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1. Introduction

Several years ago, H. Makabe and the author proposed a preventive
maintenance policy and discussed it together with its ramifications [3~
5]. Though many preventive maintenance policies are known at the
present time we discussed a series of policies which are named Policy
I, II, III and so on, especially Policy III. The policy of type III was
proposed in order to improve the policy of type II due to R. Barlow and
L. Hunter [1]. We found out the optimal policy of type III under the
assumption of a Weibull type failure distribution in the sense of maxi-
mizing the limiting efficiency [3]. It was generalized to the sense of
minimizing the maintenance cost rate [4]. Comparing with the optimal
policy of type II, the optimal policy of type III has a higher efficiency
and lower cost rate. Furthermore, it was found numerically that the
optimal policy of type III is rather robust [5].

However, in the previous paper [3], the existence and the uniqueness
of the optimal policy of type III (in the sense of limiting efficiency) are
only shown under the Weibull assumption. We shall generalize the dis-
cussion here to the case of a strictly increasing failure rate which is a
sufficiently wide class for preventive maintenance problems. (§§4-5)

*) This work was done at University of North Carolina.
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On Some Preventive Mainlenance Policies for IFR 95

H. Makabe and the author treated the optimality of Policy III from
a view point of practical uses [4]. But, inspite of the assumption of a
Weibull distribution for failures of a system, the argument in the proof
of Theorem 5.1 seems to be incorrect. Then the author would like to
cancel the theorem and discuss here the optimality of it under weaker
conditions. (8§ 6-7)

2. Several Types of Preventive Maintenance Policies

In this section, we shall explain various types of preventive mainte-
nance policies and their main properties before proceeding to our dis-
cussion in the following sections. But unfortunately, there seems to be
no fixed system for naming preventive maintenance (or replacement)
policies. Thus, we shall use here terminologies used in the previous
papers. ,

Preventive maintenance policies of type I, II and III were propesed
to be suitable to a simple system (eg., light bulbs), a complex system
(eg., a computer) and a more complex system (eg., many machines of
the same type in a room), respectively. But the third policy may be also
used more effectively in the second case than Policy II. These are des-
cribed as follows.

Note: Hereafter, the word “perform preventive maintenance”
means “ perform an overhaul” or “replace the system by a
new one’. Anyhow, we shall have as good a system as
new (in the sense of its failure rate) immediately after a
preventive maintenance is performed. And we shall resche-
dule preventive maintenance under the policy.

Policy I (age replacement) Perform preventive maintenance after
ty hours of continuing operation time without failure. (0<{;<<oo) If the
system fails before #, hours has elapsed, perform maintenance at the
time of failure.

Policy II (periodic replacement with minimal repair at time). Per-
form preventive maintenance after {* hours operating as a total regard-

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



96 Hidenori Morimura

less of the intervening failures. (0<{t*<o0) We assume that after each
failure only minimal repair is made and that the failure rate of the
system is not disturbed after performing minimal repair.

Policy III Perform preventive maintenance at k-th failure, but for
the first (k—1) times of failures perform minimal repairs on these occas-
sions. We "assume also that the failure rate of the system is not dis-
turbed after performing minimal repair.

Policy I was proposed and discussed by Ph. Morse [6] and R. Barlow
and L. Hunter [1]. A general discussion of it is seen in R. Barlow ard
F. Proschan [2]. As noted above, this policy is suitable for simple
systems in which no minimal repair is effective. In this case, it will be
sufficient that we discuss the replacement cost per unit time. Usually,
it is considered in an infinite time span.

On the other hand, for a complex system, it is too expensive to re-
place the system by a new system at any failure occassion. Naturally
we have to repair the system and use it. In this case, it is desired that
the amount of down time is limited or that the maintenance cost is low.
R. Barlow and L. Hunter [1] proposed the maintenance policy of type
II and discussed it to be optimum in the sense of the limiting efficiency
which is the expected fraction of operating time in an infinite time span.
They also noted that the optimization is equivalent to the optimi-
zation in the sense of expected maintenance cost in an infinite time
span,

However, it will be more natural to consider both concepts simulta-
neously. Thus, H. Makabe and the author [3] introduced the concept
of the maintenance cost rate and defined it as follows:

Co=[cost for unit down time] X [expected fraction of down time]
+-[expected cost of all repairs and replacements during an unit
time]

which is a generalized form of the limiting efficiency and the expected
maintenance cost per unit time. They proposed Policy III and discussed
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On Some Preventive Maintenance Policies for IFR 97

it in the sense of the limiting efficiency [3,5] and the maintenance cost
rate [4,5]. They also discussed Policy II based on the maintenance cost
rate.

Policy III improved Policy II in the following points:

1) At the time the total operating time reaches f*, the system is
operating generally, so we may continue the use of it without
any loss until the next failure occurs. On the other words,
Policy II wastes a (small) amount of time and/or costs.

2) In the case that there are slight differences between systems of
the same kind in their failure rates, Policy III is more robust
than Policy II.  This fact will be intuitively seen from the ob-
servation that the duration of usage of a system is long or short
according to its failure rate. This was illustrated numerically
in [5] under the assumption that the failure distributions of the
systems were of Weibull type with a common shape parameter.

3) In many practical cases, an inspection on the system under
Policy III is easier and less expensive than under Policy II.

