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Abstract

In a single-server queue we consider, at first, the characteristics of
the well-known queue disciplines on a sample path of the queueing
process and compare those disciplines in the average waiting time and
the queue-length on a sample path. Secondly, we show that the expected
waiting time and the moments of the queue-length in the steady state

are invariant in a certain class of queue disciplines.

1. Introduction

Invariants in a certain class of queue disciplines were found by
several authors. Welch [14] proved the fact that the distribution of the
length of the busy period is independent of the discipline. Little [5]
presented a remarkable relation L=2W and stated the relation being
free from queue disciplines. Kleinrock [4] and Schrage [10], further,
established the conservation law named by the former.
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44 Takeji Suzuki and Katsuhiro Hayashi

For the queueing system M/G/1, Takéics [11] compared the variances
of the equilibrium waiting time distribution for three disciplines; first-
come first-served, random service and last-come first-served. Also,
Schrage [9] proved that with the shortest remaining processing time
discipline the queue-length at any point in time is less than or equal to
the queue-length for any other discipline in a defined class simultaneously
acting on the same sequence of arrivals and service times.

Motivation of our study in this paper was brought about by the
above consideration. We consider in the next section each characteristic
of some particular disciplines acting on the same sequence of arrivals
and service times for a single-server queueing system. And also we will
compare the average waiting times and the queue-lengths at any point
in time for disciplines in a certain class. The results obtained in this
section do not depend on any assumptions about the distribution of either
the inter-arrival times or service times, but in the last section it is only
assumed that the service times are independent of each other.

In the last section, we show that the expected waiting time and the
moments of the queue-length in the steady state are invariant in a
certain class of disciplines.

Here, we will define some particular disciplines being treated with
this paper. ‘‘First-come, first-served’’ discipline means that the order of
service is the same with that of arrival. ‘‘Last-come, first-served’
discipline means that the order of service is reverse order of arrival.
““Random service’’ discipline means that the customer being served is
selected at random from queue. “‘Shorfest service time’’ discipline means
that the customer having the shortest service time is first served.
“‘Largest service time’’ discipline means that the customer havingvvthe
largest service time is first served. *‘Shortest remaining service time’’
discipline means that priority is assigned to customers according to the
length of service remaining time, with highest priority going to the
customer with least processing time left. ‘‘Largest remaining service
time” discipline means that priority is assigned to customers according
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On Queue Disciplines 45

to the length of service remaining time, with highest priority going to
the customer with longest processing time left.

2. Characteristics of disciplines

Throughout the paper we will deal with the disciplines which do
not affect the sequence of arrival times.

Let C, be a class of disciplines satisfying the following conditions:

1. All customers remain in the system until completely served;

2. The server is never idle if there is a customer for service;

3. There is no preemption;

4, Service times of any customers remaining in the system are
unknown by the server. And let C; be a class of disciplines satisfying
the above conditions except but the fourth condition. Also let C; be a
wide class of disciplines satisfying only the first two conditions, For
these classes it holds the inclusion relation as follows:

CoC CgC Cz.

The well-known disciplines such as ‘‘first-come, first-served (FCFS)”,
“random service (RSY’ and “‘last-come, first-served (LCFS)’' are elements
of the class C,. But both of the shortest service time (SST) discipline
and the largest service time (LST) discipline are elements of the class
C; but not contained in the class C;. The shortest remaining service
time (SRST) and the largest remaining service time (LRST) discipline
are in the class C; but not in the class C.
In a given system we define the stochastic process X(#), t€(—o0, o0)
as follows: For each o,
1, if there are customers in the system at time ¢,
X(t, w)= {
0, otherwise.
Then, Welch [14] proved the following fact.
Proposition 2.1. For any fixed w, X (¢, ®) is independent of disciplines
for the class C;, that is, the sample path of X(#) is invariant for all
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disciplines of the class C,.
Now we will introduce the following notations, where the subscript
d refers to the discipline 4 being used in the system;
W.?=elapsed time in the system for the z-th arrival customer,
ws=total waiting time in the queue for the z-th arrival customer,
Né(H)=number of customers in the system at time ¢,
n*(H)=number of customers in the queue at time Z,
t.=arrival time of the xn-th customer,
¢’=departure time of the n-th arrival customer,
r.s=departure time of the #-th departing customer,
- S.=service time of the »z-th arrival customer,
»=n-th processing time,
Tw=t,,,—=mn-th inter-arrival time.
For a fixed w, we have the following relations on a specified busy
period, where the starting point of the busy period is taken as time
zero.

