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Abstract

This paper considers a system composed of two subsystems connected
in series. One consists of an active and a warm standby unit where they
are possibly dissimilar, while the other consists of several different
units connected in tandem. Each unit is repaired upon failure by a sin-
gle server and the failure rate is assumed to be constant,while the re-
pair rate need not be constant. The system fails if both units in the
standby group are simultaneously in a failed state or if any failure in
the tandem group occurs. The system availability and the time to system
failure are discussed. Finally, it is shown that our results include

several earlier results as special cases.
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1. Introduction

As is well-known, standby redundancy is one of the basic methods to
increase reliability and depending upon the state of the redﬁndant units,
the redundancy of a unit falls into one of the following three types :
cold, hot and warm. The last one is the most general type of standby re-
dundancy since the first two are to be derived as special cases. In this
paper, we discuss a system composed of two series subsystems. One con-
sists of an active and a warm standby unit where they are possibly dis-
similar, while the other consists of several different units connected
in tandem. A two-unit redundant system has been studied by many authors.
For instance, Gnedenko et al. [2] investigated a two-unit warm standby
redundant system and Gaver [1] investigated a hot redundant system of
two dissimilar units. Our model considered here is a generalized one of
their models and we show that our results include their results as spe-
cial cases. In Section 3, we analyze the system availability and in
Section 4, the time to system failure are discussed and from their re-
sults the long-run availability and the mean time to system failure (MT
SF) are derived. In the final Section, a few remarks concerning about a

generalization of our model are stated.
2. Definition of the model

In this paper, we discuss a complex system composed of two series
subsystems, U and V. Subsystem U consists of two possibly dissimilar
units A1 and A2, one of them is in an active state and the other is in a
warm standby state, while subsystem V consists of n different units AOl’

vees Aon connected in tandem. The faillure rate of each unit is assumed

to be constant and the failed unit is repaired by a single service chan-
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nel. Denote by Ai>-0 the failure rate of unit Ai when it is in an active

*

state and by Ai when in a warm standby state (i = 1,2). Obviously, for
* *

Ai = Ai, we obtain the case of a hot standby, and for Ai = 0, we obtain

the case of a cold standby. Analogously, Ao* denotes the failure rate of
unit A , (j = 1,...,n) and let A = Z.E A .. Moreover, we assume that the
oj o %4j=1"0j

repair time distribution function of unit A, has the probability density

i

function
X
gy (x) = ui(X)exp[-Jui(u)dU,l , (i=1,2)

where the function ui(x) is equivalent to age-specific failure rate in
renewal theory and the operation of each unit is fully restored upon re-
pair. Similarly, let

X
goj(X) = uoj(X)exp[ -! uoj(u)dul s (3 =1,...,n)

be the probability density function of the repair time of unit Aoj' We
denote by §i(s) the Laplace transform of gi(x) with the first moment oy
and by §oj(s) the Laplace transform of goj(x) with the first moment aog

When an active unit in U fails, the standby unit takes its place instan-
taneously. The active unit is repaired, and then put in standby. The
system fails if both units in standby group U are simultaneously in a
failed state or if any failure in tandem group V occurs. When the system
is failed, the failure rate of each good unit is zero. To shorten the
sojourn time in system failuré, in this paper, we adopt the following
repair policy. If a unit in V fails when a unit in U is being repaired,
then the failed V-unit has a right of replacing the U-unit from the
service channel and the preempted U-unit obeys the “repeat” rule so that
upon re—entfy its repair is to be started from the begining. The relia-
bility of detecting and switching is one and time to switch over is neg-

lected.
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3. System availability
3.1 Differential equations
First, we introduce the following notation.
A?(t) denotes that Ai is in an active state at time t,
Ai(t) denotes that Ai is in a warm standby state at time t,
Ai(t) denotes that Ai is undergoing emergency repair at time t,

AY(t) denotes that Ai is failed and waiting for the service at time t.

The notation Azj(t) etc. are analogous to A?(t) etc..

