a; =P{H2ik} (7 = k+l,k+2,00¢ ),

where H is the number of phases in an M/Ek/l queue. Similarly, we define the
sequence {bi}$:; for an MVEk+1/1 queue. Note that these two sequences are not

increasing in <. The relation (3.14) gives the next equationms.

—E + LN ] +
(4.5) ak+j Tk { aj aj+k—l B
—__p_ ee e
(4.6) b(kll)lj = Tl { bJ. + + bklj 1,

. S . . . >
for any integer j > 1. It is clear that, if @ sl ==bn(k+l)+1 for any integer
n > 0, then M/Ek/l ») M/Ek+l/1' Now we prove inductively the next inequalities.

, keg+l o -1,

D) G 278 Pukrynd VT Prterny i

(J =1,2,00%,k),

for n = 0,1,2,+++. By the very definitions of the two sequences, these in-
equalities are satisfied for n = 0. We show that these inequalities for n = 1
are derived only from (4.5), (4.6), and (4.7) for n = 0. If these are shown,
then we can get (4.7) for any positive integer » inductively in like manner.
From (4.5), (4.6), and (4.7) for n = 0,

(4.8) ak+1=%{al+--- +a, } ( by (4.5) )
0 k-1 1
2 U by + +bk+1)+kb1} ( by (4.7) )
- 1 -
=Dy t 22 {pb) =D giryan? ( by (4.6) )
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v

b (k+1)+1

where the last inequality is obtained since

L o0 e
4.9) { b, + + bk+1} < °b1’

b(k+1)+1 = k4L

by the monotonicity of {bi}ISZ. Let { 1,2,+++,7Z } denote values of j for which

(4.7) is true for n = 1. Then, from these assumptions,

(4.10) =%{a. + e0e g ..}

Apti+1 141 k+i

P k=t
2 U Chyyy + o0 b))

+i—‘l(b. + cec +D }

1
k i+2 ki) T % b(k+1)+1

k-1

i
% Pyt Y& Preyie2

+ ?15 {(k-i)b - (k-i+1)b }

(kH1)+i+1 D)2t PP 1y n

ki i
& Paanyrin T Pk Hie2?

v

where the last inequality is obtained since

k+1 . .
411 =EAEDD gy~ FEID gy e F Py !
= (k=-2){ bi+1 F osee 4 b(k+1)+1: 1+ (k+1)b(1:+1)+1

- (k=) { b, , + oo + b(k+1)-H:+l} 20,

by the monotonicity of {bi}z:;. Thus we get (4.7) for n = 1 by induction on %
in (4.10). Therefore we obtain

Theorem 4.2 M/Ek/l DM/Ek+1/1 DM/D/1 (k =1,2,°¢% ).

Remark Contrasted wifh the case of GI/M/1 queues, it is questioned
whether an M/D/1 queue is the smallest in stochastic ordering among M/G/1
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queues or not ? It seems to be affirmative from the numerical computations

of several models ( see Table 4.1 ), but the author cannot yet prove it.

J = 1 2 3 4 5 6 7
M/D/1 | 0.6 0.27115 [0.10926 {0.04260 |0.01652 | 0.00640 | 0.00248
M/G'/1] 0.6 0.30783 [0.14172 ]0.06304 [0.02786 } 0.01231 | 0.00544

Table 4.1 The values of P{ L >4} (p=0.6, x =1, and G'
has point mass 0.2 at 0.0 and 0.8 at 0.75. )

Using a well known formula of the Laplace transform of the probability dis-
tribution of I of an M/G/I queue ( cf. [13] ), it is easily obtained that,
in M/G/1 queues, P{ L >11}=pand P{ I > 2 } attains minimum for M/D/I. But,

it is not easy to get further results from the formula.