Proposition 2.2.

@1 » Wih(w)=Y W.2(w)+ ¥ (z.4(w)—x2(w)) for any d;, drC,.
2.2) ¥ Wi (w)= T w.H(w)+ T, Si(w) for any deC,.
2.3) If rai(w)<7.%(w) for all #n and for any d;, d;=C,, then it

follows N“1(2, w)<<N“(t, w) for any {, vise versa.
In the case with a constant service we have from (2.1) and (2.2)

> Wiilw)= Y Wi w) for any dy, d,eC,

and

Tw,(0)=Yw (w) for any d,, d.=C.
n n

Proofof (2.1). From the relations; W.4(w)=c.(w)—f(w) and ¥ c(w)=
n
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Y o), we have Y Wii(w)= Y (rf1(w)—t{w)) as well as 3, Wits(w)=
Y(ra*2o(w)—t(w)). That is,

% Wii(w)— %} W.2(w)= }_;]r,.“’x(w)— )';r.."z(w).

(2.2) is clearly derived from the relatioﬁ ;. Wat(w) =ws(w)+ Y, *Sn(w),
m
where Y * is taken over all processing times of the #-th arrival customer.
m
Proof of (2.3). We define
I(t, w)=max {n|l(0)<1},
and
0, if ry%(w)=t,
O%(t, w)y=
max {n|r.4(w)<t}, otherwise.

Then N(t, @)= I, w)—0O%t, w). Therefore it will be sufficient to prove
the relation: r.1{w)<t.%2(w) for all n 2 O%4(¢, w)=0%(t, w) for all £ But,
this relation is easily derived by the definition of O%¢, w).

Maxwell [6] established the following formula.

Proposition 2.3. On a busy period with its length T,

Li(w)= "LST%N“U, o) di= 221 b W)= 2(0) W¥w)

T(w) 0 T(w) n=1
for any de= C;, where i(w)=7(w)/ w), W“(w)Z;Zl(:)—) ZrilW."(w) and y{w) is the

number of arrivals during the busy period.

We will now state the characteristics of the well-known disciplines:
FCFES, LST, SRST and LRST discipline. On a busy period the following
relations from (2.4) to (2.15) are true.

Proposition 2.4. For FCFS discipline,

(2.4) ~ min {max W.e)} =max W, *S(u),
dECz n n
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48 Takeji Suzuki and Katsuhiro Hapashi

Proof. We will assume that k customers are served in a specified
busy period. For FCFS discipline, let the i-th arrival customer have
the most largest elapsed time in the system, that is,

VV,—FCFS((») = max WWFC¥S(w)
1<nsk

for a fixed w. For any discipline d= C; we consider two cases; cf=¢,FCFS
or c<Lc;7¢FS, In the former case,

max Wi (w)=Ws(w)=WiFcFS(w)= max Wi.FSFS(w).
1snsk 1snsk

In the latter case, there is at least one customer (say the j-th) satisfying
the conditions; {;<f; and ¢#=c;"¢*S. Then,

max Wi(w)= Wi w)=WiFrS(w)= max W,Fers(w),
1snsk 1snsk

Thus, (2.4) is proved in either case.

