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INTRODUCTION

In the study of queuing systems in which queues are in tandem,
it is somewhat difficult to calculate in a common way mean waiting
time, mean number of customers in queues for these systems, since there
occur situations that some service stations are being blocked.

However, if it is possible to obtain conditions that these systems be
in equilibrium, we shall have an advantage in providing information of
characteristics of the systems concerned.

There are a few papers with this viewpoint, obtaining the maxi-
mum possible utilization pm.. about the simple case of the system.[2I{7](8]

In every case of these papers, first of all, they provide balance
equations for steady state probabilities, and then, by considering the
generating function of these balance equations, they evaluate some
numerical values of gmax.

Unfortunately, except in the case of simple systems, this method, in
practice, will not be applicable to general systems, because of tremendous
amount of calculations.

Moreover, this is because the characteristics of pmax is not always
clear in the mathematical meaning.

Then, we introduce the concept of quantity named *“ mean passage
time .

At first, when we think of the service station in the first stage,
the time, when the customer begins to receive the service in the station,
and go out from the station after receiving service is the summation of

the time when the customer received the service in the station and the
17
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waiting time at the service station where the customer can not move
forward to the next service station because of, so called, blocking state.

We call this as the passage time. If there were no influence of
blocking in the other service station in the system, the mean passage
time in the first stage service station should coincide with the mean
service time in the first stage service station.

Consequently, to know the value of the mean passage time becomes
the measure of knowing the influence of blocking conditions in the system.

Now, we will consider the following system in order to make the
problem treat easily.

This is the system where there are infinite waiting line in front of
the first stage service station, and that, next customer occupies the service
station as soon as the first stage service station becomes empty. (In
reality, it is letter to consider the ware-house in front of the first stage
service station.)

So, it is not necessary to consider the empty state in the first stage
service station.

In this case, we examine only the mean passage time in the first
stage service station.

From now on, when we refer to the mean passage time, it only
indicates the mean passage time in the first stage service station abbri-
biated as (M.P.T.].

The reasons why we analyze only the first stage service station
with the infinite input are as follows.

We consider the prolongation of the mean passage time by the
blocking effects is most significant in the first stage service station with
the infinite input.

The main part in this paper is considered from two themas. One
of the themas is to calculate the mean passage time in some systems
of tandem type.

The other thema is to find the interdeparture time distributions,
so called the output distributions, in the system of same types.
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Mean Passage Time Concerning Some Queuing Problems 19

Specially, we refer to the problem how the mean passage time is
varried by the rearrangement of the order of the service stations in the
system of tandem type with the different service rate. We think it very
important because of the considerations to have the mean passage time

minimize upon the construction of such a systems.

[Il CALCULATION OF THE MEAN PASSAGE TIME

§ 1.1 SINGLE 2-STAGE SERVICE

input first stage second stage output

ware N
house‘é service station VA service station :

/

Fig. 1

At first, a customer is served in the first stage station, then move
on the second stage. Even if after service to this customer in the first
stage has finished, when the second stage station is occupied by the
preceding customer, he must wait occupying the first station. We call
this state as the first stage station is in blocking. '

We shall calculate the [M.P.T.], supposing that the first stage
station is always occupied in all time. so that we set a supposition on
the system that if when the first stage station becomes empty, next
customer comes in immediately and receives service in the first stage.

Let ¢, and #; are service times in the first stage and the second
stage, respectively.

In order to find the value of the mean passage time, we may

calculate the expectation of max (t;,¢3), since

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



20 Teoji Makino

[M.P.T.]1=E{max(ty, t5)}.

Suppose that fi(f;) and f;({;) are the density functions of service
time distributions in the first stage and in the second stage respectively.

Then
Pt >t} E{t, | 1>t} :S:’Sﬁ‘ b filt) - falto)dbadty ooveeeeenenminsiininnn, (1)
P(ta>t}-Elts] t2>0) = | taefit) Sttty o (2)

It follows that the sum of both expressions

P{t1>t2} 'E{h ] 1>t} +P{t2>11} -E{t2|t2>t1} .............................. ( 3 )

is equal to the mean passage time in the first stage.

In the following examples, we shall find results for some special
service time distributions.

