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§1. INTRODUCTION

In this paper we shall present the two formulations that lead to the
optimal solution to the m-machine scheduling problem, that is the problem
to find the optimal sequence of r-items that are processed on m-machines
in minimal total elapsed time, where the processing requies that the ma-
chines be used by the same numerical order for any item and the items
be sequenced identically on each machine, to obtain a practical rule in
the present situations for this problem.

The finding of the truly optimal solution to this problem is essential
for the estimation of the approximate solution to this problems as indicated
by Giglio and Wagner. [1]

In the following we shall give two different algorithms and show
the number of the fundamental operations such as additions, differences
and comparisons for each of them.

§2. THE PROBLEM

Let m-machines be named by M;, M,,--., M and let my;, be the
time required to process the items J:;, on the machine AM;. Then, for a
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9 Ichiro Nabeshima

sequence (Ji, Ji, o +rJin ) let Ty, t2, ==+ i), (p=1, 2,---,n) be the total
elapesd time to process the items ( Ji,, Jin*++»Ji,) in this order on the m-
machines following the way above mentioned.

The main problem is to obtain the recurrence relations that give

T(iy, i35 -+ -, 1n) analytically.

§3. THE VALUE OF T(iy, iz, -+, is)

In the following we shall follow the somewhat similar formulations
in my former paper. [2]

For the first item, clearly we obtain
TG)= ¥ mk i
E=t
Next we obtain [see Fig. 1]

2 .
T(ila 12): pz=:1 m, ip+g(125 ti| )

m i

where gliay 11)= 3 Im, rmax (65 —mi—1, i, 0)} (1)
k= -

and PLCONERC)

] t$7 = £Vmax (me_y, in— t_gl—‘)l, 0)
(k=2,3,---,m—1)
(i) _ . _
[2 =Mrat, iy (k——l, 2, LY m—I).

Similarly we obtain

3 .
T(iy, ta, 13)= Zlml,ip+g(laa ti)
p=

where gl tiy )= 22 {ms, i+ max (¢ ] —Me—y, iy 0)}
k= ol

and
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Computational solution to the m-Machine Scheduling Problem 95
f il(iz)ztgiz)
| L=t —max (= 252, O
k=2,3, .-, m=1)

i =(the k-th term of (1))
=Miy1, in+MAax (igi’)—mk, ias 0).

*k=1,2,.--,m—1)

Gantt Chart
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Fig. 1.

Generally we obtain
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T(ila i2) Y i'l>= Zlml, ip+g(i'l, tin-l) (2)
=
where Glins 1) = 5 (i intmax (¢ Grp—mey, iy O}
P z
5 i 3
=5 ®
and J tgin—l).:tgin-l)
- .- ) (4)
L g =tgrd —max (mecs, i, = i, 0
k=2, 3,--+-,m—1)
t,(bi"_’)'= M+, ip-y T MAX (t_gf""?) —Mx, inys ) (5)
k=1,2,-c-,m=1).
Next, by substitute (3) for (2), we obtain
n m-1 A
Ty dny vy i)=Y My, iyt 3 15 (6)
p=1 k=1

and as the term Z my, i, is constant for any sequence of n items, we may

look for the sequence (Jis Jigy =+ Jin) that minimizes the term Z t<‘n)

m—1
§4. ALGORITHM FOR CALCULATING kgltgn) SUCCESSIVELY

Fom (4) and (5) for Ji, (p=1,2, ---,n), we obtain the next recur-

rence relations:
for p=1,2,..-,n

t {ip) =mp4y, i+ mAX (ﬁfp-l)—mk, ins 0) (7)
(tgcil) =Mky1, I'1) (kzls 2, .- ) m—l)
where 1%"0)=0; and
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Computational solution to the m-Machins Scheduling Probiem 97
_t_gip—l) :tgip-l)
t {0 =t —max (s, i, — t {731, 0) (8)

(k=31 4, cee,m)

—1
Hence, to calculate the sum Z i for a sequence (Ji;, Jig, =07y Jin) we

may calculate successively in the tollowing way. ([Fig. 2]
(i) Put ¢ as equal to my,,y, s for Ji,
(ii) then calculate £{¥ from (8) by putting p=2,
(iii) next, calculate ¢(» for [, from (7) by putting p=2,
(iv) then determine t{ from (8) by putting p=3,
(v) continue (ii1) and (iv) succeesively for each item [Ji,, Ji, +--
Ji» In this orter, L
(vi) finally, calculate the sum kglti"n).

