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Abstract

The reliability of repairable standby systems is investigated using
semi-Markov processes. The systems are composed of # units having
general failure time distribution with mean 1/2 and of r repair facili-
ties having exponential repair time distribution with mean 1/u. For
these systems, the Laplace-Stieltjes transform (LST) of the system
failure time distribution is derived in the form of a generating func-
tion. For indefinitely large », asymptotic values of the mean time
to system failure (MTSF) and limiting distributions of system failure
time are given. It is shown that under certain conditions, the system
failure time distribution tends to an exponential distribution as # in-
creases indefinitely. The results can be applied to the first passage
time problem of the maximal queue size of the queuing system
G/Mjr>. Some numerical examples of the MTSF and stationary availa-
bility are shown in figures for gamma failure time distributions of
units.

b Kendall’s notation A/B/s means that A and B stand for distributions of
the time to unit failure and repair, respectively, and s denotes the number of
repair facilities.
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1. Introduction

The reliability of systems with repair has been summerized by
Barlow [1] as “repairman problems.” For models shown in his book,
methods in queuing theory can be applied to the reliability analysis
of systems, where failure and repair of units correspond to arrival
of customers and service, respectively. On these problems, Gnedenko
[4] has treated the repairable system of M/G/1 type, while Srinivasan
[6] has discussed the system G/M/n—1. The results obtained by
Srinivasan are LST of system failure time distribution Fy{¢), and
MTSF, while it has been shown by Gnedenko that F«(#) approaches
to exponential distribution under certain conditions. On the other
hand, for the queue G/M/1l, Vinogradov [7] has discussed the first
passage time to the instant when the queue length becomes # from
the arrival of the first customer, and proved that the distribution of
this first passage time becomes exponential as # increases indefinitely
under certain conditions. His results can be easily translated to the
reliability problem of systems with repair. The above exponential
property indicates that, under some conditions, repairable systems
can be considered to have a constant failure rate, which is equal to
a reciprocal of the MTSF. In this case, the reliability of a system
can be easily estimated by obtaining only its MTSF.

In this paper, the reliability of G/MJr systems is discussed, and
LST of Fy#) is derived as an extension of the results obtained by
Vinogradov and the author [5]. Moreover, asymptotic behavior of
MTSEF is analysed for various values of p, which is defined by p=2/rpu.
The asymptotic values of MTSF are shown to be approximately pro-
portional to exp(cn), #*, and # in case p<1, p=1 and p>1, respectively,
where ¢ is a positive constant. Therefore, this result means that the
increase of repair capacity, rg, is more effective than an increase in
the number of spares, #—1, in order to improve the system reliability.
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228 Michikazu Kumagai

Moreover, if p=1, MTSF of systems with » repairmen and repair rate
¢ is asymptotically equal to that with one repairman and repair rate
ru, while, if p<1, this relation does not hold.

Furthermore, the limiting distribution of system failure time as
n—oo, is shown to be exponential when p<1, and unit distribution
when p>1. As is seen in the former case, which is more important
in practice, the exponential property of repairable systems seems to
correspond, in a sense, to that in Drenick’s theorem [2] for series

systems.

2. System Model

A standby system with repair which is analysed in this paper,
is the same model as in the previous paper [5] written by the author.
The system is assumed to consist of » identical units, one of which
is in operation while the other #—1 units are spares. Where an
operating unit fails, one of the spares is substituted for the failed
unit. It is assumed that there are » repairmen, each of whom can
deal with one unit at a time, and that a repaired unit joins the
spares. If all repairmen are busy, each newly failed unit joins a
queue and waits until a repairman becomes free. The system failure
is assumed to occur as soon as all » units are defective. Suppose
that the distribution F(¢) of time from the start of operation to failure
of a unit is general, and that the repair time distribution is a nega-
tive exponential distribution with repair rate g. A unit whose repair
is finished, is assumed to recover its function completely.

In this paper, the system model is described by using the ter-
minology of reliability. However, the results of the system failure
time can also be applied to the first passage time of the maximal
queue size, which makes the same stochastic prosses as the maximal
number of the failed units does. Let us consider the queuing system
G/M]r, and denote by 7. the time when the number of customers
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present in the system is #+1 for the first time under the condition
that the first customer arrives at time 0. When the arrival distribu-
tion of customers is F(f) and the service rate is g, the distribution
of z, is equal to the failure time distribution of the above standby
system with repair.