(Example 1.1) Exponential services at both stoges.

Let
filt)=me M filt)=pme T,
then
P{t1>t2}:SS‘f‘(t1) fz(tz)dha'tz—~ +# ....................................... (4)
ti >ty
P{tz>gl}—sg Aty fz(tz)dtldtz—wfg# ....................................... (5)
Lo >ty
and
M) e 6
P{t;>t:} - E{ty (8,1} =55 (#1{{_#232 (6)
. St ) e, 7
P{t,>4) - E{ty | >4} = ﬁmﬁ (7)
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Therefore, the mean passage time for the first stage is
S T

:pl!i +‘/.172_"p141-g2 ...................................................... (8)
In the case when gy=pgy=p, this hecomes
[M.P.T.]:él . 7{7, .................................................................. (9)

21

(Example 1.2) Exponential service time at the first stage and 2-Erlang

service at the second stage.

Suppose

Al =pe T St =@gee T e (10)

In this case

[M.P.T.]:SZ"S:‘ ty(ee Py (gt oty e P Bty

+ S:’S;Z tg- (pe—‘m‘) (412, -e_-zwz)dtldtg

B SOOI
= - 1)

(Example 1.3) 2-Erlang services at both stages.

Suppose
[l =@ete ™ Al =@ T e (12)
In this case

11 1
S ) L ORI
M 1 g (13)

These results show the tendency that the decrease in randomness
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of service time distribution produce the decrease of the value of [M.P.T.]
also.

Sometimes we face problems to determine the order of two service
stations, in which the initially specified order must be preserved. In this
case, it will be more advantageous to choose the order which gives
smaller [M.P.T.].

In the case discussed above, we can easily know that the [M.P.T\]
does not depend on the order of services in these two stations, because

IMLP. T = E{Iax(fy, tg)}. «oeererreremrenmesiiemimninn s (14)

We call this property the reversibility of the [M.P.T.].

N

§ 1.2 SINGLE 3-STAGE SERVICE

input | first stage second stage third stage
ware - 3
house 7 (g ) 7 (g2 2) 2 (1) :output
— -
Fig. 2

A customer is served sequentially by these three service stations.
A queue always exists in front of first stage, but no queues are allowed
in front of other stages. Service time distributions of all stages are
assumed to be exponential with mean /4 (i=1, 2, 3).

Assuming that a queue exist in front of the first stage station,
states which may occur at the instant of the renewal of the first stage

are as follows;

CNJRRTTISIIRtER the second stage is occupied and the third stage
is empty.
B e the second stage and the third stage are occupied.

In the case of @ state, mean passage time is obtained by the

method of last paragraph, that is,
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1 1 1
o e 15
" + M Mttt (13)

On the other hand, denoting service times after the renewal by #;
(#=1,2,3), we have

P{t,>ty, ts} - E{t1] 8,13, 3}

= SSS tr- filt) - folte) - folts)dlt dtadlty

b >ts, ts
S R T
lpd T (bl () (et petp))
Similarly,
1 1 1 1
Pty >t t3} - E{ta| ta >, b3} =po-| —-— — .
(>t ta} - Elta| ta >t o} =11 [/122 ()t (ot pe)? + (#1+Il2+#3)2:|

1 1 1 1
Pita>ty ta}- Elta[la>t0, 12} =/1s'|:%2*—»(’u2+#3)2—(#1 + ps)? + (a+ e +/ls)2] )

By summing these expressions we have the mean passage time in

the case of ®;

S WS GRS SN VNS N a6)
M M M titpe tetps Mt et

Now, we have to calculate probabilities of the occurrence of @
and ®. For this purpose we calculate state probabilities under the
condition of the first stage is in service.

The states showed in the (table 1) is considered to be state
immediately before the customer in the service station at the first stage
is going to be renewal.

Accordingly, it means that state @ arrises from the state 0 and the

state ® arrises from other state 1,2, 3, and 4.
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Table 1.
e — — [
State } First Stage \ Second Stage { Third Stage
0 } 1 | 0 “ 0
1 i 1 0 1
2 1 1 ‘ 0
3 1 1 1
4 1 B 1

0, 1 and B denote the state of the service station is in empty)
<busy and block, respectively.