Fig. 2 shows the above successive calculations briefly.
Jil Jiz Ji3 Jl n—1 Jin
9 - t’gil) tlgiz) tlgis)

: (i)

1 A A 2,

k=1 (end)

m—1) \ \ \
Proc. N "

Times ™; Mg My, T me ki
(k—1~m) Fig. 2
(start)

m—1
This successive calculations for obtaining the sum X {4 by recur-
k=1

rence relations (7) and (8) may be cffective for modern computing equip-
ment.
Next we shall summarize the number of fundamental operations

such as additions, differences and comparison for the above successive
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calculations to obtain the sum Zé:tgiﬁ to each sequence (Ji;, Jizs-**, Jin)s
that is,

a) the number of fundamental operations that is needed for obtain-
ing the values t{'»(p=2, 3, ---, n) by (7) are (3m~3)n—1),

b) and the number corresponding to obtain the values L) (p=1,
2, ---,n—1) by (8) are (3m—6) (n—1),

¢) and the number corresponding to obtain the final sum ':i:tiin)
are (m—2),

hence, the total numbers of the fundamental operations are

3(2m—3n—5m4-17. (9)

m—1
Then, to obtain the minimum of X #%) among all sequences of n
k=1

items, it needs the final numbers,
[{3(2m——3)n——5m+7}-n! ]+(n!—1) (10)

and the optimal solution is a sequence of z items which gives the mini-
I

e
mum of kZ 14in) .
=1

§5. COMPARISON WITH THE JOHNSON’S FORMULA FOR
THREE-MACHINES CASE

Johnson has presented the next formula for three-machine schedul-

ing problem. [3]

n n
T(lla lg, * ¢y ln)= Z msg, ip+ Z Yip
p=1 p=1

where LY, = max (H,+Ku) (1
p=1 I<ugogn
and n =1
(H.= Y myiy— Y mg iy (0=1,2, -+, n)
) p=1 p=1 (12)
| . Sy

2
VK= Yomy,— XM, w=l1,2, .-+, n)
p=1 p=1

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



Computational solution to the m-Machine Scheduling Problem 99

then, we may calculate él Y:, for each sequence, and select a sequence
which gives the minimum ;Z;Yip.

From (11) and (12), the numbers of the fundamental operations for
calculating one pi Yi, are (n®+6n-7).

On the other hand the numbers corresponding to (9) tor m=3 are
(9n—8) and for n=3,

In—8<n2+6n—7.

Hence, for the n (n=3) items, the algorithm in Sec. 4 may be

efficient for three-machine problem in order to obtain the optimal solution.

§6. ANOTHER ALGORITHM FOR OBTAINING
THE OPTIMAL SOLUTION

In this section we shall give another recurrence relation that give

the fewer number of operations than the relations given above.
m-—1
6.1. Expression of thgn)
k=
By substituting (4) for (5) in the section 3, we obtain
t%i"_l):m"'”’ in-p max {[%infz)_max (m,';—l, in_l—igi_niz), 0)
=M, in-1s 0} (13)
k=1, 2, -«+, m—1; n>2)
where, for k=1 and for n=2, we put
My, in-y =‘0, _t_(()iﬂ‘z) =0 5 tgcio) :0’ _t;(io):() .
So that we obtain, by adding for k=1, 2, ..., m—1;

m—1

m-—1 m A
L 0= T M, i,y -+ T max {2
k=1 k=2 k=1

—max (m,l',—l, i T _t_gcl_niz)’ 0)—mkv in-15 0} ’
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and this leads to the next formula,

m-1 m—-1

Z $ip) = Z My, i+ Z‘ max { {{»-1)
—max (Mme_y, i,,—'ig_Pl‘l), 0)—mu, i, 0} (14)

(P-':l, 23 ) Tl)

where mg, i,=0, ﬁgip—x)zo; £ =0, iii—ol):()'

h

At the right hand side, by putting -0 outside of the maximum sign,

we have
m-1 m—1 N m
> t’(clp): Z tg’p-1)+ > my, iy
k=1 k=1 k=2

m—1

+ % max {—max (mey, ;= £ Gy 0= iy,
—Cip-1)}
hence we obtain
m-1  m-1 m m=1
kzl D kzl t,glr")——'kz My, i+ le max {—max (me_y, i,
= = =2 k=

