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Introduction

Let Cy,----,C: be a sequence of classes, each having ny, <+« m
members, and the total number of their members be n. Suppose that
each C; has a linear order between its members but we do not give
beforehand any order between members of different classes.

We wish to distribute M articles impartially to these classes, allotting
Ny, ++-+,N: to Gy, +---C,, respectively. When distributions are repeated
over and over again, it would be desirable to be impartial in such a
way that the distributions should satisfy the following conditions:

(D .NNL__,”T: according as N— oo,

(2) The expectation of the deviation of N; from %N , 1.e.

x(
a small range of values, as possible.
Under these leading ideas, Prof. Katuzi Ono has devised the follow-

ing two plans in distributing scholarships among the several groups of

student. :
1

ALY
n

) does not increase infinitely with N, but is limited to



2 Jiro Ito

The one is a ‘way of ordering’ by which whole members of all classes
are arranged in a linear order and the articles are to be distributed in
this order. (Rule (A)). :

The other is a ‘way of determining allotments’ of Cy in proportlon to
n; (Rule (B)) up to decimal corrections which would be taken into account
next time. . .

I have checked these’ plans and have been able to prove mathe-
matically the existence of solutions for both Rulcs In the present paper,
I will introduce' these plans and discuss thé propertles of ‘éach solution
together with its existence proof.

Rule (A)

Let fi(j) be the number denoting ‘the order of the j-th member

Ci; in the class C, satisfying the following conditions:

4. T (=D<AG) S i
] 1

-4y, If the number fi(j) is not determined by 4, exactly, the ambig-
uous part -should be determined by lot among the candidate members
Gy each with a chance to be selected in proportion to ;.

Rule (B) _
- “Since the number N, n, n;, and N; might change every time, we
denote them by N(k), n(k), ni(k), and N;(k), respectlvely, for. k-th
distribution.

Let ri(k) be the term of correction of C;, and M; (k) be the standard

allotment defined by

MD=rb+
ri(k)=0

ri(k+1) =M. (k) — —Ni (k) for k=1,

-N() -

. Then we determine N;(k) by the following conditions:
B.. (1) Nik) is a non-negative integer satisfying . N:(k) =N (k).
R 1

(2) Mi(k)—1< N(h) < Mi(h) +1.
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On Certain Kinds of Orderings 3

B;. .In case where N;(k) can not be dctcrmmed by B, , we select by
lot the classes for which N (k) would be largcr than M. (k). Any class'
C; taking part in this lot should have a chance to be selected in’ pro-
portion to the decimal part of each M;(k).

§1. The Existence of Solutlon for Rule (A)

1.1 The matrix representatlon of the problem )
We can represent the problem in the form of matrix uniquely
(Table 1). In each column of this table, we have n; pairs of numbers

([rom]e)o(i ()

for ji=1,++-+,m <|:~:— j:] denotes the greatest integer which is not larger
i

such as

Table 1.
ny=2 n,=4 ng=4 n,=5
C, C, Cs (oA
(1. 1 (1. 1) (1. 1 RCHRY!
(1. 2 (1.2 (1. 2) (1. 2)
(1. 3) (1. 3) (.3  |. (1 3
(1. 4 @4 | @9 1 @9
(1. 5) @. 5) @. 5 @. 5)
(1. 6) @. 6) @. 6) . 6)
an @ N @n | @7
@. 8) @. 8) 3. 8) @. 8)
@ 9 (3. 9 - 3.9 (3. 9
(2.10) (3.10) (3.10) (4.10)
2.11) (3.11) (3.11) C@4.1D
(2.12) (4.12) (4.12) (4.12)
(2.13) (4.13) 413)° | (5.13)
(2.14) (4.14) (4.14) (5.14)
@.15) (415 | (415 | | (5.15)
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than ni j), respectively, for each j;, the last pair should be underlined.

These underlined pairs are called nodes.

The prescription 4, of Rule (A) states that in every k-th row of
this table we have to select one and only one element (j:, £) and put
Si(j)=k. A4, prescribes the step that is to be taken when we can pick
out one from two or more columes.

The matrix representation of this problem has the following pro-
perties.

1°. Let the total number of nodes up to the k-th row be N, and it follows
that

(N N.<k for 1Zk<n—-1,
(2) N,=n.
(proof)

Case (1): If we notice the element (j;, £+1) which lies in the
k+1-th row of the column C;, the number of nodes up to the k-th row
of this column is j;—1. Thus

n

—(Ji—1) <k +1,
nyg

Lins
Ne=Z(ji—D<E+1D) 'n =k+1,

therefore, N <k.
For case (2), there is n; nodes in each column C;, therefore, in total,

No=Yni=n.