Ballance eqations are as follows:
ta-Pr—p- Py=0
2 Pat-psPa— (gt 4 p13) Py =0
3+ Pyt Po— (e + p2) P =0
2 Pa— (14 p13) Py =0

Solutions of these equations are

Plzlﬂ Po
yz2

Ha Qo1+ pat 1)

Pp=

| w® (et ) (e ) }
. _ L + . P
Mt e { # ¢

Po= M. {<ﬁx+f¢1tﬁzﬂla>ﬁ} . P,

Cptee pta® 2p 4 1o+ s

P4“ ) !ﬁz (1t + ) |
52 (2 + o+ p13)

Considering that f‘: P;=1, we can obtain the values of Pi(i=0, 1,---4),
i=0

Completely.

Since from (15) and (16), mean passage time is equal to
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1 1 1
M-P.T. E (P T oS . P
[ : <#1 * ) .“H-#z) 0

1 1 1 1 1 1 1 >
I S S R S — - I =Py.
+< 2 + 12 + sttt patbps petpn o it ¢

By some elementary calculations the above expression reduces to

T.]= ! 1 1 (a1 + p13)(pry 4 pra+ p1s)®
M.P.T.]= —+ -+ - — 1 - ) .
[ ] i * H2 + M3 (#1+#3)(/~53+ ﬂ3){(,u1+[13)2(y1+/12 —|—ﬂ3)—-/11‘uz‘ua}

Since the right hand side of (18) is symmetric with respect to g,
and y3, we find the reversibility of [M.P.T.] holds.
We rewrite (18) as follows

) ) { + _,,;@f} '
(it )2+ pr)(pta+p10) { (s +- 3+ p13) (1t )2

MPT]= b+ 1 41 I (06 2% 7 L
ST S &

From this expression we can conclude that the minimum value of
[M.P.T.] is obtained by assigning the service which has maximum p(i=
1, 2, 3) to the second stage.

(Example 1.4)

(1) In the case of pyy=m=m=p,

39 1
[MPTl=g) - .

This result resembles to the value of pnax by Huntl2 and
Morsel!d.

(2) In the case of =3y, =2y, =y,

179 1

IM.P.T.]= 150 -—ﬂ/ .

(3) 1In the case of w4 =2, pa=p, ps=3u,
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29 1
MPT]=-0 o

4) In the case of py=p, w2=3p, pa=2p,

(IM.P.T =13 . 1

120 ° 4

Now to obtain [M.P.T.] by another method, we consider the follow-
ing additional states.

Table 2
Stage First Stage Second Stage ' Third Stage
5 1 0
6 1 1
7 B 1

Balance epuations are
Py — Py =0
Py’ + ps Py — (1 + 1) Py =0
aPy + Py’ — (s + p2) Py’ =0
2Py — (i + pg) Py =0
Py + Py + Py — (et 1+ pa) Py =0
Py + s Pe' — 12 Ps' =0
1Py’ — (a4 p13)Ps’' =0
paPs’ 4+ 11 Py — pa P =0
Where we denoted the state probabilities by P/ (:=0, 1, -, 7), in

order to avoid the confusion.

These equations are solved to obtain P/ and Pz where Py is the
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probability of blocking of the first stage station and is equal to Py'+ Pg'+ P4'.
Using the relation

[Passage Time]=[blocking time]+[service time], we have the rela-
tion between [M.P.T.] and [Mean Service Time], that is

[M.P.T.]=Mean Service Time]

—4iB

Therefore, the value of [M.P.T.] can be obtained by using the
salue of the blocking probability Pjp, also.

§ 1.3 MULTIPLE 2-STAGE SERVICE

1.3.1 Structure model

In this paragraph we evaluate [M.P.T.] in the service system with

the structure shown in the figure.

first stage

second stage
service station

service station

output

=

=

ware house

)

@ waiting :

‘vom

lcapacity N/

IR

c-Z

each has
common service
rate u ,

feach has

. common service

AVIERRAY

~—

rate sy

Fig. 3.

At first, the customer is served at the first service station, after
finishing being served, the customer moved on to the second service
station.
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28 Toji Makino

However in the state when the second service station is occupied,
we suppose that customer must wait in the waiting room.

