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Abstract

In the inventory processes, it may be better to count the
member of items only when the supply is low, instead of keep-
ing records every periods. In this paper, the problem that we
want to study is that of determining when to examine the num-
ber of items remaining in stock. We first show that the funda-
mental equation of A-processes can be reduced to one involving
only a single variable. Secondary, we shall obtain an in-
equality connecting the returns of the A and 2 A-processes.
Thirdly, we present an estimation of error for this type of
the approximation in time using the above inequality. Finally,

we carry through a simulation of our inventory model.
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1. Introduction

In introducing the basic optimal inventory equation,
explicit use was made of the assumption that observations and
orders are made at each period [1]. The assumption however,
is a questionable one. Instead of keeping records every
period, it may be better to count the number of items only
when the supply is low, and even to pay a penalty charge for
getting items quickly when the supply is very low. The prob-
lem that we want to study is that of determining when to
examine the number of items remaining in stock. In [2], we
showed that at a certain point the cost of accuracy in quantity
of keeping record is greater than the gain that is obtained by
using the records. In this paper, we shall discuss the analyt-
ic and computational studies cf the approximation in time in
the optimal inventory processes.

We first show that the functional equation of A processes
can be reduced to one involving only a single variable, and
therefore that all of the theory developed for the special
case of A-processes is applicable in general. Secondly, we
shall obtain an inequality connecting the returns of the A
and 2 A-processes. Thirdly, we present an estimation of
error for this type of the "approximation in time," using the
above-mentioned inequality. Finally, we carry through a

simulation of this inventory model.

2. Mathematical Formulation of the Approximation in Time
An inventory model with back-lcg is adopted. The
inventory periods IO’Il"'"IR"“’IZR""’ are numbered from

left to right. An inventory model involving observation only
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at periods IO’IR’IZR""’ is considered. At the beginning of
the period nR, (n=0,1,...,N-1), we assume an observation to
be taken, and a regular order made. Assuming that we are
given the ordering cost, the penalty cost, the holding cost,
the observation cost, and the distribution of demand at any
stage, we wish to determine ordering policies which minimize

the total expected cost.

Assumptions
(2.1) X R is the stock level at the nR-th stage, prior to
the delivery of the quantity ordered at the nR-th stage and
the demand at the nR-th stage (n=0,1,...,N-1). The inventory

stock levels at other times are estimated.

(2.2) YR is the quantity ordered at the beginning of the

nR-th stage (n=0,1,...,N-1).

(2.3) The demands z are identically, independently distributed
nonnegative random variables. The continuous density function

will be denoted by ¢ (£).

(2.4) The holding cost function is given by h(z). We assume
that h(0)=0 and that h is a continuous, convex, increasing

function of z.

(2.5) The penalty cost functions are given by p(z). We
assume that p(0)=0 and that p(z) is a continuous, convex,

increasing function of z.

(2.6) The ordering cost function c(z) is given by c(z)=cz

v(Z>O)’ = 0(z<0).
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(2.7) The observation cost function d{z) is given by d(z)

=dz (z>0), = 0(z<0).
(2.8) There is a discount factor o such that O<a<l.

(2.9) h'(0)<0, p'(0)>0.

We let

(2.10) L(y,o)=fIh(y-E)e(E)dE+[Tp(E-y)¢(E)dE.
0 y

Then L(y,¢l) represents the expected inventory cost and
the expected penalty cost and ¢t is the i-fold convolution of
§0-

Let fnR(x) represent the total expected discounted cost

for nR-periods if an optimal policy is follows. Then for
n=0,1,...,N-1,
(2.11) £ p(x)=min[d(x)+c(y)+L(x+y,¢')+aLl(x+y,p?)+ .

y20

+aR-lL(X+Y,¢R)+“I§f(n—l)R(x:Y‘€)¢R+1

(g)dg],

fo(x)=min[d(x)+c(y)+L(x+y,¢ ) +L(x+y,¢%)}+ ...
R Y:O

+aR'1L(x+y,¢R)],

£,(x)=0.
We let, for n=0,1,...,N-1,
(2.12) Fn(x)=fnR(x),
1 R-1 R
gp(x,y)=d(x)*+c(y) +L(x+y,¢ ) +...+a" "L(x+y,¢")

Then we have from (11) for n=0,1,...,N-1,
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(2.13) Fn(x)=mig[gR(x,y)+aI;Fn_1(X+Y‘E)¢R+l(€)d€]
y2

=min[(d-c)x+Gn(w)],
w2X
Fp (x)=fp(x),
Fo(x)=0,
where for x+y=w
Gn(w)=c(w)+L(w,¢1)+aL(w,@2)+..-+aR-1L(W,¢R)

rafgF, _ n-8)e" () dE.