In order to improve Policy II with respect to point 1), we may in-

troduce Policy II' as follows:

Policy II' Perform preventive maintenance at the first failure after
t* operating hours as a total regardless of the intervening failures.

H. Makabe and the author also considered in [4] other maintenance
policies in order to discuss the effectiveness of Policy III. These are as
follows :

Policy IV Perform preventive maintenance when the total operat-
ing time reaches f* without down time or when the k-th failure occurs.
This is a combined policy of type II and III. Of course, this is a general-
ization of both policies.

Policy V' Let {a:} be a preassigned sequence of non-negative numbers
(possibly infinite), and Y; be the total operating time regardless the
down time at intervening failures until the i-th failure. Perform preven-
tive maintenance if Y:;>a:; and perform a minimal repair if Y:<a:.
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98 Hidenori Morimurda

Policy V' In Policy V, reverse the inequality.

Policy IV' In Policy V, put a,=t* for i<k, and a,=0 for i=k,
where #* is the same as Policy IV.

In this paper, we shall first concentrate upon the following

Policy IIT'. In Policy V, put a;=oo for i<k, a;=¢ and ;=0 for i>>
k, where £ is a non-negative real number.

3. Notations and Preliminary Lemmas

For convenience, we shall establish here some notations and pre-
liminary lemmas.

Let the failure distribution function of a system be F(x). Assume
that F(0) =0 and it is differentiable everywhere on the positive half line.
Put for all £>0

F'(x)=f(x)
Fx)=1-F)
f(x)

q(x)= F(T) (failure rate)

Q@) =S:q<t> ds

G = S:oyf () dy.

It is well known that
@B. D F(x)=e %,

If g(x) is a monotone non-decreasing function, then the failure dis-
tribution is called “increasing failure rate” and denoted IFR. We shall
say strictly IFR when the monotonity is strict. Quite similarly, we can
define DFR (decreasing failure rate) and strictly DFR. However, if the
failure distribution is DFR, we must not perform any preventive main-
tenance. Thus we shall talk about IFR only.

Furthermore; we shall use the following notations.
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T»: mean down time for a minimal repair

T:: mean down time for a preventive maintenance
C»: mean cost for a minimal repair

C:: mean cost for a preventive maintenance

Cs: mean cost per unit down time

The first lemma is evident and elementary, but since it will play an
important role in our arguments we state it here.
Lemma 1. Let A, B, C, D be positive numbers.

_ A_C A_A+C_C
N A _C A_A+iC_C
) U =5 thr 5=piiD=D

Jor every real 2.

Lemma 2. Let

(3.2 )= o “y—ofiy) dy.
If f(x) is strictly IFR, then h(t) is strictly monotone decreasing function
and

3.3) h0)=m

(3.4) 1im h(t)=1/g(e0)

where m is the expected failure time, i.e., ng?f(t) dt and lim g(t)=g(c0).
>0
Proof. Clearly A(t) is a differentiable function, so we have

3.5) (=g e0<”S:° (=D @) d'y—eQ‘“S:of(w dy
=qYh{H —1.

On the other hand, we have

h(0) = S:yf(y) dy=m,

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



100 Hidenori Morimura

which is (3.3). From this, we can say that A(40)<1/¢(+0). Because,
if it does not hold, then since g¢(¥) >q(+0)=1/m, we have Q) >t/m
and

(3.6) F)=e0<et/m  for all £>0.

Integrate the both sides of (3.6) from zero to infinity. Then we have
that m>m, which is a contradiction. Thus, the relation

h(+0)<1/q(4+0) is true, and A (#) decreases at a neighbourhood of
the origin by (3.5). If there exists a #(=#, say) such that q(¢) k(%) =1
firstly, since we have A&'(#) =0 by (3.5), it is true that h(#) is decreas-
ing for 0<{<t, From the assumption of IFR,

1/q(t) >1/g(t+¢) for all { and e>0

Thus we have that

1
h(t°+e)>q(to+6)

for arbitrary small 0. Hence, from (3. 5) and the monotonity of 1/¢(2),
we can conclude that %(#) increases for >4y, e, hity)=1/q(%) is a
minimum of 2({). But, on the other hand, we have

|  Na-vrwa {Traa
i GRS T

1 _ 1

=lim—— =
toog(t)  gq(e0)’
which is (3.4) and implies that lim z(¢#) <hk(#). This is a contradiction.
{50

Thus, we can say that ¢, does not exist. So we have %' (f) <0 for all
>0, which completes the proof.

Lemma 3. If wu,(x) and wu,(x) are both positive function for all
2>0 and u,(x)/u(x) is a (strictly) monotone increasing (decreasing)
Junction, then w,(x) /w,(x) is a (strictly) ‘monotone increasing (decreasing)
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Sfunction, where
wi(2) =j:ui<t>d5<t>, i=1,2

and dS(t) is a positive measure.
Proof. First, we shall assume that u,(x)/u#;(x) increases strictly
monotonically. Since for any t<x<s

u(l)  w(x) _ w(s)
us () uy () us ()’

we have

{ u(Dds@ < 2

4y (2 )S 12 (1) dS (1)

and for any y>x
- g u, (8) dS(s)<S u (s)dS(s).