In [5], solutions are obtained for »=1, 2, #—1 and #, while in this
paper they are obtained for general » when r<n—1.

3. Fundamental Equations

Let us express the state of systems by the number of failed
units at the instants just after the failure of a unit. The transition
probability from state i to state j within time interval ¢ is denoted
by @:it). The LS transform of Q.i(¢) for systems with » repairmen
is denoted by ,gis(s). Furthermore, the LST of F(¢#) is denoted by
f(s). From [5], the LST of failure time distribution of »#-unit systems
with » repairmen, ¢n.(s) is given by

(1) nrls)=T1, FsH LS5+ S

where .S: is written by a determinant with respect to .gu(s), as
follows:

l—gun —rgu2 0 “e 0

—rgnn 1—pgun  —rgua O - 0

( 2 ) rSi: : —r{32 1-—71133 . ) 0
. . —ri-1,i
—rdi1 —rQin cee —pgii-t 1 —rQus
Elements -gu(s) are given by the following equations,
3.1 gis)=0,  k>j+1
(3.2) ga(S)=f(s+ry),  Jj=r
3.3) qi(S)= Sw e—sz<k J 1>e—(k—-l)pt(1_e—,ut)]-k+1dF(t) ,
0 —

k-1<ji<r
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— J—k+1
Gd) )= S r<ks)
r! . il Htj—rprifts—x ti—rie
— yi—-r hd —k+1 —St .
35 an=r e e | |
X——.ﬁh-exp <—y j_ﬁr] tl—(k—l)yt>
(J—m! 1=i-r+1

Xdbj—r+t -+ dts—pdtie1dF (1) , k<r<j,

where f™®(s) denotes the kth derivative of f(s). It is assumed that
all the moments of the distribution F(#) exist. By integrating (3.5),
the following recurrence relation for .gu(s) holds.

ke _14]

(4) 3] Ll PANE
=0 l
(k]_1>f(s+k—1y), k—1<j<r

r)—r<k11)[f(s+m) Az (—ppr 1

(r—k+170" T & r—k+1} G—r—D!’
><f<f"‘”(s+r,u)} , k<r<j.

By using (4), the determinant ,S,—i(s) is reduced to a simpler form,
whose elements in the jth row, kth column are zeros when k<j<r
or k>j+1. Let us define ,Wi(s) by

(5) mSi(8) =1~ f( W)+ rra(Sf(sF+rwl—T+,  ixr,

where
J
6.1 rj(S)=L];[1 S+ .
Therefore, if we set

(6) W(s, 2)= % Wrsi )22 Wi(s)

(6.1) rWr*(s)= Y(S, 0) ’
then, from Appendix 1, we have

fs+rw)Yis, 2)
{fls+rel—zf(s+rup]—zf(s+ruXl—zf(s+rp)
Here Y(s, 2) is defined by

(7 W(s, 2)=
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(8) Y(s, 2)=rs(8) +(1—2f(s+712) 2 (;)oms)yj(s, 2
where
oas)=1T Ao+l T1 Fls+Hle)

and

(9) uis, =t s il —2f s+ Dl =2 s+ 1)

Z
1~r_jf(8+ry)
r=j{,__r . .
1 fs e ) -
Here we define

ST g(k)=0, m<l, and ] gtk)=1, m<l.
k=1 k=1l

Hence »Wha-1(s) is obtained by

1 d"'-T—l
=1 a2

(10) 1Wn-—-1 (S) = s r<n-— 1 .

z2=0

Since from (1) and (5)
_ SO f(s+rm]™"
an o) = L 75 Wama(9) 4+ T s 7T
¢m(s) can be obtained by using (7), (10) and (11).

4. Numerical Examples

Here the MTSF and stationary availability for z-unit systems
with 7 repairmen are denoted by T, and A, respectively. Numerical
examples of Tnr and Anr where =35, and F(¢) is the Weibull distribu-
tion, are shown as follows. Since

O prn. r Wa-1(0)
12) Tor=—¢"n(0) f(O) (\1+'}’r—1(0)[f(7#)]"—7> ?
then fo;‘ r=3,

1z2.1) Tas=—f'0)1+s WO/ (wf 2wl fBe)l'})

From (7) and (10),

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



232 Michikazu Kumagai

(12.2) S0 =(1— f(u)) {1 — @+ 33— 5 f 2 [ + LS B

+3uf GuXL— £ |+ 2 S GO B-1)