Equation (2.13) is identical with the usual optimal inventory
equation. The analog of this equation for an infinite period
model is
(2.14) F(x)=min[gR(x,w-x)+aI§ch—a)¢R*1(a)d51,

w2X

where F(x)=1ian(x).
n->-%

Then we have the following theorem.

Theorem 1. For an infinite period model, if x is the effec-

tive inventory on hand at the beginning of the first period,

and
L' (0, ¢ ) *al' (0,92)+. ..+ 111 (0, ¢y +c<0,

then (a) the optimal ordering policy in the first period is
to order max[0,x-x] units of stock, where the critical level

X is the unique root of the equation
(2.15) ad+c(l-0)+L' (w,e!)+al' (w,02)+...+a 1Lt (w, ¢8)=0.

(b) F(x) is convex and twice continuous differentiable, except
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possibly at (%=x). In addition,

(2.16) F'(x)=d-c, (x5%x),

R

=d+L' (x,0")+al' (x,02)+. . . +aR L1 (x, 0R)

+afgF (x-£)e" (8D dE

(x>x).

We show that this theorem holds for the n-period model

(n2R+1), where we replace x by in and F(x) by Fn(x).

Proof. The proof proceeds by induction on the number of total
periods in the inventory program, Specifically, we shall
truncate the model to n periods, and, subsequently, let n-»ow,

For n=1, we have

(2.17) Fl(x)=min[(d-c)x+G1(w)].
w2X

Let il be defined as the smallest value of w for which

(2.18) Gl(i1)=min [Gl(w)].
wW2X

By assumption, we have Gi(0)<0 and since Gl(w)—>co as
w+o, we infer that 0<X<ew,

Clearly, the value of w that minimizes Gl(w) also minimizes
(d—c)x+G1(w) with respect to w.

If we can show that Gl(w) is convex, then il will be the

root of the equation
(2.19) Gi(w)=0.

Differentiating Gl(w) twice with respect to w yields
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Gy (wy=c+[gh' (w-£)¢? (£)dE-[p' (E-w) o' (£)dE
vafoh (W-8)9? (E)dE-af P’ (E-w)e? (£)dE

+

(2.20)
R Lo w-g) R £y ag-oR 1T (g-wpR (E) A,
qR_1¢R

+[h(0)+p(0) ] [¢* (W)+ag® (W)+.. .+ (w)].

Since h(z) and p(z) are each continuous, convex and
increasing functions, obviously G(w) is convex and il is the
smallest root of (2.19). If follows that where xgil, the
optimal policy calls for ordering to the level il and where
x>Xy, the optimal policy calls for non-ordering.

Then we have

-cx+dx+Gl(i1), (xgxq),
(2.21) Fy(x)=
-cx+dx+Gy (x) , (x>x4),

and from differentiation with respect to x we have

/ -c+d, (x§i1) ’
(z.22) Fj(x)=
-c+d+G] (x), (x>x;),

and
(2.23) Fi(x)gO except at x=il.

These considerations prove the theorem for the one period

inventory model.
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Assuming now that the theorem has been proved for the
(n-1) period model, we shall show that it holds for an n-period

model. Differentiating Gn(w) twice with respect to w gives

R

Gy (W) =[h' (0)+p" (0)1 [¢* (W) +ag® (w)+. .. +aR TR ()]

+[gh" (w-E) ¢! (£)dE+a [ p" (E-w) ¢? (£)dE

+
+oR L g R () ag+a® L [2pr (w-g) o R (£) dE

rofgFT L weE)eR T (e) e,

In view of the assumptions, it is now clear that Gn(w) is
convex. The argument hereafter is identical to the one used
for the one period model. It thus follows the theorem holds
for the n-period model.

By applying a standard limiting argument, we can show
that Pn(x) converges to F(x) and similarly that the critical
number in of the truncated model converges to x which is the
critical number of the full dynamic model. The proof of the

theorem is complete.

3. Inequality
Let us consider the maximization of a functional of the

form
J(@=foE(p(),a(t),v(t)))dt,

subject to a relation of the form
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(a) %%=Q(p,q,V), p(0)=p,

(b) R(p,q) £0.

Here p and q are N-dimensional vectors, while R is an M-
dimensional vector function. The maximization is over q and
E is the expectation over v.