1.2. Full count matrix

Now we proceed to define the full count matrix. Let the l-type full
count matrix be the matrix which has only one element and only one
node.

For k = 2, the k-type full count matrix is defined by
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On Certain Kinds of Orderings 5

1) Ne=k,

2) N.<a for a=l,----,k—1,

3) It consists of k-rows and k-columns except for the nodeless
columns.

2°.  Matrix having k-rows and k-nodes is decomposable into a finite number
of 1~k-type full count matrices, and the total sum qof its numbers is k.
(proof)

If the matrix is full count, then its type number is £. If it is not
full count,

N.Za for a=l,«.. k-1,
and there is 8 as in
N;=8 and 1 < 8 <k--1, according to 1°
We arrange these 8’s in the order of their magnitude as follows:
Biy++rey B,
where 2 is finite and holds
1=<8—Bi1 k-1

for t=1,+--+,2+4+1 and B,=0, B 1=k.

Therefore, except for the nodeless columns the matrix is decomposed
into A+1 full count matrices of (8:-—B;-1)-type, and the total sum of its
type numbers is

2+1
Z, (Bi— )=k

1.3. Construction of solutions

3. In a k-type full count matrix, we can determine a nuwber of linear
order fi(j), satisfying the Rule (A), from 1 to k for all i and j.
(proof)

We can prove this by complete induction with respect to £. The
case k=1 is trivial.
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Now, assuming that the assertion holds for 1~k-type full count
matrices, we will show that it also holds for the case of k+I1-type.
According to the definition of full count matrix, there is no node in the
first row, so we can choose the element of the l-st order by 4;. Then,
-we strike off the corresponding node and the 1-st row, and we obtain
a matrix héving k-rows and k-nodes. This matrix is decomposable into
a finite set of matrices, the types of which are not greater than &, by
2°.  According to the.assumption of induction, we can determine the
linear ordering in each matrix. Thus, connecting these linear orderings

Table 2.

ny =2 n,=3 ng=15 n=20

C, : C, G (row) (node)
a1y an | (L 1 1 %
L2 0.2 | (2. 1 i #
(1. 3) (1. 3) (3. 31 1 0
1. 4 1. »! (3. 4 2 -
(1. 5) (1. 5) (45! 3 1
(1. 6) (1. 6) ( 5. 6)! 4 2 %
(1. 7 @ 7 (6. DY 1 0
(1. 8)! @. 8) (6. 8) 2 1
(L 9 @. 9 (1.9 3 1
(1.10) @10 | (8.10)! 4 2 ¥
(2.11) @1nn | (e.11) 1 0
2.12) (2.12) ( 9.12)! 2 1
(2.13) (2.13) (10.13)! 3 2 #
(2.14) (3.14) (11.14)! 1 1 #
215! | (3.15) (12.15) 1 0
(2.16) (3.16) (12.16)! 2 1
2.17) | 3.1 (13.17)! 3 1
(2.18) (3.18) (14.18)! 4 1
@.19 | @.19)! (15.19) 5 0
(2.20) (3.20) (15.20)! 6 3 #

(#—full count mark, (j,k)\—k is the Ci;’s order, and !!—selected
by lot.)
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in a line, we obtain a liner ordering for the k+l-type full count matnx

4°. For the whole matrix of this problem, we can give a linear orderzng by
4, and A4,.

(proof) _

The whole matrix has n-nodes and n-rows, therefore, by. 2°, it is
decomposable into a finite set of 1~a-type full count matrices, vand‘ the
sum of their tYpe numbers is #. In any one of these matrices, we can
give an ordering whose last order is its type number, by 3°. Connecting
these orderings in a line, we obtain a whole ordering.

1.4, Numerlcal example \ .
Table 2 shows the ‘procedure . to glve an ordering of ties kind for
n =2, n;=3, ng=15, and n=20. o

"§2 The General Solution for Rule (B)

2.1. Notations N v
Only in case M:(k)>0, we denote its decimal part by d:(k), i.e.

di(k) =M; k) —[M:(k)].
Furtheremore, we put

RE=N®K)~ ¥ M@, -

(M (¥)>0)

where ¥ means the summation for such s satisfying. the condition
i(My(F)>0) AR o T

M k)>0.