5. Summary of results and further problems

Now we aggregate the results in the preceding sections in the following
diagram of stochastic order relations. In the diagram, it is assumed that

queues have a common traffic intensity less than 1.
(1) M/M/1 D see D E]JM/‘Z D eee DD/M/I

(2) FB/GB/.Z > M/ﬁ/l o] FA/ GA/J

U
(k*) (k*)
Eb/CB /1 DO MVEk/J " FA/GA /1
U

(k+1%) ((k+1%)
Fo/G /1 2 M/E /1 D F,/C) /1

B

v
FB/D/Z D M/D/1 D FA/D/J

For example, we see that an M/M/I1 queue is stochastically larger than a large

class of queues from a practical point of view since A-type distributions are

often encountered in practice ( cf. examples of Sec. 2 ). That is, an M/M/I
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queue gives a safety bound for these queues at least concerning the queue
length in the steady state. Since M/M/1, MVEk/Z, and M/D/1 queues are only
easily and explicitly solved ones among GI/G/I1, these diagram will also have
practical usefulness to estimate tail probabilities.

It seems to be rather surprised that a strong relation such as stochastic
ordering holds for many queues with a common traffic intensity. But, the ob-
tained results and numerical calculations may insist that stochastic order
relations are effective in larger extent. These problems remain to be solved.
Here, we give some remarks to the queue length of a many-server queue and to
the waiting time.

The extensions of our method to many-server queues are difficult except
for special cases since the relation (3.6) must be replaced by the complicated

one for GI/G/c such as:
(5.1) eP{ 1*>j}=pP{f,>j}+>\[E{Ziilff*? s L =4)

1,1
-e{1.%

X T .
i=1 Rp 2 z Jl for any j§ > e,

where ﬁi 1 ( ﬁi 9 ) is the time measured from an arrival ( departure ) epoch
of a cusEomer té the departure time of the next customer being served by the
ith server ( 2 = 1,2,*++,c ). Special cases such that the distribution of the
service time is M or Ek are dealt with in the same way as single server

queues. For example, we can easily get, concerning the phase number in a sys-

tem,
o > = cse
(5.2) FB/Ek/c M/Ek/c FA/Ek/c (k=1,2, ).
Now we question if Theorem 4.1 is also true for a many-server queue, that is,
o = aee
(5.3)  M/Ey/c DM/E, /c (k=1,2, ).

Our numerical calculations show that (5.3) is not true for the number of cus-
tomers in the system, but it is conjenctures that (5.3) holds for the queue
length ( see Table 5.1 ).

Next we note on the waiting time. The waiting time process wouldn't be
dealt with by the method in Sec. 3. But, for GI/M/1 queues, similar results
as in Sec. 5 is easily shown. For M/G/1 queues, if M/GJ/Z D M/Gz/l in our
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NI 1 2 3 4 5 6 7 8

1 |[0.59654 | 0.23343 | 0.07003 | 0.02101 | 0.00630 | 0.00189 | 0.00056 | 0.00016

2 10.59710 | 0.23377 | 0.06913 | 0.01815 | 0.00447 | 0.00106 | 0.00024 | 0.00005

3 ]0.59746 | 0.23393  0.06861 | 0.01712 | 0.00387 | 0.00082 | 0.00017 | 0.00003

4 10.59771 | 0.23401 | 0.06828 | 0.01658 | 0.00358 | 0.00071 | 0.00013 | 0.00002

5 [0.59790 | 0.23407 | 0.06803 | 0.01624 | 0.00341 | 0.00065 | 0.00012 | 0.00002

Table 5.1 The values of P{ I, >j } in M/Ek/c (e=13, p=20.6,

and Z* is the number of customers in the system ).

original sence, then, by moment relations got by Marshall and Wolff[ 9], we

have
(5.4) Ewg > Ewg for any positive integer n,

where wl and wz are the waiting times in the steady state of M/Gl/l and
M/Gz/l respectively. From these facts, it is inferred that the stochastic or-
relations obtained in Sections 3 and 4 are also true for the waiting time.

These problems also wait for further studies.
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