Since a solution of a problem of this type is only in
rare instance obtainable in explicit form recourse must be had
to some type of approximate solution if we are interested in
numerical results. A method going back to Euler consists of

approximating to the integral in J(q) by a sum of the form

7, (@)= igog(h(p(i),q(i),v(i))),

and
(@' p(i+1)=p(1)+AQ(p(i),a(1)), p(O)=p, (i=0,1,...,N),
() Ri(p(),q(1))50, G=1,...,M),

where

A=T/n, p(i)=p(iT/n), q(i)=g(iT/n).

Let us keep A fixed, equal to T/n, and define for k=0,1,

..,n, the sequence of functions
fk(p)=max{Jn(q)}.
It is easy to derive the recurrence relations

fk(p)=m3x(0)[Ag(p,q)+5(fk+1(p+AQ(p,q,V)))],

fo(p)=max(0)[Ag(p,q)],
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where

g(p,q)=E(h(p(0),q(0),v(0))),

=

Rj(p(O).Q(U))§0, j=1,2,...,M.

Problems of this sort were discussed in the deterministic
case, cf. [2]. 1In this paper, we shall consider the stochastic

case.

3.1. Assumption.

Let us keep A fixed, equal to T/n, and consider the
following maximization problem in n-stage decision process,
with the state variables p and i,

n
'Z

(3.1) f;(p)=max(ag; (p,a)+ lffj(p+AQ(p,q,V))Gij(V)dVJ-

J:
(i=1,2,3,...,M)
Introduce the following vectors and matrices to simplify

our notation:

£,(p) g1(p,q) Gy1-++61p
f(p)=| » glp,a)=| » Glp,a,v)= | ,
£,(p) g,(p,q) Gop1-++Gop
Q; (psq,Vv)
Q(p,q,v)=
Q,(p,a,v)
We take

(3.2) f(p)=m%x[Ag(p,q)+IG(V)f(p+AQ(p,q,V))dV],
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where it is understood that the maximum is taken element by
element.

We shall assume that g(p,q) and Q(p,q,v) are the continuous
functions with some conditions on the modulus of continuity of
the functions and Q(p,q,v). The simplest is the uniform

Lipschitz condition of the type

(3.3) llglpy,a)-g(p,y,llsKllpy-pylle,

for some K30 and o satisfying Ogagl for all q, satisfying gs

and p;,p, lying in some fixed interval [-c,c], where Hg(pl,q)
‘g(p2:Q) ”—"m%xlgi(Pl,Q)'gi(pz,Q)| and ”pl-pZ ”=m3i~x|p1i'p2i|'

Let us now consider the successive approximations deter-

mined by

£,(p)=0.
(3.4) fn+1(p)=mgx[Ag(p,q)+fc(v)fn(p+AQ(p,q,V))dv].
Assume that

(a) g(p,q) and Q(p,q,v) are jointly continuous in p,q, and
v is the region of the peD, qes and veR satisfying the restric-

tion |[pll sc;, where [lpli=max|p;|, and {lallsc, where |lq]l=max]q;],

i
Also, to satisfy (3.4) in this region, for o satisfying a?+a21.

(®) latp,a;v) llc o lIP][+h, where ||Q(p,q,v) [|= max|Q; (p,q,v)|.
1

(3.5)

(c) G(v) is integrable over an infinite interval.
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3.2. Lemma.
We shall repeatedly use the following results. The

following lemma is well known ([2].
Lemma 1.

(3.6) Tl(p)=mgx[g(p,q)+fG(V)f(p,q,V)dV],

TZ(p)=m3x[h(p,q)+chv)F(p,q,v>dv],
then

(3.7) “Tl(P)'TZ(P)!|§mgx[“g(P’Q)-h(P»Q)|l+f“G(V)”
| £(p,q,v)-E(p,q,v)ildv].
Let h=max|{Q(p,q,v)|| and let us call the interval
[-clhkA, c1+hkA], the k-th interval. We choose T and A so

that with ¢ in the initial interval, the n-th interval is

contained in [—CZ,CZ]. In this way, we preserve uniform

bounds.
It is essential for our proof to establish a uniform

Lipschitz condition for the member of the sequence.

Lemma 2. Consider the sequence {fk(p)} as defined by (3.4)

under the condition of the Theorem. For k=0,1,...n, we have
(3.8) [lf, (p)-£ () lfzmllpy-p, 1%,

for P and P, in the (s-k+1)th interval, where m is independent

of Py,P; and is depend of k, or A.

