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§0. PREFACE

A new algorithm is proposed for solving resource allocation problem
(§1). Tt is basically dual method (I) in linear programming theory.
But in view of network topology the idea of tree or forest plays essential
role in our algorithm, as in (II). E. Balas and P.L. Ivanescu, K. Eisemann
and J.L. Lourie have treated the same problem. The me hods are
basically primal method (IV), (V), (VD).

§1. RESOURCE ALLOCATION PROBLEM
Definition

Let us call the following problem resource allocation without slack

(1-1) T 3 cumy - Min.,
i=1 j=
-2 T aiy=ac (i=1~m),
P
(1-3) E ryZi=b; (j=1~n),
(14) xij;O (l= ~m, ]=l~n).

(a;, by, €:;==0, r:;>0).

For example each of m resources is to be allocated to produce =
products. Let a; denote the available amount of i th resource (i=1~m),

and b; the demand of jth product (j=1~n). Unit amount of ith
172



Tree Algorithm for Solving Resource Allocation Problem 173

resource produces 7;; of jth product at a cost of ¢;;. Find allocation
program minimizing total cost.
Instead of (1.2) we have often inequality constraints

(1.2)’ % susa: (i=1~m).
P2

Let problem (1-1) (1-2) (1-3) (1-4) be called resource allocation with
slack, which we treat in §5.

Network Representation

We represent resource allocation without slack (1-1)~(1-4) in
network figure as Fig. 1 (a). It shows that the resource allocation
problem is the same as transportation problem except that when a
commodity flows from node i to node j its amount is multiplied by 7.
Let the coeflicient ri; be called trancemitance. Of course each source may
not connect with every sink directly, so in general we have a network
shown in Fig. 1 (b).

(a) (b)

Fig. 1. Network representation ot resource allocation

Dual Problem
Resource allocation (without slack) in general network (Fig. 1 (b))
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174 Iwars Takahashi

is formulated as follows:

(15) x cij.rij—>Min.,
(i, De4d
(1-6) ai=Y %, i€ S,
B
(1-7) Crata=bi, kT,
(1.8) x;=20, (4,5)e4,

where § denotes the set of source nodes, T the set of sink nodes, and A the

set of arcs. Dual problem of above is:
(1.9 Y baue— Y au: — Max.
keT ies
(1-10) cijtu—riu;=0, (1, ))eA.
Let us call u; node potential of node i and
(1-1D Cis=cijtu;—riu;

imputed cost of arc (i, ).

§2. GENERAL ALGORITHM BASED ON DUAL METHOD

We reinterpret dual method (I) as follows. Let us consider a

primal linear program

2-1) ¢z — Min., Ax=5b, x=0
and its dual program

(2-2) b'y > Max., c=A'y.

Select linear independent column vectors Py, ---,P, of A, such

that y determined by

(2-3) y'Pi=¢ (i=1~m)
is dual feasible (where ¢;,-:-,¢n are components of ¢ corresponding P,
-+, P, respectively).

If some of z,, -+, 2» determined by
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(2'4’) x1P1+"'+mem=b
are negative, then select one of them, say x;. Delete the equation for
i=1 from (2-3) to get a relaxed system of equation

(2-5) Y Pi=c; (i=2~m).

The solution of (2-5) has one parameter § to be arbitrarily chosen,

so we denote it
(2'6) Yi=y:+07; (i=l~m)

where y; (t=1~m) is the solution of (2.3).
Then we can see easily that 5 (whose components are 7; (i=1~m))
is orthogonal to P; (1=2~m), that is

(2.7 7 Pi=0 (=2~m).
Further from (2-4) we have
(2-8) Ty Pr=7b.
The objective function of dual program for ¥ is
29 by=b'y+0b'n=>by+6xyP;.
Let us select

{ 60 if %' Py >0,

(2-10) 0>0 if 7/P,<0

then we can increase the objective function of dual program (because
x;<0), and ¥ is also dual feasible for small* (absolute) value of 4.
(*If a column vector Py of 4 which does not belong to [Py, ---, Pn]
satisfy y'Pi=cc, that is degenerate occurs, then for any non zero 6,y
breaks feasibility. However we can avoid the case by purterbation
procedure (III)).
Consideirng as above, we have the following general algorithm;
Step 1: Select liner independent basc vectors Py, ---, Pn such
that y determined by (2-3) is dual feasible.
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Step 2: If x,.--,z,» determined by (2-4) are all non-negative,
then these are optimum. If some of them are negative, then select one
of them, say x;.