-—-ig_llx‘l), O)—m;c, ipy —tg"zrl)}

m m-1 m-=1

:kg My, iy— kgl my, i"+k;1 max {min (ﬁ,(ci_l’[‘)—m/c—1, ips 0),
My, ip—E$ip-0}

=Man, ip— My, iy

m—1

+ ¥ max {min (¢ —me_y iy, 0), me,i,—tfe-0}  (15)

%, ip

By putting p=1, 2, —1 n successively in (15) and adding, we

have the next expression of Z t(ln)

n

m—1
k; tgl"): 2 M, [ Z my, i,

p=1 p=1
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nom-1
+ El kgl max {min (¢ ) —me_y,i,, 0),
My, iy—t$e-0}, (16)

where we put ({0=0, igi_oz=0, _t_g"p-l)=0, my,i,=0 and the term
7"

Ei M, i,,—pglml, 1 1s constant for any sequence.

6.2. The Order of the lest two items

Next, for each sequence (Ji, Jis *++5 Jing) of (n—2) items from
the given n items, we determine the order of the remained two items J;,
Ji in the last two positions which give the smaller total elapsed time.
Then, after processing the first (n—2) items, let & (k=1, 2, ---, m—1) be
the time that the machine AMi,; is committed for the machine M (t:=
t{=-2), then in the case when

T(il’ i25 tt s iﬂ—21 i, ‘])<'lv(lla i29 %y in—Z, j, l)

holds, from (16) the next relation must holds by eliminating the same
terms from the both sides;

m—1

hX [max {min (_tk_l—mk_l,.-, 0), my, i—t}

+max {min (¢ —mey,,, 0), mk’j_t%i)}]

m—-1

<k§ [max {min ($ey—ruy,j, 0), my, j—t}
+max {min (igj)l—mzH i, 0), my, i—t,gf)}] an

where b= igi"{z), te=t{»-2) and t4:=0, Lgi)=0, mg, i=0, my, j=0.

That is, if (17) holds for the remained two items J;, Jj, then we
may only take account of the sequence ([Ji, +++, Jinss Jis Ji) for the
forward consideration.

6.3. Determination of the optimal solution.

From the above statement we obtain the next algorithm for obtain-

ing the optimal sequence and the corresponding minimal total elapsed
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time ; that is,

(1) generate the sequences (Ji,, Jip,*++s Jinp) of (n—2) items among
the given n items,

(i1) next, for each such sequence determine the order of the
remained two items J;, J; by using the expression (7), (8) and (17).

(ii1) then, for the sequence (Ji,, Jis, * 5 Jine Jis J5) calculate the

m=1

sum Y, (),
k=1 F
(iv) finally, for all sequences (Ji;, Jizs **s Jin-o), determine the
m—1 .
minimum of Y 7,
k=1
Then we obtain the optimal sequence and the corresponding mini-

mal total elapsed time as in the section 4.
Next, we shall summarize the number of the fundamental opera-

tions for this algorithm as in the section 4.
It becomes
n! n!
[ (8@n—3y+21m—31}- 7}+<*_2".—1> (18)
By comparering (18) with (10) in section 4, the percent ratio of the
number by (18) to the number by (10) for m=3~7 and n=7~10 are about
85~73 percent and for n=20 it’s about 50 percent, which shows the efficiency

of the algorithm in this section in some cases.

§7. SOME REMARKS

First, in the section 4, the calculations of the minimum of the

-1
t(») for all sequences may be diminished, if we compare the values

M§

k=1
m-—-1 m=1

of Y ti» for p(p<n) of a new sequence with the values of Y #{in) of
k=1 k=1

m—1 m—1
the sequences already calculated and whenever Y #i) = ¥ ¢(n») holds
s k=1

among them, the calculation of this new sequence be finished and pro-
ceeds to consider another new sequence in this way.

Next, by using the similar arguments described in 6.2 for the last

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



Computational solution to the m-Machine Scheduling Problem 103

k items (h=3, 4,--+) the number of the fundamental operations may be
fewer as & becomes larger, though the formula similar to (17) may be
complicated.
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