Proof. The proof will proceed by an induction on k.
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We have
fl(U)=m3xAg(u,q),
(3.9)
fl(W)=m3§Ag(w,q'),

where q and q' satisfy the constraints qeS, q'eS.

Applying Lemma 1, we obtain the inequality
(3.10) ||f1(u)-f1(w)H;mgmllg(u,q)-g(w,q)lIgKAIIu-wII"‘.
Assume that we have demonstrated that

(3.11)  llf@)-£w) ||k [Ju-w [|%,

for k=0,1,2,...,n, for u and w in the (n-k-1)-th interval.
Turning to the recurrence relation and applying Lemma 1, we
obtain the relation
(3.12) ka+1(u)-fk+1(W)I|§mgX[ ollg(u,q)-g(w,a) i
eIl I £ (uraQ(u,q,v)) -f(w+AQ(w,q,v)) [[dv].

If u and w lie in the (n-k-2)-th interval, the points
u+AQ(u,q,v), w+AQ(w,q,v) will certainly be included in the
(n-k-1)-th interval.
We have
(3.13) [y, @ -£ W [ <a K]Ju-w]|*+[[|6(v) || {K a]|u+AQ(u,q,V)

-w-AQ(w,q,v) ||*}dv
(KA K) A lJu-w]| *+A Ky a2 [u-w]]®

=(Kk+A1K-A1KkA)AHu-wH“
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for a fixed constant Al’
This shows that we can take Kk=A2kK, for some constant

A,21. Since KAgn = T, we see that we have a uniform Lipschitz

condition.
We now wish to demonstrate a result concerning the

stability of the sequence {fk(p)} under perturbations of the

function Ag(p,q).

Lemma 3. Consider the two sequences.

fk+1(p)=mgx[Ag(p,q)+IG(VJfk(p+AQ(p,q,V))dv},

(3.14)

Frep (P)max[8g(p,a)+[GOV) £y (p+2Q(p,a,v))dV],
with

fo(p)=mngg(p.q),
(3.15)

Fo(p)=mngé(p,q)-
We have, under the hypothesis of the theorem,
(3.16) || £, (p)-F(p) ]l g Khmax max Il ag(p,a)-g(p,a)ll,

for k-0,1,...n. The notation max and max signifies that the

maximum is taken over k-th interval as defined above.

3.3 Inequality.

Let us now prove some inequality.
We shall obtain an inequality connecting the returns of

the A and 2A-processes.
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To define the A-process, the interval [0,T] is divided
into equal interval of length A. Choices of y are made at
the points 0, A, 2A and so on. The ZA-process is defined,
with intervals of length 2A. Let {fk(p)} denote the sequence
of returns from the A-process, as defined by the recurrence
relations of (3.4) and let {Sk(p)} denote the sequence of
return from the 2A-process.

Let us now define the following intermediate process.
The interval length is A, but the policies are restricted to
those which employ the same gq-value at the point 2kA and
(2k+1)A. Let {th(p)} denote the sequence of return obtained
in this way.

Then

hg () =0,
hz(p)=max[Ag(p,q)+AfG(V)g(p+AQ(p,q,VJ,q)dV],
(3.17)
hyjerz (P) max[68 (2, ) *4[G (V)8 (p+8Q(P, 0,V ,q) dv
+[G(V)dv[G (v, h, (p+4Q(P,q, V) +8Q(p,q,V,)) dV]

Here q is subject to the constraint qES.

It is clear that
(3.18) hy (P)sfy (p), (k=0,1,2,...).

Let us now compare hzk(p) and ka(p).
It is easy to show that the sequence {th(p)} satisfies

the same type of uniform Lipschitz condition as the one we
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derived for {fk(p)}.

Hence we may write

(3.19) h2k+2(p)=m%X[2Ag(p,q)+IG(V)h2k(p+2AQ(p,q,VJ)dv+Ek(p,q)],

where

(3.20) || By (p,a) || sapa®tt*®),
since
(3.21)  4[G(v)g(p+4Q(p,a,v),q)dv=g(p,q)+a st "®,
and
(3.22)  [G(v)dv[G(vy)h, (p+AQ(pP,q,V)+ 8Q(P+4Q(P,q,v)))dVy
= [6(v)hy (c+28Q(p,q,v) +0 (67 *))dv
= [6(v)h,y (c+28Q(p,q,v) ) dv+0 (42 (¥,
Applying Lemma 3, we see that
(3.23) || hyy (0)-S () II ga, (na) a0 "La 1,
where b=oa(l+a)-1>0.
Combining (3.18) and (3.23), we obtain
(3.24) £, (p)-Sy (p)2-a,TA"
4. Approximation
Let us now consider the inventory control process
described above. To define the A-process, the interval [0,T]

is divided with intervals of length A. Let fk(x) denote the

sequence of return from the A-process, as defined by the re-
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currence relation.
(4.1) £ () =min(A(d00)+e(w-x)+Lw, o))+ [y ) (w-E) ' (£)dE].