Hence

Wi (x) _ () JiL(S)dS (s)

wy (2) " U (@) Sy u3(s) dS(s)

and using Lemma 1, we have

1w, (%) wy (-’L') +S u, (s)dS(s) A

@D w; (x) S T uw(y)

wy(x) +\ u:(s)dS(s)

for y>x. (3.7) means that w,(x) /w.(y) increases strictly monotonically.
Consider the reciprocal of the function w;(x)/u;(x), then the assertion
about ‘“decreasing” will be got. If the above argument includes the
sign of equality at all inequalities, it talks about the same relation ex-
cept “strictly ",
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Lemma 4. Define w.(k, &) (i=1,2) as follows:

3.8) w, (k&) = L ~SE QWY e e gty dt
-~ 1A%, - (k—l) 1 q
1 o o
3.9 we(k, &)=, ~3y .S {Q®} ‘q(t)Dl (y—t)f(y)dy]dt

If the failure distribution is IFR, then

. wi(k$) _ T
@1 ey =
and
3.11) lim 2% Tn g pgg

£300 W (k, & E(Xk+1)

where E(Xy) is the expected lime between (kR—1)-st failure and k-th failure.
Proof. We have by L’Hospital’s rule
im kD, Tal@O)leeq(®
o0 Wk e {Q<£>}k‘lq(E)S$ (W—8f@dy

T
m

which is (3.10). On the other hand, we have

(3.12) 11m w, (k&)= (k%{‘li)A'S 2 lemidz="T,

and
(3.13) tim .k, 9 = 515 S Q)+t (t)U“Y _hfd ]dt
im wak, )=, 1y 90| | w-Dfwdy

- k—![{mmk-gt W=D @) dy]0
| %Sm{mwm)dt
Jo

1 @ kpo=QU
:k‘_!Sn {Q(DYre ¥ dl
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using the fact that (v) of Lemma 5 below and @(0)=0. Let X; be the

time between (k—1)-s¢ failure and k-th failure of the system.
k

Put Yi= ¥ X. Y: means the k-th failure time excluding
i=1

the down time at the intervening failures. Thus, we have

(3.14) E(Y)) =S: t{—g({%?— e00g (£) dt

=[:iQ]%)}_k e_Q(‘)t]:-I-S:{_Q]:—?He-Q(Dq O] tdt

_ S: ,{Q_’%)E e~ U0t

oo k
:E(Yk“) ___S _{Q_(t)i e~ gt

o k!
By the definition and (3.14)

(3.15) E(Xivt) =E (Yisy) —E Y@:SZ’ v{%ﬂ et

(3.12), (3.13) and (3.15) imply (3.11). In (3.14) we used (iii) of
Lemma 5.

The existence of the integral E(Y,), the vanishing of {Q (¢)}*e @®
as l—oo and several similar relations are nearly obvious under the as-

sumption of IFR. But, for convenience we shall sum up these results

in the following
Lemma 5. If the failure distribution is IFR, then
(1) m<co; in general, momennts of all orders are finite;
(iiy {QWOYF®H—0 as t—oo  for all k;
(i) {QWOY<¢F®)—0 as t—c  for all k;
iv) {Q®OYGEH)—0 as t—oco  for all k;

W Q) Sf(y—t)f(y)dy—»o as t—co  forall k

(vi) EXPp>EX) > >EX) >,
(vil) E(Yi)<{eo for all k.
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Proof. (i) See page 27 of [2].

(ii) Since Q(f)y—o as f—oo, we have
lim {Q @) }F(t) =lim z*e 2= for all k.
t—o0 20

(iii) Since z=@(#) is a monotone increasing convex function, there
exist non-negative numbers « and 2z, such that
Q1@ <az for all 2>z

Then we have
lim t{Q (H)}*F(¢) =lim Q1(2)z%e*
{—>o0 200
<a lim 2¥*lg-2=0.

Z—00

(iv) Integration by parts implies that

(3.16) G(t) =tF ) + Sjﬁ(y) dy.
Since
3.17) {Q(t)}"r F) dygjj{@ )V Fw) dy
_Sm zke—z__d—z__
" Jeow Q1 (2))
1 . 22— — 00
éq(t) SQ**(:) 2¥e *dz—0 as t .

(iii) and (3.17) with (3.16) imply (iv).
(v) This is obvious from (iii) and (iv).
(iv) Let A(x) be an event such as

Ax) ={o: <Y1 (0) <z-+dz}

for arbitrary fixed k. Under the condition that eeA(x), Xi(ew) is a
random variable with failure rate g(x) and Xy (w) is another
random variable with failure rate which is larger than g(x). Then we
have
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On Some Preventive Maintenance Policies for IFR 1056

E(Xi(0)|A(2)) >E (X (0)|A(2)),
which gives that E(Xi) >E (Xi.1).
(vii) From (vi) we have

E(Yy) <RE (X)) =km < co.

4. Existence and Uniqueness of the Optimal Policy of Type III
In the previous paper [3], we considered the function
k“‘l Tm Ts
@D £k =g Tmt
Z_Jl,bi So tri® @) dt+ (k—1) T+ T,

i

in order to find the optimal policy of type III, where

Q:®— RO) i

e~ QiDg, (f) =
and p;(i=1, ---, M) is an a priori probability of appearance of a system
belonging to i-th category in which every system has the failure density
function fi(x). If f(k) of (4.1) is a convex function, the optimal policy
of type III is to perform preventive maintenance at each k,-th failure,
where ky—1 is a largest integer such that

(1 Uk)

«.3) ~ g ) >

where
- M _
Uk) 2;1 PE(Y)

and Y,® is the total operating time until the k-th failure of a system
belonging to i-th category occurs. Under the assumption of Weibull
type failure distribution with a common shape parameter, we can easily
prove the convexity of f(x). Thus, existence and uniqueness of the
optimal policy of type III are known in this case, But any further dis-
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cussion on them without the Weibull assumption has not been done.