Step 3: Delete equation for {=1 from (2-3) to get (2-5), then (2.5)
relaxes the constraints by one parameter. In (2-5) the solution can
move freely (by one parameter) and the direction is 7 (see (2-6)).

Step 4: Move the solution from ¥ in the direction (according to
rule (2-10)) and stop not until feasibility of dual program is broken
somewhere, to get new better solution y, and a new base vector P;.
Return to Step 2 with new basis [P - - PnPi].

§3. PRELIMINARY CONCEPTS AND GENERAL
DESCRIPTION OF TREE ALGORITHM

O-tree, 1-tree, forest and path characteristic

On a given network (such as Fig. 1 (b) or Fig. 2), let us call a
sub network, which contain no loops, 0-tree and a sub network which
contain only one loop, /-tree. Further let a sub network be called forest
if components of the sub network are O-trees or l-trees and every nodes
of the given network is contained in the sub network.

In Fig. 2, for example, T;={(1,2), (1,4), (1,6), (3,2), (3,6), (5,6)}
is a l-tree and T;={(7,8), (7,10), (9,8), (9,12)} is a O-tree, and the
set of all solid arcs {7}, Ts} is a forest whose components are T and T;.

A path characteristic is the product of trancemitances of arcs with
same direction as the path and reciprocals of trancemitances of arcs
with opposite direction on the path. In Fig. 2 characteristic of path
(5,6,3,2)=2x(1/3)x4=8/3. Loop characteristic is defined same way. In
Fig. 2 characteristic of loop (1,2,3,6, )=3x(1/4)x3x(1/1)=9/4.

Several Propertier

Property I: Flows on a l-trec which satisfy conservation con-
straints are uniquely determined if and only if the loop characteristic

is not unity.
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In Fig. 2, T; has non unity loop characteristic and flows of T,
which satisfy conservation constraints are as follows; x3=—4.6, x1,=75,
T16=0.1, 233=6.7, x3s=1.3, 256=10.

Property II: Node potentials on a Il-tree which yield zero
imputed cost to all arcs on the l-tree are uniquely determined if and
only if the loop characteristic is not unity.

In Fig. 2, node potentials on Ty which yield zero imputed cost
to all arcs on T, are as follows; uy=-—0.1, us=0.3, u3=-—-0.8, u,=1.2, us=
—2.2, ug=0.9.

Property III: Node potentials on a 0-tree which yield zero imputed
cost to all arcs on the (-tree has one parameter 6 to be arbitrarily
chosen.

In Fig. 2, node potentials on T, which yield zero imputed cost

Fig. 2. 0-Tree, 1-Tree, Forest
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on T, are as follows; u;=0, ug=6+29, ug=1/2+26/3, u14=2/3+9/3, uy,
=9/10+4249/15.

Gain of O-tree
Consider a O-tree Z. The increasing amount of the function
> baui— Y aw (a part of dual objective function) by raising up

ieTnz ieSnz
node potentials of Z, with imputed costs of arcs on Z to be invariant,
play an important role, and let the amount be called gain of the 0-tree
Z. More precisely, we call the increasing amount (above mentioned)
per unit increasing amount of u; (I€2) gain of Z to node i. For example
in Fig. 2, gain of T to node 7 is 20.x2+17x1/34+16x2/15—9x1-7x2/3
=512/15.

General Description of Tree Algorithm
(1) Initial Treatment

Choosing appropriate node potentials, construct an initial forest
F composed of 1-trees such that every arc of F has zero imputed cost,
every remaining arc has positive imputed cost and the characteristics
of loops contained in F are not unity.*

Let flows on arcs which are not contained in F be zero, then
determine flows on arcs in F'so that conservation constraints are satisfied
(see Property I). (F is corresponds to initial basis in general dual
method).

(ii) Iterative Process

If flows on F are all non negative, then optimal solution attains.
Otherwise select one of arcs with negative flows and delete it out of F,
to get F'. Then one component of F’ becomes a O-tree which we denote
Z.

Raise (or lower according to rule (2-10)) thc node potentials of Z
with imputed cost of arcs on Z to be invariant (see Property III), until

for the first time an imputed cost of an arc which is not contained in

* We assume such initial forest exist for convenience to illusirate but detailzd
algorithm in §4 (or §5) is valid in the case lacking in the assumption.
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F become zero.
Adding the arc with newly zero imputed cost to F’ we get a new

forest.
Repeat above procedures.

§4. TREE ALGORITHM FOR RESOURCE
ALLOCARION WITHOUT SLACK

We state tree algorithm for resource allocation without slack

(1-1)~(1-4) through an example shown in Table 1.