Next, we define the possible states of the system as follows:

E (t) = AJ(E) A AZ(E) A AD (1)

E,(£) = A7(E) A AS(E) o AD(E) Fp5(0) = i(t_),\A;_(t_),\Agj(t)
Ey(t) = AT(E)p AL (E) A AD (1) Fay(t) = tﬁ.(_t-),\l-\_z—t),\ Azj(t)
E,(t) = AJ(£)n AJ(E) o AS(E) F;(t) = AT(D) A A5(E) A AL, (0)
Fi(8) = AJ(E) A AY(E) 4 AT(E) B3 (0 = AT AA (D) A A (D)
Fo(£) = AJ(E) A Ay (E) A A (E)

where Az(t) = f\j:lAzj(t) and the underlined unit is stopping its op-

eration for the system failure. Thus it can be noted that E.(t) means
that the system is operating and F.(t) means that the system is failed
at time t.

Finally, let e(t) be the elapsed repair time of the unit currently
in service, if any, at time t and define the following state probabili-

ties:
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p,(0) = P{E (D) | E(®) , (1=1,...,8

p, (£,x)dx + o(dx) P{Ei(t),\[x< e(t) < xrix]] E (@) , (1 =3, &

i
[
-
N
~

q(t,x)dx + o(dx) = P{Fi(c),\[x<e(t)< x+dx] | El(O)} , (1=

445 (E,)dx + o(dx) = P Fy (D), [x <e(t) <xrax]| E; ()}
(i=1,...,46 ; j =1,...,n)
By including the parameter x, after the method of supplementary varia-
bles, the process becomes Markovian and the differential equations for

the above probabilities can be derived in a usual way:

t t
(¢D) {gz +()\°+)\1+>\;)}Pl(t) = ! Pa(t,x)u, (x)dx + Zj:IJ qu(t,x)uoj (x)dx,

t t
d * n
@ 5 +“o“1“2)} P, (1) J P, (t,x)u; (x)dx + ZJ'=IJ 4y (£,0u; (x)dx,

3) 5%?+g—x+[>\o+ At uz(x)]} py(t,x) =0,
@ {5+ 55+ Dot A+ v} py (e = 0,

©) {% + % + ul(x)} ql(t’x) = >‘2p4(tsx) s

® 13+ 40,000 0,0 = apyen

|

1
[

gy @) 4 (e = 0. @=Lk = L)

|
re
o)lo)
b

Each of these equations is to be solved under the following boundary

conditions (8)-(11) and the initial condition (12).

t t .
®) P3(t,0)=A;P1(t)+X2p2(t)+J q, (£, 00, (0 dxt zj:l! 435 (£:20, (O dx,

t t
(9 pa(c,0)=Alpl<t)+xip2<t)+J a4, (€, 3) b, (x) dxct Zj:li SN CR SN CLE

(10) q;(£,0) = 0, (1 =1, 2) (1) . (£,0) = A 4, (B,

[

(12) p,(0) =
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3.2 Solution of the equations
Denote by ﬁi(s) etc. the Laplace transform of pi(t) etc.. Substi-
tuting the solutions of (3) and (7) into (1) and applying the Laplace

transform to it, we obtain

- _ - - - n -
(s M1 y) Py(s) = 1+ B3(s,008, (s 1) + By(s) L5 g2 i85(s) »

which gives

13 B1(8) = [1 +54(5,008, (s H D 1/a (s) ,

AN _[1-E_(s)] and & () = + L. LB (s)
172 et 8, o X L3 o3

where al(s) = s\ j=1"0j

By the similar argument to the case of ﬁl(s), it is shown that

18 By() = B, (5,008, (sHA ) [a,(8)

%
where az(s) = s+Al+A2+Ao[l—§o(s)]..

Since
t .
p,(0) = [ b (t,0dx, (1 =3, 4
o
it is easily shown that
(15) By(s) = B5(s,0)[1 = Ey(sth +A )]/ (s¥A +2y)
(16) B,(5) = B,(5,0)[1 = &) (s¥A +1,) ]/ (s¥A_+1))

On the other hand, applying the Laplace transform to (8) and substitu-
ting the solution of (5) into it, we obtain

A

= o R - o —
an P3(s,0) = szl(S) + XZPZ(S) + ;;;;;’p4(s,0) x

x [gy(s) = gy (s+h +A))] + A g (s)P,(s)
Substituting (13)-(15) into (17) and rearranging with respect to §3(s,0)
and 54(s,0) yields