As there is limitation N in the number of accomodation of the
customers in the waiting room, the customers out of limitation N, are
in the state of occupying the first service station, that is to say, there
occurs the state of blocking.

The first stage consists of C parallel stations. The distributions
of service times in these service stations are exponential with service
rate py. The second stage consists of § parallel service stations, and the
distributions of service times in these service stations are exponential

with service rate ps.

1.3.2 Calculation of [M.P.T.]

Just like as preceding paragraphs, we shall restrict ourselves to
the states that all of the first stage stations are in service or in blocking
(that is, we discard the states that some of stations are empty).

We classify these states as follows;

Table 3

| First Stage . - Second Stage
State !(No. of Stations) No. ;I;orxvlaxtmg (No. of Stations)

‘ in blocking in Service
0,00 0 0 0
o, 1 ; 0 0 1
(0,8) 0 0 S
(1,8) 0 1 1 S
2,9 0 2 S
(N, 8) 0 N s
(B, S) N S
(B, S) : 2 N S
(Bc,s) c N s
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Let Pi,; be probabilities that the system be in the state (i, j), then

we have balance cquations for steady state.

o Py —Cty- Poyo=0
Cpy - Pygn—at b Poyy— {Crey + (B~ D pa} Posnoy =0 (for 2<h<S)
G+ Poys_1+Spts Prys— (Cray+Spz) - Po,s =0
Crty Pr-gys+ Stz Peos—(Cpry+Spt3) Pe_ps =0 (for 2<k<N.)
Cpty- Py-ps+Spa- Pp,_g—(Cy+-Sp)- Prys =0
Cpr-Prys+ 8- Pp, g—{((C— D+ S} -Pg g=0
{C—U-D}m-Pg_ +Sm-Pp, ¢—{(C—Dm+Sp}- Pp g=0

(for 2<I<C—1)

HI-PBC_l,S—Sﬂz-PBC’SZO.

From these equations we have relations

Po,h=flr<~cﬂ>h - Py, (for O<RLS)ymemmnn (19)
. Ha

LG\ (CmN p  for Ok N e
Pk,s_7<vﬂ;> (.S#2> Po (for 0<k< N)yereens(20)

o=t (58 (G2 (4 06—
(for 1<IKC)eeenen @n

Considering that

5 Pyt 3Py s+ Y Pp g=1

hgﬂ 03h+k§1 ks S+l§. Bl,S—‘ [l
we obtain
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e 1
o () + 2 ler (G- (5}

£ (%G (B ee-ve- o]

If we define the mean blocking rate by

pn_, Zl B.S, e (23)

then the ratio of the mean service time to the mean passage time per
one station in the first stage must be equal to 1—Ppg.
And the [M.P.T.] for the entire system will be equal to

[mean service time]

C(1—Pp)

Here we put

C! e
ac=- ce eclx)= ;0‘)'/!— s (pol2)=0), =§f-!21‘ .

Then we have

N
Py= (iﬂ) Py, Pk,s:%xhspoo’

(5" ¢
1 x !
PB[,S—* P xs+(‘+7v . (xx_l) !>. CC*P()O?

and

7‘1_ 1 s, ot A s+0+N, C .
o —@s(Sx)+ x Zx x soo(—;~>

Therefore
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ol €)= Lo (O}

x
N C¢
asos(Sx)+x53" xv+aoxs+c+1vwc< : >
S0

it follows that

asgps(Sx)-i—xS Zx” A ST N ( Q)
x x

1—Pp= L eereerereenerninns (24)

4
a5 s(Sx)+ x5 onv_'_ acxs+c+1v(pc<7>

Especially when Cpy=Sp, we have x=1 and

Py a0+ Ntacpe(C) e
1=P» ases(S)+ N+ 1+acpdC) * 25)

(Note; This is symmetric with respect to § and C.)

Therefore we obtain the mean passage time;
1
[M.P.T.]_ﬁ(rfﬁp = “Z%;%?;ﬁ ;i%:‘;g%f) C}QI ) e (26)
and then we see that the reversibility of [M.P.T] holds.
(Example 1.5)
) S=1, wm=Cy.