In this section we shall treat the problem under the assumption of
IFR. In order to avoid the non-essential discussion, we shall confine
ourselves to the case M=1. It is easy to expand the discussion to the
case M>1.

First we have to find the joint distribution of (Yiy, Yi) for i=2,3,
Denoting the joint probability density A (y:_;, ¥:), we have

4.4 h(yi-y, Y1) dyi1dy:
=P {yi 1 <Yioy, <¥i1+ Ay, 4:<Yilyi+dyi}
=P {y: .1 <Y1 <yioa+dyiy}
o Py <Yi<yit+ Ayl i1 <Yio1 <yi-r +@yi-1}

_ Q@1 o S
=" og1 e aWi) dyiy F T dy
_ R@i-p}e—

B (l 2) ! niirq(yl l)f(yl)dyl_ldyl

Of course, if we integrate out of (4.4), we have marginal density as
follows :

45 o= S”h(z/z 1, ¥ dYios

<

QUyd =2
So “oy 1 42w

{@ (yi)}“ v

= - W

and

4.6) r@'ﬂ(yi_n:S b (ios, v0) s
yi—l

_ —{%ﬁ%;i—’qu(w—oﬁ @:-0)

i-2)
_{Q (ff g)ij @),

We can easily see that (4.2), (4,5) and (4.6) have a common form as
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are desired.

Now, we shall assume here that {a,} is a sequence of descending
order, i.e, a;=>daz - - In this case, the probability that a preventive
maintenance is performed at the i-th failure under Policy V is given by

“4.7 P(1)=S°° F)dy for i=1,

48 PG =US°° T SOth ) dyidyiy, for i>1.
Yi-1 a;

ai

Because, the event that a preventive maintenance is performed at i-th
failure will occur in the following two ways:

(A) a<Yia=ai,,
B) Y <a and a;<Y.

Hence, we have the expected total operating time E(Y) and the ex-
pected number of failures E(K) as follows:

4.9) E(Y)= Sw W) dy-+ i[ o S:o .\ So ﬂyh i
{Q(ai>}(l 1)
= 1[ G—11 G(ar)
ag {Q(t)}’ -1) .
_{_Sai»l (l 1) l (t)G(t)dt:l’
and

@10) B =" rwar+ il "7+ "] et v avar

- 5 [ira Q1

ai i~
+Sa¢ G+ F) {Q@il), q(t)dt]

By the way, the strong law of large number implies directly that
the limiting efficiency of Policy V is given by
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E(Y)

(4.11) EY)+(EE) -1 Tt Ts

which is (5.8) in [4]. Under the above assumption of {a;}, E(Y) and
E(K) in (4.11) are given by (4.9) and (4. 10).

Hereafter we shall consider a policy of type III'! In (4.9) and
(4.10), if we put g;=az=--+-- =a;_1=00, G;=E, ey =axs2=-++-=0, then
we have the expressions of E(Y) and E(K) for Policy III'. They are
expressed as follows:

& k-1
4.12) E(Y) =So J%@I}T,—q(t)c(t) dt
= QUi Q@
O T awemar O 6w

3 K
So %(tt)i})!l (’)S uf (y) dydt

+ g:’ ——{g(_t)l}) , tF(8) dt

- N (1O}
e+, GO a0 T a-nraay] a
k-1 & k-1
w1 B =k SZE P+ ey GO0 Foa

NpCiic

G dOFWar

1

=k (k—1)! S QO 1g(t)eewdt,

Inserting these into (4.11), we get the limiting efficiency of Policy III".
Since to maximize the limiting efficiency is equivalent to minimize the
reciprocal of it, it is sufficient to minimize the following function for
our purpose.

(=) Tu+Ts+w, (k&)

(4.14) vk = TR Vo wak, &)

where w;(k, &) and w,(k, &) were given by (3.8) and (3.9), respectively.
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Now, our first assertion is the following

Theorem 1. If the failure distribution of a system 1is strictly IFR,
then there exists an optimal policy of type III.  The optimal policy is de-
termined uniquely except the case in which the succeeding two values of k
give the same limiting efficiency.

Remark 1. The realization of the above exceptional case will be
seldom expected, because it will occur when and only when the equation
(4.21) in below holds. So we may think that the theorem asserts the
uniqueness of the optimal policy of type III essentially.

Proof of the theorem. w,(k, &) and w.(k &) are got in Lemma 3 by
the following substitutions:

(4. 15) U (x) =Tne ¢
vz (@) =S°° (y—2)F ) dy,
(4.16) dS(x) = *(k_lﬁ {Q(x)} g (x)dx.

If we define u,(x) and wu,(x) as above, we can easily see that 4(x) in
Lemma 2 is equal to Tnus(x)/u,(x). Hence, when f(x) is IFR, the
function w,(k, &) /w,(k, &) increases strictly monotonically. This is a
direct conclusion by Lemma 2 and Lemma 3.