*

g (s)
& A A g

2 5 o°o _ _
T a @ 82 T e [1-820->]} B,(s,0)
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18 {22 g0 + o2 CIORAD FACKD
(18) a, () gl At g, (s gl } p,(s,
*

a;(s) 7’
where §1(~) = §1(s+Ao+A2) and §2(n) = §2(5+A0+Al).
Analogously, from (6) and (9), we obtain

A A
1 l
5a &7 826+ 50 5,601) B350
Ay A B, (s)
1 - 0°0 - -

(19) - @ RO " s, (18, ()1} B, 0,0

M

a; (s)
The solution to (18) and (19) is

_ Al(s) _ Az(s)

(20) p3(s,0) = A(S) > pA(S’O) = _A—_(—S_) >
where
(21) A(s) =
Az—al(s) A

- * . _ 2
S @y ()11 B, (5)-1518, ()}, *o+*2{ L ()8, ()11 B (s)-s-A] 18, (- )

Al - . 2(s) _ * _
;;;;I§a1<s)g2(s>+lx (8)-5-A3 1, (- )} 5 = ENONINROEWEAS

; *2§
)\+)\2

*

Ay s a5 ()F) ()+D\ B, ()-5-1] 18y ()}

(22) Al(s) =

*
a2(s)—)\l _ %
Mo s, {0y )+ B, ()11, ()}
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*

a, (s)-X

v ral CHOL R ORW N P

az(s) o1

(23) b5,(s) = —
2 ul(s) N

- X;‘l‘Tl io‘l(s)gz(S)+[)\o§0(s)—s—A;]Ez(--)}, A

Now, we define the probability

(24) pA(t) P lat time t, the system is functioning | El(O)}

4
Licy Py(®)
From (13)-(16), the system availability pA(t) is determined by the

Laplace transform

5 (o) = 1 N {gz(s+ko+Al) 1—g2(s+xo+x1)} 5 (5.0
A ul(s) al(s) s+AO+A1 P3is,

(25)
gl(s+A0+A2) l—gl(s+ko+A2)

+S o (s T ehom, }54(3,0)

where E3(s,0) and 54(5,0) are given by (20) with (21)-(23).
3.3 Long-run availability

By applying an Abelian theorem to (25), it follows that

. 4 -
lim py (0 = Lim s [y 1) 49
(26)
. S— lim sp.,(s,0) + S - I lim sp, (s,0)
- s ] )
(X0+Xl)(Xl+X§) 80 3 (A0+X2)(XT+X2) s8>0 4
A= A+ -2E (0 +2
where = (A 2) ( o~ 2)g2( oF 1)9

>-]
il

* * _
A )+(A =A B (A +A,)
Clearly, by (20) and (21), it holds that

) ) Al(O) A2(0)
27) lim sp,(s,0) = , lim sp, (s,0) =
850 3 A" (0) 830 4 A~ (0)
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and, by (21)-(23), after some manipulation it is shown that

(28) 47 (0) =

1 ‘ * - * _
(*o+*1)(*0+*2) Alxz[(x1+xz)al+gl(xo+az)]A + Xlxz[(A1+A2)a2+g2(ko+Al)]B

1 2
AN S ok el COLIVLI AB} ’
o2 o 1
Ay (A H)
(29) Al(O) = - B>
o2
AL O
_ MY
(30) A2(0) NSV A,
o1
1 n
where ¢ X~'zj=l ojaoj

Combining the above five equations (26)-(30), we obtain the long-run

availability

py(=) = lim p,(t)

(31)
i Apth,
s
AO&AI/(A0+A2) + A, (A #A)) + (xl+x2)ao} +Ah, C
where
Ao+, (A 42 A Yo g (A 4
e Pt OG0y GyPe,tE, 00ty

* * _ * *__
(Al+k2)+(Ao—Xl)gl(ko+k2) (X1+X2)+(XO—X2)g2(XO+X1)

3.4 Special cases

1) Consider the case in which the two units in U are identical. Then
A=A, A:=X*, gi(s)=g(s), a;=a (i=1,2), and (31) reduces to