2.2. Lemmas S .
From the condition (1) of B, we. can ca51ly sce the followmg
properties.
oo —1<n®<l.
2°. Mi(k)>-—1.
3. vZ':n-(k) =0, for any k.
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{proof)
We can prove this by complete induction with respect to .
In case k=1, holds

xr(1)=0

by definition of r; (k).
For case ¥ =1, let us assume Y r;(k)=0. Then we have

§f‘ *+1H)= ); (M (k) —Nik"))
=L M)~ DN (K)

(k)

iy NEO-N@)

=nr®)+ D —
=nr k)
=0
The following properties follow immediately from 3°.
£ LMB=N®.

'(M‘(Z M k)= NK&).

2.3. Construction of solution for Rule (B).

In this section, we discuss the case where N;(k) is determined by
the condition B; of Rule (B) only, at first.

6°. If M;(k)<0, then N;(k)=0.
(proof)

By (2) of B; and 2°, we have

—2< My —-1 < Ni(RY< M(B)+1 <1,
therefore, we have N;(k)=0.
7% If M;(k)>0 and d;(k)=0, then N;(k)=M; ).
(proof)
There is non-negative integer satisfying the condition (2) of L,
except M (k).
Next, we treat the case where N;(k) is not determined uniquely by
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On Certain Kinds of Orderings _ 9

the condition B; of Rule (B).

8. If Mi(k)>0 and d;(k) >0, then

Ni(By=[M: (k)] or [M;(h)]+1.

(proof)

By assumption, we obtain

M (k) —1 <IM:(B)] < [M:(R)]+1 < Mi(k)+1.

Then, N;(k) satisfying the condition (2) of B; might be [M;(k)] or
[M(E)]+1

9. (1) RK)=0,

(2) The number of classes C; for which d;(k) >0 holds is not less
than R(k).
(proof)
(1) By 7° and 8°,

[Mi(F)]=Ni(k) or Ni(k)—I.

Therefore,
3 [ MiBls Y No(k)=N(k)
(M y(k)>0) i(Mi(k)>0)
ie. REHy=NK)— X [M:k)]j=0.
(Milhy>0)
(2) RE)=NEK—~ Y [Mik)]
(My(k)>0)
< n Mk)— ¥ IMiK&)] (by 5
(M y(k)>0) i(My(k;>0)

= 3 di(k)

T
=<(the number of C;’s for which d;(k) >0 holds).

The identity holds only in the case where all d; (kys are equal to zero
and consequently R(k) is equal to zero, too.

10°. From among the classes Gy for which Mi(k) >0 and d;(k) >0 hold,
we can select by lot R(k) classes. For these classes holds Ni(k)=[M.k)}+1,
and for the rest holds Ny(k)=[M;(k)]. Any class .C, which takes part in this
lot should have a chance to be selected in proporiion to d; (k).
(proof)

" By definition of R(),
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Nky= % [MBI+RE)

= z: [M ®I+ 5 IME1+1)

i(di{k)=0) ) i(dy(k >0, for selected ones)

+ L [Mi(k).

1(dg(k)>0, for others)

The latter deformation is possible by 9°
Existence of a complete solution can be shown by 6°, 7° and 10°,

2.4. Rule (B)
The following Rule (B) is equlvalent to Rule (B)..
Rule (B)

(1) ZNz(k) N(k)

(2) If M (k)< 0, then N;(k)=0.

(3) If Mi(k)>0 and d;(k)=0, then N;(k)=M; (k).

(4) Among the classes C; for which M;(k)>0 and d;(k)>0 hold,
we select R(k) classes by lot, for which N;(k)=[M;(k)]+1 holds, and
N (k)=[M;: (k)] holds for others. Any class C; which takes part in this
lot should have a chance to be selectcd in proportlon to di(k).

(proof) ' :

If there is a solution of (B), it satisfies the condition (1)~(4) of
(B"), and conversely a solution of (B’) satisfies (Bl—( 1)), according to the
last section 2.3.

Now we have only to prove that the condition (B,—(2)) is satisfied
for a solution of (B'). The condition B, immediately follows (B'—(4)).

As (Bl—(2)) is equivalent to ‘

(a) ~1<r®<1,

we can prove this by complete induction.
In case k=1, (a) is trivial.
‘In case k=1, we assume that (a) holds for %.
By definition

ni (k)

M;E)y=r(k)+—-~- (k)
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ri(k+1)=M;(k)—N: (k).

If —1<M;(k)=0, we obtain N;(k)=0 from (B")—(2).
Therefore

—1< r(k+1)=M (k) <0.
If M;(k)>0,
Ni(B)=[M:®)] or [Mi#k)]+1,
must hold according to (B'—(3)) and (4), so
rik+D=di (b)Y Por di(k)—1.