In this case, we get

(N+1) - C,+ZC c :
[M.P.T.]= N
N-ertz 3 G

This result is already given in Sience College Report.[8]
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2 C=1, §=I1.
In this case, we get
N+2 #1’ J
3 < ' > 1

=0\ He
[M.P.T.]:fN;r ,7 .Ux—

4
?‘::o< 2

This result is already known as the value of pma<{2072.
(3) C:Q, S:Q, M=t=.

In this case, we have

_N+d L
[MPT]= e oo

[II] THE OUTPUT DISTRIBUTIONS

§ 2.1 THE OUTPUT DISTRIBUTION IN THE SINGLE
2-STAGE SERVICE SYSTEM

(the case excluding the waiting room).

This model is the one treated in § 1.1 (see Fig. 1).
If we observe the state of the whole system on the time immediately
before the customer leave the second service station, we can conceive the

two different states.

first stage second stage
@=——3 block busy  f———
(sevice time; t;) (servicetime; ¢, )
B————y  busy busy
Fig. 4

In the case of @ state, the interdeparture time distribution, that

is the time interval distribution from the departure of a customer to the
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departure of the next customer is the distribution of f; itself.
Suppose that this generating function is denoted by M,(0).
In the case of ® state, we think as follows;
On the time soon after the customer left the system, the state

of the system is shown as Fig. 5.

first stage second stage

é busy empty é

Fig. 5

In this state, the distribution of the output time interval is the
distribution of the sum of two independent random variables, one of
which has the distribution of (¢,—%;) under the condition ¢, >>f;, and another
has the distribution of ¢,.

We shall write the moment generating function of this distribution
by My(6).

It is required to calculate the state probabilities of @ and ®.

In this system, since the first stage service station and the second
station are to begin their services simultaneously, the state probability of

@; P{d} is
P{A}=P{t,<t:},
and the state probability of ® is
P{B} =P{t;>t,} =1—P{A4)

Consequently, the generating function M(#) of the distribution of

the output from the second stage service station is
M(0)=P{A}- M\(0)+ P{B} - M(6).

As the special case, consider the case where the first and second
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station have the exponentially distributed service time.
Suppose the density function of the service time distribution in the

first and second service station as
ﬂtl) :/116—#1‘1, g(tz) =z g—#ZIZ,
respectively.

In this case we get

P{Ay=_tH__ PpP[B=_F__,
4 e (B} e

Now, the moment generating function M;(f) can be easily obtained
as follows.

Ml(ﬁ) =E(eet2) — S:’emz{lzg—ﬂztzdtz = #2#_20 .

And then, we are going to get My(8). To do so, we are interested
in the density function

o=t —t:2|t;>15)-

On the other hand, the density function A(Z) of the distribution
with the random variable

z=ti—ty, (1 >ts)

is expressed as follows.

A= S ;’° 2t f(z+to)dts.
In general,
Ple=t —t=—co |8, >0}

= P>t —1:20)
Pl >ty

Consequently,
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e | -z

iy 7

-+ —
Qa=ti—ty |t>t)= Mz,

==fplye

Therefore, My(#) can be obtained as follows.

M0 =( 1) - (L)

So the moment generating function M(f) is

My=_ ,<_ﬁgv 2 <J;_>< 2 > ........................ 27

@ e #2—0>+/11+#2 p1—0/ \prz—90 &
Thus, for example, the average interdeparture time interval is
daM()] 1 1 b s 28

de :|0=0 " + te it 8)

This result is the same as that obtained from the value of pmax,

intuitively.

§ 2.2 SINGLE 3-STAGE SERVICE

The model treated here is the same as that was treated in §1.2
(refer Fig. 2).

In the following we shall observe the system on the time when
the customer are going to leave the third service station. As the state that
the third service station is vacant is excluded, we shall get the state
probabilities under the condition that the third service station is busy.
We can easily obtain these probabilities using the result of §1.2. So we
set newly these state probabilities Py, Ps, Py, Ps and P;.
(P1+Py+ P+ Pe+Pr=1)

Now when we are going to get the output distribution, we shall
consider the following three types of states at the time immediately after

the departure of a customer;

Type [1]-+-ee the third station is busy,

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



36 Toji Makino

» Type [2]---- the third station is empty and the second station
is busy,
Type [3]-+--e- the third station and the second station are empty,

the first station is busy.