Proposition 2.5. For LST discipline,

2.5) 4557 (w)=max e/ (w) for all n,
deCy
(2.6) Y. WautsT(w)=max ), Wi(w)
n deCy n
and
2.7 NLST(t, w)=max Né(¢, w) for all £
deC,

Proof of (2.5). Let t;=0 and let k customers be served in a specified
busy period. And let H. be the set of service times of queueing
customers at the m-th departure time. That is,

H,*={S)|t:<ta'} ~ {SP1=i=Zm}.

Of course, H¢ is empty and SfeH4_;. From the definition of LST

discipline S;*S"=max {S;|S;eH ,LflT . Now let us prove (2.5). At first,

HlLST:Hld since TlLST___Tld:.Sl. Next 1‘2‘"=Sl+82‘"=51+max {S,IS.E

2 2
H, 57} 281+ Sy¢=17, and then UIH..LSTD UIH,,,".
m=

m=
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7357 =5, 4 5,557 + §3457 = S + max {Si|Sie Hy}
+ max {S, | S,‘ (S H2 LST}
2
=S, +max {S;:57+Si|Sie{ U . H, 57— [S,157}}}

n=

2
25+ max (SyTHSISie { U Hat— (S:7)

2
=S+ max {Sx?+5i|S; = { mquu"— INSS

=8+ 8o+ Ss=1y,

3 3
then | H,""™> (J H,? and so on. Thus we have (2.5).
m=1

nm=1
(2.6) is easily induced from (2.1) and (2.5). (2.7) is also induced from
(2.3) and (2.5).

Proposition 2.6, For SRST discipline,

2.8) 75757 (w) = min 7.4(w) for all n,
dECg.
2.9) Y WsBsT(w)= min Y, W.¥(w)
n deCa n
and
(2.10) NSBST(E )= min N“(£, w) for all &
dECz

Proof of (2.8) is given by Schrage [9]. (2.9) is induced from (2.1)
and (2.8), (2.10) is also obtained from (2.3) and (2.8).

Proposition 2.7. In the system with LRST discipline in which both
service time and inter-arrival time may be taken only multiples of a
unit as their values,

2.1 TAEBST(w)=max t.4(w) for all 2,
deCy
(2.12) 2 WLLBsT(@Yy=max ), Wi (w),
n deCy n
(2.13) NELBST(t w)=max NI, ») for all ¢
deCyq
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Proof. The equation (2.11) is proved by a similar way as being used
in (2.8), which is a slight modification of Schrage’s method [9]. (2.12)
and (2.13) are derived from (2.1), (2.3) and (2.11).

Now, on a busy period we will compare the average waiting times
and the queue-lengths at any time for several disciplines. Let W¢(w) be

e . _ 1 k .
the average waiting time: Wi=— Y W,%(w), where k is the number of
k n=1

arrival customers in the busy period. ‘‘d;—d,’’ means that W1(w)= W(w)

for all w.

Proposition 2.8,

2.19) FCFS — SST

Proof. Let t,=0. H,* is the set as defined in the proof of (2.5).
From (2.1) it is sufficient to prove that r.7¢*S(w)=7.57(w) for all 7 and
w. At first, HyF¢7$=H,*7T gince 7,F¢FS=1,5T=S,. Next, r;F¢F=S5,+39,
_>=Sl+min {S.'IS.'EHLSST}=Sl+52SST=TszT. And also {S,IZéis-’-l}c
U HsT (A<j<k—1), since t5T >4y

1

m=
7457 = Sy + $;557 4§57
= Sl—{-min {S.‘]S,‘EHlssr} +min {S.—lS,-EHZSST}
2
= S'1+min {SZSST+S,'|S.'E { U IH,..SST“ {stST}}}
m=

=Si+min {S;*7+8i|S;€ {{Si2=1<3} — {S5,%7}}}
<Si+min {S;+Si|S:€ {{Si|2=<i<3} — {S:}}}
=81+ 8+ Sp=175"CFS

and so on. Thus (2.14) is proved inductively.
Summarizing the above results, we have following relation.