Table 3.
‘ G & Gy C, R(k)

w/n o215 | 415 4/15- | 5/15 S

Ni(1) 1 0 0 0 1

7:(2) —13/15 4/15 4/15 5/15 '

M;(2) —11/15 " 8/15 8/15 10/15

N;(2) X 1 0 0 1

ri(3) —11/15 —7/15 8/15 10/15

M;(3) —9/15 =3/15 12/15° | 15/15

N;(3) X X 0 1 | o

ri (4) —-9/15 —3/15 12/15 0

M@ | =115 1/15, 16/15 5/15

Ni(4) X 0 1 0 0

7:(5) —7/15 /15 | 1/15 - 5/15

M;(5) —5/15 5/15 5/15 10/15

Ni(5) X 0 0 1|1

r:(6) —5/15 5/15 5/15 —5/15

M6 | —3/15 9/15  ° 9/15 0

N;(6) X 1 0 X 1

n( | —=3/15 —6/15 9/15 0 '

M;i(7) -1/15° —2/15° 13/15 5/15

N7y | x X 1| o0 S|
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Since 0<d;(k)<1, we obtain
—1 < rk+Ddi(k+1)< 1.

2.5. Numerical example
In practical application of this problem Rule (B') is more convenient
than Rule (B). Table 3 is a special case where N(£) is always equal

to one.

§3. Properties of Solutions

3.1. Rule (A) is best possible

1°.  For our conditions, the solution qof Rule (A) is surely best possible.
(proof) |

Let N articles be distributed and N; articles be alloted to every Ci,
according to Rule (A). For our purpose, it would be sufficient to show

7n;
Ni—7Nl<l.

If N;=k, this means that the distribution has finished up to Cy
but not C; x;;. Therefor eweobtain

k=D <ABSN <[+ =o-¢+D)
ie. —1<N—TEN LI

3.2. Rule (B) is a desirable one

For Rule (B), we discuss only such case that n; (k) and n(k) are equle
to constants n;, and 7 respectively.

We first discuss the differences between two allotments; one is a
total sum of allotments for several times, and the other is an allotment
of a distribution which is performed simultaneously insted of several
times. We use asterisks referring to this distribution, such as N;*(k),
M*(k), etc.

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.
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2°. Let,-+««,N(k+2—1) be a sequence of numbers of articles for A times
distributions beginning with k-th distribution, and let us put

A-1
N* (k)= ENG+3).
Then we have
-1
NFB=1 S TN+ ) S N R+
z

(proof)
(b)  MA®=rk)+"-N*k)

=r(h)+1 N(k)+j§n—,:N(k+ j)
= MR+ L, (M )= )
=Mi(k)+j=f::(Mi(k+j)—Mi(k+j—1)+N-L(k+j—1))
=Mi(k+z—1)+;gNi(k+j~1)
(¢) | =ri(k+2)+;)£_;Ni(k+j)
Since —1< ru(k+2) <1, we obtain
(d) M* k-1 <j_)§2vi(k+j)< M*R)+1.
) If —1<M#E <0, then Ne*()=0. Thus we have by (@
Nt B=1 < TNk < NrGy+1.
2 If M*(k)>0, then
NG H=IMAE) or (MBI
holds by (d). Therefore
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N*(B)—1 <‘j§m G+ NAR+]
or Nt (b)—1 gj;j;Ni k+ ) < N*(R)+1.
From 1) and 2) above, we get
N*(k)—1 gigm k+ )< N*E)+1.

In the special cases that the total number of articles equal a multiple
of n, we have the following.

21
3. If 'EON(1+j)=m-n, then Ne(14+ j)=m-n;.
Jj= - .

(proof) . ‘
In the proof of 2° of this section, let us put k=1. Then we have
. i-1 .
MX D=+ INA+j) - by (b)
i=
=m-n;
-1
=r(+D+INi(1+ ) o by (c)
i=0

Since ;Z:;;Ni(l-i— J) and m-.n; are both positive integers, we have
ri(A+1)=0.

By 2° and 3° we know that the difference between the two kinds of
aliotment is almost 1, and that the devition due to the dealing of
fractions will be canceled if the number of articles is just a multiple
of n.

Now, we have the following conclusion.

4°. For Rule ( B), the deviation of N; from L% N s limited to a sufficient!
7 Ly

small range of values

n;
N,-———n N |< I,
that is best possible.
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(proof)
By (d) in the proof of 2°, we obtain

MrWH="rN
and

M*(D-1< N < M*(1)+1.
Therefore,

—l<N,-—%N<I.

Remark
In the special case, where one article is given after the other each
time, the solution by Rule (B) gives an ordering. - Thus we can use the
Rule (B) as a *way of giving ordering. We have illustrated this in
Table 3 for numerical example of Rule (B).
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