In order to simplify the notations, we shall define an operation @
as follows: Let

_A® . _Cw
r()= B and ()= D)
then we denote such as
ABD+CWH)

1er@) = B TDW)

We never multiply any factor to the numerator and denominator of x(f)
and/or 7y (f) for the definition to be meaningful.
We shall denote hereafter
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2 = RS
So, we can write that
4.17) vk, §)=v(k,0)ELZ(k,$)
and by Lemma 4
(4.18) v(k+1,0)=v(k, 0)DZ(k, o)

Now, we shall restrict ourseives to the discussion on Policy III.
If

Ter (k=1) T T

(4.19) E(Y) E (Xery)

we have
v(k, 0) >v(k+1,0)

by (4.18), because LHS of (4.19) equals to v(k,0) and RHS of it equals
to Z(k, o). Similarly, if

jf:‘ 1) Tm + Ts Tm

(4.20) E(Y) E (Xery)

we have
vk, 0)<v(k+1,0).
When the equality

k—D)Twt+T, __ T
(4.21) E(Y) " E(Xew)

holds, we have
v(k,0)=v(k+1,0),
and furthermore, since E(Xi,;) >E (Xi2) we have

kT + T, T, T,

E(Ye)  EXen) ~ E(Xiyo) -
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Thus, if (4.21) holds for a value of k, the inequality (4.20) holds for
the next value of k.

By the way, we can show that (4.20) holds for a finite value of &
except when tlirg q(t)y =q(o0)<oo, If it holds for k, it is obvious that

(4. 20) holds for &>k, by the monotonity of {E(X.)}. Thus if (4.20)
holds firstly for k,, we have

v(1,0)>v(2,0)>--zv(k, 0) <v(ko+1,0)<---
which means %, corresponds to the optimal policy of type III and k, is
finite.

If (4.20) does not hold for every finite %, then (4.19) holds for every
k, that is the relation:

4.22) v(l, 00> T for all &

is true. (4.22) may hold for only a case that

(4.23) }gg g (t) =g (o0) oo.

Otherwise E(Xi)—0 as k—oo, If (4.22) holds, the optimal policy of
type III is that don’t perform preventive maintenance at any failure.
This corresponds to the case ky=oco. Including such a case, the asser-
tion of the theorem is verified.

Remark 2. The case in which (4. 23) holds is essentially identical to
the case of an exponential failure distribution for sufficiently large £. In
such a case, it is well known that any preventive maintenance has no
effect.

So, the above conclusion that ky=o is very natural.

5. Optimal Policy in the Sense of Maintenance Cost Rate

In section 4, we discussed the existence and uniqueness of the opti-
mal policy of type III in the sense of its limiting efficiency. As was
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noted in Section 2, the concept of the limiting efficiency are generalized
to the concept of the maintenance cost rate. Thus, we have a natural
question whether the assertion in Section 4 is true or not in the gene-
ralized case. This is answered affirmatively as the following.

Theorem 2. If the failure distribution of a system is strictly IFR,
then there exists an optimal policy of type III in the sense of maintenance
cost rate. The optimal policy is determined uniquely except the case in
which the succeeding two values of k give the same maintenance cost rate.

Proof. The optimal policy of type III minimizes the maintenance
cost rate:

R—1)(CoTn+Cn) +CyTs+C,

Cott) = "% (Yo + i) Tut T,

We shall consider the following amount:

5.1 C(k)=Co+ g— —Cw (k)

_ (Co+Cn/Tw)E(Y2) + Cu Ta) Tu—C:
= E(Y) + (k—1) Tn+ T

= (Gt 2ot + L CT ),
where
6.2 O BT DT T T a0
and
5.3) bk) =+ !

E(Y) + (k—=1) Tu+T:
Now we have

(5.4) da(k) =a(k+1) —a(k)
_ {(#—1) T+ T} E (Xir)) —E(Y) T
TH{E(Yi) + (k—1) T+ T} {E (Yiyr) +- T+ T3}
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and

. _ — Y‘m + E (‘X":?’,l,), B .
(5.5) b (k) =b(k+1) —b (k) = the denominator of (5.4)

Now, we want to maximize C(k) in order to find 2 which minimizes
the maintenance cost rate Co (k). By Theorem 1, there exists a k (say
ky=c0) which maximizes a(k). Since b(k) is a monotone decreasing func-
tion of £, we can easily see that if C,T:>C;T,, then

(5.6) C(k) <C(ky) for every &>k,

This is true even if the equality v (ky, 0) =v(ky+1,0) holds. (This is
the exceptional case of Theorem 1)

On the other hand, the numerator of (5.4) can be rewritten as
follows :

6.7 {(B=1) T+ TIE(Xir) —E(Yy) T
=T:E (ch+1) —Tn [E ( Yk+1) —kE (Xk+1) ]
Since
(5.8) [E(Yii1) —RE (X ) 1--[E (Vi) — (B—1DE(Xi)]

=[E(Yir) —E(Y) ] -E (Xers) + (R—1)[E(Xe) —E(Xiss) ]
= (k—D[E(Xi) —E (Xi41)1>0,

(5.7) is a monotone decreasing function of 2 Furthermore the denomi-
nator of (5.4) is a positive and monotone increasing function of k.
These facts mean that a(k) is a concave and monotone increasing func-
tion of & for k=<k,.