Since F(?) is the Weibull distribution, it is given by
F(t)=exp (—t"/a) ,
where m and a are a shape, and a scale parameter.
Moreover, from [5], the stationary availability is given by
1 1
13) Am'=1—;;‘ a1 ) o -H’p)} , r<n.
ds S+ru S 1(s)

When the stationary unavailability A is defined by
A~m:1—Anr 3
then from (5) and (13) A is given by

107

108

105

104

Terx X

103

102

re/\

Fig. 1. The MTSF for 5-unit systems with
v repairmen when failure time dis-
tributions of units are Weibull.
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_ 3e sWi(0)--sWs(0)f(3p)
(13.1) A53—1/S(1+ 2 f(f2wlfGw }

where, from (7) and (10)
(13.2) sWi(0)=1— f(m)A— F(2)+3fBp)+3f (2w f(3p) .

233

For m=1/2, 1 and 2, T and As; are shown in Figures 1 and 2,
compared with Ts and As: respectively, where the horizontal axis is rufa.
From these figures, it is seen that curves T and As; are markedly
dependent upon the shape parameter m. The figures also show that
Ts>Tss and A <Ass in case 7y is fixed. This. result can be easily
explained by the fact that the total repair rate of the system is
larger for =1 than for =3 when the number of failed units is less

than 3.

107
1072
|o-3 L
o 1074
10-5

lo-S -

107

10-8

Fig. 2. The unavailability for 5-unit systems
with 7 repairmen when failure time
distributions of units are Weibull.
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5. Asymptotic Formulae for the MTSF

It is not easy to calculate the (n—r—1)th derivative of W(s, 2) in
(10) in order to obtain the MTSF, particularly when z—7 is a large
value. In this section, asymptotic formulae of the MTSF Tu are
given for indefinitely large n. Now (11) is reduced to

3 JiO)
(14) Inr(8)= (l_f(s))rﬁ/n—l(s)-’_l
where
(15) W ams(S) =, Wars Hpri()- Lf (s 47w}, m>r41,

I AS) = WH(S)lrels)
Let the generating function W(s, z) be defined by

(15.1) W(s, =3 Wres(s)e?
i=0
then, from (15)

15.2) W(s, )= W<s, m> / rs) .

Since T is given by (12), it is also written by means of the Cauchy
integral, from (7) and (15), as
1 1 -
(16) Tor= 2 +2m.2 S|21=r1 W0, z)
1,1 S ¥(0, 2)dz

T2 s1=r, {lrel—2)]—2X1—2)zn

dz

zn—-r

2 Tomia
where 71>0, i=+/—1 and

(16.1) Vs, 2)= Y<s, }Ts—ir—y)> / Tra(S) .

5.1 When 2/ru<1
When i/rup<1, it is known, from Rouche’s theorem, that equation
an Slre1—2)]—2=0
has the unique root z=4,, 0<pi<1, inside the unit circle [3]. There-
fore, when r; in (16) is set as 71<f, by means of the remainder
theorem, we have, from (16),
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Y(0, Bo) 1, L
1 nr— —4—
18) Tor= =Bl raf Crui—oten T2 T 2
where
(18.1) L.=%S W(O,z)—ffé;, Bi<n<l.
Tl |z|=r2 V4

Thus, if 2/7u<1 and all the moments of F(f) are finite, as is proved
in Appendix 2, T, is asymptotically given, when n—oo, by

_ Y0, 8y 1
(19) Tor = A Bl raf (ru(i—poler—
—*——;‘[BH-Bz-(n—?’—i—Co)]-i—"Rji2 ,
where
_ e f0) _ 1
(19.1) Bi=—gqi » B=iT
__ 1 g/ r=Je: 1 oo
92 Co= S (Mo == s,
C: o 1+2C. (7’[1)"'——7 T
(19.3) anl< 2Cb.1/2ﬂ(n—7~35 (n_r>! ( B r[lBR)
Clldrm =i\ i
KL exp <ru>]§<].)on<o> =L, a>re3.

Here Ci, Cs, C. and C;, are positive constants which will be defined in
Appendix 2. It is easy to see that R,—0 when n—oo.

5.2 When 2/ru=1
When A/ru=1, from (7] equation {17) has only a double root z=1
for |z]<1. By the same consideration as in the section 4.1, we have

_l_ 17((), z)
(20) Tm'_ yl ESIS ](l—z)[f(ry(l_z))_z]zn_r
1 Y(0, 2)dz
+27rl] SIZ|=1+5 (1—-2')[f(r‘u(1_z))_z]zn_1 ’ €>0 .