Proposition 2.9.
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(2.15) LRST — LST — FCFS — SST — SRST

1
. RS i

—— LCFS
Co
C

G

If we take N%(t,w) as another measure, we have the same relation as
(2.15), where *“‘dy;—d;”’ means that N*(f, w)=N*(t, w) for all ¢ and o.

Further, we will give some examples for the relations; FCFS#KS,
RS#LCFS, RS#SST and etc.

Example 1. SST-»RS(=FCFS), SST-»LCFS, RS(=SST)A»FCFS,
RS(SST)+ALCFS and FCFSALCFS. There are 8 customers. Their
service times and arrival times are given as follows.

n
\ 1 2 3 4 5 6 7 8

t 0 2 5 8 9 13 17 19

S« 4 6 2 3 1 4 2 4

Then,

d
\ LRST | LST | LCFS | FCFS | SST | SRST
N

W 107 60 54 52 49 43

Example 2. RS(=LCFS)-#SST, LCFS-#SST, FCFS-»RS(=LST),
LCFS-HRS(=FCFS) and LCFS-»FCFS. There are 5 customers. Their
service times and arrival times are given as follows.
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n
1 2 3 4 5

\

t 0 2 5 11 12

Sa 6 4 8 2 1

Then,

d
\\ LRST LST FCFS ’ SST ‘ LCFS ’ SRST

3 W 65 49 45 1 44 1 43 I 34

Remark 2.1. All relations (2.1)~(2.15) hold on a typical z cycles,
where one cycle is composed of a busy period and successive idle time.

Remark 2.2. In the system with constant service, there is a following
relation among the sample variances, 17( W"(w))=%”§( Wai(w) — Wi(w))?
for deC,.

V(Wrers@)= V(W 4@) + V(W ()

for all @ and deC,.

The inequality of the left-hand side is given by Kingman [3] and that
of the right-hand side is given by Tambouratzis [13].

3. A Conservation Law

We will deal with stationary queues in this section, As stated in
the first part of the preceeding section, we can see that the stationary
distribution of the length of a busy period and that of an idle time for
each discipline d=C, are the same with those for a certain discipline
deC,.
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Throughout the section we assume that the necessary moments
exist and we drop the subscripts when it is not necessary. In the system

G/G/1 with p<1, where p= gis%, the expectation of the length of a
busy period (say E(B)) is given by
pE()

E(B) = ‘ij““ ’
where E(I) is the expectation of the length of an idle time. This
quantity is invariant for any discipline d=C;. Rice [8] has given the
above equation without defining the class of using discipline precisely.
It would be difficult to find E(J) in general. In the system GI/G/1 with
o<1, we have

E(TY—ES)<E()<E(T) for any discipline dC,.

In the system G/G/1 with p<1, the probability P, that the server
is idle at an instant selected at random is given by

Py=1-p for any discipline deC..

Rice has given this formula in his paper [8].

Let us define U(?) as the total remaining processing time present in
the system at time £ BeneS [1] and Tahacs [12] define a function W(#)
similar to U(f), which they call the virtual waiting time, which is the
time a customer would have to wait for service if he arrived at time ¢
under FCFS discipline. But U(#) is different from W(¢#) in that it does
not, in general, represent a customer’s waiting time under the other
discipline.

Theorem 3.1. In the system G/G/1 with p<1, where the service

times S. (#=1,2, --+) are independent of each other, then

E(S*%)

+E(S)YLS for all deG,,

where L2 is the expected queue size for a discipline d.
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Proof. Let us assume that there are N customers in the system at
time ¢ and let P.=P(N=n).

U(t)

t—>
( 0 when N=0
U(t)=l
So+sl+"'+s-_1 when N=ngl

Taking expectations of both sides,

E(U)=0-Po+ E(S)IN=1)P,+ E(So+Si|N=2) Py + - --
= {E(So|N=1) P+ E(S,|N=2) P;++ -}

+E(S) ”°z°:=l(n—1)P.