Let &* be the k such that 4C(k*—1)>0 and 4C(k) <0 for all k*<
k=<Pk,. The existence of k* is clear for 4C(ky) <0 except the case that
4C(k) <0 for all k=1. In the last case let k*=1. When k*>1 we can
see that 4C(k) >0 for k<k*—1 as follows:

Let

(5.9) Ci=Co+ Lo and Cy= CnTi— G T T“T_ G Tn ,
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then, for £*>2 we have

(5. 10) AC(k*—2) = Cyda(k*—1) + Codb (k*—1)
+Cilda(k*—2) — da(k*— 1)1+ Col4b (k¥ —2) — 4b (k* —1)]
— Cyda(k*—1) +Cpdb (k*—1)
+b(k*)b(k* — 1)b(k* — 2){Co[E( Yir) +(k* — 1) T+ T3]
A TE(Xpr—1)— TwlE(Yr—1) — (B* — 2)E(Xpr-1)]]

— GE(Ypr—2)+(k*—3) T+ T3]

[ ToE(Xp) — Tl E(Yir) — (B* — 1E(Xp)]]

+ ColE( Yir—9)+ (k¥ —3) T+ Ts][ Ton +E(Xir)]
—GClE(Y)+ (B =1 T+ T[T +E(Xpr - D]}

— AC(k*—1)

bR YB(R* — 1)b(* — 2)[E( Yis)+(k* — 1) Tt T
(G T~ Co+ Cy Ton(k* — 2)NE( X 1) — E( X))
+b(k* — 2)[E(Xps—1 4+ Xpr)+2Tn1- 4C{k*—1).

By our assumption and (5.9), we can easily see that (5, 10) is positive
which means 4C(k*—2)>0. ([Note that C,T:—Cy+C T (B*—2) =Cy+
Cs+ (k*—2) (Cy T+ C,) >0 for k*>2] Replacing k* in (5.10) by k*—1
we can get that C(k*—3)>0 for k*>3. Repeating the argument, we
can say that 4C(k) >0 for k=<k*-—1. Thus k* gives the optimal policy
of type III in the sense of the maintenance cost rate.

If 4C(k*) =0 for an integer k*, then C(k*)=C(k*+1). Except such
a case, k* is unique as shown above. Thus the proof of the theorem
completes in the case C,>0.

For the case C;=0 (i.e, CnTs=C;T») the assertion of the theorem
consists with the one of Theorem 1 which was proved.

If C,<0, (5.6) does not hold. And C(k) is a monotone increasing
function of k for k=<k, because a(k) and C,b(k) are both monotone in-
creasing function in this interval. Hence, there does not exist the optimal
kin [1, k). Let £ be a k>k, such that a(k—1)>C(ky)=a(k), if it exists.
Since a(k) dominates C(k) and monotonically decreases for k>k,, there
exists a k& which maximizes Ck) in [ko,lé—l]. In order to prove the
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uniqueness, we shall denote k* the first value of k which maximizes
C(k). This means that 4Ck*)<<0 and 4C(k*—1)>0. We have

AC(R* +1)= ACk*)+[AC(k* +1)— AC(k*)]
= AC(k*) 4 b(*)b(k* +1)b* (k4 2) {C[E( Yir) + (B* — 1) T + T3]
[ TE( X +2) — Tl E( Yier 4 2) — (B* 4+ DE(Xiex 1.2)]]
~GlE(Yie s ) +{k*+ 1) T+ T3
[ TE(Xpr+1)— Tl E(Yir 4:1) — F*E(Xpr 41)]]

— G[E(Yi)+(k*—1) T — Tl T+ E(Xpe12)]

+ GE(Yir+2) + (B*+1) Too+ To)[ T+ E(Xps 4 )]}

=A4Ck*)

+B(R*)b(R* + 1)b(R* + 2)[E( Vi) + (k* —1) T+ T]
ACATs+k* T) — G[E(Xpr 42) ~ E(Xpr41)]

+b(k* +2)[Cyda(k*)+ Codb(k*)]- [E(Xpr +2) + E(Xier 1) +2 T
<0.

Similar argument proves 4C(k)<0 for all 2>k*-+1. Even if k does not
exist, when %' defined below exists, the above argument is true under the
slight modification. %' is defined as a &>k, such that a(k——l)>C(ko’)
=a(k) for some k' >ky. And, the case in which k' does not exist is the
case in which C(k) is a monotone increasing function and the optimal
policy is that don’t perform preventive maintenance at any failure.
Thus we can get the theorem for C,<{0. When ky= oo, these arguments

above are true trivially.

6. Optimal Policy of Type III'

Since the class of all policies of type III' includes the class of all
policies of type III, the limiting efficiency of the optimal policy of type
III' is equal to or higher than the one of the optimal policy of type III.
In this section, we shall show that the former is strictly higher than
the later, and how to find the optimal policy of type III'.

Now, if (4. 20) holds, from Lemma 3 and Lemma 4 we can say that
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there exists &, such that

6.1) vk, 0)=Z(k &),
hence that
Z(k, &) <v(k, 0) for 0<E<&,
and
Z{k &) >v(k 0) for £>6,.
These inequalities imply that
(6.2) vk, &) <v(k,0) for 0<€<4o
vk, &) >v(k 0) for £>&,.

Thus we have the following

Lemma 6. The optimal policy of type III' has strictly higher limiting
efficiency than the optimal limiting efficiency of Policy III.