Under these conditions the moment generating functions of dis-

tributions are

Type [1]-eeener M(6)=_1
Hs

—0
Type [2]+ee-e M(0)= (7272 70_) ( A 0>
Type [3]++e- My(6)= <#1__',9> <‘u2lﬁ—0> (y:ﬁ 0) s

and the probabilities of occurrence of these three types are
Type [1]-+ee-- Piy=P,+P,
Type [2]-+ Piy=Py+ P
Type [3]-+we- Piy=P,

respectively. It follows that the moment generating function of the
output distribution are

M(0)=Pr1y- M (6)+ Pr2y- Mo(0)+ P3y- My(0)
~Pet P2 )+ Pt Py - {(25) (2]

+P,- Kﬁ 1/~!_1 0> <ﬂ2ﬂ_2 9) <;3/:’_s_0>} et (29)

From this expression we can calculate, for example, the average

output time interval as follows.

o p(Ledod)

1 1 1
Pt Py (e LN (PP L 30
+(Ps+ Ps) <#2+#3>+( s+ P7) A (30)
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Here we calculate the numerical value of the average output time
interval for the system shown in the last part of § 1.2.
The state probabilities are as follows;

Table 4
i) ii) L) iv)

o p=3p =2y py=p

‘w ==t tp=2p Ho=pt py=3p

| =v = t=3p =2

P, 1 4/22 6/150 4/24 35,80
Py | 6/22 24/150 10/24 15/80
P, ‘ 3/22 12/150 2/24 15/80
P, 3/22 ‘ 24/150 5/24 3/80
p | 6/22 | 84/150 3/24 12/80

and the average output time intervals are

o (b D)o 2) (o)
+<\233 »+72§2;> : ,%;3% . L

Case ii)""""']’??)(@% + Qlfj'{”%) -+ (%4—%)(21; +%>

Case iii)---- ;2<721}) + L + 31#> + <£l,%+254> <L + 731;> + (224—1-2?;> . _31;
=291
7 T

Gase iv):eme gg(i + 31;: + 21/1'>+ (80 s0) <?lﬁ+'21?>+ (so80) ’21?
_139 1
TI120
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These results coincide with the values obtained in (Example 1.4).

§ 2.3 MULTIPLE 2-STAGE SERVICE

In this paragraph we shall have the output interval distribution
for the model treated in § 1.3. (refer Fig. 3).

As we want to find the time interval of the customer’s departure
distribution from a certain system, so like a preceding paragraph, we

are going to check the three types of the states.

Type [1]-eeeer all stations of the second stage are busy,

Type [2]--- all stations of the second stage are empty,

Type [3]--- h(1<h<S) stations of the second stage are busy and
the remaining (S—#h) stations are empty.

Now we are going to investigate the time interval distribution
under each condition. For convenience we set the departure time of a

customer from a system on the origin.

Type [1]--eeeee In this case, the distribution of time interval is;
i) =S, oStz
and its moment generating function is

M(0)= ngf 5 -

Type [2]-++--Immediately at the time after the customer leaves
a system, that is to say, the second stage service stations are all empty.
The customer succeeding to this customer is one of the customers being
served in the first stage service stations.

Now, the earliest customer who moves to the second service station
at the time r( from the first stage service station is denoted by customer
@®. And the service time of this customer at the second stage service
station is denoted by v;. Then this customer will leave the system at the

time 7,4+, The second earliest customer who moves from the first stage
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service station to the second stage service station is denoted by customer
®, and let this customer @ move to the second stage service station
later than the customer @ by the time 73, and is being served at the
second stage station for time 23, then the departure time of this customer
from this system is 7,4+72+22. The third, the fourth and so forth customers
are treated similarly. The point here is to obtain the time when the
customer who is being served in the second stage service station leaves
the earliest.