Table 1
Cij Tij
1 5 6 7 4 5 6 7 oa
1|1 6 7 10 1y 1 2 3 1 |9
2/ 5 3 17 3 2/ 2 1 4 3 |15
3 14 11 2 15 | 3/ 3 2 5 1 |10
by| 13 15 30 20

In table-from such as Table 1 or Table 2, a row number corres-
ponds to a source node, a column number to a sink node and an entry

to an arc.

(i) Determination of Initial Forest
Step 1: Select a sink, say sink 7. Set

U =0, uy=—ciz  wy=Min.; (u+cis)/1ia)
Ug=—cgr us=Min.; (ui+cis)/7is)
Ug= — (37 u6=Min.,» ((u;+ci6)/ne),
and compute {yj=c¢;;+u—riu;. Square entries with zoro imputed costs

(Table 2). (When more than onc zeros in a column, except column 7,
select one with highest row number of these zeroes—see treatment on
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degenerate case). Then squared entries construct a O-tree.

Step 2: Set »;=1 and »: to be reciprocal of characteristic of the
path on the O-tree from node 7 to node i for each i, and compute
§&ij=ni—rim; for all entries—of course &;; on the O-tree are zero. {;;/&i;
is shown in each entry without square in Table 2.

Step 3: If for all arcs (i,j) &;=0 then let initial forest F to be
the O-tree and go to Step 4. If some &;;>>0 then select # to be negative
and determine a magnitude of ¢ to be the maximum value which

satisfy
-1 Cij+06:,=0

for all entries (z,7). In our example 6= —~4/5* for which arc (2,5)
satisfies (4-1) with equality sign.

Add the arc to the O-tree to get initial forest F which is itself
I-tree and does not contain loops with unity-characteristics. (Of course
more than one such arcs exist we select one with highest arc number).

Step 4: Compute new node potentials #'=u;+67; and imputed
costs (i =¢;+6%;; (Table 3 (1)). Set flows on arcs not contained in F
to be zero, and determine flows on F to satisfy conservation constraints**

(Table 3 (i)).

(ii) Iterative Process

Step 1: If all flows on F are non negative, optimum solutions
attain. Otherwise select one arc (m,n) of arcs with negative flows on
F, and delete it from F to get F’, then further to get a 0O-tree Z.

(In Fig. 3 (1), (mym)=(1,7), z={(1,H}. 1In Fig. 3 (ii), (m,n)=3,7), Z=
{3,4), 3,5), (3,6), (1,4), (2,5), (2,7)}).

* Of course in our example we can select ¢/ to be positive and set ¢=17/2,
Generally if £;;20 for all arcs then we must set # to be negative and if £,;<0 for
all arcs then we must set 7 to be positive, otherwise we can arbitrarily select sign

of 1.
#* When F is O-tree such flows may not exist. In this case feasible solution does

not exist.
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Step 2:
In case m=2Z, n&Z:
Raise up potentials of Z with imputed cost on Z to be invariant.

4:2) The gain of Z to node m= —Zma.

In case neZ, mx2Z:
Lower potentials of Z with imputed cost on Z to be invariant.

(4-3) The gain of Z to node n=—runTmn.

In case both m and neZ:
Raise up (Lower) potentials of Z with imputed cost on Z to be invariant
if the gain of Z to node m is positive (negative)

(4-4) The gain of Z to node m=(3.— DT

(The gain does not vanish because F does not contain loop with unity-
characteristic). (In Fig. 3 (i), m=1eZ=/{(1,4)}, so set ;;=1, 5,=1 other
7:=0. In Table 3 (ii), both m=3,n=7<2Z, so set p3=1, n,=1/3, 75=1/2,
ne=1/5, 73=1/29,=1/6, and the gain of Z to node 3=13/3+15/2+30/5
+20/6—9/3—15/2—-10=2/3.)

Step 3: Continue to raise (/>0) or lower (#<0) the potentials
until for the first time an imputed cost of an arc €Z (complement of
Z) becomes newly zero. That is, the amount to be raised

(4-3) [0]=Min. (Ci;/1§u] : 550, (i,5)EZ)
(Replacing £;;>0 instead of £:;<0 in (4-5) we get the amount to be
lowered)
Let (k,1) denote a minimizing arc in (4:5).* In Fig. 3 (i), ¢=31/5,
h, )=(3,4).
Step 4: Compute new node potentials u' on Z by
w'=ui+0y (GeZ)

* If there are more than one such arcs then let (k,1) be an arc with the highest
arc number.—See treatment on degenerate case.
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and new imputed costs i’ on Z by
Cif =Ci+08; ((i,j)eZ)
Step 5: Add (4, 1) to F’, we get a new forest and compute flows
satisfying conservation constraints on the new forest. Go to Step l.