Proof. Even for k, which gives the optimal policy of type III, the
inequality (6.2) holds. This means that the assertion of the lemma is
true,

Next, we shall show the following

Lemma 7. For any k, let

v(k,é(k)):m_in vk, &).
s
Then £(k) is unique.
Proof. It is clear that there exists £(k), because wv(k, &) is bounded

and continuous. For any positive number ¢, assume that there exist &
and &; such that

06,68
and
v(k,0)—e=v(k, &) =v(k, &),

where & was defined in (6.1). From the continuity of v(k, £) if we
choose ¢ small enough, we can get such & and &. Without loss of
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generality, we can assume that the equality:
(6.3) v(k 0)—e=v(k,§)

does not hold for §<¢, and §>£,. Let

: .

wiek, )=\ () dS@) (i=1,2),

1
where u(x) and dS(x) are same to (4.15) and (4.16). An analogous
argument to the proof of Lemma 3 shows that

wi* (k, &)

Z* (k) wy* (k. £)

i

is a monotone increasing and continuous function. Hence, since that
vk, &) =v(k EN)TZ* (R E) =0 (R, &),
we have
Z*(k, &) =v(k, &)
Thus, for any &e (&, &), from the fact that
Z* (k&) <v(k, &),
we have
vk, &) =v(k E)DZ* R, <v(k &) =v(k &),

This means that £(k)=(%, &) and that (6.3) does not hold for any
§€(£4, 6.

Now, let us fix €20 arbitrarily. Examine whether the following equa-
tion (6. 4) holds or not for i=0, £ =0, e;=¢, and some &V, &0+,

(6.4) vk, £) —ei=v(k, £,*0) =0 (k, &),

If it holds, since we can conclude that &(R)e(£9*V, &0Y) using the
above argument, proceed the procedure A in below. If it doesn’t, pro-
ceed the procedure B. Continuing these procedure A or B for i=
1,2, ---, we can get &%) uniquely.
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[Procedure A] Add 1 to i. Put &;=s;_; (f.e., &'s for new and old
are the same). Then examine (6.4) for new .

[Procedure B] Add 1 to ¢. Put &;=¢,_4/2 and &, =&V,
Then examine (6. 4) for new 7.

Thus, the lemma has been proved.

Lemma 8. For any positive integer k, &) is the root of the follow-
ing equation.

6.5) v(k, &) = Tne-0® / S: (=8 () dy.

Proof. Since »(k, & is a monotone increasing function for £>%,
and £(k) is a unique minimum point of v(k, &), there exists one and only

one point such as g—_‘v(k, & =0. This is £(k). Differentiating v(k, &),
we have
(6.6) _d_{ (k1) T+ Td;wl(k,ﬁ)‘}
) del E(Yy) +w; (%, §)

_ wi'(k, O{E(YD)+wi(k, O} —wy'(k, §){(k—1) T+ Ts+wi(k, £)}
B {E(Yx)+wa(k, 6)}* )

Since the denominator of the RHS of (6.6) is positive, equating the
numerator to zero we get

6.7 = =v(k, £).

The LHS of (6.7) is equal to

Tme—Q®
S‘:(y—s)f(y)dy ’

which is easily gotten from (3, 8) and (3.9) and completes the proof of
the lemma.

Summarizing Lemma 6~8, we may assert the following

Theorem 3. The optimal policy of type IIT' for a system whose failure
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distribution is strictly IFR is given by ézmkin &k), where £(k) is the unique

root of the equation (6.5). The limiting efficiency for the optimal policy
of type IIT is W& Tu+hE) and this is higher than the limiting effici-
ency for the optimal policy of type III, where h(t) was defined in Lemma 2.

Remark 3. This theorem asserts that Policy III is not optimal in
the class of Policy V and suggests that Theorem 5.1 of [4] must be
canceled. (An argument in the proof of it (p. 39, 1. 11 in [4]) was in-
correct.) However, because a tedious computation may be needed for
finding &, if the limiting efficiency for the optimal policy of type III' is
near to the one for the optimal policy of type III, the optimality (or
effectiveness) of Policy IIl may be used from a practical view point.
The author hopes to calculate these limiting efficiencies numerically in
the near future.

Remark 4. We shall illustrate the features of several functions
v(k, &), Z(k, &), Z*(k &) and Tnu,(t)/uy(f) in Fig. 1. The author conjec-
tures that such a situation as illustrated in Fig. 2 does not occur. But,
unfortunately, the proof has not been discovered. If we prove the fact,
we may find £ more easily.

Remark 5. We can rewrite w;(k, &) as follows:
. Tm ¢
w9 = o | e @) ar
_ T (Q(f)
I'k) o
- Ty (&, Q(E)_)_
r'ey -

€2 1dz

where y(k, &) denotes an incomplete I’ function. Thus, we have

{—1) Tt T3 (k+1) + Ty (k+1,Q(£))
o I3 _ .
BT ¢+D + QP w-05wady +( @@yF©a

vk, &) =

Example 1. If the failure distribution of system is of Weibull with
a shape parameter 8 and a scale parameter «, we have
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Tmu (&)

u2(8)
VAN
r(k+1,0) e bz
+(k,0)
T
Fig. 1
i Tmu, (8
uo §! r'j.8
+(j.0)
v(k,0)

Fig. 2
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f W-5H1W) dy:a‘%{l”(é— +1;) —r(ﬁl +1, Q(E)) —-Ee—Q(é)}
and
B(Y) = # L (k+5) /T ®.