Consider;
the departure time of customer (D-:-:-e- T1to,
the departure time of customer (2 T+ 7340,
the departure time of custorner (- Tyt 7o+ 73+0s
the departure time of customer ©:--. Tyt ret g+t Ts+os,

all of s have the density function

ﬁf)=0#1'e—cy"r
and all of »:’s have the density function
Loy=pp-e™H

moreover they are mutually indepenpent.
Setting

$1=T+U,
we have the distribution of §;:

fe)={"1Cp-e= Ot =11 = 00t

_ Cppee [, —mt,_ ,—Cit
= Ciera <e 281~ s 1)

(for Cpyxpm)

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



40 Toji Makino

This represents the output distribution in case of one empty service
station.

In case of two emptly stations this distribution is obtained as
follows ; the distribution of

p1=min(é;, v) =min(rz + vy, vy)
is

faw=¢,2 - {2Cume 27— (Cpat )= Con i

and the probability density function of &=r-+y, is

Flen)= Sz 1z {QCﬂle —Zﬂzt_(c,,lﬂ,z).e—(Cm+#z)t.(CW—Cﬂx(Ez-t))}dl

— e
GOy

T (Cr— 1) (Cru—2p) [ZC‘UW 20208 (Copri+ Cpp—2p?) - ¢~ Cba

+(C‘u1+lu2)(0ﬂ1—2luz> . e-(C/ll+{‘2)52} .

Thus the output distribution in case of two empty stations was
obtained. Iterating this procedure we have the distribution function
f(és) of the output time interval &s.

(where, min (&, V)=nk_y, &x=t+7_1, (for 2<k<S))
We denote the moment generating function of this distribution by
My(0).
Type [3]-eeeeer Immediately after the departure of the preceding
customer, we suppose that £ second stage stations are busy (A=1,2,---.-.
S§—1), and remaining (§—4) stations are empty. The distribution of the

time interval between the departure of the earliest customer who leaves

the system and the departure of the preceding customer is

RO =hpe™ e,

On the other hand, the distribution f{és_«) of the time interval

between the departure of the earliest customer who leaves the system
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through the first stage and the departure of the preceding customer is
obtained by the procedure mentioned in Type [2].

Thus, by finding the distribution of two random variables, each
of which has the density function f{t) and f{és..) respectively, we can
obtain the distribution of the time interval between the departure of the
carliest customer and that of the preceding customer. We denote the
moment generating function of this distribution by M;n(6).

Using the above computational results we can have the moment

generating function of the output distribution in this system;
8-1
M(0) = {Pr1yx M)} + { Proy X M6} + h;I{P[?:h] X Man(9)},

where Priy, P2y, Pry are the state probabilities of 1], [2] and [3£] types
respectively. These can be obtained by the following method.
Considering the condition that a customer is being served in the
second stage service station, state (0,0) is excluded, and we only consider
the remaining states. Now, immeditaely after the customer leaves the
system, for instance, state (0,1) moves to the state (0,0). In this case
the time interval distribution till when the next customer leaves the

system is of [2] type.

Similarly, as state (0,2) moves to the state (0, 1), this output distri-
bution is of [3,1] type. [3,2], ----eeeee , [3,5-1] and [1] type are considered
similarly.

Now, the probability Prs of the occurrence of [2] type is the pro-
bability under the condition that a customer is being served in the second
stage service station. So let us denote this by a- Py, then the probability
of 13,11, [3,2], -+--eoe- » [3, 8-1], that is to say, Py, Psagy oo , Prs.s13 are
2a-Poyay, 3Py w-eveveee , Sa-Py,s.

The probability of the occurrence of [1] type is

Sa-{(Prs+Prs+ -+ Pys)+(Pg g+ Pp g+-+Ppg, o)}
Setting the sum to be unity, we have
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- , 1 ] o
a—P01+(2.P02+ ...... +S'Pos)+S-{(P1s+ ...... +PN,S‘)+(PB“S+ ...... +PBC,S)}°

On the other hand as P;; are already obtained, we can determine
the value of a.

Therefore the probabilities Ppi3, Pr23, Psy of [1], [2], [3%] can be
obtained.

To explain this procedure, we shall show simple examples.
< Example 2.1>

In the case of C=2, S=1, N=0, ;= é~'ﬂz=,u.