Table 2
4 5 6 7
. - _ _13
Ui 6 2 , G ’ 0 e=~i
R ! z 5 1 5
~10 1 2 0 3& 1
1 5 2
! 0 R
_ 2 J 4/122 3
2| 73 u e sV 5
3 1 = NIk
2 5
5| 15 37 2 5 ! ]
1 2 | |
Table 3
4 5 6 7
_34 _12 _69 _4
Ui 5 5 25 5 _ 31
hi ! 0 0 0 0="%
_54 1 2 31412 1
! ! 1
(n _%7 2 _55£ 1 4/566 3
25
2 0 2 7 0 8 15
79 3ﬁ_3_ 2 5 i
3 5 5 10
) g 4 ( 6 | o
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Table 3
24
0=
1
an
2
3
8=4
1
Ciii)
2
3
4 5 6 7
Ui 2 2 -1 %
1 2 3/ 1
] -2 77 4 17 g 22 9
9 9 3
() 7 v ~
2| -1 20 55 || 20 15
9 9 20 3
7 2 ~i5 y
3|7 1 I 4 / 6 £ o
| Optimum
13 15 30 20 Solution
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Treatment on Degenerate Case (111)
We can imagine, unit cost of an arc (i,j) is ¢i;+¢*/ where ¢>0
is arbitrary small number. Thus even if for some values piy
Cij+piy=cCi-t pu
we have
cij ettt piy<eiy+ pra ek
for i+j >k+1.

This is the reason why we seclect an arc with highest row (or

column) number when tie occur in minimum imputed costs.

§5. TREE ALGORITHM FOR RESOURCE
ALLOCATION WITH SLACK

Arbitrary Amount of Demand
Consider the case that we are free from the constraints on demrands
at some sink nodes in resource allocation without slack. For example

constraint at sink node k is
LTk =Y
1

and ¥ is an arbitrary amount.
Now imagine that node & has a loop (consisting of only one arc)

with characteristic smaller than unity.

i (o<r<n)

This imaginery loop absorbs the discrepancy of conservation

constraint at node £ and plays the same role as arbitrary amount of
demand. And we can treat it as though it be an actual loop considered
in §4.
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Resource Allocation with Slack
Consider problem (1-1) (1-2) (1-3) (1-4) and insert slacks &:, n4
(i=1~m) to (1-2) to obtain

n+1
(51) 'leij:ai (z=l~m)

j=
Let y., denote total of slacks, that is

(5-2) 'Elxi’ n+t = Ynit s

The problem (1-1) (1-2)' (1-3) (1-4) is equivalent to (5-1) (5-2) (5-3) (5-4)
(5-5) with y.,, arbitrary.

(5-3) iglfijxij=bj (j=1~n),
549 ;20 (E=l~m, j=1~n+1),
(5‘5) ZCijJ?ij"Min.

For example resource allocation with slack shown in Table 4 is
equivalent to a network shown in Fig. 4. And the algorithm for solving
it is completely same as in §4 except that we should not delete the
imaginary loop out of basis forest. Determination of initial forest is
simpler than that of without slack type.

Table 4
Cij Tij
3 4 5 3 4 5 &
1 4 6 7 | 11 2 3 <10
2| 5 4 17 | 2/ 2 1 4 !=<I5
- b, 13 15 30
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Fig. 4

Numerical Example

We trace tree algorithm through an example shown in Table 5.
We insert slacks and set necessary informations in Table 6, where node
0 is slack node. Iterative procedures are same as that of without-slack
type, so we have only to explain initial treatment.

Set

u0=0,
u;=0 for every source node i,
u;=Min. (¢;;/r:;;) for every sink node j

and compute
Cij=cij+ui—riu: for every arc (entry).