Since the integral in (20) tends to 0 as n—o, Ty is given, for suf-
ficiently large n, approximately by
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S U PN PR TAad (Y.
@) T (1= = 1-2770, -2
1 n?
+C1} +7~ f”(O)Zs ’
where 2F17(0)2 2/ F70R\? FO0)
a=rro, b+t o v (et G

and Y’ and Y’ denote 1st and 2nd derivatives of ¥ with respect to
z.

5.3 When 2/ru>1

From Appendix 3C, equation (17) has two roots, z1=1 and z:=
B:>1. In this case it is assumed that f[rp(1—=2)] is regular for Re
z<a and f:<a<o. From (20), setting ¢ as 0<e<p:—1, we have ap-
proximately, as # tends to infinity,

2 2,02 —
(1) Tw~ " rm [n—r— p—— Léﬂ— f0)—Y"(0, 1)]

1 n

+_2—~ A—rp

6. Limiting Distributions

The limiting distribution of the system failure time, as n—c and
Twr— o0, is discussed when Trr is taken to be the unit of time. From

(14), the LS transform of the system failure time distribution is given
by

SR Y (S D Ig

6.1 When A/ru<l
Analogously to (17), equation
(23) fIs+ru(l—2)]—2=0
has a unique root z=p(s) inside the unit circle for 2/ru<1, where 0<
B(s)<1. As is shown in Appendix 3A,
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(24) W rner(8] TurY1— f (s Tur))—> s
as n—oo, Therefore
(25> ¢'n7-(s/ Twr) _— 1 _]i; n-—oo .

Thus, if A/7u<1, the limiting distribution of system failure time as »
tends to infinity, becomes exponential.

6.2 When 2/ru=1
From [7], equation (17) has two roots, zi=pi(s) and z:=pa(s), for
s>0, where
0<Bi(s) <1< Bals) .
Here, and also in the next section, f{z) is assumed to be regular for
Re 2> —a, 0<a. Using the proof given in Appendix 3B, we have

(26) lim (1 £/ Tar)W n-s(s/ Tur)=cosh 4/ 25 —1
Then, from (22),
@7 lim ¢nr(s/ Tur)=1/cosh 4/ Zs .
From the inverse transform of (27), we get
4 = (=D 2 t}
< _
(28) lim PAT/ Tw=t)=1—2 5 2k+1exp[ <k+ 2) .

where T is the time to system failure.
6.3 When /ru>1
From Appendix 3C, we have, as #—o0,

(29) (= £/ Tur)W nes($] Tr) —> €5 —1 .
Therefore, as n—co,
(30) eS| Tor)—> €75 .

As its inverse transform gives a delta function 8(f/ Tw-—1), the limit-
ing distribution is a unit distribution given by
t>1,

@1) P T Tow<ty= {o i
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Appendix 1

The proof in Appendix'1, 2, and 3 is based upon the method used
in [7]. In order to obtain -Sy—i(s) in (1), we define 45s) by

(32) hi($)=rS(8)—vi(S), J>1, hr(S)=rS:"(8)—0x(s) ,

where

(32.1) oi(S) =L/ (s-+ru)P—r+t {g 0w<s)< ;) <;{—l>1_r+rr_1(s)} , j>r,
rSr*<S): (1 —f(s))r Wr*(s) +T'r($) .

Expanding the simpler form of the determinant ,Sis) by elements of
the last row, we have the recurrence relation for %s),
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(33) hi(8)+ hy-1(S)ai(s)+ hs-s(s)as(S)as(s)+ « +
+ Brs1(8)@s-r—1(SH a2+ hrS)as—(s)aus)P T 1=dy(s) ,
ji=r
where
34 ak(s)z(;“l‘:&)kf"‘)(s-l-ry)—ﬁm, £>0,

d(s)=(1— DL s+ re)P- {m(s)

+2 < )<rrl>k_H-<1—;£7f(s+lp)>0u(3)} )

k>r,
and d;: denotes Kronecker’s delta. Furthermore generating functions
A(s, z), H(s, 2) and D(s, z) are defined by