To define the 2A-process, the interval [0,T] is divided
into equal intervals of length 2A. Choices of y are made at
the points 0, 2A, 4A and so on. Let {Sk(x)} denote the

sequence of return from the 2A-process
(4.2) Sk(X)=w§Q[A(d(X)+C(w-X)+2L(w,¢2))+fgSk_2(W-E)¢2(E)d€]-

Let us now define the following intermediate process.
The interval length is A, but the policies are restricted to

those which employ the same y-value at the points 2kA and

(2k+1)A. Let {hzk(x)} denote the sequence of returns obtained

in this way. Then
ho(x1)=0
hy () =min [A(d(xp) +e (w-xy)) +AL (W, 1) +A(d (x,) + (w-x,))

(4.3)
+AL(w+ (w-x,), ¢9)1,

hék+2(X1)=€%§£A(d(xl)+C(W'X1))+AL(W,¢1)+A(d(x2)+c(w-x2))
+AL (w# (w-x,) , %)
+fhyp e (w-x,) ) 0% (£) de]

(i=1,2)
Let M be an arbitrary nonnegative integer. Consider the
dynamic inventory process in which for n>M periods remaining,

the ordering is based on the single critical number il, for

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



Time in Optimal Inventory Processes 57

fk(x) and iz, for gk(x), and the ordering decision is based on

the optimal critical number.

Let us put M=0 without loss of generality. We see that
f,(x)=h_(x)
(4' 4) A(d(xl)+c(i(2) 'X1)+2L(i(2:} 3902))+[B°Sn_2(}_((2) 'g)@z(g)dg’
Sn(X1)= (x1§)_((2)),
A(d(x)+2L(x;, #9))+[55__, (x;-E)¢? (£)de,
(x1>i(2)),
A(d(xl)*‘C(Xl,'Xl)"‘L(X(l) ’ ng)"‘d(Xz)*'C(X(l)‘Xz)
- - 2 © - - 2
*L(X 1y +X1yX ¢ )+ ghyn o (X (1) #X (1) X,-E) 0" (E)dE,
(Xlii(l) ,xzéi(l)) ’
A(d(x1)+c (3—((1) ‘X1)+L().((]) > 9’/1)+d(X2)+L()_((1) ’?’2)
5B 0.2 (g, -8) ¢ (8)dE,
(x1§i(1),x2>i(l)),
Bon(xp)=
BA(x1)+L0xq, 1) (Xp) * 2R (5) X, *L(X #X (1) X5, 01))
+j6°h2n'2(xl+)_((l) ‘XZ'E)GDZ (E)dgo
(X1>)_((1) :Xzéi(l)) ’
b

B(A(x))+d(xp)*Lix ¢ +L(x,6%))

+I:h2rl_2(xl‘g)q2(£)d£,

(x1>i(1),x2>x(2)).
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Let us now compare h2n(x) and gn(x). There are the

following possibilities:

I. X1§’-‘(2)’ X1§’-‘(1)’ ngi(l),
II. xlgi(z), Xléi(l)’ X2>)_((1)’
ITI.  X)$X(5y, x1>i(1)’ x2”_‘(1)’
IV. x1§i(2)’ x1>i(1), x2>i(1),
Vo xp<X(g) XpX(qy, XpSX (g5,

VI. x1>x(2), x1>x(1), x2>x(1).

Let us set
(4.5) |l h,x)-s; ) |lgall By Il (i=1, II, III, IV, V, VI)
I. Applying Lemma 2 and Lemma 3, we see that
(4.6) Il hy (x) =8, GOl all By [T+ [5thyy o (kg +X 1y -%5-8)
“hyy(RpymE) Yol (B)de
3 tn- 2R (2)78) "8y (R gy -B)e? (£)dE
§A||Elf|+Kkj|i(lfi(l)~x2-i(2)||“+(a2TAb-2)A|]Eln

A C2n-1) || By || +Ky || X (qy+% 1y x,7% 5y 1,
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where

X 1 +X 1) X2

E1=d(x2)+c(2i(1)—i(z)-xz)+(p+h)(fi 0% (£)dg
(2)

. )
-1, B @) -er yae- e 2y ap)
i
=(d_c)x2+c(2i(1)-i(2))

X gy +X 14 -X x X
seprn) (). T o2 eyar (B o2 (6)de- [ (Do (£)4E).
@ *(1)

Similarly, we have the results for I1I, III, IV, V, VI.