Since
P11=(PB,1+PB,,1) a,
Plgj=a-Poy

and
Pyyy+Ppgy=1,

we have

1
A=,
Pp 1+ Pp,1+Po,1

Meanwhile we obtain from the preceding result that
Py,1=Poo, Pp,1=Poo, P, 1= % - Poos
so we have
P[11=f§ , P[21=f§f-

The moment generating function M(§) of the output distribution
for this system is

M) =Py (g ) 1 P (4 25) )
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that is,

3 2u > 2 2u >3
N= T (- 2 Sl S/ il

MO)= 5 (2,,_0 s (2/4—0
The value of the mean output time interval is given by
444@} _ 7.1

dg do=o” 10 p°

and thus we have the same result as that is anticipated from the valuc
of [M.P.T.] which can be obtained by the procedure in the paragraph

1.3.
(Example 2.2)

In the case of C=1, §=2, N=0, ="y p1=p.

The moment generating functions of the output distributions of

the type [1] and {3] are

2p
/ = 4
M, (1) 2

and

_ 4e _ 3p
M=y, 43,y

respectively. The moment generating function of the output distributions
of the type [2] is obtained as follows; since
ﬂéz)=8ﬂ25'e_2‘"5+6[l‘3_3/’é—6/1'6—2"“:

we have

“©os o B2 6p 6
M0)={ e fleaydza= Qe S

On the other hand the probabilities P13, Prz; and Pp3; of the occur-
rence of these three types are calculated as follows;
By the relations
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Priy=2a-Ppg 9, Pra=a-Py,,, Ppj=2a-Poy
and
Prig+ P+ Pr=1,

we have

- I
a—2T7PB;:2+P07l+2'P0’2 ’
And from the results in the paragraph 1. 3.2, we have

Py =2.Pyy, Ppp=2:Pyy, PBI,2=2'P00

Hence

and therefore,

2 2
Pu=2, Pgy=1, Pray=—-.

3 3

Thus, finally we can write the moment generating function of the

output distribution as
MO={2 (g )+ s (e + 3;?5“9'2’,%70)}

+{ 2. ( 4 _ %L)}
5 <2y—6’ 3u—0v/)"
The value of the mean output time interval

=10 p

dM(ﬁ)J _7 1
d0 =0
calculated from our formula is identical with that of the (Example 2.1).

(Note) In the (Example 2.1) and (2.2) above, we treated
the case that the capacity of the waiting room N
is equal to 0.
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However, in the case of N=1, we can also easily

obtain the output distribution with different values
of Py, Przy and P
<Example 2.3>

In the case of C=2, §=2, py=py=p.
At first, we calculate the moment generating function of the out-

put distribution of each types.
......... 77
Type [1] M1(0)_m.

2
Type [2wrroroe M(0) =£f7)2+ 3—5 - 0—“25ﬁo :

Type [3]-eceeee Since the density function of
ni=min (&, v)

is Sy =424 Bpe=3n,
the moment generating function is

e 4
My6)= SO e, =2/zﬁﬁ_£ﬁ_é .

Therefore, the moment generating function M(0) of the output dis-
tribution for the entire system has the form

=2 o o)

4p _ 3¢ }
H{Prx (gL )
The calculation of the values of Prij, Pray and Ppsy proceeds as

follows. Using the relations

Ppy=a-Py
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Pr31=2a- Py,
Priy+ Ppa+Prp=1.
and using the relations
Py =Pp=Piy=Py=-=Py o=Pp 9=2-Py
Pp, 9="Py

obtained from the results in the paragraph 1.3.2, we have

_2N+3
Pra=onye
Thus, in conclusion, we have the moment generating function of
the output distribution

MO=(35") {23579} +(owre) <2§f9>2 +35ﬁ0‘25§'0}

2 ) 4 3 }
+ <2N16> {'2;:0 3u—0/"
The value of the mean output time interval is given by

,df\,{(@] = N+4 1
48 Loe TANTEIY

and thus we get the same result as that anticipated from the value of
[M.P.T.].

In conclusion, the author express his sincerest thanks to Prof.
Y. Tsumura, Dr. H. Morimura and Dr. H. Hatori, who have given

valuable advice to him.
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