-1

*
A O Datg (A _+3) ]

o
(32) p,(®) = [————-+ A a + = -
A Moth e GG VRGN

2) In the case when the subsystem V = {Aoj; j=l,...,n} is absent, set-

ting Ao= 0 in (31), we obtain
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1,1

A A

* - * -
63 l+)\ 2)a l+gl [ 2) . * l+)\ 2)(1 2+g2 * 1)

(33) pA(m) =

* *s 0 A% o
GRIAE ) 0P8, (00)

This gives the long-run availability for a warm standby system having
two dissimilar units.
3) Consider the particular case where ui(x)=ui (i=1,2). Substitution

-1 .
of C T gi(s)=ui/(pi+s) (i=1,2) into (31) yields

-1

1 "2 2 1
(34) p, (=) =il+}\a + —- + —=
A 00  u, Ahr * U, A,+A *
171 2)\l+)\2+ul 21 2)\1+)\2+uz

A TN Al A TN
A 1™ 1™ }

It is noted that, in this case, the repair rate of each unit in V is not

constant.
4. Time to system failure

In the preceding section, the Laplace transform of system availa-
bility and the long-run availability for our model have been derived. In
this section, we shall deal with another important operational measure,

the time to system failure, and then derive the MISF. Let n(i)

be the
time to system failure, measured from an instant at which the process

has entered the state Ei(i=1,...,4).

4.1 Differential equations and its solution

Define the following state probabilities:

i i ;s
JRIOES SR CIN TR’ NN} RN R

piD (e, mdxro(an) = 2| By (O)lxee () xrdx] nPoe) | B @)
(G=1,...,4 5 1=3,4)

p(l)(t) = P jat time t, the system is in a failed state E,.(0)/.
f i
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The distribution of the time to system failure can be derived by argu-
ments similar to those used in Section 3. To do this we consider the
modified process which ceases as soon as the system failure occurs. The

differential equation for this process are :

CON] L+ +x1+x;)} pii)(t) - J (i)(t X, (X)dx
[o]

36 &+ ominn) et - J D (£, 0u, (x)dx
(o]

BN I+ it Do,y pgi)(t,x) -0,
R L PN B RO
G %)@ =g+ apiPe + P @

The boundary conditions are :

(40) p{P (6,00 = 5P (0) + 2 pP (o),

(41) i (0,0 = apP 0 + 2}p$ ()

The initial conditions are :

(42) (1)(0) =61 (1)(0) =65 (1)(0 x) = §,,6(x) ,

(i)
Py (0,x) = 85,800

where §(x) is the Dirac delta function and Sik is the Kronecker symbol.

We denote by p§l)(s) and 5§1)(s) the Laplace transform of p§l)(t) and
(l)(t), respectively. Then, by using arguments analogous to those in

the previous section, we obtain

A . 1-8 (s+x +A;)
_(1) _ o *_ (1) - (1) 2 1
(57hg0pg " (8) = 57 % Ay [853+AgP) 7 (9)4A9Ry " ()] o33,
(43) -
1-8, (s+3_+1,)

b
S+A0+A2

2,08, (93058 ()]
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_(i)

in which, p( )(s) and (s) are given by

(44) B0 () = {Ish 9,121, (D 118,4 58,6
+ ngz(") [Gizﬁi[‘gl(’)]} /D(S) LX)
(45) 3P sy = {1sh 0 A (118,45, E ()]
2 0 M1 A8 ) 1019701481

-+

A B () [8; 45, ,8,6)1}/D(s) ,

h = +A +, * 1-g +A ) +A* 1-g, (- A ALE g
where D(s) = {S )\0 >\2+>\l[ _gl( )]}{S O+ 1 2[ _gz( )]_} 1 zgl(')gz(')
and suppressed arguments are - Es+Ao+A and -- =s+x _+X

2 o 1"

The Laplace transform of the distribution of time to system failure
E {exp[—sn(i)]l = Sp(i)(s)

can be derived from (43) with (44)-(45).

4.2 Mean time to system failure (MTSF)

Consider the system where the tandem group is absent in our model,
i.e. , the system consists of only a two-unit warm standby group. Let
(1)

g(l) be the time to system failure, analogous to n , in that system.