(35) A(S, z)=1+i a}(s)[ao(s)]j—lz-’ ,
H(s, z)=§ heif(8)2

D(s, )= dres(8)2? .
i=0

Then from (33) we have

(36) H(s, 2)A(s, 2)=D(s, 2) .
From (34) and (35),
37 A(s, 2)={fls+re(l—zf(s+rp)l—zf(s+rm}/ f(s+rp),
D5, &)= (1- N =1+ 53 (1)
X ——1"" <1—;,——]f($+]ﬂ)>011(8)}
*—f (s+7)

Moreover we define generating functions for vis) and »Si(s) by
(38) Vs, =3 0rid ), S(5, 2)= 33 sSsurl )20 +-S¥(s) .
j=0 =1
Then, using (32.1), we obtain
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(39 Vis, =gl s+ 1= sty ono )
o st

vz )
l—r_jf(8+r#)

Since, from (32)
(40) S(s, 2)=H(s, 2)+ V(s, 2) ,
using (35), (36), (37) and (39) we get
A—=fNf(s+rw¥is, 2)
{flstrel—zf(s+ru)l—zf(s+rpHl—zf(s+rp))

7(s)
1—zf(s+rp)

Let us note that the root of equation
1—rzf(s+rw/(r—7)=0

is not a singular point of s, z) which is an element of Y(s, 2), as is
defined by (8).

(41) S(s, z)=

Appendix 2

When in (16) w and p(w) are defined by
w=1-2z,  pw)=YO, 1—w),
then the integral 7, in (18) is given by

=1 p(w)dw
“2) L ey e

It is easy to see that at w=0, the denominator of the integrand in

I, has the zero of order 2. Here we define a function g(w) by
1 B B

):w[f(r,uw)—i—w—l]-— w  w

and choose constants B: and B;, as given by (19.1), in order that

g(w

9(w) becomes finite at w=0. Thus we have
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1 pwgw) 1

“43) L= 2xi S]w-—l[=1‘z (L—w)y= Y 2ni S'“"”:T? 7w
B
5 B
w ' w

dew B
On applying the remainder theorem to the integral I,s of the second
term in the right-hand side of (43), then I is given by
—1\n—r—1 n—r—1

44 I"2=(51—1;')—1)! ;wﬂ-r—l [p(w)'<%+%>]
Considering that all the moments of F(¢) are less than a positive
finite constant C;, from the (n—r—1)th derivatives of (44), we obtain
the asymptotic form of I.;, when #n--co, as

w=1

(44.1) Liu=B14+By(n—r+Co)+ Rus ,
where C, is a constant defined by (19.2), and
(e Gl +rp) 23
an2I<(n—1’)! (—B1—7uBy) ra(0) exp (Fyh)

r—1 —_
xS <’.>oﬁ(0)5~1, n>r+l.
i=1\J 4
Moreover, when we set p(w)=14+wu(w) in the first term integral,
denoted by In.i, of the right-hand side of (43), then we get

_ 1 glxdx | 1 S = u(ix)g(ix)
(45) Inl_ZxS_.,, A—ix) " 2r)-w (l—ix)”"dx
_}_S” u(ix)g(ix)dx
2r ) oo 1—ix)r—r— "’
where #« is defined by
. 1 r=l/y r—j r—j
= 1 (0)| — 4 ——2
== 5 ()0 S+

x({ emmarir-siiw)|
0
Therefore, for real x

1 r—1
7r—1(0) 75

(46) Jutix)| < ()os@(" 2+t f(Gp)=Ce.

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



242 Michikazu Kumagai
Then using the inequality [7]
s _CL Y] 1/3
lglix) < 9c, @D

where C; and C, are positive finite constants defined by

__ 1 (s
Cg_<ﬂf_1)2{ 2z 6V
2

xmax[r’y’ £1(0), 2(%-1)]} :

1
Co=(%-1) / 1451 Oty T i= DT O

+4[<m/z—1>/f"<0>rﬂp21=+11} ,

we obtain

47

_1_S°° g(ix) dx ’ S” dx

2 ) (1—ix)™ 4,;Cb e (A3 1)emDr2 "

Thus, from (45), (46) and (47), by means of the relation
_15“ dx _ Tmp=1) _ [72
VT ) (1) DR Popj2—1/2) ™Y m—3°

it is shown that

47.1) |Im|< (1+2C@/«/2n:(n r—3), n>r+3.
Thus from (18), (44.1) and (47.1), we obtain (19).

