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1. INTRODUCTION 

We consider single Poisson queuing system which has the inter

arrival and holding time distributed by exponential distributions with 

means l/..l and l/p respectively. In this paper we shall discuss the 

transient behavior of this queuing system and we shall get the results on 

how fast the state probabilities and the mean value of the units in the 

system tend to their equilibrium limits when these exist. We shall easily 

see how small the absolute values of the differences between above men

tioned quantities and their limits are for time t large enough whatever 

the initial state of the system may be. Moreover, we shall discuss how 

fast the queue length approaches to an asymptotic linear function in 

non-equilibrium case. 

To get these results we introduce some notations; En represents 

the state of the system that there are n units waiting in the queue and 

being served at the counter, Pit) (n=O, I,.·····) are the state probabilities 

that the system is in the state En at time t, (pn) is the equilibrium 

distribution of the states En when it exists and let p be the relative 

intensity which is equal to the ratio ..l: p. 

It is well-known fact that for any initial state of the system the state 

probabilities Pn(t) (n=O, 1,.·····) satisfy the difference differential equations 

dPo(t) _ ( -dt- - -..lPo(tH pP! t), 

(1) 
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at any time t. To make our calculations slightly simple we put /1= 1 

into these equations. Then we obtain the equations 

d~~(t) = _ pPo(t)+ Pl(t), 

Cl') 
d~i(D= -(1 + p)Pn(t)+ pPn-I(t)+ Pn+l(t) (n?;; 1). 

It is well-known* that if Pi(O) = 1 the solutions of (I') are given by 

the formula 

(2) Pn(t)=e-(1t P)t{ (vp)n-iJn _ i(2-./p-t)+ (vp)n-i-I /n+i+1(2vp t) 

+Cl- p)pnkJ+i+~ Vp)-k /k(2vp t)} 

and in the case when n =0 we have 

(2') poet) =e-(1+p)t{ (Vp)-i/i(2vp t)+( V p-)-H/;+1(2vp t) 

where 

+(1-p)jL(Y'pfk
/ k(2v;1 t)}, 

00 (I )2n 
/m(X) = (ix)m L: _Z_X __ 

n=O n! (m+n)! 

which we call modified Bessel function. The formula (2) is very important, 

from which we shall start to discuss. 

If we want to have the solutions of (1) we can easily get them by 

only changing t on the right side of (2) into pt. 

2. PROPERTIES OF MODIFIED BESSEL FUNCTION 

To continue the discussion we must use some properties of modified 

Bessel function: 

(3) /0(0)=1, /n(O)=O (n=l, 2,. ..... ), 

*) See, for example, the recent puhlication [I], pp. 88-96. 
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(4) In(x)=L,(x), 

(5) x(ln-l(x)-I,,+l(X») =2n1n(x), 

(6) l,,(x) <lm(x) (n>m~O) 

for positive x, 

(7) 

(8) 
x(+1) 00 

e2 y y = L: ynlnex) 
n=-oo 

which is one of the formulas of Neumann's expansion of elentary func

tions in terms of Bessel function. 

3. BEHA VIORS OF THE STATE PROBABILITIES Pn(t) 

We can conclude from (2) that if p~l, then Pn(t)~O (t~+oo), 

because, using the properties of modified Bessel function (6) and (7), we 

can easily see 

-(Vp _1)2 
e ~O 
V2rr(2v p t) 

(t~+oo) 

for any n, and 

for any nand pe> 1). 

If p<l, then we Can not immediately conclude even that the summation 

on the right side of (2) or (2') converges. 

However, from (2) we can easily prove that 

(9) Pn(t»O 

for positive p and t, and 
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00 

(10) E Pn(t) = 1.* 
n=O 

Using the property of Bessel function (8), we get 

Pn(t) =e-(1+p)t[ (vp )n-ifn_i (2v p tH (V P )n-i-11,,+i+\(2vp t) 

-(1- p)pn{ e<i+p)t - k=j~i-I( vp-YI.(2vp t) 1 ] . 
Then we have the formula 

(11) Pn(t) =(1- p)pn+e-(1+p)1 {( vi;-)n-ifn- i(2vp t) 

+( Vp)n- H 1n+i+1(2vp t)_(l_p)pn k=-£H( Vp)k1k(2Vp t)}, 

79 

where the first term on the right side represents the equilibrium limit 

pn of Pn(t) when p is less than unity. 

Indeed, if p<l, considering the properties of Bessel function (6) 

and (7), we can easily see that the summation on the right side of (11) 

converges and that other terms than the first on the right side of (11) 

tend to 0 when t-->+ 00. Then we find immediately that 

(t-->+oo). 

Moreover, after some calculations, we shall have the formula (13) 

mentioned below. Let PI and -NI be the sum of the positive or nega

tive terms in the brace on the right: side of (11) respectively, then, using 

(6), we get 

and 

PI =( Vp)n-i 1"_i(2v;; tH (v'p)n-i-I 1n+i+\(2Vp t) 

<(1 + V p)( V p )n-H1o(2'\! p t) 

00 

Nl=Cl-p)pn E. (v(~)k1/,(2v;) t) 
k=-n-1-1 

*) Sec also [I 1, pp. 93-95. 
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( V p )-n-i-l __ 

<O-(1)P"l_vp 10(2v(1 t) 

=(1 + vp)( vp)n-i-l1o(2vp t). 