Then it is easily shown that
(46) E {n(i)} - %;-[I-E{exp[—hog(i)]}}

On the other hand, putting A0=0 in (43) gives

, 1-g, (s+1.)
B {expt-se D)= oy 1, 0731 Y (040550 (901 —2
1
47 18, (s,
= (1) = (1) g1 s
+ A, [85, 4Py (s)ﬂzp (s)] s+, s
where
3 (8) = {1swa, e -ATE, (5+1,) 116,148, 48, (52 )]

MBp (A (6,46, () 1}/ D(s)
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(1)(5) {[s+k

*_ T
1 2—A2g2(8+kl)][612+é (s+A2)]

1481
M Bq (s%h)) (8,148, 38, (stA D1}/ D(s)
and

D(s) = \s+x +Al[1 g, (st )]}{s+>l+x2[1 g, (sth )]}
- A1A2§1(5+A2)§2(s+kl)

Substitution of (47) with s=A_ into (46) gives the MISF E {n(l)} for

our model. For instance, in case i=1, it holds that

1-g, (A _+1.)
i} = {0 0+ 0pP 01—
o o'l
1-g. (A _+2,)
(1 (1) ; 1Y% "2
- A [*1P1 (*o)+*1p2 (] Aoy }
(48)
x 1- gl(x +A2)
= \()\ +)\ )[l+)\1 ——m- ] + [)\ (A +Xl+)\2)
* * _ 1-g, (A _
+()\1X2—)\1)\2)gl()\ +)\2)] —H’T—}/ D(}\o) .
Similarly, it is shown that
1-g. (2 +1))
E in(z)} {(x AL+ )[1+A; ———%;131 S [AI(A0+A1+A;)
(49 LOH
+(A2 -xl 2)g2(A0+A1)] 'X;ii"__—.}/ D(A )
1-8. (A _+1.)
(50) E {n(3)§ - ———%;;%I—l— + By A E {n(l)}
1-B. (A +A)
1 E ) - -——%;:%;—Z— + 5,00 )E |0}

4.3 Special cases
1) Consider the case where U is a two-unit hot standby system. Then

*
Ai = Ai (i=1,2), and

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.
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E{n ) - £{a @}
A A
(52) 1+t (18,0 9 )] + - 18,09
o 2 o

ko+kl [l—gl(A°+A2)] + Az[l—gz(Ao+Al)]
Setting X0=0 in this, we obtain the formula (5) in Gaver [1]

2) Consider the case where U is a two-unit cold standby system. Then,

A %=0, and
4=0» an
AP
o (O 9 0 )+X6H1glOdH2HL120JAR]
(53) E {n } = ,
OGP ) O P )=A MoE (P )E, O 9 )
A
(O 2

IRV r By (P [1-8 O P )]

o e{n®}-

=A A

Qg+ 22741981

(O g+ ( g+ (gt

1) 28,
3) 1In the case when the subsystem V is absent, setting A0=0 in (48)-
(51), we obtain
E{n ") = {00 A DDE 0 18,0010,
(55)
1O [1-8; 013,95 079 [1-8,0 ) 14 } / Do)

-5 (A
CONE ST =3¥§Eiil-+zzol)E{n”J}
1

where D(0)={A,#\] [1-8, (\,) 1} { A #2511~ 8,010 B 08,0 ). E in(zu
and E {n(A)} are analogous to E {n(l)} and E {H(B)} , respectively,
and these yield the MTSF for a warm standby system having two dissimilar
units. Moreover, if we put Ai=A, X:=A* and gi(s)=g(s) in (55), then

we find a well-known result

(1) 1 1
(57) EAn = - 4+ ———
) O ™) [1-g (V) ]

(see e.g., Gnedenko[2], equation (6.2.4)). On the other hand, if we put

*
>\1=0 in (55), then
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PR Y
(58) p{n®)-L 2 1

which coincides with the formula (19) in Osaki [3]
5. Conclu8ion

As a natural generalization of our model, it may be thought of the
case where subsystem U consists of three or more dissimilar units. How-
ever, as is clearly foreseen, the possible states of the system are too
cumbersome to solve the corresponding differential equations and its
complexity is caused by the condition ¢ dissimilar™ . If all units in
subsystem U are identical and the other assumptions are similar to those
stated in Section 2, then the problem can be solved and the results will

be appeared in the near future.
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