— E(S)|N>0) (1—Py) + E(S )”g (n—1) P

_ E(SY
=p ZE(S) +E(S)Lth
. . E(S? . . .
where the equation E(S|N >0)= 2E(S) is derived by using renewal

theory.

Remark 3.1. Kleinrock [4] proved the theorem for the system M/G/1,
but his proof was limited to the case U(#)>0. Recently, Schrage [10]
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proved the theorem in the case where service times might be taken

multiples of a unit as their values.

Corollary 3.1. Under the same assumption as which is stated in the

theorem,

PN _E(SH_
3.2) E(W —-pE(U) 2E(S) for all deC,
and
3.3) E(WH=E(WssT) for all deC,.

Proof. At first, we note that E(I]) is invariant for all deC,. Then
we see from (3.1) that L, is the same value for all d(,. Further, by
using Little’s result [5], that is,

EWH=E(T)L/“
we can obtain (3.2) at once. From (2.14) we can see that
NFCFS(t 0) = NSST (¢, w) for all ¢ and w.

Then L,FCFS=L,57 that is to say, L,/=L,7 for all d=C,. From Little’s
result we obtain (3.3) immediately.

Remark 3.2, Phips [7] proved the inequality (3.3) in the system
M|G/1 for only two disciplines: FCFS and SST.
Corollary 3.2. In the system M/G/1.

P+22Var(S)

oy for all de G,

(3.4) E(W9=

where 1=1/E(T).

Proof. From (3.2), the value of E(W?9) is the same for any d=C,.
Then it is sufficient to prove (3.4) for FCFS discipline. U(f) and the
virtual waiting time W(?) introduced by Takécs are identical for FCFS
discipline. In the steady state of the system M/G/1, Takdcs proved
that E(W())=E(W¥¢Fs),  Then, E(WFr)=E(U(}). Substituting
E(Wrcrsy into the right-hand side of (3.2) we have (3.4) easily.
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Remark 3.3. The formula (3.4) was obtained, at first, by Kendall
(2.
Finally we will deal with the n#-th moment E{(L%)"} of queue size

L? in the system G/G/1, where the service times are independent of
each other.

Proposition 3.1. For the second moment E{(L%)?,

E(S?Y)
P3ES)
+EXS)E{(L*)?}  for all deC,,

(3.5) EWU?= +E(S?)L,+ Var(S)L,

where L,=E(L?).

Proof. We will use the same notations as which is used in the
theorem, then

when N=0
U=
(So+S:i+---+S.y)? when N=n=>1.

Taking expectations of both sides, we have

E(UY=pE(SH+2ESIES) & (n=DP.

+EXS) T | (n=D(n—2)Pu+ E(SY 55: (#=1P.

=pE(S")+2E(S)E(S)L,+ E(S*)L,
+EXS{E{(L)*} —Ly}

=p-E8) | B(SHLo+ VarnS) Lo+ EXSE(LYY
°3E(S) " “ '

3
where the equation  E(S,?) =—f—é%))— is obtained by using renewal
theory. From this fact, the second moment of queue size is invariant
for all deC,.

Similary, we have the following third moment of queue size,
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E(U®)=pE(S)+L,{3E(S)E(S)+3E(S)E(SH)+ E(S%}
+3{EL) =L} {ESHEXS) + E(S)E(S?)}
+ EXSH{E{L)*t —3E(L*)+2L.}

for all deC,. From this equation the third moment of queue size
is also invariant for all d=C,.

Repeating such a way, the expression of the s#-th moment of queue
size is presented. From the expressions, the z#-th moment of queue size
is independent of queue discipline de C,.

Propesition 3.2. If E{(L%)"} <o for a discipline dycC,, then

E{(L4)"} = E{(L%)"} for all deC,.
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