Then we have the formulas 

and 

Finally we can change the formula (11) into other expression. The 

expression in the brace on the right side of (11) can be changed as 

follows: 

00 

_(1n I: 
k=-n-i+l 

2( vp)k(k-l)lk _ 1(2vp t) 
. - 2Vpt 
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Then, using the property (5), we obtain the following results; 

and in the case n=O 

(14') 

In the case when i=O we have very simple formula 

4. BE HA VIOR OF THE MEAN VALUE L(t) OF THE UNITS 
IN THE SYSTEM WHEN p IS LESS THAN UNITY 

81 

In this section we shall obtain the formulas on the mean value 

L(t) of the units in the system at finite t and observe the behaviors of 

L(t) at large t. 

We can calculate L(t) in the following way. Using the formula 

(2) of Pn(t), we get 

00 00 

L(t) = I:nPn(t) = -1 + I: (n+ l)Pn(t) 
n=l n=O 

00 

+ I: (n + 1)( v'p)n-i--l I n+i +1 (2 v'p t) 
n=O 
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The first term in the brace on the right side is equal to 

The second term can be expressed as follows; 

00 

L: (k-i)( vp )k-2i-2U2Vp t) 
k=i+l 

When p""- 1, by interchanging the summation, the last term becomes 

Then we get 
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The sum of the last three terms in the brace becomes 

Then we obtain the equality 

(16) 

Using the property (8) of modified Bessel function, we can see 

Therefore we can change the form of L(t) into the following: 

Then we can finally reach the result. 

(17) 

and in the case when i=O we get 
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00 00 

where L: enan=ao+ L: 2an for any sequence (an). 
n=O n=l 

The first term on the right side of (17) or (17') is equal to the 

equilibrium limit L=p/(1-p) of L(t) when O<p<l. 

Depating from (17) we can reach the formula (18) mentioned 

below. Let Pz and -Nz be the sum of the positive or negative terms in 

the brace of (17) respectively, then 

00 

Pz= L: k( vp )k-i-llk _ i _ 1(2vp t) 
k=l 

Therefore, when the intensity is less than unity, we have 

(t->+oo) 

and 
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5. MEAN VALUE L(t) OF THE UNITS IN THE SYSTEM 
WHEN p IS NOT LESS THAN UNITY 

85 

In this section we shall deal with the behavior of L(t) when p~l. 

Of course, we know that in this case L(t)---->+= (t---->+=). To what 

function and how fast the function L(t) becomes asymptotically equal 

when t---->+=? 

First, we assume p> 1. We depart from the equation (16) 

L(t) = -1 +e-(l+p){ flk (Vp)H-1Ik _ i _ 1(2v pt) 

- p~ 1 L~) vp)-klk(2v p t)- ;Ck=~l (."I P Ylk(2vp t)} J. 
which is valid for the case when p"" 1. Under the consideration of the 

properties (5) and (8) of modified Bessel function, we can easily see 

that 

00 00 

'E.k( vp )k-i-1 Ik _ i _ 1(2vp t) = L.. (k+i+ 1)( ."I pflk(2 ."I p t) 
k=l k=--, 

00 00 

= 'E. k( Vp)k M2 vp tH (i + 1) 'E. ( vp)kJk(2 vp t) 
k=-1, t=-l, 

and 

00 

=e<1+p)t_ 'E.( vp-)-klk (2.,,1 pt). 
k=-i 
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Then we have an equality 

The first summation on the right side of this equation can be changed 

as follows: 

00 

+(p-l) ~ (vpllk(2vpt) 
k=-t+l 

Then we finally find the formula 

(19) L(t)=i+ - -~-+(p-l)t 
p'(p-l) 
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Let Pa, -Na be the sum of positive or negative terms in the brace 

] on the right side of this equation, then 

Then we finally reach the result 

< 2(1+.vp) te-(1+p)tl(2.v- t) 
(.vp)il 0 p 
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(t-++oo). 

Next, we consider the case when p= 1. In this case we obtain the 

state probabilities Pn(t) from (2); 

Then we have an equality 

00 

L(t)= 'E,nPnCt) 
n=l 

Using the properties (8) and (5) of modified Bessel function, we get 

00 00 

i 'E, N2t)-(i+ 1) 'E, Ik(2t) 
k=-i+l k=i,+2 
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and 

00 

L: kIk(2t) + L: kIk(2t) 
k=-i+l k=i+2 

Then we have a formula 

(21) 

from which we ca~ obtain an inequality 

where 

In the case where i=O we have an inequality 
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(22') O<L(t)- [ te- Zt
{ Io(2t) + 2Il(2t) + lz(2t)} --~-] 

6. FURTHER RESULTS 

Departing from (2) we can calculate the probability that at least 

m units are in the system at time t 

00 

+ L: (v'p-)n-i-lln+i+1(2v'p- t) 
n=m 

By interchanging the summation the last term in the brace on the right 

side becomes 

Then we have an equality 

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



Transient BeharJior of Poisson Queue 91 

= = = 
(23) L: Pn(t) =e-(itp)t L: (yp)klk(2yp tH L: (yp)2m-kM2y(j t). 

n=m k=m-i k=m+i+l 

From the property (8) of modified Bessel function we have 

Substituting this into (23), we can reach the result 

= 
(24) L: Pn(t) 

n=m 

where the first term of the right side equals to the probability P"G,m that 

at least m units are in the system in equilibrium. From (24) we can 

easily obtain the following inequalities; 

(25) I n~mPn(t)-P"G,m I « yp)m-i e-('+pltl
o
(2y- t)->O 

l-yp p 
(t->+oo) 

and 

(25') l7t:01pn
(t)-P<m I « yp)m-~e-(1+p)tl (2y- t)->O 

l-yp 0 P (t->+ 00). 
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