5. Simulation and Summary of Results
Let us put

£<0,

1 0,
.0 ¢l |
Ae-ka’ 620,

Then we have

0, £<0,
o (£)=[5et () ay= { A age *E,
1-e ' £20,
0, £<0,
o2(5)= 50 e yye nay= | ae,pnEs
l-e £>0,
) ) 0 £<0,
5.2)  oR@)=f5ef eyt T (ynay- { .
1_R£1A1gle-ki’ £>0,
i=o i:

and

- 1 _p-c(l-0)-ad
x(1)|¢ (g)_E_%éﬁ_ﬂ__ﬁ_,
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c(l-a)-ad
p+h ’

. 1 2 gyoprop-
(5.3)  x(pyle7 (E)+as”(g)=R20

R .
R (p+Z al)-c(l-a)—ad
i=0

- i _
X(R) |i§1‘b (&)=

p+h

Several inventory systems were simulated, in order to
observe the effect of the delay of observation and ordering on
the average inventory carried, the average shortage, the
average replenishment per week and the total expected cost.

The results of the simulations are given in Table 1 and
Fig. 1. As we might have expected, the shortage and the total
expected cost increase with increasing variability. Thus we
can determine the time of observation and control that balance
the cost of emergency, the cost of observation, and the

expected total cost that is obtained by using approximate times.

Cost

Total cost

- Cost of observation

A 24 44 84

Duration of observation

Fig. 1 Total cost and cost of observation
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Table 1

Values of Il, Iy, 13 and average total

simulation when A, 2A, 3A, 4A.

cost in a 100-week

A 24 3 4
107.1 140.3 171.1 203.2
14.1 12.9 13.3 22.82
101.0 106.7 102.7 99.4
193.7 219.8 252.9 342.0
Table 2
Values of Il’ IZ’ Ig and average total cost in 100-week
simulation when L=0, L=1, L=2,
L=0 L=1 L=2
105.1 148.9 182.8
17.3 20.0 24,0
106.1 106.6 107.0
210.1 271.0 328.9
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6. Discussion

Essentially our conclusion is the following. If we demand
complete knowledge of the system at any stage, an appreciable
time is required to accomplish this. During this tiﬁe, the
system is uncontrolled. In either case, the cost is increased.
If, however, we use incomplete knowledge of the system to make
a decision quickly, there is a nonnegligible probability that
a non-optimal control action will be taken. We cannot have
complete accuracy in both information and control.

Following this idea, we have examined the optimal inven-
tory equation with a delay in delivery. If we use the system
with a delay in delivery, there is an increased cost in total
expected cost. In either case, we need the emergency cost.

The optimal inventory equation with delay in delivery is
the following. Specifically, let us assume that an order be
placed at the beginning of the period after A periods from
now. It is possible to write a functional equation as before
-- the difficulty is that the functions involve X variables,
current stock x and orders yj(j=1,2,...,A,...) due in the
subsequent A-1 periods.

If excess demands are backlogged, fn(x,yl,...,yx_l)
represents the expected discounted cost for an n-period

problem when an optimal policy is followed. Then

(6.1) fn(x,ylyz,...,yx_1)=L(x)+f§L(x+y1-s)¢(s)ds+...

A-1

A-1 o0 A-1
fal T QL B yios)e(s)dste, (xv I ys),

z
i=

where gn(x) satisfies the functional equation
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(6.2) gn(x)=$;§{d(x)+c(y-x)+aXIzL(y-s)¢A(s)ds

+af;gn_1(y—s)¢(s)ds}.

Othér than replacing L(y) by aAfgL(y-s)¢A(s)ds, fhe equation is
identical with the zero lag time equation.

The effects of the delay in delivery can be seen by
examining Table 2. In order to make meaningful comparisons the
results L=0 and i(l) should be compared with those for L=1,x

and L=2,x It appears from the table that the delay tends

(3)°
to increase the expected total cost. Thus we can determine
the delay in delivery that balances the cost of emergency and

the total expected cost.
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