And square entry with zero imputed cost. (Of course if more than one
zeroes in a column, square the arc with highest arc number, except
slack column). Then squared entry and arc (0,0) construct initial forest
(Table 6 (i), Fig. 5 (i)).
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Table 5
Cij Tiy
6 7 8 9 10 11 6 7 8 9 10 11 a;
1/ 4 6 7108 9| 1,12 3 1 2 3 9
2] 5 3 341]2521 3 2 1 8!
. i |
3/ 14 11 2 2 , 3, 3 2 3 2 | 10 |
I H H
4 10 1 8 B3 2 4 3 |9 |
5/ 3 4 8 3 12| 5/ 2 3 134&7:
‘ !
by 13 15 30 20 17 16 | |
|
REFERENCES
[1] C.E. Lemke and A. Charnes. Extremal Problems in linear in equalities,
Carnegie Inst. of Tech. Dept. of Math. Tech. Rep. No. 36 (1953) 78.
[2] I. Takahashi. Tree Algorithm for Solving Network Transportation Problem,
Journal of Operations Research of Japan, To appear.
[3] A. Charnes, W. Cooper and A. Henderson. An Introduction to Linear
Programming (Wiley, 1953) 74.
[4] J.R. Lourie. Topology and Computation of the Generalized Transportation
Problem, Management Science, Vol. 11, No. 1 (1964) 177—187.
[5] E. Balas and P.L. Ivanescu. On the Generalized Transportation Problem,

6]

Management Science, Vol. 11, No. 1 (1964) 188-—202.
Kurt Eisemann. The Generalized Steping Stone Method for the Machine
Loading Modes, Management Science, Vol. 11, No. 1 (1964).

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



(n

(ii)

' Tree Algorithm for Solving Resource Allocation Problem

Table 6
0 2 4 6 8 10 12
) 3 4 4
u |0 AL 1 o
(f z|\ /7 Kl
0 7 % |20 325 | %,
9 2_ 1 3_2_ 4 9 3 9
. z 3 3
! 1./5 3/ 2 1
0 4 72 &> 20 0 8
3 -1 L 3 2
3 3
0 ! 349 225 /1345 N N2
2751 NN\
1 22 4, 3
’ 3 \ 36 Q L
2 ‘2l 2
3 § §
7 2 3 7
" N e |1z i 5 7 8,
1 6 z l \\ ! 1
13 15 30 20 7 16
0 2 4 6 8 10 12
w10 | ‘|2 L ’ + 4N
P’.i 7 ? ?. ? )
0 7 73 N2, 375 /9 2L %
2
9 7 e * AL 3
2 3 3z 7
i 7 K; 7% 7
1 6 6 2 3 = 1
i A
0 iz o
2 3 7 2 [ 4 \ 8 |10
z 3
N2 4 3
e N & f” 2 \ ’
) ¥ L £ Zz "y
1 1 3 7 2| 3 1
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13 20
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Table 6
6 a 10 12
..1_ 7] // ,,8_
1/I 4 EANES ]
2 Y z
i A1 z {5 3
,‘.—v,/,r’ 8 <. 6
4 N4
/ i o [} 1
3 2 5/7
2- 3
20 3
N - ! 3
3 s 3
N ‘ P z
EVEIN Z
4 NN N 8
-1 N
7z 3
152 0 NN
-1 z [3 \
2 N
5 ! 2 3 7 13 4
5 31 23 Sy 17 e
32 3 6 || 6 . 3 3
2|z % =
13 15 30 20 17 16
0 2 4 6 8 10 12
0 14 31 A 22 28 1
9 4 9 9
8 Mzs Az 3257 Ve \ols 1362
9 9 g g 36 9 3
-2 -2 -2 -2 -2 -2
13 143 12 1/55 3 249 43
5 |73 4 9 \ 20 "9 3
3 1 \ 3
0 1 3 2 _:fz 3_2 2
1 17 9 4 8
9 9 2
[V NZ728 14 3/
° s NN e 3 \
2 2 2
19 43 |2 3 1407 13 443
3 3 iz (_7 l 17 s
3 3
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Table 6
10 12
28 i
g Z
2729 /13758
7l Yr)®
g 5
19 AV
9—2- 3”1” 8
/73 6
(v) Z
8 |10
g
? 4 17 %
4 17 F3 7
3 3 ‘4
13 17 16
0 2 4 6 8 10 12
R L1 L E-R 10 3
s o 5 18 3 3 g Z
A A ! 283 173 18 195
113 3 3 W 15 38 3 9 18 g
3 2
2/ 8 2 3 7 25
515 |° 17 178 \ T 1% s
iz ) 7
(Vi) 3
3 47 g 2z,
1 1 7 =t
5 , 179 4 g |0
0 / 17 &2 15 ’ 1 \
1 g 1500 1 g
7 1z 2 ‘ 2 7z \
NN
P 5 27
ol 7 7 4 % NNER 17 |73 7
3 N 3
13 T5 30 20 17 I3
Optimal/
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