Then we have
vk &)=
a ﬁ BHE=1) Tu+ T} I'(k+ 1)+ Twy (k*, at®)]

ol (k+ ﬁl) + (asﬁ)k[l’<1+ %) —r(1+ 7} aeﬂ) —ee-af’a%]+r(k+ ﬁl— at?)

7. Optimal Policy of Type IV’

As was shown in the previous section, Policy III could not become
the optimal policy in the class of all policies of type III'. This is also
true in the class of Policy IV’ which includes the all policies of type III.
We shall show the fact here.

The limiting efficiency for Policy IV’ will be got by putting a;=¢
for i=1,---,k—1 and a:=0 for i=k in (4.9) and (4.10) and inserting
E(Y) and E(K) for (4.11). We shall denote the amount corresponding
to v(k, &) of (4.14) as V(k, &) which is given by

7.1

@@ [F, s g (QW)*
V@@—ﬁ+@qu( D'gf“m“LT“F“’”T

@& @®)
G @+ 1o TON
_AGS
= B(k, E) , say.

Since it is clear that this is a differentiable function of & we differentiate
it as follows.
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(7.2)

2y sy 151900

B 15 (-2

Q@) o ,(ije))k-%}

(i—-1)! (b—1)!
Q@)

TuB, &) | £, 0T ge6® -

k
e~Dg (&) — XL iq(§)e-9®
i=1

—+kq@)e

& Q@) Q@)
z GO erorero G |

A1 ]

NPT (ks
~BE g L g e eono) Bk o ~{ 3

(Q (e»’

q(&)

x ( ('y—e)f(y)dy}mk, o]

R0 | w-orwa
- &=V, o),

B(k &)
where
(&) = )miTln.F,if),,,,,,,
. W-8fydy
and
Rk &) = ‘0 (Q(&))”

Here, we can easily get the following
Lemma 9. @ lim 7¢)= T =0
£50 m
(i) lim 7(§)= Tng(oo)
g0
(i) If f(x) is strictly IFR, the r(¢) is a monotone in-

creasing fumction.

Proof. (i) evident. (ii) and (iii) #(¢) will be rewritten as
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S o C RN
S:(y—e)f(w dy @’

where k(&) was given by (3.2) in Lemma 2, which showed that 4(¢) is
a monotone decreasing function if f(x) is strictly IFR and that

lim h(§)=1/g(o0). Thus the assertions of the lemma are true.

§-00

Now, we can see that V(& 0)=v(1,0) and V(k, o) =v(k, 0), because
the former case corresponds to Policy III for k=1, where
V(k, 00)=l$im V(k,&). Thus V(k, o) is finite for each £ by Theorem 1.
—00

Of course, for any fixed k, V(k, &) becomes its minimum value at &(k)
such that 7(&)=V(k)ék) if Tw<<T:. This fact will be shown as follows.
If r(0)=Tu/m<Tsim=v(1,0)=V(k,0), then V(k, &) decreases in a neigh-
dv(k, &)

d¢
r(&)=V(k &) must hold. Hence V(k §) will decrease in the interval
(0, £(k)), where £(k) in the first root of the equation

bourhood of the origin. In order to become - =0, the relation

(7.3) r@)=V(k,¢).

Further, at £ (k), since 7(¢) is an increasing function, 7(¢ (k)+¢) >V (§(k)+¢)
for sufficiently small ¢>0. This means that V(k &) is an increasing
function at £(k) +¢, and that £(%) is a minimal point. Even if ¢ (k) is
another root of the equation of (7.3), V(% &) will increase at £(k) +e.
Thus (k) cannot be a maximal point. This fact implies non-existence
of £(k) (ie, uniqueness of §(k)) and hence the following

Theorem 4. If T.<T, then the optimal policy of type IV' for a
system whose failure distribution is strictly IFR is given by é:mi’? £,

where £(R) is the unique root of the equation: r(&) =V(k, &). The limiting
efficiency of the optimal policy of type IV' is (1+7(£))~'. If TuxT., then
the optimal policy of type IV' is to replace the system by new al each
Jailure,
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Remark 6. We may illustrate the features of #(§) and V(k ¢) for
several k in Fig. 3. Broken lines indicate the case in which T,,=>T.

r(&)
Vik,&)
Vik, &)

T

m
V(k,,¢)

T

m
(V{1,8)
3

REFERENCES

[1] Barlow, R. and L. Hunter, Optimal Preventive Maintenance Policies, Opns. Res.,
8 (1960), 90-100.

[2] Barlow, R. and F. Proschan, Mathematical Theory of Reliability, J. Wiley,
(1965).

[3] Makabe, H. and H. Morimura, A New Policy for Preventive Maintenance,
Journ. Op. Res. Soc. Japan, 5 (1963), 110-124.

[4] Makabe, H. and H. Morimura, On some Preventive Maintenance Policies,
Journ. Op. Res. Soc. Japan, 6 (1963), 17-47.

[5]1 Makabe, H. and H. Morimura, Some Considerations on Preventive Maintenance
Policies with Numerical Analysis, Journ. Op. Res. Soc. Japan, 7 (1965), 154~
171.

[6] Morse, Ph. M., Queues, Inventories and Maintenance, J. Wiley, (1958).

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.