Appendix 3

A. When /ru<1
Since

Wnes(s] Tor) = W (s Tnr, z)

=30

21 ) jzpmr, z”'" ’

applying the remainder theorem to the above Cauchy integral, 'and
using (7) and (15.2), we obtain
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(48) W n=s(8] TorY(1— (5] Towr))
QA—£(s| Twr))Y (s Tur, B(s| Twr))
T A—B(s/ Tw)X I8/ Tor+rp(1—B(s/ Tur))lrpe+135(s| Tury*™
+(1— f(s/ Trr)) I

where

Lt 1 S Y (s/ Tor, 2)dz

2ai )y21=ry {fIS/ Trrt+rp(l=2)]—2}1—2)2" "’

Bl0)<r<],
and §(s) is a unique root of (23) inside the unit circle. Let us note
that by virtue of the property of f(s),

[800)+8'(0)s/ T " <[B(s/ Tur))* < [BO))"= 0" .

Thus since #/Tw—0 as n—co, then [B(s/Tw)/Be]”—1. Using (19), for
the first term of the right-hand side in (48), we have

lim (1 f(s/ T )W s (5] Tor) — In*]

i L= A TP (0, Bo)
noeo (1=Bo)Bo" L f"(ri(1—Bo))rp+1]
=1lim s¥(0, )
e ATl 1= oo™+ [ (re(1— po)yru+11
It is also easy to see that when n—co,

(A= A T |

\F(5/ Tar, 2)] Bo\"r
X.’E.‘aiiill 21 f (5] Tar+ 11— 2))— z|}<SCI<n> —0

where C; is a finite positive constant. Thus it is shown that when
n—oo, then (1— f(s/Tur)I*—0.
B. When ijru=1

From (7) and (15.2), by means of Cauchy’s formula for power
series coefficients,

= 1 - dz
W ona(s| Tor)= i Sm:” W(s| Tar, 2) prese
where 0<r1<pi(s/Tw), and
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I7(5/ Tour, 2)
A—=2){fIs/ Twr+rp(l—2)]—2}
Using the remainder theorem, we have

rWn~l(S/ an) =In +Ins+ Ins+ Ry ’

W(s| Tur, 2)=

where
In= —res W(s/Tu, 2)/2*",

2=p3(8/T )

Iwe= —res W(S/T’IM" z)/zn—r ’

2=By(8/T 1)

Ly=—res W(s/ Tur, 2)]2"

1 = dz
Rn= 2xi SIZI=ﬁz(s/TnT)+s W/ T, z)z’""’ ’ e>0.
From (23), we have, for sufficiently small positive s,
2s
B —T )1 -

(49) 1 .BJ(S) ( 1) '\/23')‘-,,(0) » ] 1’ 2 .
Then, from (20.1) and (49)

(50) lim [s/ Tw)I""=1im exp [(n—7)EAs/ Tor)—1)]

=lim exp {(—1)’-%14\/29:{=exp [(—1Y4/25], j=1,2.

n—00

Thus, using (50), we obtain
lim [1'*f(S/ Twr)][nl

i (L= £(5] Tor)¥ (5/ Tors Br(s] To)
neo [1=Bu(S/ Tar) K1 +# 11" 18] Tr 471 — Br(S T )T B1(S] Trr) 1™
1
T 2e-v5

and analogously

lim [l—f(S/T'm')]InZ:

. 2¢- 5
It is easy to see that as n—oo,

A—f(s| Tur))ns—> —1, and R,—>0.
Thus (26) is obtained.
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C. When ijrpy>1

It is easy to find that (23) has, for s=0, two roots z1=pi(s) and
zz=pi(s) if z is real, where 0<Bi(s)=1<Pi(s)<1+s+a. When z is
complex, by means of Rouche’s theorem, it can be shown that for
12| <Ba(s), (23) has exactly one root, which coincides with pi(s). In the
same way as in Section B.

(51) TW,._l(s/Tm)——res W (s| Tur, 2)[2*" ~res W(S/Tm, z)zvr

z= ﬁl(S/T
1
_2;75“.:14. W (S| Tors z)zn_, ,
where 0<e<Bi(s/Tw)—1. It is not difficult to see that the integral in
(51) tends to 0 as n—oo, and the residue at z=1 is equal to Y(s/Twr, 1)/
(1—f(s/Twm)). Considering that as n--co,

1 s

A—rp T’

and [Bi(s/Tw) " ™—e€™%, we can prove (29).

1-—- ,BI(S/ an) —_—>
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